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Abstract

Given a simple connected graph I' and a subset of its vertices C', the pseudo-
distance-regularity around C' generalizes, for not necessarily regular graphs, the notion
of completely regular code. Up to know, most of the characterizations of pseudo-
distance-regularity has been derived from a combinatorial definition. In this paper we
propose an algebraic (Terwilliger-like) approach to this notion, showing its equivalence
with the combinatorial one. This allows us to give new proofs of known results, and
also to obtain new characterizations which do not depend on the so-called C-spectrum
of I', but only on the positive eigenvector of its adjacency matrix. In the way, we also
obtain some results relating the local spectra of a vertex set and its antipodal. As a
consequence of our study, we obtain a new characterization of a completely regular
code C, in terms of the number of walks in I" with an endvertex in C.
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1 Preliminaries

Pseudo-distance-regularity is a natural generalization of distance-regularity which extends
this notion to not necessary regular graphs. The key point of this generalization relays
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on defining an adequate weight for each vertex in such a way that we obtain a “regu-
larized” graph. Since its introduction in [7], the study of pseudo-distance-regularity pro-
duced several interesting results, specially in the area of quasi-spectral characterizations
of distance-regularity [4, 7] and completely regular codes [5, 6]. This study was based on
the combinatorial definition of pseudo-distance-regularity around a vertex, which comes
up naturally from the notion of distance-regularity around a vertex. Among the variety
of techniques used in these works, two concepts stand out: the local spectrum (of a single
vertex or a subset of vertices) and certain families of orthogonal polynomials.

Our work in this paper is motivated by the connection existing between pseudo-distance-
regularity and the study developed by Terwilliger [11] in the context of association schemes.
In his work, he introduced the subconstituent algebra (also known as Terwilliger algebra)
with respect to a vertex of a graph and defined the notion of thin module in this algebra.
As commented by the third and fourth authors in [3, 5], the study of pseudo-distance-
regularity around a vertex i is equivalent to the thin character of the minimum module
containing its characteristic vector e;. The aim of this paper is to extend this parallelism
from a single vertex to a set of vertices.

The plan of the paper is as follows. In the rest of this section we first give some notation
on graphs and their spectra. In Section we introduce the local spectrum of a vertex set,
discussing some of its properties. Special attention is paid to the relation between the local
spectra of two antipodal subsets of vertices. Section 3 is devoted to explain the concept
of pseudo-distance-regularity around a vertex set, in combinatorial sense, and to review
some its known quasi-spectral characterizations. In the case of regular graphs, this concept
coincides with that of a completely regular code. Our main results are in Section 4, where
we extend the (algebraic) definition of Terwilliger to a set of vertices in any graph, and
prove its equivalence with the combinatorial approach. This allows us to give new proofs
of known results, and also to obtain new characterizations which do not depend on the
so-called C-local spectrum, but only on the positive eigenvector of the adjacency matrix.
As a consequence, we obtain a new characterization of a completely regular code C, in
terms of the number of walks having an endvertex in C.

Throughout this paper I' = (V| E) stands for a simple connected graph with vertex set
V ={1,2,...,n} and V denotes the space of the formal linear combinations of its vertices.
The adjacencies in I', {i,j} € E, are denoted by ¢ ~ j and I'y(i) = {j]|9(¢,5) = k}
represents the set of vertices at distance k from ¢, where 9(-,-) is the distance function in
I'. For simplicity we will write I'(¢) instead of I';(i). Every vertex i is associated to the
i-th unitary (or characteristic) vector e; € R™, and, consequently, V is identified with R".
With this identification in mind, the adjacency matrix of I';, A, can be seen as the matrix
of an endomorphism in V with respect to the basis {e; }icy .

The set of different eigenvalues of A is denoted by evI' := {\g, \1,..., g}, where
Ao > A1 > -+ > Ay, and the spectrum of I' is defined by

SpF = SpA = {)\6”0‘0)’ )‘T(Al)v T 7)\2“0\0)}7

where m()\;) stands for the multiplicity of the eigenvalue \;. From the Perron-Frobenius



Theorem for nonnegative matrices, we have that Ao > |A\g| and equality is attained if
and only if I is a bipartite graph; see e.g. [1]. Moreover, m()g) = 1 and every non-null
vector of Ker(A — A\pI) has all its components either positive or negative. We denote by
v € Ker(A — \oI) the unique positive eigenvector with minimum component equal to one.
Let us remark that in the case of d-regular graphs we have that A\g = ¢ and the vector v
turns out to be the all-1 vector j.

