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Abstract

We extend some known results about the smooth stratification of the set
of conditioned invariant subspaces for a general pair (C,A) € C* x C*t™
without any assumption on the observability. More precisely we prove that
the set of (C, A)-conditioned invariant subspaces having a fixed Brunovsky-
Kronecker structure is a submanifold of the corresponding Grassman mani-
fold, with a vector bundle structure relating the observable and nonobserv-
able part, and we compute its dimension. We also prove that the set of all
(C, A)-conditioned invariant subspaces having a fixed dimension is connected,
provided that the nonobservable part of (C, A) has at most one eigenvalue
(this condition is in general necessary).

Key words: Conditioned invariant subspace, Brunovsky basis, orbit space, fiber bundle,
Grassmann manifold.

1 Introduction

The geometry and the structure of the set of (C, A)-conditioned invariant subspaces
have been studied when (C, A) is an observable pair by several authors. (See for
example [HMP], [FH], [FPP].) The aim of this note is to extend the results of [FPP]
to the case of a general pair (C, A). More precisely, if Inv,(C, A) denotes the set of
d-dimensional (C, A)-conditioned invariant subspaces we study the three following
problems concerning the last set: (i) Smoothness. (ii) Dimension. (iii) Connectivity.
For (i) and (ii) we consider both the real and complex case while for (iii) the field
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Invy(C, A) = U, pyInve((C, A); (M, F))

where Invy((C, A); (M, F)) denotes the set of W € Inv,(C, A) such that the restric-
tion of (C,A) to W has a fixed Brunovsky form (M, F') (see below for a precise
definition), we obtain a finite smooth stratification of Invy4(C, A). Moreover, we
show that each stratum is a submanifold of the corresponding Grassmannian.

With regard to the problem (ii), we follow quite a different method of that in
[FPP] in order to compute the dimension of Invy((C, A); (M, F)). In fact, if the
pair (C, A) is observable, this dimension is obtained simply by counting parameters
in a (nice) representation of each W € Invy((C, A); (M, F)) as a Toeplitz matrix.
In our case and because of the presence of a Jordan part in the Brunovsky form
of (C, A), the above representation is much more involved and does not lead to an
effective method of computing that dimension. We derive it by a reduction to the
known cases. In fact, if we split (C, A) into the observable and the nonobservable
part, represented by a pair (C,, A,) and an endomorphism A, respectively (and
analogously with (M, F')), theorem 4.2 and proposition 4.4 relate the manifolds
Inv,((C, A), (M, F)) and Inv,((C,, A,), (M,, Fy)) x Invg(As, M) through a vector
bundle structure which is not trivial in general as one might expect (see example 4.3).
As an application of theorem 4.2 we compute the dimension of Inv,((C, A), (M, F))
in terms of that of Invy((C,, A,), (M,, Fy,)) and Invy(As, M) (theorem 4.6).

Finally, for the problem (iii) we extend the result on connectivity in [FPP] firstly
to the set Invy((C, A)) when (C, A) is an observable pair making use again of the
mentioned bundle structure (proposition 4.4) and next to the general case (theorem
4.11). For this case, we need the connectivity of the set of invariant subspaces for
a linear operator, Invy(A), and we remark that it can only be ensured when A has
only one eigenvalue (if not, the eigenvectors corresponding to different eigenvalues
span invariant rules laying in different connected components).

M, , will denote the set of complex matrices having p-rows and g-columns and
M . the ones having maximal rank. If p = ¢, we will write simply M, and M,
respectively. The latter, with the group structure of matrix multlphcatlon is the
linear group Gl (C?).

If X € M,,, [X] will denote the subspace of C spanned by its columns. If
A e M,,, we also denote by A the linear map from C? to C? defined in a natural
way by A.

If E is a finite dimensional vector space and F' is a subspace of E, we say that
a basis of E is adapted to F' if it is obtained extending to E a basis of F'.

For any C-vector space Z, Gry(Z) will denote the Grassman manifold of d-
dimensional subspaces of Z.

2 The set Inv,(f;(M,F))

We first study the smoothness of the set of d-dimensional (C, A)-conditioned in-
variant subspaces for a fixed pair (C, A) € M, , x M,, extending the corresponding
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in [GLR]) if A(SNkerC) C S. We remark that if C' is a zero-matrix, Invy(C, A)
is just the set of A-invariant subspaces of dimension d. In general it is not possible
to endow Inv,(C, A) with a differentiable structure; so, and analogously to [FPP]
and [S], we define a finite partition of Invy4(C, A) according to the Brunovsky form
of the restriction of (C, A) to S € Invy4(C, A). In order to precise the meaning of
this restriction we recall the following approach to the Brunovsky form.

