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Abstract. We present a new setting of the geometric Hamilton-Jacobi theory by using the
so-calledtime-evolution operatorK . This new approach unifies both the Lagrangian and
the Hamiltonian formulation of the problem developed in [7], and can be applied to the
case of singular Lagrangian dynamical systems.
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1. Introduction

In a recent paper [7], a new geometric framework for the Hamilton–Jacobi theory has been
presented. It is stated both for the Lagrangian and Hamiltonian formalisms of autonomous
and non-autonomous regular dynamical systems, as well as for singular unconstrained me-
chanical systems. This framework has also been used to analyze the Hamilton-Jacobi prob-
lem in a different ambient such as nonholonomic mechanics [8, 25, 26], mechanics on Lie
algebroids [28] and classical field theories [27].

The so-calledtime-evolutionK-operator(also known by some authors as therelative
Hamiltonian vector field[32]) is a tool which has mainly been developed in order to study
the Lagrangian and Hamiltonian formalisms for singular mechanical systems and their equiv-
alence. It was first introduced in a non-intrinsic way in [3] as an “evolution operator” to con-
nect both formalisms, as a refinement of the technique used in[15]. This operator was later
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defined geometrically in two different but equivalent ways [9, 17] for autonomous dynamical
systems, and in [6] for the non-autonomous case.

The aim of this work is to show how the geometrical setting of the Hamilton-Jacobi
equation can also be stated in terms of the evolution operator, so obtaining a formulation of
the problem that comprises both the Lagrangian and the Hamiltonian formalism of the theory,
and can be applied to the case of singular systems with constraints.

The organization of the paper is as follows: in section 2 we review the Lagrangian an
Hamiltonian geometric Hamilton-Jacobi theory. The main features and properties of the
evolution operator are presented in section 3. Finally, section 4 is devoted to present the main
contribution of the paper; that is, the geometrical settingof the Hamilton-Jacobi problem
using the evolution operator.

Manifolds and maps are assumed to be smooth. Sum over crossedrepeated indices is
understood. The natural projections of the tangent and the cotangent bundles will be denoted
respectively byτQ : T Q→ Q andπQ : T∗Q→ Q.

2. The Hamilton-Jacobi problem

Our formulation of the Hamilton-Jacobi problem is based on the idea of obtaining solutions of
a second order differential equations by lifting solutions of an adequate firstorder differential
equation. For details and proofs of the results stated in this section see [7].

2.1. Lagrangian Hamilton–Jacobi problem

A Lagrangian dynamical systemis a pair (T Q, L), whereL ∈ C∞(T Q) is the Lagrangian
function of the system. Using the canonical structures inT Q (i.e. the vertical endomorphism
S, and the Liouville vector field∆ ∈ X(T Q)) we construct the Lagrangian formsθL = dL◦S ∈
Ω1(T Q) andωL = −dθL ∈ Ω

2(T Q), and the Lagrangian energy functionEL = ∆(L) − L ∈
C∞(T Q). Then, the Lagrangian dynamical equation is written

i(XL)ωL = dEL , (1)

where the unknown is the vector fieldXL ∈ X(T Q). A solution of this equation is called a
Lagrangian vector field. If the LagrangianL is regular (i.e.ωL is a symplectic form) then
there exists a unique solution, and its integral curves are holonomic (XL is a Second Order
Differential Equation) and they satisfy the Euler-Lagrange equations.

Furthermore, we define theLegendre transformationassociated withL as the fiber deriva-
tive of the Lagrangian functionF L : T Q → T∗Q, i.e 〈F L(v), w〉 = d

dsL(v + tw)|s=0, for
v, w ∈ T Q, with τQ(v) = τQ(w).

For a regular LagrangianL ∈ C∞(T Q), the generalized Lagrangian Hamilton–Jacobi
problemconsists in finding a vector fieldX : Q→ T Q such that, ifγ : R → Q is an integral
curve ofX, thenX ◦ γ = γ̇ : R→ T Q is an integral curve ofXL; that is,

X ◦ γ = γ̇ =⇒ XL ◦ γ̇ =
˙X ◦ γ .