Note that V is a module over the quotient ring R[z]/Z, where 7 is the ideal generated
by the polynomial Z = Hldzo(a: — A1), which vanishes in A, with product defined by

pu = p(A)u for every p € R[z]/Z and u € V.
Remark that the orthogonal projection of V onto the eigenspace & = Ker(A — A\ 1),
for some 0 <[ < d, can be written as

Eu=Zu, wuwey,

—1)!
where Z; = % [o<n<amen (@ — ) and 7 2= [o<p<amnpy [An — Al

2 The local spectrum of a vertex set and its antipodal

Given a nonempty set C' of vertices of I', we consider the map p : P(V) — V defined
by pb = 0 and pC = 3, vie; for C # () and denote by e. the normalized vector
pC/|pCl. If ec = zc(Xo) + zc(A1) + -+ + zc(Ag) is the spectral decomposition of ec;
that is z¢(N)) = Ejec € &, 1 = 0,1,...,d, the C-multiplicity (or C-local multiplicity) of
the eigenvalue ); is defined by mc(N\;) = ||z¢(\)||?. Note that, since

L (pCv) 1 v eC|
Epe. = v = v; v = v,
T eCl vl ||PC||§ vl v

we get ma(Ng) = HHPVLH‘; Then, if po(= Ao), pt1, - - -, ftd.. are the eigenvalues with non-zero

C-multiplicity, the C-spectrum (or C-local spectrum) is defined by

(Hag)
spe I i= {Mgnc(”o)“uinc(#l)? o M;ncc Bde }’
with po > p1 > -+ > pg4., and the set of different eigenvalues of C' is denoted by

eve I := {po, 11, ..., a. }- Note that, since eo is unitary, we have ngo me(N) = 1.,
or As we have done for the spectrum of I', in order to simplify notation we introduce the
moment-like parameters

m(@) = JI  Im—ml  (0<i<de).
0<h<dc (h#1)

The set I'y(C) = {v € V|0(v,C) = k} of vertices at distance k from C' is denoted by
C%. Thus, if C has eccentricity ¢, Co(= C),C1,...,Cs, is a partition of V. We denote

C



by C the set of vertices at maximum distance from C, C = Ce., and we refer to it as its
antipodal set. If there is no possible confusion, we write D = C.

The polynomial Z, = H;izco(m — 1) is the monic polynomial with minimum degree such
that Zoer- = 0, and the polynomial

- P H .
m0(C)|[pCIP? |
satisfy Hov = Heo(M\g)v = ””/;/CU'TQ v. What is more, H is the unique polynomial of degree

at most d. satisfying HopC = Hﬁﬁ‘g‘ Hov = v and so, inspired by Hoffman [8], it is named
C-local Hoffman polynomial. This allows us to conclude that the eccentricity of C' and the
number of C-local eigenvalues are related by e¢ < d; see [5]. In case of equality, ¢ = d¢,

we say that C is extremal.

Proposition 2.1 Let C' be an extremal set and let D be its antipodal set. Then, eve I C
evp ' and the C-multiplicities and D-multiplicities satisfy

for all p; € eve T,

72 (C CI2llpD|?
me(w)mp () > (2)( ) leCl=llpD|]
i

(e v

where equality is equivalent to the linear dependence of the vectors z¢ () and zp ().

Proof. Consider the interpolating polynomials associated with the local spectrum of C"

—1)!
=S [ w-m)  0<i<d),
0<h<dc (h#l)

verifying Z;” (jun) = i, Since both Z” and Hc have degree de and their leader coefficients
(=1 ||
=o) @ Sy per

pC|?
T = WO(C) H”V”L’ HC - (_1)Z7TZ(C)ZZC

are, respectively, the polynomial

has degree less than d.. The extremal character of C' gives that (pC, Z pD) = (Z pC, pD) =

frl(l))< dcpC, pD) # 0. In particular, Z7pD # 0. Moreover, if \; € evc T,

d
(pC,Z{ pD) = (pC,>  Zf(Mn)EppD)
h=0
= (pC, Y Z7(M)EwpD + Zf (\)EipD)
angeve I
= (pC,Z; (N)EipD) = (pC, zp (1)),



and evo ' Cevp I

Since T has degree less than do = €., the vectors T'es and ep are orthogonal, giving:

rells
lv[1?

0= (Teg,ep) = m(C) (Heec,ep) — (—1)!'m(C)(ZF ec, ep)

lpC| 1!
m0(C)——————=(HcpC, pD) — (= 1)'m(C)zc(), €
lpC| 1!
= wo(C)—=i—5 v, pD) — (—1)m(C){zc(m1), zp (11
pC|l [[pD :
= () TP im0l cosafe™
where ozl(c’D) is the angle between the vectors z¢ (1), zp(j;). Therefore,
C) lleCllllpD]]
z ,Z = (-1 170 , 1
< C(:U’l) D(,U'l)> ( ) WZ(C) HVH2 ( )
and also:
778(0) ||pC||2HpD||2 = me(u)m (MZ)COS2 oGP < ()mp ()
20 vl cltume o s melpmmolin),
where the equality occurs if and only if al(C’D) is 0 or . O