We associate to the pair (C,A) the linear map f : C* — C"*? defined by
f(x) = (Az,Cx). We identify C" with the subspace {(z,0) : x € C"} of C"*?.
One can prove that two pairs (C, A) and (C’, A’) are Brunovsky equivalents (i.e.
(C', A") can be obtained from (C, A) by an output injection and state space and
output space change of variables) if and only if the corresponding linear maps f
and f' are related by f' = ¢y !fi|= being ¢ an automorphism of C"™” making
C™ invariant and ¢|c the automorphism of C" defined by the restriction of ¢ to
C™. Since 1 can be interpreted as a change of basis of C"*? adapted to C", a
canonical form of the matrix of f with regard to this change of bases characterizes
the Brunovsky class of (C, A). In general, one has the following proposition (see for
example [FP]).

Proposition 2.1 Given a finite dimensional vector space X, a subspace Y of X and
a linear map f:Y — X, there exists a maximal subspace Y of Y invariant by f
and bases (By, Bs) of Y and (By, Beo, Bg, Ba) of X such that By, is a Jordan basis
of Voo with regard to fly.., Bo = (vif(v1),-.., fF7 N (w), .. v f(0y), ..o, for 7 (wy)),
Br = (f*(v1),..., f¥(v,) and By arbitrary.

Definition 2.2 The bases (By, Bx) and (By, Boo, B, Ba) of the above proposi-
tion are called Brunovsky bases of YV and X, respectively. We will also refer to
vi, f(03), ..., f5i7Y(v;) as a Brunovsky chain of the basis, to v; as the generator of
the chain and to k; as the length of the chain, 1 <1 <.

One can easily check that the matrix of f with regard to Brunovsky bases is a
Brunovsky matrix; that is to say, it has the form (]EY), where N = diag { Ny, Ny},
E = diag {Ey, 0}, being N, a Jordan matrix and (Ep, Ny) a Brunovsky observable
pair; this is Ny = diag {Ni,..., N, }, each N; being the standard lower nilpotent
k;-matrix and Ey = diag {F4,...,E,,}, each E; being a k;-row matrix, E; =
(0...01),1<i<r.

Identifying the pair (C,A) € M, , x M, with the linear map f defined above
by z — (Az,Cx), we can apply the former proposition to conclude that there exist
bases (By, Bs) of C* and (By, Boo, B, B4) of C*™ such that the matrix of f in
these bases has a Brunovsky matrix (g) . Notice that the pair (E, N) is Brunovsky
equivalent to (C, A).

We now define the restriction of (C, A) to a subspace S € Invy(C, A). Since we
have identified (C, A) with the linear map f, we define the restriction of (C, A) (or
f) to S as the map f|g: S — C"P. If S is (C, A)-conditioned invariant, we can
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with (C,4) € M, 4 x M. Although (C, A) does not depend uniquely on S, its
Brunovsky form does and is called the Brunovsky form of the restriction of (C, A)
to S.

Notice that f|s represents (taking bases of C"'? adapted to S) all the pairs
Brunovsky equivalent to (C, A). So, it is natural to work with f and f|s rather than
with the pairs (C, A) and (C, A). For this reason, we will write Invy(f) instead of
Invy(C, A) and we will say that S € Inv,(f) is an f-conditioned invariant subspace.

Definition 2.3 With the above notation, we denote by Inv,(f; (M, F)), or simply
Inv(f; (M, F)) if no confusion is possible, the set of subspaces S € Invy(f) such that
the Brunovsky matriz of the restriction f|g:S — C*"™P is (AF4)

We have that
Invy(f) = U Inv(f; (M, F)).
M,F
We will say that the Brunovsky matrix (AF/[) is compatible with (g) if Inv(f; (M, F))
is nonempty. We will denote C* by ) and C"*? by X; we will also write B-(...)
for Brunovsky-(...).

F
the following conditions hold (see for example [1],[2]):

Remark 2.4 We recall that a B-matrix (M) is compatible with (Zg) if and only if

(a) s<r,and h; <k; fori=0,1,2,...