X is said to be asolution to the generalized Lagrangian Hamilton–Jacobi problem.
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Theorem 1. Let L be a regular Lagrangian and X∈ X(Q). The following assertions are
equivalent:

1. X is a solution to the generalized Lagrangian Hamilton–Jacobi problem.

2. X and XL are X-related; that is, XL ◦ X = T X ◦ X.

3. The submanifoldIm X ⊂ T Q is invariant by the Lagrangian vector field XL (that is, XL

is tangent to the submanifold X(Q)).

4. X satisfies the equation i(X)(X∗ωL) = d(X∗EL).

The standard version of the Hamilton–Jacobi problem is by obtained considering a sim-
plified problem. Given a Lagrangian functionL ∈ C∞(T Q), theLagrangian Hamilton–Jacobi
problemconsists in finding solutionsX to the generalized Lagrangian Hamilton–Jacobi prob-
lem satisfying thatX∗ωL = 0.

Theorem 2. Let X∈ X(Q) such that X∗ωL = 0. The following assertions are equivalent:

1. X is a solution to the Lagrangian Hamilton–Jacobi problem.

2. d(X∗EL) = 0.

3. Im X is a Lagrangian submanifold of T Q invariant by XL.

4. The integral curves of XL with initial conditions inIm X project onto the integral curves
of X.

As 0 = X∗ωL = −X∗dθL = −d(X∗θL), then there exist an open neighborhoodU ⊂ Q of
every point ofQ, and a functionW such thatX∗θL = dW (in U). The coordinate expression
of the second characterization,E(qi, ∂W/∂qi) = constant, gives the classical form of the
Hamilton–Jacobi equation in the Lagrangian formalism [31].

2.2. Hamiltonian Hamilton–Jacobi problem

A Hamiltonian systemis a pair (T∗Q,H), whereH ∈ C∞(T∗Q) is theHamiltonian function
of the system. Using the canonical symplectic formω = −dθ ∈ Ω2(T∗Q) on the cotangent
bundleT∗Q, theHamiltonian dynamical equationreads

i(ZH)ω = dH . (2)

where the unknown is the vector fieldZH ∈ X(T∗Q), which is called theHamiltonian vector
field. Its integral curves are the trajectories of the system, andthey satisfy theHamilton
equations.

Given a Hamiltonian vector fieldZH ∈ X(T∗Q), thegeneralized Hamiltonian Hamilton–
Jacobi problemconsists in finding a vector fieldX : Q → T Q and a 1-formα : Q → T∗Q
such that, ifγ : R→ Q is an integral curve ofX, thenα ◦ γ : R→ T∗Q is an integral curve of
ZH ; that is,

X ◦ γ = γ̇ =⇒ ˙α ◦ γ = ZH ◦ (α ◦ γ) . (3)

This condition is equivalent to
ZH ◦ α = Tα ◦ X .
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Furthermore, if (X, α) satisfies the condition (3), then we obtain the following relation be-
tween these elements

X = TπQ ◦ ZH ◦ α = FH ◦ α ,

whereFH is the fibre derivative ofH.
A solutionto the generalized Hamiltonian Hamilton–Jacobi problem for ZH is a 1-form

α ∈ Ω1(Q) such that, ifγ : R→ Q is an integral curve ofX = TπQ ◦ ZH ◦ α, thenα ◦ γ : R→
T∗Q is an integral curve ofZH ; that is,

TπQ ◦ ZH ◦ α ◦ γ = γ̇ =⇒ ˙α ◦ γ = ZH ◦ (α ◦ γ) .

Theorem 3. Letα ∈ Ω1(Q). The following assertions are equivalent:

1. α is a solution to the generalized Hamiltonian Hamilton–Jacobi problem.

2. The submanifoldImα ⊂ T∗Q is invariant under the flow of the vector field ZH (that is,
ZH is tangent to the submanifoldImα).