Proposition 2.2 Let C' be an extremal set and D its antipodal set. Then, the following
statements are equivalent:

(a) For every j; € eve I, we have

2 2 2
7 (C) llpCl7llpD|
m m =
C(NZ) D(Ml) WZQ(C) ||1/||4
(b) The projection of the vector mp = (||zp(po)ll; |zo(u)ll,-- - |Z2p(pes)||) over the
vector me = ([[zc(po)l, [z ()l - - - 1ze () is
leC D] §= 7o (C)
e 2 e

or, equivalently,

£ 2
m o o) — [ m@)) eCIP leD]”
(Z o ‘”) (Z m(C)) Wl

=0

where o\%P) s the angle between the two vectors.



(c) There exists a polynomial p € Re . [x] such that
pD =ppC + z, where z € ®AleevD Deve T &.

(d) For every p; € eveI', we have

IpDI2 o (& me(uom(©))
o (et

Proof. By adding up for [ = 0,1,...,e- the inequalities given in Proposition 2.1 we
obtain:

& 1pC||||pD|| & m(C)
(me, ) = || cos ol =37 ||ze ()| 120 ()| > M Z ()
=0 =0

giving the equivalence between (a) and (b).

Suppose that (a) holds. Then, given y; € evy I, the vectors z, (1), zo () are propor-
tional. More precisely, by (1), there exist & > 0 such that zp,(y;) = (—1)'& 20 (). Let p
be the unique polynomial in Re_[z] such that p(y;) = (—1)! ”pD”& for all yy € eve I'. We

1P|
have
EipD = |pD|zp(m) = (—1)"lpD||§zc(1m)
(1)l‘||’pC”£EzpC p(u) E1pC = EppC.

Thus the vector z = pD — ppC € P ACEV D F\evcfgl and (c) is obtained. Conversely,
assuming that (c¢) holds, by projecting on & we obtain ||pD||zp () = p()|lpClze ()
and Proposition 2.1 gives (a).

Finally we prove the equivalence between (c) and (d). The existence of the polynomial
p in (c) is equivalent to the linear dependence of the vectors z, () and zo(py) for all
w € eve I, and Proposition 2.1 ensures us that

2 2 2

m(C) [leClEI I pD]
m m = 0<I<de).
o()mop (1) 712(0) E (0<l<de)

Hence, in this case,

o IpCIRIPDIE S O DI & molmo) ()
2 moli) = T 2 0] T P 2 melmmi @)

and the proof is concluded. O

Corollary 2.3 The polynomial p described in Proposition 2.2(c) satisfies the following
properties:



(a) p € Re,[x] is unique, has degree ec and all its roots are real, different and interlace
the eigenvalues g, i1, . . ., fey, -

(b) Its value at ug is:
-1
o) = JeDIE _ v Ezcmm) Z mo(u)m3(C)\
1pCIE ~ ToCTE \ 2= me ()72 (C)
(¢) Given q € Re—1[z], we have:

Ec
ch p)p(p)g() =0 and > me(w)p (Zmp Ml) 1o) -

=0

Proof. (a) Using (1), the computation

ISP et zol) = (e Breo)

1
= +———=(pC, EipD
ToCTTeDl" )

1
- pCa Elppc
leC|| IIPDH< >

1
= () (pC, EupC)
[oClTlpD]

— P ), () = o) o)

gives
m(C)  |pD|?
pl) = (-1 Lt
me(m)m(C) v

thus, the polynomial p € Rg,[z] is unique and the alternance of the sign over evy T
guaranties that their roots interlace its elements.

(b) From Proposition 2.2 (¢) we get  ||pD||? = (ppC,v) = (pC,pv) = p(u){pC,v) =
p(1o)||pC||?. This, together with Proposition 2.2 (d), gives the equalities.

(c) Using (b) and (3),

for all u; € evC, (3)

z—:om , B scm 71'8(0) |pD|*
2 melpt ) = 3 melin) gt gy e

3
[r:22lls zc: me(p W% C)
lpCI1* = me(p

2 EC Ec
_ \|‘|f;g|||’2 S () = (Z mDm)) plho)
=0



The polynomials

—1)¢
z2=C0 I w-m)  0<i<e),
0<h<ec (hl)

verifying Z{ (up) = 01, allow us to write every polynomial ¢ € Re,[z] as ¢ = Zlgzco q(m)Zf .