(b) the eigenvalues of M, are also eigenvalues of N, and for each one the corre-
sponding Segre characteristics (7;(A), n2(A),...) and (g1(A),e2(A),...) verify:
ni(A) <ei(N), for i =1,2,...

Remark 2.5 It is known that the pair (C, A) is observable if and only if the B-form

of (é) has no Jordan part N, . So, it is natural to call a linear map f :)Y — X
as above observable if the B- matrix of f has no Jordan part; that is to say, if
Vs = {0}. Then, if S is a subspace of ), the restriction f|g : S — X is also
observable.

3 The orbit space structure of Invy(f; (M, F))

In this section we are going to endow the set Invy(f; (M, F')) with a differentiable
structure through the identification of this set with an orbit space. This procedure
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the observability of f so that it works in the general case. Hence, we state the
corresponding results without proof.
Let @ be the map
. k
D M;, s — Grg(Y)

defined by ®(X) = [X]. For simplicity, we say that X is a basis of ®(X).
Theorem 3.1 With the above notation

1. Let § € Gry(Y) such that (A;) is the B-matriz of the restriction f : S — X.
If X is a B-basis of S, then

(a) NX = XM+ NXF'F
(b)) EX = EXF'F

Moreover, S is f-invariant if and only if
(¢) EXF* has mazimal rank.

2. Conversely, let X € M;, ;. If X werifies the conditions (a), (b) and (c) above,
then S = ®(X) € Inv(f; (M, F)).

This result motivates the following:

Definition 3.2 We denote by M((N, E); (M, F)), or simply by M if no confusion
is possible, the set of matrices X € M;, ; which verify conditions (a), (b) and (c)
in theorem 3.1.

Obviously, M is a submanifold of Mj, ;. In fact, it is an open subset of a linear
subvariety of M, 4.
Then, from theorem 3.1 we have

Corollary 3.3 With the above notation,
QM((N, E); (M, F))) = Inv(f; (M, F)) .

In general, ® is not injective. In fact, we have that ®(X) = ®(X’) if and only if
X' = XT for some T € Gl (C%). If only matrices in M are considered, we have:

Proposition 3.4 Let X, X' € M. Then, ®(X) = ®(X') if and only if there is
T € Gl (CY) such that X' = XT, and

(¢’) MT =TM + MTF'F
(b)) FT = FTF'F

This proposition suggests the following definition:
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Lemma 3.6 With the above notation, if T € G, then
(¢’) FTF" has maximal rank.
In fact, (FTF") "' = FT'F".

Remark 3.7 Because of the last lemma, we can identify G with M ((M, F); (M, F)).
However, we are mainly interested in the group structure of G.

Lemma 3.8 With the above notation
1. G is a subgroup of Gl (C%)

2. G acts freely on M on the right by matriz multiplication.

Since G acts on M, we can consider the orbit XG of an element X € M, which
is the set {XT;T € G}. Now, a differentiable structure in Inv(f; (M, F')) can be
defined by means of the following theorem:

Theorem 3.9 Let M /G be the set of orbits under the action given in 3.8, and d
the map induced on it by ®. Then

1. &: M/G —s Inv(f; (M, F)) is a bijection.

2. The orbit space M /G has a differentiable structure such that the natural pro-
jection m: M — M/G is a submersion.

Remark 3.10 In the conditions of the above theorem, it is known that the following
properties are verified:

1. Each orbit XG = {XT,T € G} is a closed submanifold of M, diffeomorphic
to G.

2. For any differentiable manifold V', a map v : M/G — N is differentiable
if and only if ¢ o 7 is differentiable. In particular, ® : M/G — Gry(Y) is
differentiable.

3. The submersion m : M — M/G is a principal bundle with structural group
g.

4. dim(M/G) = dim M — dimG.

Remark 3.11 We notice that all the results in this section hold also if we replace
C for R.



In the last section, we have introduced a differentiable structure in the set Invy(f; (M, F))
through the bijection between this set and the orbit space M/G. This, together
with the fact that the natural projection 7 : M — M/G is a submersion, will
allow us to derive some differentiable and topological properties of Invy(f; (M, F)).
We will make use of the existence of local sections of the submersion 7. Let us recall
that a local section is a differentiable map o : Y — M where U is an open neigh-
bourhood of M /G such that moo is the identity map. Then, for each T € U, o(T)
is a B-basis of 7. From theorem 4.1 to theorem 4.6, we can replace C by R in
all the proofs and the results are therefore true in the real case. Nevertheless, the
connectivity (propositions 4.7 and 4.8 and theorem 4.11) fails in the real case (see
remark 4.13).