3. α satisfies the equation i(X)dα = −d(α∗H), where X= TπQ ◦ZH ◦α is the vector field
associated withα.

As in the Lagrangian formalism, we consider a simpler case which leads to the standard
version of the Hamilton-Jacobi problem. Thus, given a vector field ZH ∈ X(T∗Q), theHamil-
tonian Hamilton–Jacobi problemconsists in finding aclosed 1-form α ∈ Ω1(Q) which is
a solution to the generalized Hamiltonian Hamilton–Jacobiproblem. Notice thatdα = 0 is
equivalent toα∗ω = 0.

Theorem 4. Letα be a closed 1-form in Q. The following assertions are equivalent:

1. α is a solution to the Hamiltonian Hamilton–Jacobi problem.

2. d(α∗H) = 0 (that is,α∗H is locally constant).

3. Imα is a Lagrangian submanifold of T∗Q invariant by ZH .

4. The integral curves of ZH with initial conditions inImα project onto the integral curves
of X = TπQ ◦ ZH ◦ α.

Sinceα is closed, there is a functionW defined in an open neighborhoodU ⊂ Q of every
point and such thatα = dW (in U). The coordinate expression of the second characterization
H(qi , ∂W/∂qi) = constant, gives the classical form of the Hamilton–Jacobi equation in the
Hamiltonian formalism.

3. The evolution operator

The above results allow to study Hamilton-Jacobi theory forregular Lagrangians and the cor-
responding Hamiltonian problem, and provides an understanding of the situation whenever
we have alternative Lagrangian descriptions for the same dynamical vector field [7]. How-
ever, it is well known that many interesting physical systems are defined by gauge invariant
Lagrangians, a fact that forces the Lagrangian to be singular. It is therefore interesting to
look for a more general formalisms where one can study easilythe dynamics defined by sin-
gular Lagrangians and the Hamilton-Jacobi theory. One of such formalisms is provided by
the so-called time-evolution operatorK .
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The definition given here for the evolution operator is basedon the concept ofsection
along a map[5, 11, 12, 30], of which this operator is a particular case. We recall that a vector
field Z along a mapF : N → M, is a mapZ : N → T M such thatτM ◦Z = F. The set of vector
fields alongF will be denotedX(F). An integral curve ofZ ∈ X(F) is a curveγ : R → N
such thatZ ◦ γ = d

dt(F ◦ γ).
To every vector fieldZ ∈ X(F) we can associate aF∗-derivationi(Z) of degree−1 deter-

mined by
(i(Z)ω)n(v1, . . . , vp) = ωF(n)(Z(n),TnF(v1), . . . ,TnF(vp))

for everyp-formω in M, everyn ∈ N andv1, . . . , vp ∈ TnN. In this way an equation between
vector fieldsY,Z along some maps of the formTG◦ Z = Y ◦ H, whereG andH are maps, is
equivalent to the relationi(Z)◦G∗ = H∗◦ i(Y). See [29] for more details aboutF∗-derivations.

Thetime-evolution operatorK associated with a LagrangianL : T Q→ R is a vector field
along the Legendre transformation, i.e.K : T Q→ T(T∗Q) with τT∗Q ◦ K = F L, satisfying
the following two conditions:

1. (Dynamical condition):
i(K)ω = dEL . (4)

2. (Second-order condition):
TπQ ◦ K = IdTQ, (5)

whereπQ : T∗Q→ Q is the canonical projection.

The existence and uniqueness of this operator is studied in [17], and it can be shown that it is
explicitly given byK = χ◦dL, whereχ : T∗T Q→ TT∗Q is the canonical isomorphism [35].
Its local expression is

K(q, v) = vi ∂

∂qi

∣

∣

∣

∣

∣

F L(q,v)
+
∂L
∂qi

∂

∂pi

∣

∣

∣

∣

∣

F L(q,v)
. (6)