In particular, Zf:co ufZlc =2F k=0,1,...,ec. Equating the coefficients of degree e, we
obtain .
C
SN g, (0<ks<)
1=0 m(C)
Then,
Sy 40m)
3 (e Mcl* =0 forallqgeRe, _y[a], (4)
— m(C)
and

Ec

& o)l leD|*
> me(m)p(u)a(u) = ”,,Hz Z
=0

Corollary 2.4 Let C C V be an extremal set with speT' = {uo, 11, - . ., pa. } and let D be
its antipodal set. If the statements of Proposition 2.2 hold, then the angle between the vec-
torsme = ([[zc(mo)l; [ze ()l - - - 1z (ac) D), Mo = (26 (mo) 1 120 ()], - - s 120 (1ac ) 1)
satisfy

Zl 0 71'1(0)
\/El =0 m¢ MZ)W C)

cos a(&+P)

3 (-local pseudo-distance-regularity in combinatorial sense

The notion of pseudo-distance-regularity was first introduced in [7] as a generalization
for non-regular graphs of the distance-regularity. More precisely, in this section we are
interested in C-local pseudo-distance-regularity, which, when restricted to regular graphs,
is equivalent to the fact that C is a completely regular code. For a more exhaustive
study of this property see [5], where the authors obtain several characterizations which,
in particular, yield new characterizations for completely regular codes.

Given a set of vertices of a graph I', C, with eccentricity ., we associate to it the



functions a,b,c: V — [0, \g] defined for i € C}, by

ci)=9 = >y (1<k<eo)

v . .
JEF(Z)ﬁCk_l

a(i)=— Y v (0<k<ee).

vi =
JET(P)NCy

1
' — Zyj (0<k<e.—1);
b(i) = ! JET(D)NChar

Since v is an eigenvector of eigenvalue Ag,

1
c(i) +a(@) +b(i) = — > vy =X forallieV,
" jET(i)

that is, the sum over the three functions a,b, ¢, is constant and their images are all in
[0, Ao]. In other words, by assigning weight v; to each vertex i, the average weight degree
becomes constant and the graph is “regularized”. Note that, since every vertex in Cj must
be adjacent to a vertex of Cy_1, the function c¢ is strictly positive over V' \ Cy. We say
that C'is a flowing set when the associated function b is strictly positive over V' \ Cg,.

Lemma 3.1 Let C € V be a set of vertices with eccentricity e and let D be its antipodal
set. Then, C is a flowing set if and only if ec = €p = € and the corresponding distance
partitions, Co(= C),C1,...,Ce and Do(= D), D1, ..., Dg, satisfy Dy, = Ce_j, 0 < k < e.

Proof. The condition suffices to guaranty that C is a flowing set since it implies
that the function b corresponding to C' coincides with the function ¢ corresponding to D.
Conversely, if C is a flowing set, every vertex in C}, is at distance e — k from D and then
Cr C De—k, 0 <k < ec. From this we get

VZC()UClU’-'UCgCCDgCUDgc_lLJ”’UD[)CV

and, since Cy (respectively, D), 1 < k < e, do not intersect each other, e = ¢, = ¢
and Dy = Ce_p, 0 <k <e. O

Note that, by symmetry, the previous lemma establishes that C' is a flowing set if and
only if D is.

Definition 3.2 A graph T is C'-local pseudo-distance-regular (or pseudo-distance -regular
around C') in combinatorial sense when the functions ¢, a and b associated to C are
constant over every C, k=0,1,... ¢ec.
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Its clear that if a graph I' is C-local pseudo-distance-regular in combinatorial sense,
then C is a flowing set. In this case, from Lemma 3.1 we have that D = C and the
distance partitions associated to C' and D coincide. Moreover, in this case, I'" is also
D-local pseudo-distance-regular with the roles of the functions b and ¢ interchanged.

In a C-local pseudo-distance-regular graph, we indicate by cg, ax and by the values of ¢,
a and b, respectively, over a vertex of Cj, and we refer to them as the pseudo-intersection
numbers of C. Note that when I is a regular graph and C consists of a single vertex, the
above numbers become the usual intersection numbers.

3.1 Some characterizations of C-local pseudo-distance-regularity

In [5], several quasi-spectral characterizations of pseudo-distance-regularity around a ver-
tex set are given. The authors obtain their results through a sequence of orthogonal
polynomials constructed from the C-local spectrum. In order to introduce these poly-
nomials, let us first define, in the quotient ring R[z|/(Z.), the following C-local scalar
product:

do
(p,@)c = (pec,qec) =Y me(m)p(p)q(wm)-
1=0
A family of polynomials 79,71, ..., rq, is an orthogonal system with respect to the C-local

scalar product when degry = k and (rg,rn)c = Ogn, 0 < k,h < dc. Then, the family of
C-local predistance polynomials, {pj, }o<k<d, is the unique orthogonal system with respect
to the C-local scalar product such that ||p{]|2 = p$ (o), k =0,1,...,do; see [2].

