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Strong produt of graphs: geodeti and hull numbers andboundary-type sets✩J. Cáeresa, C. Hernandob, M. Morab, I. M. Pelayob, M. L. Puertas∗,aaUniversidad de AlmeríabUniversidad Politénia de CatalunyaAbstratIn this work, we investigate the behavior of both the geodeti and the hullnumber with respet to the strong produt operation for graphs and we alsodesribe several boundary-type sets, suh are periphery, boundary, eentriityand ontour in terms of its fators.Key words: strong produt, geodeti number, hull number, boundary-typesets1. IntrodutionRebuilding the vertex set of a graph using a vertex subset and a onvexoperator is a problem that has attrated muh attention sine it was proved byFarber an Jamison [11℄ that every onvex subset in a graph is the onvex hullof its extreme verties if an only if the graph is hordal and ontains no indued3-fan. Thus in a general graph, this rebuilding problem an be studied fromdi�erent points of view [15℄. On the one hand, geodeti and hull numbers givehow many verties are needed, at least, to rebuild the vertex set of a graph byusing the losed interval and the onvex hull operations respetively. However,those numbers do not give information about the sets whih an be used to thisend, so a di�erent point of view onsists in �nding suh sets, even if they are notminimum-sized, and di�erent boundary-type sets an play this role, for examplethe periphery, the eentri subgraph, the boundary or the ontour.Both of these sides of the rebuilding problem have been studied in di�erentgraph lasses obtained by means of graph operations. For example in artesianproduts [1, 5, 14℄, ompositions [6℄ and joins [7℄ of graphs. In this work wedevelop these topis in strong produts of graphs.
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We onsider only �nite, simple, onneted graphs. For unde�ned basi on-epts we refer the reader to introdutory graph theoretial literature, e.g., [16℄.Given verties u, v in a graph G we let dG(u, v) denote the distane between uand v in G. When there is no onfusion, subsripts will be omitted. An x − ypath of length d(x, y) is alled an x − y geodesi. The losed interval I[x, y]onsists of x, y and all verties lying in some x−y geodesi of G. For S ⊆ V (G),the geodeti losure I[S] of S is the union of all losed intervals I[u, v] over allpairs u, v ∈ S, i.e. I[S] =
⋃

u,v∈S I[u, v]. A set S of verties is alled geodetiif I[S] = V (G) and it is said to be onvex if I[S] = S. A set A ⊆ V (G) is saidto be a hull set if its onvex hull CH(A) is the whole vertex set V (G), where
CH(A) denotes the smallest onvex set ontaining A [10℄. The geodeti number
g(G) and the hull number h(G) are the minimum ardinality of a geodeti setand a hull set, respetively [10, 12℄. Certainly, every geodeti set is a hull set,and hene, h(G) ≤ g(G).

G Pn C2l C2l+1 Tn Kn Kp,q (2 ≤ p ≤ q) W1,p

h(G) 2 2 3 |Ext(Tn)| n 2 ⌈ p

2
⌉

g(G) 2 2 3 |Ext(Tn)| n min{4, p} ⌈ p

2
⌉Table 1: Hull and geodeti number of paths, yles, trees, liques, biliques and wheels.The strong produt of graphs G and H , denoted by G ⊠ H , is the graphwith vertex set V (G) × V (H) = {(a, v) : a ∈ V (G), b ∈ V (H)}, where (a, v)is adjaent to (b, w) whenever (1) a = b and vw ∈ E(H), or (2) v = w and