4.1 Compatibility with the Grassmann Manifold

Since we have the inclusion Inv,(f; (M, F)) C Gry()), it is natural to ask if the
differentiable structure of Inv,(f; (M, F)) is the induced one from that of Gry(}).
The next theorem answers this question.

Theorem 4.1 Inv,(f; (M, F)) with the differentiable structure defined by means of
3.9 is a submanifold of Gry(Y).

Proof. Because of the above identifications, this is equivalent to proving that
M/G is a submanifold of Gry(C") = M;‘L’d/Gl((Cd). For simplicity, we shall write

M* = M;, ;. G = GI(C?). We consider the commutative diagram
M % Mn,d
U U
M M

MG —I 5 M*/G = Grg(C")

where 7 and 7' are the natural submersions, M is the linear subspace of M, 4
defined by (a,b) of 3.1, j and j are the natural embeddings, and j is the injection
(see (1) of 3.9) induced by j.

It is sufficient to obtain a local representation j = 0’ o joo ! : U — V of
j, where 0 : U — U and o' : V — V are local charts of M/G and M*/G
respectively, such that U is a subspace of V', and 3 is the natural inclusion. In fact,
given X € M, we shall construct local charts at 7(X) and 7'(X) of this kind as
local sections of the submersions 7 and #’.

In order to do that, let L be the linear variety of M ortogonal at X to its
G-orbit XG = 7 }(n(X)) (with regard to the usual hermitic product in M, 4).

7
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Next, if XG = 7' '(a'(X)) is the G-orbit of X, it is clear (prop. 3.4) that
LN (XG) = {X}, so that there is a linear variety W of M,, 4, minitransversal to
XG and containing L. Then, there are open neighbourhoods V' of X in W and v
of 7/(X) in M*/G such that the inverse of the diffeomorphism 7’ : V — V is a
local chart o' for 7/(X).
Finally, shrinking the neighbourhoods if necessary, it is clear that the embedding

—~ ~

j=0"0joo "t :U — V represents the injection j : U — V, q.e.d.. [ ]

4.2 Bundle structure and dimension of Inv(f; (M, F))

We recall that N = diag { Ny, N} and E = diag {Fy,0}. The matrices N, and

(gg) can be interpreted as the matrices of the linear maps

oV — Vu
[V Vo — X/Vs

induced by f in the natural way, with regard to the bases defined by the Brunovsky
bases of ) and X.

Given S € Inv(f; (M, F)), the maximal subspace of S invariant by f is So =
S N Y. For any subspace Sy such that S = S., @ Sy, the restriction flg, is
observable. Moreover, if we split (M, F') into the observable and nonobservable
part analogously as (N, E), M = diag { My, M} and F = diag {Fp, 0} with M, =
diag{ M, ..., M}, Ey = diag{F},..., Fs} and hy = dim M., we have that M, is
the Jordan matrix of f|g_ while (]\If(;)) is the Brunovsky matrix of f|s, .

Let dy = d—ho = hi+...+hg and Inv(f; (My, Fp)) be the set of dy-dimensional
(C, A)-conditioned invariant subspaces such that the restriction of f to them is
observable with observability indices hy,...,hs. Let Inv(f; M) be the set hyo-
dimensional invariant subspaces of f such that the restriction of f has Jordan form
M. Then, for any Sy € Inv(f; (Mo, Fy)) and S € Inv(f; M), we have that
SoN Soo = {0} and f(So @ Sao) N Y C So ® Seo. Therefore, S € Inv(f; (M, F)).
Notice that if (By, By)is a B-basis of S, then [By] € Inv(f; (M, Fy)) and [Be] €
Inv(f; Mx).

Then, we can state the main result of this section:

Theorem 4.2 The map

0 : Inv(f; (Mo, Fo)) x Inv(f; Moo) — Inv(f; (M, F))
0(So, Sx) = So @ Swo

is a (heos)-dimensional vector bundle.