As mentioned, several characterizations of C-local pseudo-distance-regularity can be
obtained in terms of these polynomials which, in this case, are called C-local distance
polynomials; see [5].

Theorem 3.3 A graph T' = (V, E) is pseudo-distance-reqular around a set C C V', with
eccentricity ec, if and only if there exist a sequence of polynomials o, 1,..., Te,, with
degri = k, such that pCy = rppC for any 0 < k < e.. Moreover, in this case, ec = d¢
and the the polynomials {ry}o<k<d. are the C-local (pre)distance polynomials. O

Moreover, for an extremal set C, e = d¢, the C-local pseudo-distance-regularity can
be characterized in terms of only the highest degree C-local predistance polynomial.

Theorem 3.4 LetT' = (V, E) be a graph containing an extremal set C C V. Let C denote
the antipodal set of C. Then the following statements are equivalent:

(a) T is C-local pseudo-distance-reqular in combinatorial sense.

C 2
(¢) PG, (M) = {55k

d
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The results of the above two theorem will be proved in the next section, by using an
algebraic (or Terwilliger-like) approach to pseudo-distance-regularity around C.

4 (C-local pseudo-distance-regularity in algebraic sense

Let C C V be a set of vertices of a simple connected graph I' = (V,E). For each
k=0,1,...,ec, let & be the vector space having {e;};,cc, as a basis. Denote by Ej, the
projection V — &F. As a generalization of the subconstituent algebras defined in [11],
also known as Terwilliger algebras, we consider the algebra 7. generated by the linear
operators {A, Ej, E7, . .. ,Egc}. A T.-module W is a subspace of V which is invariant
under the action of 7, that is, ToW = W.

In the context of association schemes, Terwilliger [11] defined a thin module as a mod-
ule W satisfying dim E;W < 1 for every k. As commented in [3, 5], if we consider a
single vertex i, the notion of {i}-local pseudo-distance-regularity is equivalent to the thin
character of the primary T;-module, that is, the unique irreducible module containing
p{i} = vie;. With the aim of generalize this definition to any subset of vertices, let us
consider a vector we € &) and W := Tcwe C V, the minimum 7,-module containing w.
The definition of C-local pseudo-distance-regularity in algebraic sense will require the sub-
spaces ExWe, k=0,1,...,ds, to be one-dimensional. Let us first study some conditions
that we must satisfy. Let we = ), - &e;. Since Ej, = % Hoglgd(lyék)(A —NI) €T,
k=0,1,...,ds, we have

1z
Ezngc = Z&EEEO (HQV + zi(/\l) + ...+ zz(Ad)>

e Il

iV iVi
2 B = <Z HVHZ> o
1eC eC

Thus if dim E3W, = 1, the vector pCy, will constitute a basis of E}W,. In particular,
we = EjIw, is linearly dependent with pCy. Thus, the generalization for a set of vertices
of the definition of Terwilliger for a single vertex must be:

Definition 4.1 A graph T' is C-local pseudo-distance-regular in algebraic sense when
dmE;We =1, k=0,1,...,ec, where W is the To-module We, := TopC.

This definition generalizes also, for any graph, the one given in [10] for a set of vertices
in a distance-regular graph.

From the previous comments, if I' is C-local pseudo-distance-regular in algebraic sense,
E;TpC € (pCy) for every T € 7, and k = 0,1,...,ec. The following result gives a
characterization of C-local pseudo-distance-regularity in algebraic sense, which coincides
with the one of Theorem 3.3. This proves the equivalence between combinatorial and
algebraic C-local pseudo-distance-regularity.
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Theorem 4.2 A graph I" is C-local pseudo-distance-regular in algebraic sense if and only
if there exist polynomials po, p1, . .., De, in Re.[x] such that pppC = pCy, k =0,1,... ec.

Proof. Suppose that I' is C-local pseudo-distance-regular in algebraic sense. Given
r € Re,[z] and k = 0,1,...,eq, consider §(r) € R such that EfrpC = &, (r)pCi. We
have that the map

R, [z] -2 RECH defined by Or := (&(r),&1(r),. .., ey (1)) (5)

is linear. If r € Re,[z] satisfies ©Or = 0 then EjrpC = 0 for every k and rpC =
(Zigo EZ) rpC = 0. Consequently, r will vanish over all the d. + 1 elements of ev I,
and, since degr < e¢ < d¢, we conclude that » = 0. This proves that © is an isomorphism,
and by considering the polynomial p;, € Re,[2] such that

(k)
(_)pk:(o,v 1a"'30)7

we have that pppC = pCl, k=0,...,¢cc.