ab ∈ E(G), or (3) ab ∈ E(G) and vw ∈ E(H).Lemma 1. [13℄: Let G and H be two graphs and (a, v), (b, w) ∈ V (G ⊠ H).Then, dG⊠H((a, v), (b, w)) = max{dG(a, b), dH(v, w)}.From this result, it immediately follows that the diameter of G ⊠ H is themaximum of the diameters of its fators:
diam(G ⊠ H) = max{diam(G), diam(H)}2. Geodeti and hull numbers for the strong produt of graphs.In this setion, we study both behavior of both the geodeti and the hullnumber with respet to the strong produt operation for graphs, in terms ofits fators. More preisely, we obtain bounds for both parameters and we givesome examples showing that some of the upper bounds are sharp.Firstly, we relate losed intervals in the strong produt of two graphs tolosed intervals in fator graphs, whih will be a key result to study both geodetiand hull numbers.Lemma 2. Let S1 and S2 be vertex subsets of G and H, respetively. Then,

IG[S1] × IH [S2] ⊆ IG⊠H [S1 × S2] 2



Proof. Let (g, h) ∈ IG[S1] × IH [S2]. Sine g ∈ IG[S1], then g ∈ IG[g′, g′′]for some g′, g′′ ∈ V (S1), and thus d(g′, g′′) = d(g′, g) + d(g, g′′). Similarly,
d(h′, h′′) = d(h′, h)+d(h, h′′) for some h′, h′′ ∈ V (S2). From this point onwards,we will assume that d(g′, g) ≤ d(g, g′′) and d(h′, h) ≤ d(h, h′′). Also, we ansuppose that d(g′, g) ≤ d(h′, h) without loss of generality.Then d((g′, h′), (g, h)) = max{d(g′, g), d(h′, h)} = d(h′, h) and analogously
d((g, h), (g′, h′′)) = max{d(g, g′), d(h, h′′)} = d(h, h′′) whih means

d((g′, h′), (g′, h′′)) = d(h′, h′′) = d(h′, h) + d(h, h′′) =

= d((g′, h′), (g, h)) + d((g, h), (g′, h′′)) =⇒

=⇒ (g, h) ∈ IG⊠H [(g′, h′), (g′, h′′)] ⊆ IG⊠H [S1 × S2]

2As a diret onsequene of this result, we an relate geodeti sets in thestrong produt G ⊠ H to the geodeti sets in its fators.Proposition 1. If S1 ⊆ V (G) and S2 ⊆ V (H) are geodeti in G and H, re-spetively, then S1 × S2 is geodeti in G ⊠ H.Proof. Clearly IG[S1] = V (G) and IH [S2] = V (H), thus V (G) × V (H) =
IG[S1] × IH [S2] whih, by Lemma 2, is inluded in IG⊠H [S1 × S2]. Hene,
IG⊠H [S1 × S2] = V (G) × V (H), i.e., S1 × S2 is geodeti in G ⊠ H . 2This property is far for being true true for minimum geodeti sets, as it isshown in the next example.Example 1. It is easy to ompute that g(K3 ⊠ C4) = 4, however g(K3) = 3y g(C4) = 2. So, the produt of minimum geodeti sets is not minimum, ingeneral.Proposition 2. If S ⊆ V (G ⊠ H) is a geodeti set of G ⊠ H, then either theprojetion pG(S) of S onto G or the projetion pH(S) of S onto H is geodeti.Proof. Assume that neither S1 = pG(S) nor S2 = pH(S) is geodeti. We willshow that this leads to a ontradition.In these onditions, let u1 /∈ V (G)\IG[S1] and u2 /∈ V (H)\IH [S2]. Then
(u1, u2) ∈ I(S) = V (G⊠H), whih implies (u1, u2) ∈ IG⊠H [(a1, a2), (b1, b2)] forertain (a1, a2), (b1, b2) ∈ S whose distane in G ⊠ H should be:

d((a1, a2), (b1, b2)) = d((a1, a2), (u1, u2)) + d((u1, u2), (b1, b2)) =

= max{d(a1, u1), d(a2, u2)} + max{d(u1, b1), d(u2, b2)}On the other hand, u1 /∈ I[a1, b1] and therefore d(a1, b1) < d(a1, u1) +
d(u1, b1). Similarly, d(a2, b2) < d(a2, u2) + d(u2, b2). Then
max{d(a1, b1), d(a2, b2)} < max{d(a1, u1) + d(u1, b1), d(a2, u2) + d(u2, b2)} ≤