By definitionϕ : R → T Q is an integral curve ofK if T(F L) ◦ ϕ̇ = K ◦ ϕ, where
ϕ̇ : R → T(T Q) is the prolongation ofϕ to the tangent bundleT(T Q) of T Q. Moreover, as a
consequence of the second-order condition (in the item 3), we have thatϕ = φ̇, forφ : R→ Q,
that is,ϕ is holonomic. We have the following commutative diagram
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F L -
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��

τT∗Q
K

T(T Q)
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-

τTQ
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R
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In coordinates the integral curves ofK are characterized by the equations

ẋ = v , ṗ =
∂L
∂x

, and p =
∂L
∂v
, (7)

which are clearly equivalent to the Euler-Lagrange equations forL
The most relevant properties of this operator are the following [3, 9, 17, 18]:
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• If there exists a vector fieldXL on T Q which is a solution to the equation (1), then
ϕ : R→ T Q is an integral curve ofXL if, and only if, it is an integral curve ofK . As a
direct consequence of this fact, the relation betweenK andXL is

T(F L) ◦ XL = K . (8)

• If there exists a Hamilton vector fieldXH onF L(T Q) ⊆ T∗Q which is a solution to the
Hamilton equations in the Hamiltonian formalism associated to the Lagrangian system
(T Q, L), thenψ : R→ T∗Q is an integral curve ofXH if, and only if,

ψ̇ = K ◦ TπQ ◦ ψ̇ . (9)

As a consequence, the relation betweenK andXH is

XH ◦ F L = K . (10)

Equations (8), (9) and (10) show how the Lagrangian and Hamiltonian descriptions can be
unified by means of the operatorK .

Other relevant results obtained using this operator are:

• The equivalence between the Lagrangian and Hamiltonian formalisms is proved by
means of this operator in the following way: there is a bijection between the sets of
solutions of Euler-Lagrange equations and Hamilton equations.

• The complete classification of constraints appearing in theconstraint algorithms for
singular dynamical systems is achieved. All the Lagrangianconstraints can be obtained
from the Hamiltonian ones using theK-operator in the following way: ifξ ∈ C∞(T∗Q)
is a Hamiltonian constraint, theni(K)dξ is a Lagrangian constraint.

Most of these results have also been generalized for higher-order Lagrangian systems
[4, 10, 12, 23, 24], and for the case of more general types of singular differential equations
on manifolds [18]. The evolution operatorK has also been applied for analyzing gauge
symmetries, Noether’s theorem and other structures for singular systems [14, 16, 19, 20, 21,
22], and to study Lagrangian systems whose Legendre map degenerates on a hypersurface
[32, 33]. Furthermore, although a covariant description ofthis operator was not available, it
has also been used to study several characteristics of some physical models in field theory,
namely thebosonic string[1, 2, 19]. Later on, the definition and some properties of the
operatorK have been carried out for field theories [13, 34].

4. The Hamilton-Jacobi problem and the evolution operator

Let L be a Lagrangian onT Q, and letK be the associated time-evolution operator. Our aim
is to characterize the solutions of the generalized Hamilton-Jacobi problem in terms ofK . In
this way, we will be able to find solutions to such problem evenfor a singular LagrangianL.

For the following result, we recall that a vector fieldZ along a mapF : N → M is tangent
to a submanifoldP ⊂ N if, for every p ∈ P, we have thatZ(p) ∈ TpF(TpP). In other words,
the restrictionZ|P takes values tangent toF(P).
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Theorem 5. Let X be a vector field on the manifold Q and consider the 1-formα = F L ◦ X.
The following conditions are equivalent:

1. If γ is an integral curve of X theṅγ is an integral curve ofK .

2. K is tangent toIm(X).

3. Tα ◦ X = K ◦ X.

4. i(X)dα + d(X∗EL) = 0.

5. i(X)(X∗ωL) − d(X∗EL) = 0.