Conversely, let us now show that the existence of such polynomials implies the C-local

pseudo-distance-regularity. With this aim, consider the polynomial ¢ = pg + p1 + --- +
. . 2
Pe, € Re, 2] satisfying ¢pC = ) 220 pCir = v. Thus, q(uy) = IIHPV% and q() = 0,

l=1,...,de, giving de < degq < e¢ < dg, so that C is extremal (¢, = d.). Moreover,
2
q= %&)CHQ(‘% — 1) -+ (x — pe,) = He, the C-local Hoffman polynomial.
The hypothesis guaranties that the polynomials px, £ = 0,1,...,es, constitute a basis
of Re . [z], identified with R[z]/(Zc). Define 4}, € R by

Ec

phpk = Y _hpr (0 < hk <ep).
=0

Every element of E}7,pC can be seen as a linear combination of vectors T, 1,1 - - - T1 pC,
where T} = Eflpsl, 1 <1l <randt =k We can suppose that s; = ¢ (since, otherwise,
we get the zero vector). Then,

TipC = E:lp&pc = E;pcﬁ = pCs; = ps,pC,

Ec Ec
T,TipC = Ej,ps,ps, pC = Ej, (Z vimpz) pC = E},Y AL, pCi=7p2,,pCh,
=0 =0

= 7:1252pt2pc
and, iterating, we get
T TipC =77, Y6, PPC = Vs, 15, PCk -

Hence, dm E;W, = 1, k = 0,1,...,e¢, and I' is C-local pseudo-distance-regular in
algebraic sense. O
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In particular, notice that we have shown that the condition of being extremal, e, = d,
is necessary for having C-local pseudo-distance-regularity. Moreover, the polynomials of
Theorem 4.2 satisfy the following properties:

Corollary 4.3 Let I' = (V,E) be a graph and C C V such that I is C-local pseudo-
distance-regular in algebraic sense. For every k = 0,1,...ec(= d¢), the polynomial py €
Re, [z] satisfying prpC = pCy is unique, it has degree k, and coincides with the C-local
predistance polynomial, p, = pj, .

Proof. The unicity is provided by the fact that the map © defined in (5) is an
isomorphism. In particular, this gives that pg = 1. Now, consider 1 < k < dg, if
deg pr < k a contradiction arises: ||pCy||?> = (pppC, pCk) = 0. Let s, 1 < s < e — 1, be
the maximum integer such that degps > s. There exist sy1,...,§, € R such that the
polynomial ¢ = ps + §s11ps+1 + - - + & Pe,, has degree less or equal to s. Consider [ such
that & # 0.

Ec
(apC.pC1) = (pspC,pC1)+ Y &nlpnpC, pCy)
h=s+1
Ec
= (pCs, pC1) + Y &(pCh, pC1) = &llpCill> # 0.
h=s+1

On the other hand, since degg < s < s+1 <, we get (gpC, pC;) = 0, which is impossible.
So it does not exists such an index s and degpy = k for every 0 < k < e.. Finally, the
polynomials {pj }o<r<e. are orthogonal:

(pCl, pCh) =0 for k # h,

(P pn)e = { Y= -
PksPh)c = \Pk€c,Ph€c) = 7 —~15
o = (Prec.pnec) = 1o

and they have norm:

1 1
2 —
HpkHC HpCH2<pkpcvpk’pC> Hpcug<p0k7pck>

1 1 pi(p
= W@/,pkﬂ@ = W(ﬁk%ﬂ@ = Hzcﬁg (v, pC) = pr(ko)-

Consequently, they are the C-local predistance polynomials {p{ }o<r<d., as claimed. O

The following result gives another characterization of C'-local pseudo-distance-regularity,
which is proved by using the algebraic approach.

Theorem 4.4 Let I' = (V, E) be a graph with vertex subset C € V' having eccentricity
ec and local eigenvalues eve I’ = {po, pu1, . . ., pae. }- Let us consider the distance partition
V. ==CUCLU---UCg, given by the distance to C, and the spectral decomposition
pC = Zo(wo) + 2c(p) + -+ + 20(pde). Then, T' is C-local pseudo-distance-regular in
algebraic sense if and only if the subspaces of V generated by pCy, pC1, ..., pCe. and by
Zo(po), 2e(p1), - - 2e(pd.) coincide.
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Proof. Let R = (pCy, pCi,...,pCs,) and S = (Zc(1o), 2c(p1), - - - 2¢(pa.))- Note
that, since the involved vectors are linearly independent, dim R = ¢ and dim S = d.

Suppose that I' is C-local pseudo-distance-regular in algebraic sense. Theorem 4.2
guaranties that C' is extremal, do = e¢, and there exist polynomials po,p1,...,pe. in
R, [z] such that pppC = pCy, k =0,1,...,ec. Given h, 0 < h < ¢, we have

Ec Ec Ec
Zo(pn) = EppC = (Z Ez> EnwpC => E{EypC =Y apnpCh, (6)
k=0 k=0 k=0

where api, € R, thus 2¢(up) € S and R=S.