≤ max{d(a1, u1), d(a2, u2)} + max{d(u1, b1), d(u2, b2)}whih ontradits the previous expression for the distane between (a1, a2)and (b1, b2). 23



As a diret onsequene of these propositions, we obtain bounds for thegeodeti number of the strong produt of two graphs , in terms of the geodetinumbers of its fator graphs.Theorem 1. For any two graphs G and H,
min{g(G), g(H)} ≤ g(G ⊠ H) ≤ g(G)g(H).Furthermore, the upper bound is sharp.Proof. First, we prove the upper bound. Let S1 and S2 be geodeti setsof G and H with minimum ardinality, that is, suh that |S1| = g(G) and

|S2| = g(H). By Proposition 1, S1×S2 is a geodeti set of G⊠H with ardinality
|S1 × S2| = |S1||S2| = g(S1)g(S2), hene g(G ⊠ H) ≤ g(G)g(H).To prove the lower bound, take a minimum geodeti set S of G⊠H . Aord-ing to Proposition 1, we may suppose, without loss of generality, that pG(S) is ageodeti set of G. Hene: min{g(G), g(H)} ≤ g(G) ≤ |pG(S)| ≤ |S| = g(G⊠H).Finally, to show the sharpness of the upper bound, take G = Km and H =
Kn. Then, g(Km ⊠ Kn) = g(Kmn) = mn = g(Km)g(Kn) 2The following example shows that the geodeti number of the strong produtmay be stritly between both bounds.Proposition 3. For m, n ≥ 4,

g(Km ⊠ Cn) =

{

4 if n is even
5 if n is oddProof. Let V (Km) = {u1, . . . , um} and V (Cn) = {v0, . . . , vn−1} and assume�rst that n is even. Our laim is that the following set is geodeti:

S = {(u1, v0), (u1, v1), (u1, vn/2), (u1, v1+n/2)}To prove it, take a vertex (ui, vj) ∈ V (Km ⊠ Cn). If j 6= 0 and j 6= n
2 then it isontained in a (u1, v0) − (u1, vn/2) geodesi, and if j = 0 or j = n

2 , the vertexlies in a (u1, v1) − (u1, v1+n/2) geodesi.This proves that g(Km ⊠ Cn) ≤ 4. However, it there exists a geodeti setwith three or fewer verties it will imply that is its projetion onto the yle isgeodeti whih is impossible. Hene, the above set S is geodeti and minimum.Suppose now that n is odd, then we will prove that S is geodeti where
S = {(u1, v0), (u1, v1), (u1, v(n−1)/2), (u1, v(n+1)/2), (u1, v(n+3)/2)}For any (ui, vj) ∈ V (G ⊠ H), it will ontained in a (u1, v0) − (u1, v(n−1)/2)geodesi if 0 < j < n−1

2 , or in a (u1, v(n+1)/2)− (u1, v0) geodesi if n+1
2 < j < n.Finally, all the verties with j = 0 lie in the (u1, v(n+3)/2) − (u1, v1) geodesis,and the verties with j = n−1

2 are in the (u1, v1) − (u1, v(n+1)/2) geodesis.By a similar reasoning as above, it is straightforward to hek that no setwith four or fewer verties an be geodeti. 24



Now, we apply similar tehniques to obtain an upper bound for the hullnumber of a strong produt. Firstly, we need the following Lemma, that de-sribes the relationship between losed intervals in the strong produt and losedintervals in its fators.Lemma 3. For any vertex subsets S1 ⊆ V (G) and S2 ⊆ V (H) of two graphs
G and H, and for all r ∈ N, we have Ir