Proof:
[1⇒ 2] Let v ∈ T Q be a point in Im(X), and setq = τQ(v), so thatv = X(q). Let γ be the
integral curve ofX starting atq, γ(0) = q. It follows that the initial velocity of this curve is
γ̇(0) = X(γ(0)) = X(q) = v. The curve ˙γ is an integral curve ofK , from where

K(v) = (K ◦ γ̇)(0) =
d
dt

(F L ◦ γ̇)(0) =
d
dt

(F L ◦ X ◦ γ)(0),

that is, the vectorK(v) is the tangent att = 0 to the curveF L ◦ X ◦ γ, which is a curve in
F L(Im(X)).

[2⇒ 3] If K is tangent to Im(X) thenK ◦ X takes values tangent to Im(F L ◦ X) = Im(α).
ThusK ◦ X = Tα ◦ Y, for some vector fieldY on Q. But taking the projection, we have on
one handTπQ ◦ K ◦ X = idTQ ◦ X = X, and on the other

Tπq ◦ Tα ◦ Y = T(πQ ◦ α) ◦ Y = TidQ ◦ Y = idTQ ◦ Y = Y .

ThusY = X and the result follows.

[3⇒ 1] Let γ be an integral curve ofX, that isX ◦ γ = γ̇. Composing the equationTα ◦ X =
K ◦ X with γ we getTα ◦ γ̇ = K ◦ γ̇, and taking into account the definition ofα we have

K ◦ γ̇ = Tα ◦ γ̇ =
d
dt

(α ◦ γ) =
d
dt

(F L ◦ X ◦ γ) =
d
dt

(F L ◦ γ̇) ,

so that ˙γ is an integral curve ofK .

[3⇒ 4] Taking the pullback byX of the equationi(K)ω = dEL we getX∗i(K)ω = d(X∗EL).
Since the relationTα ◦ X = K ◦ X is equivalent toi(X) ◦ α∗ = X∗ ◦ i(K), we have that
i(X)(α∗ω) = d(X∗EL). Finally, taking into account thatα∗ω = −d(α∗θ) = −dα, we get
−i(X)dα = d(X∗EL).

[4⇒ 3] Let X be a vector field satisfyingi(X)dα + d(X∗EL) = 0. Taking the pullback of the
equationi(K)ω = dEL by X we haveX∗i(K)ω − d(X∗EL) = 0. From this two equations we
getX∗i(K)ω − i(X)α∗ω = 0, or equivalentlyi(K ◦ X − Tα ◦ X)ω = 0.

We next show that this condition impliesK ◦ X − Tα ◦ X = 0. Denote byD ∈ X(α)
the vector field alongα given byD = Tα ◦ X − K ◦ X, so thati(D)ω = 0. This equation is
explicitly written asω(D(q),Tqα(w)) = 0, for everyq ∈ Q andw ∈ TqQ. The vector fieldD
alongα is vertical

TπQ ◦ D = TπQ ◦ Tα ◦ X − TπQ ◦ K ◦ X = X − X = 0,
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and since the vertical subbundle is Lagrangian forω, it follows thatω(D(q),V) = 0 for
every vertical vectorV ∈ Tα(q)T∗Q. Finally, every vectorW ∈ Tα(q)T∗Q can be written
W = Tα(w) + V, with w = TπQ(W) andV vertical, from where

ω(D(q),W) = ω(D(q),Tα(w)) + ω(D(q),V) = 0,

and the result follows.

[4⇔ 5] This equivalence follows fromX∗ωL = X∗F L∗ω = α∗ω = −dα. �

In general, the time-evolution operatorK will not be tangent to the full spaceT Q, and the
system will have constraints. Applying the constraint algorithm to our system, we can find
a submanifoldM ⊂ T Q such thatK is tangent to it, which is known as the final constraint
submanifold. In such a case we have to restrict our vector fields, and we must consider vector
fieldsX taking values on the final constraint manifold.

The standard Hamilton-Jacobi problem is obtained by considering a simplification of our
general problem. The equations in the item 5 are nonlinear inX and are difficult to solve,
thus we may simplify the problem by looking for a particular kind of solutions, namely those
vector fieldsX such that associated 1-formα is closed, that is,dα = 0. From here it follows
that the energy is constant on the image of the sectionX, that is,X∗EL = constant. This
equations are said to be theHamilton-Jacobi equation in the mixed formalism

dα = 0 and X∗EL = constant.