Suppose now that R = S. In particular, e¢ = d¢ and C is extremal. For every k,
k=0,1,...ec, there are by, € R, h =0,1,...,¢e¢, satisfying

Ec

pCr = benzc(im).
h=0

Define p, € Rg,[z] as the unique polynomial such that py(up) = by for every h =
0,1,...,e¢. Then

Eo Ec Ec
pCr = binze(pn) = D pe(pn)ze(un) = pi Y Ze(pn) = prpCo, (7)
h=0 h=0 h=0
and I" is C-local pseudo-distance-regular in algebraic sense. O

Consider the vector space Vo := {gpC : Vg € R[z]}. Since {Z{}o<k<d. is a basis
of Ry, [z], Vo = (2c(po), 2e(11)s - - -, 2o (td,,))- Taking in mind that de > e, the next
corollary is obtained.

Corollary 4.5 T is C'-local pseudo-distance-reqular in algebraic sense if and only if
qpC € (pCy, pCh,...,pCe.) Vg€ R[],
or, equivalently, if and only if there exists a basis B of Rq,, [x] such that

bpC € (pCo, pC1,...,pCe.) forallbe B.

An interesting application of this corollary is the following characterization of a com-
pletely regular code (for other characterizations, see e.g. [6, 9]).

Theorem 4.6 Let I' = (V, E) be a regular graph. Then C C V is a completely regular
code if and only if, for any given nonnegative integers { < do and k < e¢, the number of
C-walks between (the vertices of ) C and i € C) does not depend on the vertez i.
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Proof. In Corollary 4.5 take the canonical basis B = {1,z,22,...,29} of Ry,[z].
Then, there exist constants ap, 0 < h < e, such that z‘pC = Zigo appCh. Hence,

(z'pC)i = (AlZ > jec ej)i =Y jec(AY
- (Ziio O‘hpch)i = Ziio h (Zjech ej)i = Ziio anlpk = Q.

From this, we get the result. O

As the authors of [5] established in the study of the C-local pseudo-distance regularity
from a combinatorial point of view, the conditions of Theorem 4.2 can be apparently
relaxed by restricting them to the set of vertices at maximum distance from C', provided
that C is extremal.

Theorem 4.7 Let I' = (V,E) be a graph and let C C V be an extremal set. Let
Co,Ch,...,Ce be the distance partition of V given by the distance to C. Then, I is
C-local pseudo-distance-reqular in algebraic sense if and only if there exists a polynomial
p € Re [z] such that ppC = pCe,..

Proof. The necessity of the condition follows from Theorem 4.2. To proves suffi-
ciency, let eve I' = {po, pi1, ..., pte, } and 2o(pui) = ErpC, 0 < k < ec. In particular

2
zo(po) = HHpVCHl v. We claim that pCj € (Zo(po), 2o(p1), .-+, 2c(pes)), k= 0,...,¢ec,

thus, by applying Theorem 4.4 the result arises.

Note that for k = 0 the claim is trivially satisfied and the case k = ¢, is guarantied
by the hypothesis: pCs, = ppC = Zfﬁop(ul)éc(m). Let D be the subset of vertices at

distance e from C, D = C. From pD = ppC we get p(jg) = Hgg”z and, since O(u,v) > e¢

for every u € C and v € D, £, > €. Moreover, the equality ppC = p(uo)zc(po) + -+ +
P(ttds)zc(pde) = pD gives do > dp. All together, we have e, > e = do > dp > €p, thus

(e :=)ep = ec and (M :=)eve T = evp . Note that p € R.[z] must have degree ¢ and
has an inverse p~! in the ring R.[z]/(Z), being Z := []i_o(x — w)-

Consider the normalized weight functions on M given by the C-local and D-local

2 2
multiplicities: me(p;) = % and mp(p) = %. From E;pD = E;ppC =
p() E1pC, we have
[EwpD|* 5, | [IEpC|? |pCl* _ p*(mu)

mp(w) = me () -

S = D) =
lpDIJ> 1pCI* NlpDI*  p(po)
The orthogonal systems corresponding to the C-local predistance polynomials, {p }o<k<e,
and D-local predistance polynomials, {P;, fo<k<e, are related (in R[x]/Z) by B, = pz 'pe—k,
0 < k < ¢, where, as we have already seen, p. = p. (The existence of p-! is assured by
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Corollary 2.3(a).) Indeed,

(PrsPr)p = ZmD(NZ)ﬁk(NZ)ﬁh(NZ)
=0
= p(;o) > me(u)p (u)p™ ()pe—k ()0~ () pe—n (i) =
=0
1 o 1