Proof. We will see that for any & € Inv(f; (M, F)), there is an open neighbour-
hood U of S, and a diffeomorphism

0 UX My, — 0 U) C Inv(f; (Mo, Fy)) x Inv(f; My)

8
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Inv(f; (M, F)). Thus, for each T € U, o(T) is a B-basis of T, of the form o(7) =
(Bo(T), Boo(T)), so that [By(T)] € Inv(f; (Mo, Fp)) and [Boo(T)] € Inv(f; M),
where [(...)] means the subspace spanned by (...). We denote by u(7T),...,us(T)
the generators of the B-chains in By(T), and by e (T),...,en (T) the vectors of
the basis Bao(T).

Then, we define ¢ as follows. Given 7 € U and Z = (2}) € My, let
vi(T) = wi(T) + Ti<icny 25ei(T), 1 < j < s. It is trivial that v (7),...,v,(T)
generate linearly independent B-chains having the same length as those generated
by ui(T),. .., us(T) respectively; we denote them by Bo(T) 4+ ZBa(T); that is to
say: Bo(T) + ZBlT) = {65(T), F(0;(T)), ., P H(0,(T); 1 < j < s} Hence,
[Bo(T) + ZBoo(T)] € Inv(f; (My, Fy)). Then, we define

o(T, Z) = ([Bo(T) + ZBo(T)| . [Bo(T)])

Clearly, it is smooth, and

~

(00 )T, Z) = |Bo(T) + ZBux(T)| @ [Buo(T)| = [Bo(T)| @ [Buo(T)| =T

Also, it is easy to see that ¢ is injective.

To show that ¢ is surjective and that ¢! is smooth, we shall construct a local
inverse. That is to say, given (7y,7s) € 01 (U), we shall obtain a neighbourhood
V C 0~ HU) and a smooth map n: V — U X M, s such that pon be the identity.

In order to do that, let og : Uy — M((N, E); (Mo, Fy)) and 0 : Uy —>
M((N, E); M) be local sections at Ty and T, of the respective submersions, so
that for each 7 € U, and for each 7 € Uy, the images oo(7;) and 0 (7,) are
B-bases of T and T, respectively.

We take V' = (Uy XUs )N~ (U), and we define the first component n; : V. — U
of n by means of: (7, 7,,) = 0(7y,T5,) = Ty © T,. Notice that we have two
B-bases of T/ & T2 : (00(7), 700 (T2) . and o(T) & T2) = (Bu(Tg & T2), Boo(Ty &
7)) Clearly, [Boo(Ty @ T..)] = l0(T)] = T,,- But, in general, [By(7; &
TL)] # [00(T)] = Ty . We will define 1(7y,7L) = Z € My, s in such a way that:
[Bo(T{ ® TL) 4+ ZBoo(T{ @ TL)] = T - Then, the proof will be completed because:
(om)(T4, To) = (To® T, Z) = ([Bo(Ty ©Toe) +Z Boo Ty ®T2)] [Boo (T ®T3,)]) =
( OI7 To,o) :

To obtain this 7, if uy, ..., us; are now the generators of the B-chains in BU(’]B’GB
T.), we will determine zi,...,2s € 7L such that the subspace spanned by the B-
chains generated by u; + z1,...,us + 25 be just 7;. In order to do that, we shall
consider separately the B-chains of different length. Let vq,...,v; be the generators
of the B-chains in o¢(7y), and (sy,...,s ) the partition of s according to the
lengths ki, k; — 1,...,1 of the corresponding B-chain; that is to say, vy,...,vs,

(and hence uy,...,us, ) generate B-chains having length ki; vs,41,...,vs, (and
hence ug 41, ...,us,) generate B-chains having length k; — 1; etc. If, on the other
hand, we write 7 = (Tg @ TL) N [ (Tg ® TL), 1 <i < ki, we have

T = Tx



Tgi—2 = Joo @ U1y Us) [ D [T VL) 05 J(Usy )] D
EB[U51+1,...,U52]

etc.

and analogously for us,...,us. Therefore, there are unique z; € 7., 1 < i < s,
such that:

uitzi € [vn,...,vs], 1<i<s
ui+2zi € (v, .., vs | D [f(v1),. .., fus)] ®
BlUs 41y, Vsy], S1+1 <0< 59
etc.