When we realize thatα = X∗θL then we get the equations

d(X∗θL) = 0 and X∗EL = constant,

which is the Hamilton-Jacobi equation in the Lagrangian formalism. Furthermore, assuming
that the energy isF L-projectable, so that a Hamiltonian functionH exists such thatF L∗H =
EL, then from this relation we get the equations

dα = 0 and α∗H = constant,

which is the Hamilton-Jacobi equation in the Hamiltonian formalism.

Acknowledgements

We acknowledge the financial support of theMinisterio de Educación y Ciencia, projects
MTM2005-04947, MEC-DGI MTM2006-10531, MTM2008-00689/MTM and MTM2008-
03606-E/MTM, FPA-2003-02948 and CO2-399.

References

[1] C. Batlle, J. Gomis, X. Gràcia, J.M. Pons, “Noether’s theorem and gauge transforma-
tions: applications to the bosonic string andCPn−1

2 -model”,J. Math. Phys.30(6) (1989)
1345-1350.



Hamilton-Jacobi theory and the evolution operator 185

[2] C. Batlle, J. Gomis, J.M. Pons, “Hamiltonian and Lagrangian constraints of the bosonic
string”, Phys. rev. D34(8) (1986) 2430-2432.

[3] C. Batlle, J. Gomis, J.M. Pons, N. Román-Roy, “Equivalence between the Lagrangian
and Hamiltonian formalism for constrained systems”,J. Math. Phys.27 (1986) 2953-
2962.

[4] C. Batlle, J. Gomis, J.M. Pons, N. Román-Roy: “Lagrangian and Hamiltonian con-
straints for second order singular Lagrangians”.J. Phys. A: Math. Gen.21(12) (1988)
2693-2703.

[5] J.F. Cariñena, “Section along maps in geometry and physics”, Rend. Sem. Mat. Univ.
Pol. Torino54(3) (1996) 245-256.

[6] J.F. Cariñena, J. Fernández-Núñez, E. Martínez, “Time-dependent K-operator for sin-
gular Lagrangians”, (unpublished) (1995).

[7] J.F. Cariñena, X. Gràcia, G. Marmo, E. Martínez, M.C. Muñoz–Lecanda, N. Román–
Roy, “Geometric Hamilton–Jacobi theory”,Int. J. Geometric Methods Mod. Phys.3
(2006) 1417–1458.

[8] J.F. Cariñena, X. Gràcia, G. Marmo, E. Martínez, M.C. Muñoz–Lecanda, N. Román–
Roy, “Geometric Hamilton–Jacobi theory for nonholonomic mechanical systems”,
(2009). In preparation.

[9] J.F. Cariñena, C. López, “The time evolution operator for singular Lagrangians”,Lett.
Math. Phys.14 (1987) 203-210.

[10] J.F. Cariñena, C. López: “The time evolution operator for higher-order singular La-
grangians”.J. Mod. Phys.7 (1992) 2447-2468.

[11] J.F. Cariñena, C. López, E. Martínez, “A new approach tothe converse of Noether’s
theorem”J. Phys A: Math. Gen.22 (1989) 4777–4786.

[12] J.F. Cariñena, C. López, E. Martínez, “Sections Along aMap Applied to Higher-order
Lagrangian Mechanics. Noether’s Theorem”,Acta Appl. Mathematicae29 (1991) 127-
151.

[13] A. Echeverría-Enríquez, J. Marín-Solano, M.C.Muñoz-Lecanda, N. Román-Roy: “On
the construction ofK-operators in field theories as sections along Legendre maps”, Acta
Appl. Math.77(1) (2003) 1-40.

[14] C. Ferrario, A. Passerini, “Symmetries and constants of motion for constrained La-
grangian systems: a presymplectic version of the Noether theorem”,J. Phys. A: Math.
Gen.23 (1990) 5061-5081.