G[S1] × Ir
H [S2] ⊆ Ir

G⊠H [S1 × S2].Proof. The proof is done by indution in r. For the ase r = 1, we refer thereader to the Lemma 2. Assume it holds true for any k < r, then we prove it for
r. By Lemma 2, IG[Ir−1

G [S1]] × IH [Ir−1
H [S2]] ⊆ IG⊠H [Ir−1

G [S1] × Ir−1
H [S2]], andthen by hypothesis of indution, IG⊠H [Ir−1

G [S1]× Ir−1
H [S2]] ⊆ IG⊠H [Ir−1

G⊠H [S1 ×
S2]] = Ir

G⊠H [S1 × S2].Hene Ir
G[S1] × Ir

H [S2] ⊆ Ir
G⊠H [S1 × S2]. 2As in the ase of the geodeti number, this result gives a similar upper boundfor the hull number.Proposition 4. For any two graphs G and H, h(G ⊠ H) ≤ h(G)h(H). Fur-themore, this bound is sharp.Proof. Let S1 ⊆ V (G) and S2 ⊆ V (H) be minimum hull sets, i.e., suh thatthere exist r, k ∈ N satisfying Ir

G[S1] = V (G) and Ik
H [S2] = V (H). Assume

r ≤ k, so Ik
G[S1] = V (G).By Lemma 3, we have that V (G)×V (H) = Ik

G[S1]×Ik
H [S2] ⊆ Ik

G⊠H [S1×S2],and therefore Ik
G⊠H [S1 ×S2] = V (G)×V (H), i.e., S1 ×S2 is a hull set. Finally,

h(G ⊠ H) ≤ |S1 × S2| = h(G)h(H).To prove the sharpness of the upper bound, take G = Km and H = Kn.Then, h(Km ⊠ Kn) = h(Kmn) = mn = h(Km)h(Kn) 2An interesting example takes plae when both graphs, G and H , are extremegeodesi graphs (see [9℄). A vertex v of a graph G is an extreme vertex if thesubgraph indued by its neighborhood N(v) is a lique. It is easily seen thatevery hull set (and hene every geodesi set) must ontain the set Ext(G) ofextreme verties of G. A graph G is alled extreme geodesi if the set of itsextreme verties is geodesi. Note that, in this ase, (1) the set Ext(G) is theunique minimum geodeti set (and also the unique minimum hull set) and (2)
h(G) = g(G) = |Ext(G)|. Trees and omplete graphs are basi examples ofextreme geodesi graphs. On the other hand, observe that a vertex (u, v) isan extreme vertex of G ⊠ H if and only if both u and v are extreme vertiesof G and H , respetively, i.e., Ext(G) × Ext(H) = Ext(G ⊠ H). As a diretonsequene of this equality and Proposition 1, we have that two graphs Gand H are extreme geodesi if and only if G ⊠ H is extreme geodesi, whihmeans that h(G ⊠ H) = g(G ⊠ H) = |Ext(G ⊠ H)| = |Ext(G) × Ext(H)| =
|Ext(G)| · |Ext(H)| = g(G)g(H) = h(G)h(H). As a diret onsequene of thesefats, the results showed in Table 2 are obtained.5



G/H Pn T k
n Kn

Pm 4 2k 2n

T h
m 2h hk hn

Km 2m mk mnTable 2: Hull (and geodeti number) of some strong produts. Pm denotes the path of order
m, T h