Then, we define 1y(7g,75,) = Z € My, s where the columns of Z are the coordi-
nates of z1,..., 2 in the basis By (7] & 7).
Clearly, they depend differentially on (7, 7). It remains to verify that

Ty = ([Bo(Ts @ TL) + ZBoo(T, @ T2)]) -

We recall that T, is spanned by the B-chains generated by vi,...,vs, and that
[Bo(Ty & TL) + ZBxo(Ty & TL)] is spanned by the B-chains generated by wu; +

21,...,Us + 2Zs. Finally, by the construction of zi,..., 2, we have
(U1, oy 05, = U1 + 21, .., Us, + 25, ]
[Ula .o '7U81] &) [f(Ul), ceey f(vs1)] @ [Usl-l-lv cee 7082] =

[u1+zla---au81 +Zsl]@[f(ul+21),...,f(lb51—|—ZSI)]€B
EB[U’SlJrI + Rsily ey Usy + 352]

etc.

The following example shows that in general 6 is nontrivial.

Example 4.3 We switch to the real case for simplicity. Consider the Brunovsky
pair
000
(E,N) = <(1)(1)8>, 000 AeR
0 0 A

and the map f defined by the matrix (g) We fix the Brunovsky form for the
restriction of f to the 2-dimensional f-conditioned invariant subspaces to the pair

10
()= 00 (8 2)
0 0

10



1
M():O, FO(O)andMoo)\
0

Notice that Inv,(f; M) = {[es]} and, since f:R® — R’ is such that f(a,b,c) =
(0,0, Ac, a,b), the 1-dimensional subspace [z] with x = ae; + bes + ce3 belongs to
Invy(f; (Fo, Myp)) if and only if a or b are not zero. The vector bundle € is defined
in this case by

0 : Invy(f; (Fo, My)) X Invyi(f; M) — Invy(f; (M, F))
0([x], [es]) = [2] @ [es]

Notice that f([z]®[e3]) NR* = [e3] and therefore [x]®[e3] is (F, M)-conditioned
invariant. On the other hand, we have that Inve(f; (M, F)) = {[z,e3];2 = ae; +
bes + cez,aorb # 0}.

The fiber of # has dimension 1, and # is not a trivial bundle as we show:

o Inv(f; (Fy, My)) is the set of lines of R* through the origin except the axe [es];
that is to say, Po(R)—{[e3]} (a Moebius band). Moreover, since Inv;(f; M) =
{les]}, we have that Invy(f;(Fo, Mp)) x Invi(f; Ms) is homeomorphic to

Py (R) — {[es]}

e Invy(f; (F,M)) is the set of plans containing the axe [e3] which can be iden-
tified with Py (R)

Therefore, 6 is not trivial because Py(R) — {[e3]} is not homeomorphic to the
cilinder P;(R) x R.

From the above theorem we derive the following useful proposition.

Proposition 4.4 The map

¢ Inv (f; (Mo, Fo)) — Inv (f; (Mo, Fy))
7/)(8) = (S@yoo)/yoo

is a (keos)-dimensional vector bundle.

Proof. Let consider Inv (f; (M, F)), where M = diag{ My, N}, F = diag{F,0}.
Taking into account that Inv (f;Nw) = {Veo}, we can identify 1 with the
composition 1 o § where

D

Iy (f; (Mo, Fy)) x Inv (f; Noo) — Inv (f; (M, F))
)

SURS

11



then S O YV, and S/V, € Inv(f; (Mo, Fy)), and conversely. Therefore, ¢ is the
restriction of the diffeomorphism

QUL vildavu l7L/ 1o ulllUUlllULylllDlll. 414U 10 DUL@IEILMLUL yvailu vuviiauv 11 O O LILV\J 9 \iVi,l' )),

U {8 € Gra. (V) : S5V} — Cra(V/Va), ¥(ES) =S/Vs. -

As an application we can compute the dimension of Inv (f; (M, F')) in terms of
that of Inv(f; (M, Fp)) and dimInv(f.; M). We first need the following remark

Remark 4.5 Since every subspace S such that f(S) C S is contained in ), one
has that Inv(f; M) = Inv(foo; Mo).