[15] K. Kamimura: “Singular Lagrangians and constrained Hamiltonian systems, general-
ized canonical formalism”.Nuovo Cim. B69 (1982) 33-54.

[16] J.A. García, J.M. Pons, “Rigid and gauge Noether symmetries for constrained systems”,
Int. J. Modern Phys. A15(29) (2000) 4681-4721.

[17] X. Gràcia, J.M. Pons, “On an evolution operator connecting Lagrangian and Hamilto-
nian formalisms”,Lett. Math. Phys.17 (1989) 175-180.



186 J.F. Cariñena, X. Gràcia, E. Martínez, G. Marmo, M.C. Muñoz-Lecanda, N. Román-Roy

[18] X. Gràcia, J.M. Pons: “A generalized geometric framework for constrained systems”.
Diff. Geom. Appl.2 (1992) 223-247.

[19] X. Gràcia, J.M. Pons, “A Hamiltonian approach to Lagrangian Noether transforma-
tions”, J. Phys. A: Math. Gen.25 (1992) 6357-6369.

[20] X. Gràcia, J.M. Pons, “Gauge transformations for higher-order Lagrangians”,J. Phys.
A: Math. Gen.28 (1995) 7181-7196.

[21] X. Gràcia, J.M. Pons, “Canonical Noether symmetries and commutativity properties for
gauge systems”,J. Math. Phys.41(11) (2000) 7333-7351.

[22] X. Gràcia, J. Roca, “Covariant and non-covariant gaugetransformations for the confor-
mal particle”,Mod. Phys. Lett. A8(19) (1993) 1747-1761.

[23] X. Gràcia, J.M. Pons, N. Román-Roy: “Higher order Lagrangian systems: geometric
structures, dynamics and constraints”.J. Math. Phys.32 (1991) 2744-2763.

[24] X. Gràcia, J.M. Pons, N. Román-Roy: “Higher order conds. for singular Lagrangian
dynamics”.J. Phys. A: Math. Gen.25 (1992) 1989-2004.

[25] D. Iglesias-Ponte, M. de León, D. Martín de Diego: “Towards a Hamilton-Jacobi theory
for nonholonomic mechanical systems”,J. Phys. A41(1) (2008).

[26] M. de León, J.C. Marrero, D. Martín de Diego: “Linear almost Poisson struc-
tures and Hamilton-Jacobi equation. Applications to nonholonomic Mechanics”.
arXiv:0801.1181v1 (2008).

[27] M. de León, J.C. Marrero, D. Martín de Diego: “A Geometric Hamilton-Jacobi Theory
for Classical Field Theories”. arXiv:0801.1181 [math-ph](2008)

[28] M. de León, J.C. Marrero, E. Martínez “Lagrangian submanifolds and dynamics on Lie
algebroids”.J. Phys. A: Math. Gen.38 (2005) R241–R308.

[29] G. Pidello, W.M. Tulczyjew, “Derivations of differential forms in jet bundles”,Math.
Pura et Aplicata147(1987) 249-265.

[30] W.A. Poor,Differential Geometric Structures, McGraw-Hill, New York 1981.

[31] G.E. P, J.E. A, G.B. B, “A universal Hamilton–Jacobi equation for
second-order ODEs”,J. Phys. A: Math. Gen.32 (1999) 827–844.

[32] F. Pugliese, A.M. Vinogradov: “On the geometry of singular Lagrangians”.J. Geom.
Phys.35 (2000) 35-55.

[33] F. Pugliese, A.M. Vinogradov, “Discontinuous trajectories of Lagrangian systems with
singular hypersurface”,J. Math. Phys.42(1) (2001) 309-329.

[34] A.M. Rey, N. Román-Roy, M. Salgado: “Günther’s formalism (k-symplectic formalism)
in classical field theories: Skinner-Rusk approach and the evolution operator”.J. Math.
Phys.46(5) (2005) 052901, 24 pp.

[35] W.M. Tulczyjew, “Les sous-varietés lagrangiennes et la dinamique hamiltonienne”,
C.R. Acad. Sc. Parist 283A (1976) 15-18.