m an arbitrary tree with n verties and h leaves and Km the lique of order m.3. Boundary-type sets of the strong produt of graphs.We devote this setion to desribe a number of boundary-type sets for thestrong produt of two graphs, in terms of its fators. These sets have been usedin rebuilding operations (see [2, 3, 4℄).Let G = (V, E) be a onneted graph and u, v ∈ V . The vertex v is said tobe a boundary vertex of u if no neighbor of v is further away from u than v [8℄.By ∂(u) we denote the set of all boundary verties of u. A vertex v is alled aboundary vertex of G if v ∈ ∂(u) for some vertex u ∈ V (G). The boundary ∂(G)of G is the subgraph indued by all boundary verties of G.Given u, v ∈ V , the vertex v is alled an eentri vertex of u if no vertex in Vis further away from u than v, that is, if d(u, v) = ecc(u) = max{d(u, v) | v ∈ V }.A vertex v is alled an eentri vertex of G if it is the eentri vertex of somevertex u ∈ V . The eentri subgraph E (G) of G is the subgraph indued byall eentri verties of G [8℄.A vertex v ∈ V is alled a ontour vertex of G if no neighbor of v haseentriity greater than ecc(v) [4℄. The ontour Ct (G) of G is the subgraphindued by all ontour verties of G.A vertex v ∈ V is alled a peripheral vertex of G if no vertex in V haseentriity greater than ecc(v), that is, if the eentriity of v is exatly equalto the diameter of G. The periphery Per (G) of G is the subgraph indued byall peripheral verties of G.For simpliity, we also use ∂(G), E (G), Ct (G) and Per(G) to denote therespetive olletions of verties. Notie that every extreme vertex is a ontourvertex, i.e., Ext(G) ⊆ Ct (G). It is also lear that: Per (G) ⊆ Ct (G) ∩ E (G)and E (G) ∪Ct (G) ⊆ ∂(G).Theorem 2. Let G and H be two graphs with diameters DG and DH and radii
rG and rH , respetively, suh that DG ≤ DH and rG ≤ rH . Then,1. ∂(G ⊠ H) =

[

∂(G) × V (H)
]
⋃

[

V (G) × ∂(H)
]2. (a) If DG < DH , Per (G ⊠ H) = V (G) × Per (H)(b) If DG = DH , Per (G⊠H) =

[Per (G)×V (H)
]
⋃

(

[V (G)×Per (H)
)

]3. E (G ⊠ H) =
[E rH

(G) × V (H)
]

⋃

[

V (G) × E (H)
], whereE rH

(G) = {g ∈ V (G) : ∃g′ ∈ V (G) suh that rH ≤ ecc(g′) = d(g′, g)}6



4. Ct (G ⊠ H) = {(g, h) ∈ V (G ⊠ H) : g ∈ Ct (G), ecc(h) < ecc(g)}
⋃

{(g, h) ∈ V (G ⊠ H) : h ∈ Ct (H), ecc(g) < ecc(h)}
⋃

(Ct (G) × Ct (H)
)Proof. 1. Let (g, h) ∈ V (G⊠H) suh that g /∈ ∂(G) and h /∈ ∂(H). Then,for every g′ ∈ V (G), there exists g′′ ∈ N(g) suh that d(g′, g′′) > d(g′, g)and similarly, for every h′ ∈ V (H), there exists h′′ ∈ N(h) suh that

d(h′, h′′) > d(h′, h). Hene, for every (g′, h′) ∈ V (G ⊠ H) there exists
(g′′, h′′) ∈ N((g, h)) s. t.: d((g′, h′), (g′′, h′′)) = max{d(g′, g′′), d(h′, h′′)} >
max{d(g′, g), d(h′, h)} = d((g′, h′), (g, h)), i.e., (g, h) /∈ ∂(G ⊠ H).For the reverse inlusion, take g ∈ ∂(G) and h ∈ V (H). Hene, thereexists g′ ∈ V (G) suh that, for every g′′ ∈ N(g), d(g′, g) ≥ d(g′, g′′). Letus see that (g, h) is a boundary vertex of (g′, h): if (g′′, h′′) ∈ N((g, h)),then d((g′, h), (g′′, h′′)) = max{d(g′, g′′), d(h, h′′)} = max{d(g′, g′′), 1}, so
d((g′, h)), (g, h)) = d(g′, g) ≥ max{d(g′, g′′), 1} = d((g′, h), (g′′, h′′)), asdesired.2. (a) Suppose that DG < DH . Then:

(g, h) ∈ Per (G⊠H) ⇔ ecc(g, h) = DG⊠H = max{DG, DH} = DH ⇔
ecc(g, h) = max{ecc(g), ecc(h)} = ecc(h) = DH ⇔ h ∈ Per (H).(b) Assume now that DG = DH . Then:
(g, h) ∈ Per (G ⊠ H) ⇔ ecc(g, h) = DG⊠H = max{DG, DH} = DG =
DH ⇔ ecc(g, h) = max{ecc(g), ecc(h)} = DG = DH ⇔ g ∈ Per (G)or h ∈ Per (H).3. Take (g, h) ∈ E (G⊠H). Then, there exists (g′, h′) ∈ V (G⊠H) suh that

ecc(g′, h′) = d((g′, h′), (g, h)). Suppose that h /∈ E (H), i.e., d(h′, h) <
ecc(h′), for every h′ ∈ V (H). Let us see that rH ≤ ecc(g′) = d(g′, g).If ecc(g′) < ecc(h′), then ecc(h′) = max{ecc(g′), ecc(h′)} = ecc(g′, h′) =
d((g′, h′), (g, h)) = max{d(g′, g), d(h′, h)} ≥ d(h′, h), whih is not possible.Thus, rH ≤ ecc(h′) ≤ ecc(g′) = max{ecc(g′), ecc(h′)} = ecc(g′, h′) =
d((g′, h′), (g, h)) = max{d(g′, g), d(h′, h)} = d(g′, g) as desired.For the reverse inlusion, take �rst h ∈ V (H) and g ∈ EccrH

(G). Hene,there exists g′ ∈ V (G) suh that rH ≤ ecc(g′) = d(g′, g). Take h′ ∈ V (H)suh that ecc(h′) = rH . Then, d((g′, h′), (g, h)) = max{d(g′, g), d(h′, h)} =
d(g′, g) = ecc(g′) = max{ecc(g′), ecc(h′)} = ecc(g′, h′), i.e., (g, h) ∈E (G ⊠ H). Take now g ∈ V (G) and h ∈ E (H). Hene, thereexists h′ ∈ V (H) suh that ecc(h′) = d(h′, h). Take g′ ∈ V (G) suhthat ecc(g′) = rG. Then, d((g′, h′), (g, h)) = max{d(g′, g), d(h′, h)} =
d(h′, h) = ecc(h′) = max{ecc(g′), ecc(h′)} = ecc(g′, h′), as desired.4. Take (g, h) ∈ Ct (G ⊠ H). Suppose that g /∈ Ct (G), i.e., there exists
g′ ∈ N(g) suh that ecc(g) < ecc(g′). Let us see that h ∈ Ct (H)and ecc(g) < ecc(h). If h′ ∈ N(h), then (g′, h′) ∈ N(g, h) and thus
max{ecc(g′), ecc(h′)} = ecc(g′, h′) ≤ ecc(g, h) = max{ecc(g), ecc(h)},whih implies that ecc(h) = max{ecc(g), ecc(h)} ≥ max{ecc(g′), ecc(h′)},as desired. 7