Theorem 4.6 Let f :Y — X, M and F be as in section 2. With the above
notation

dimInv(f; (M, F)) = dimInv(f;(My, Fp)) + dimInv(fe; Meo) + (koo — hoo)s =
= > sup{ki—h;+1,0} — > sup{h; —h;+1,0} +

1<i<r 1<¢,5<s
1<j<s -

+dim Inv( foo; Moo) + (koo — hoo) s

Proof. To obtain the first equality it is sufficient to apply successively 4.2, 4.4 and
4.6:

dimInv (f; (M, F)) =
= dimInv (f; (Mo, Fy)) + dimInv (f; My) — heos =
= dimInv (f; (Mo, Fy) + koos +
+dimInv (foo; Moo) — hoos

Then, the second one follows from 5.3 in [FPP]. n
Finally, the following proposition gives another application of theorem 4.2

Proposition 4.7 Each stratum Inv (f; (M, F)) is connected.

Proof. It follows from the theorem 4.2 taking into account the connectivity of

Inv (f; (Mo, Fy)) [FPP] and Inv (fs; M) ([S] and [FPP]). n

4.3 Connectivity of Invy(f)

In [S], it is proved that Invy(f) is connected when f is an endomorphism having
only one eigenvalue. We will generalize this result. Firstly, we consider the case
where f is observable.

Proposition 4.8 Let f be observable. Then Invy(f) is connected.

12
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is also observable, so that its B-matrix is determined by its observability indices

hy > ... > hg (for convenience, we consider hsy; = ... = h, = 0). Hence, we can
note Invy(f; (M, F)) = Invs(f;h), and

Invy(f) = Uplnvy(f; h)

where h = (hy, ..., h,) runs over all the so-called “partitions of d compatibles with
k= (ki,...,k.)”, that is tosay, hy +...+ h, =d, hy > ... > h, > 0, and h; < k;
forall 1 <i<r.

We know that each stratum Invy(f; h) is connected (prop. 4.7). In order to prove
that the union of them is also connected, let us consider the stratum Inv,(f;hy)
where h, is the only partition such that

It is sufficient to prove that, for any h # h,, there is a (finite) sequence h',h", ...
such that
Invy(f;h) Ulnvg(f; h') Ulnvy(f;R") U ... UInvy(f; he)

is connected.
In fact, given h # h,, let o < 8 be such that

hlzhgz...:ha>ha+1
5:1Hf{2 hl<h}1—1, hz<kl}

Notice that o +1 < 8 < s+1, and that if 3 = s+ 1, then hg = 0.
Then, we can consider h' defined by

h/:l:hl_]-; Iﬁ:h/g—Fl
hi;=h;, forany i#«,p

The following lemma proves that
Invy(f;h) UInvg(f;h')

is connected. If A’ = h,, the proof is finished. If not, we consider A” in an analogous
way, and so on.

Lemma 4.9 Let h be a partition of d compatible with k such that, for some 1 <
a< pB<r
ha>h5—|—1, h5<k5.

There exists an f-conditioned invariant subspace S C Y such that
S € Invy(f; h) N Invy(f; A

(where upperbar means “closure”).

13
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spanned by the chains
iy f(ui),o, M)y 1<i<s

Clearly, S € Invy(f;h).
Now, let consider firstly the case hg # 0. Then, let v' = fks=hs=1(wp), so that
f(v") = vg; and, for each ¢ > 0, let S C Y be the subspace spanned by the vectors

vi, fo),..., ffi N y); 1<i<r, i#a,p
Fwa) sy N va)

Uﬂ PN fhﬂ_l(vg)

Ua+6v',

Notice that the last one spans a chain
Vo + 20", f(va) +evs,..., f(vy) +ef" (vg)

having length hg + 1, because of f"*'(v,) € Y (recall that hg +1 < h,, by
hypothesis). Therefore, for any ¢ > 0, we have S. € Invy(f;h’). And obviously,
limS, =S8.

e—=0
Finally, if hg = 0, the proof is analogous by considering v' = f*1(wg) and
S. C Y the subspace spanned by the vectors

vi, fo),..., ffi N y); 1<i<r, i#a,p
fa), .o, [ (va)

Uy + €0’
n

Remark 4.10 Notice that in the above proof, the hypothesis of f being observable
has been used only to ensure that any restriction f :§ — X to an f-invariant
subspace is also observable. Therefore, the proof can be easily generalized to prove
that the union

AE_JFIan(f; (M, F))

F) is an observable
B-matrix having d columns. We will need this fact in the next theorem.

when (M, F) runs over all the pairs of matrices such that (M

Finally, we have

Theorem 4.11 Let f: Y — X be such that fo has only one eigenvalue. Then,
Invy(f) is connected.