= m ; mc(ﬂl)psfk(ﬂl)psfh(ul) = m@%*k’p‘f*}»c

= O (110)Pe—r (p0) = SknPr(110)-

Given 1 < k < e —1, let us consider the set S, = {r+ps:r € Rg_1[z],s € Re_j_1[x]}.
Then, for any ¢ € Si, we have:

(qpC, pCy) = (rpC, pCy) + (spD, pCy) = 0. (8)
Note also that
Re[z] = (po,--- Pk—1,Pks Pht1s---sPe) = (P0s- - s Ph—1, Pks PeDe—k—1, - - - » P=D0)
= Sk Lo (pr)- 9)
Consider the principal idempotents Ef’, [ = 0,1,...,e corresponding to the members

of the C-spectrum, that is Ef is the projection onto the eigenspace corresponding to 1.
The polynomials

R
2= I @)

0<h<e h#l
satisfy, in @;_,Ker(A — yI), that ZZ(A) = E;f. Using (8) and (9), we get ZS =
qik + &Pk, and, since §rpr (o) = (SkPr, Pr)e = (2] pr)e = me () pr(m),

Zf = qi + mc(ﬂl)pk(ul)m, ik € Sk (0<Lk<e),
Pr (o)

In particular,

C 2
Z§ = qox + me(po)Pk = qok + HHPI/H!pk’ amb qor € S, (0<k<e)  (10)
Using (9) again we obtain
mea) 4 0pC.pCa) = (2 CpCi) = (zlpa). EF pC

= ||pCllv/me ()| Ef pCy|| cos o,
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where ayy; is the angle between Ef pCy and zq(u;), giving the inequalities

pi ()
olht) 3y

(pkpC, pCr)* = ||pC|1*|Ef pCk|I? cos® auy,

< |pCIP|Ef pCr|>  (0<1k<e). (11)

By adding up the previous inequalities for [ = 0,1,...,d, we obtain

5 (89) 2 % c 5 (89 2 2
(pepC, pCk)= < |pC]| ZHEz pCk(* < [lpC|I" [ pChl| (0<k<e) (12)

(ko) pors
From (10) and (12) we obtain
lpC* leC|*
’||I/||4 Hpc’k||4 ’||V||4 <V7 pck>2 = <EOCpCa p0k>2
leC|* lpC]*
giving that
IpCk* < [IpCIPpr(io)  (0<k <e) (13)

and, by adding up for £k =0,1,...,¢,

3
II* < 1lpCl1* Y~ pr(ko) = lpCl* He (ko) = Iv|*,
k=0

we conclude that (13), (12b) and (11) are all equalities. Thus,

eve, I' Ceve I (0<k<e),

and, for 0 < I, k < ¢, there exist ¢y, such that Ef pCy = .z (). Finally, the expressions

pCr =Y E{pCi =Y tuzc(m) € (ze(to), ze (), - - ze(pe))  (0<k<e)
1=0 1=0

yield that I" is C-local pseudo-distance-regular in algebraic sense. O

As a consequence, we have the following quasi-spectral characterization of C-local
pseudo-distance-regularity .

Theorem 4.8 LetT' = (V, E) be a graph with an extremal set C C V' and C-local spectrum

spe ' = {M?C(“O),MTC(M),...,,LLZLCC(MC)}. Let C be its antipodal set. Then, T is C-
local pseudo-distance-reqular if and only the highest degree C-local predistance polynomial
satisfies

~jon
[Nl Een
213
N——
|
—

o eClr vl? (& & me(po)m
oo - () (5

—o Mc (u)m
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Proof. Letd=dc, Ng-1 =Uj—gCx = V\C, pa =15, and ga_1 = >4y p§ = He—pa.
Then, as deggqq—1 = d — 1, we have:

(PN4-1,94-1pC) = (v — pC, qa—1pC) = (¥, qi—1pC) = (qi—1v, pC) = qa—1(po)| PC?,

and

2
d—1 d—1 2
laa-1pCI2 = pCI2laa-1l2 = IpCI [t pg || = ICIP S 1B = 10C 201 (1o)-
Hence, the Cauchy-Schwarz inequality gives:

(pNa-1,4a-1pC)? = 431 (10) | pC|* < |[pNa-1|*llpCII* a1 (o)

so that — o
[pC|

[rzells

AONdA2
qd_1<uo>gw o pam) =

2 —
where we have used that gs-1(so) = ez — palpo) and |pNa-a[* = v]* = [|pC]*.

Moreover, if the above inequalities are equalities, the corresponding vectors are colinear,
qa—1pC = apNy_1 with a € R. But, taking square norms, ||qg_1pC||* = ||pC||?||qa_1]|% =
lpCI%qa—1(p0) = a?||pN4_1||?, we have that o = 1, and the resulting vector equality is
equivalent to pgpC = apC. Consequently, Corollary 2.3(b) and Theorem 4.7 give the
result. O
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