For the reverse inlusion, take �rst g ∈ Ct (G), h ∈ V (H) suh that
ecc(h) < ecc(g) and (g′, h′) ∈ N(g, h). If ecc(g′) ≥ ecc(h′), then ecc(g′, h′) =
max{ecc(g′), ecc(h′)} = ecc(g′) ≤ ecc(g) and otherwise, ecc(g′, h′) =
max{ecc(g′), ecc(h′)} = ecc(h′) ≤ ecc(h)+1 ≤ ecc(g). Hene, ecc(g′, h′) ≤
ecc(g) = max{ecc(g), ecc(h)} = ecc(g, h), as desired. The ase h ∈ Ct (H)and g ∈ V (G) with ecc(g) < ecc(h) is similarly proved. Finally, take
g ∈ Ct (G), h ∈ Ct (H) and (g′, h′) ∈ N(g, h). Then, ecc(g′, h′) =
max{ecc(g′), ecc(h′)} ≤ max{ecc(g), ecc(h)} = ecc(g, h), as desired. 2It is known that the ontour is a hull set in any graph [4℄, and it is also ageodeti set in ertain graph families, suh are hordal and distane-hereditarygraphs [3, 4℄. However it is open the haraterization of graphs whose ontouris a geodeti set. So it is interesting to obtain onditions for Ct(G ⊠ H) beinggeodeti.Note that by Lemma 2, if both Ct(G) and Ct(H) are geodeti sets, then

Ct(G ⊠ H) is also geodeti. As a partiular ase, if rG > DH , a geodeti Ct(G)implies that Ct(G ⊠ H) is geodeti.Referenes[1℄ B. Bre²ar, S. Klavºar and A. Tepeh Horvat. On the geodeti number andrelated metri sets in Cartesian produt graphs. Disrete Mathematis,308(23):5555�5561, 2008.[2℄ J. Cáeres, C. Hernando, M. Mora, I. M. Pelayo, M. L. Puertas andC. Seara. On geodeti sets formed by boundary verties. Disrete Mathe-matis, 306:188�198, 2006.[3℄ J. Cáeres, C. Hernando, M. Mora, I. M. Pelayo, M. L. Puertas andC. Seara. Geodetiity of the ontour of hordal graphs Disrete AppliedMath., 156(7):1132�1142, 2008.[4℄ J. Cáeres, A. Márquez, O. R. Oellermann and M. L. Puertas. Rebuildingovex sets in graphs. Disrete Mathematis, 297:26�37, 2005.[5℄ G. B. Cagaanan and S. R. Canoy. On the hull sets and hull number ofthe artesian produt of graphs Disrete Mathematis, 287(1�3):141�144,2004.[6℄ S. R. Canoy and G. B. Cagaanan. On the hull number of the ompositionof graphs. Ars Combinatoria, 75:113�119, 2005.[7℄ S. R. Canoy, G. B. Cagaanan and S. V. Gervaio. Convexity, geodeti andhull numbers of the join of graphs. Utilitas Mathematia, 71:143�159, 2006.[8℄ G. Chartrand, D. Erwin, G. L. Jonhs and P. Zhang. Boundary verties ingraphs. Disrete Mathematis, 263:25�34, 2003.8



[9℄ G. Chartrand and P. Zhang. Extreme Geodesi Graphs. CzehoslovakMathematial Journal, 52(4):771�780, 2004.[10℄ M. G. Everett and S. B. Seidman. The hull number of a graph. DisreteMathematis, 57(3):217�223, 1985.[11℄ M. Farber and R. E. Jamison. Convexity in graphs and hypergraphs. SIAMJ. Alg. Dis. Meth., 7:433�-444, 1986.[12℄ F. Harary, E. Loukakis and C. Tsouros. The geodeti number of a graph.Mathematial and Computer Modelling, 17(11):89�95, 1993.[13℄ W. Imrih and S. Klavºar. Produt graphs: Struture and Reognition.Wiley-Intersiene, New York, 2000.[14℄ T. Jiang, I. M. Pelayo and D. Pritikin. Geodesi onvexity and artesianproduts in graphs. Manusrit.[15℄ I. M. Pelayo. Generalizing the Krein-Milman property in graph onvexityspaes: a short survey. . Ramanujan Mathematial Soiety Leture NotesSeries, 5:131�142, 2008.[16℄ D. B. West. Introdution to Graph Theory. Prentie-Hall, New Jersey,1999.

9


	Introduction
	Geodetic and hull numbers for the strong product of graphs.
	Boundary-type sets of the strong product of graphs.