14



Invy(f) = U Inva(f; (M, F))

M

where (M, F) runs over the set of pairs of matrices such that (F) is a B-matrix

having d columns. We will denote this set by B(d). Then, M = diag{My, M}
and F' = diag{F}, 0}, where (]\14{;)) is an observable B-matrix having hy columns,
and M, is a Jordan h. -square matrix with only one eigenvalue. If we denote these

sets by OB(hg) and J(h), respectively, we can identify
B(d)= U (0B(h) x I (hs))

hoshoo

ho+hoo=d
so that
Invy(f)= U InvVagn(f)
ho+heo=d
where
Invig e, (f) = U Invy(f; (M, F))
OB(ho)XJ (hoo)

Firstly, we will see that each one of these sets is connected, and afterwards that it
is so the union of them.
For each hy, hy fixed, with hg + hy = d, we have

Itho,hoo(f) = U 0 (Itho(f§ (MO;FO)) X Ithoo(f; Moo)) =
OB(ho),J (hoo)

_ 9([ U v (F: (Mo, Fy)

OB(ho)

X [ U Invhoo(f;Moo)]>
J

(hoo)

where 6 is the map in (4.2). To see that this set is connected, it is sufficient to check
that both sets in the claudators are so. The first one is connected by (4.10). And
the second one because, from (4.4), we have

U Invy, (f; Ms) = U vy, (foor Moo) = Invyy (foo)
T (heo) T (heo)

and the last one is connected (see [S]). Finally, to see that the union

U Invho,hoo (f)

ho+heo=d

is connected, it is sufficient to prove that, for any hg, he (0 < hy < kpy, 0 < hoo <
ks ), there is an f-invariant subspace S such that

S € Invpg e, (f) NInVpg1pa0—1(f)

... > k. be
d, its Segre

(where the upperbar means “closure”). In order to do that, let k;

>
the B-indices of f, A the unique eigenvalue of f,, and §; > ... >

15
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characteristic 7, > ... > n,. Hence, we can note Inv,(f; (M, F)) = Inv,(f; (h,n)),
so that

IthO’hoo(f) = }plnv(f; (h’a 77))

where h runs over the partitions of hy compatible with k£, and 7 over the partitions
of h,, compatible with §. To end the proof of the theorem, we prove the following
lemma:

Lemma 4.12 Given hy, hy with 0 < hy < ko, 0 < ho < ko, let hbea partition
of hg compatible with k and o such that h, < ko, and let n be a partition of hs
compatible with § and (B such that ng > 0. Then, let consider h', 1’ defined by

hl, =he+1, hi=h; if i#«
mp=npg—1, ni=mn; if j#B
Then, there is an f conditioned -invariant subspace S such that
S € Inv(f; (h,n)) N Inv(f; (W, 1))
(Hence: S € Invip. (f) N Invpg 1 n—1(f) )

Proof. Let w;, f(w;),..., fFi Y (w;), 1 <i<r, be B-chains of f, and w;, (f —
Md) (w;), ..., (f = Ald)% Y(w;), 1 < j < p, a Jordan basis of f.. Let consider

v; = fRi(w;) 1<i<s
vi=(f—ANd)%(w;) 1<j<o

where we assume that hy > hgyy = 0, 7, > 1,01 = 0. Let § C Y the subspace
spanned by

Uiaf(vi)a"'afhi_l(vi) 1<Z§S
vi, (f = Nd) (1), ..., (f =AId)"7H(y;)  1<j<o
Clearly S € Inv (f;(h,n)).
Now, let u' = fFe~he=1(w,), so that f(u') = v,. Finally, for any £ > 0, let S.
be the subspace spanned by
Uiaf(vi)v"'afhiil(vi)a 1<7’§S

Vja(f_)‘Id)(yj)a"'a(f_)‘Id)nj_l(Vj)a 1 S]S o, ]%B
e + vy, (f — Ald)ws, ..., (f — ATd)% (i)

Obviously, § = lir% S.. And for all ¢ > 0, S, € Inv(f;(h,7)), because eu' + vg
E—r
spans a B-chain having length h, + 1:

et +vg,ev0 + f(V5), -, e f " (va) + f (v5) u
Applying lemma 4.12, we have that each stratum is adherent to the maximal

dimensional one and therefore, the connectivity of Inv,(f) is proved.
[ |
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stratum defined by k£ = (2) and h = (1).
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