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Abstract

We give a formal definition of a new product of bipartite digraphs, the Manhattan
product, and we study some of its main properties. It is shown that when all the
factors of the above product are (directed) cycles, then the obtained digraph is the
Manhattan street network. To this respect, it is proved that many properties of such
networks, such as high symmetries and the presence of Hamiltonian cycles, are shared
by the Manhattan product of some digraphs.

1 Introduction

We give a formal definition of a new product of bipartite digraphs, the Manhattan product,
and we prove its main properties. It is shown that when all the factors of the above product
are (directed) cycles, then the resulting digraph is just the Manhattan street network M,,,
which was introduced simultaneously, and in different contexts, by Morillo et al. [6] and
Maxemchuk [5] as an unidirectional regular mesh structure resembling locally the topology
of the avenues and streets of Manhattan (or I’Eizample in downtown Barcelona).

Recall that a digraph G = (V, A) consists of a set of vertices V', together with a set of
arcs A, which are ordered pairs of vertices, A C V xV = {(u,v) : u,v € V}. An arc (u,v)
is usually depicted as an arrow with tail u (initial vertex) and head v (end vertex); that
is, u — v. The indegree 6~ (u) (respectively, outdegree 6% (u)) of a vertex u is the number
of arcs with tail (respectively, head) u. Then G is d-reqular when 6~ (u) = 6" (u) = 6
for every vertex u € V. Given a digraph G = (V, A), its converse digraph G = (V, A)
is obtained from G by reversing all the orientations of the arcs in A; that is, (u,v) € A
if and only if (v,u) € A. The standard definitions and basic results about graphs and
digraphs not defined here can be found in [1, 2].

In this paper, we first recall the definition and some of the properties of the Manhattan
street network (where the Manhattan product takes its name from). Afterwards we
introduce the Manhattan product of (bipartite) digraphs. It is shown that when all
the factors are (directed) cycles, then the obtained digraph is just the Manhattan street
network. To this respect, it is proved that many properties of such networks, such as
high symmetries and the presence of Hamiltonian cycles, are shared by the Manhattan
product of some digraphs.
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2 Manhattan street networks

In this section, we recall the definition [3] and some basic properties [3, 4] of a class of
toroidal directed networks, commonly known are Manhattan street networks.

Given n even positive integers Ny, No,...,N,, the n-dimensional Manhattan street
network M, = M(Ny, Na,...,N,) is a digraph with vertex set V(M,) = Zn, X Zn, X
... X Zp, . Thus, each of its vertices is represented by an n-vector w = (uy,us,...,uy),
with 0 < u; < N; — 1,4 =1,2,...,n. The arc set A(M,) is defined by the following
adjacencies (here called i-arcs):

(ulv"'aui7"'aun) - (u17"'>ui+(_1)Zj#in7"'aun) (1§Z§7’L> (1)

Therefore, M,, is a n-regular digraph on N = [, N; vertices.
Its properties are the following;:

Stable sets: The n-dimensional Manhattan street network M, is both a 2"-partite
and bipartite digraph.

Vertex-symmetry: The n-dimensional Manhattan street network M, is a vertex-
symmetric digraph.

Line digraph: For any Ny, Ny, the 2-dimensional Manhattan street network Ms (N7, N2)
is a line digraph.

Diameter: The diameter of the n-dim Manhattan street network M,, = M (N1, Na, ..., N,),
N;>4,i=1,2,...,n,is

(a) D(M,,) =431 | N;+1,if N; =0 (mod4) for any 1 < i < n;
(b) D(M,) = 13" | N;, otherwise.

Hamiltonicity: The n-dimensional Manhattan street network M,, is Hamiltonian.

3 The Manhattan product and its basic properties

In this section, we present an operation on (bipartite) digraphs which, as a particular case,
produces a Manhattan street network. With this aim, let G; = (V;, 4;) be n bipartite
digraphs with independent sets V; = Vio U V;1, N; = |Vi|, i = 1,2,...,n. Let 7w be the
characteristic function of V;; C V; for any i; that is,

T(u)_ 0 ifUEViQ,
o 1 ifueVgy.

Then, the Manhattan product M, = G1 3 Go # --- # G, is the digraph with vertex set
V(M,) =V; x Vo x -+ X V,,; and each vertex (uq,...,u;,...,u,) is adjacent to vertices

(ul,...

Uiy vy Up), 1 < <mn, when
v € TH(u;) if 30,4 m(uy) is even,

v; € I (w;) if 3705, m(uy ) is odd.

Fig. 1 shows an example of the Manhattan product of the circulant digraph on 6
vertices and steps 1 and 3, Cay(Zg,{1,3}) by the symmetric complete digraph on 2
vertices, K3.
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Figure 1: The Manhattan product Cay(Zg,{1,3}) 3 K5 (undirected lines stand for pairs
of arcs in opposite directions).

Thus, if every G; is d;-regular, then M, is a d-regular digraph, § = > d;, on N =
[T, N; vertices.

Some of the basic properties of the Manhattan product, which are a generalization of
the properties of the Manhattan street networks given in [3], are presented in the following
proposition:

Proposition 3.1. The Manhattan product H = G13# Gy 3 - - - 3# G, satisfies the following
properties:

(a) The Manhattan product has the associative and commutative properties.
(b) H is a bipartite and 2"-partite digraph.

(¢) For any n — k fized vertices x; € Vi, i = k+ 1,k + 2,...,n, the subdigraph of H
induced by the vertices (uy,ug, ..., Uk, Tkt1,--.,Ty) s either the Manhattan product
Hy = G1#Go#-- 3Gy, or its converse Hy, depending on if o := Y1 m(a;) is
even or odd, respectively.

(d) There exists an homomorphism from H to the symmetric digraph of the hypercube
Q-
(e) If each G;, i =1,2,...,n, is isomorphic to its converse, then H also is.

Proof. We only prove the last property because the others can be proved similarly
as those of the Manhattan street network in [3]. As the Manhattan product is associative,
we only need to prove it for the case H = G713 G2. By hypothesis, G; = G;, then there
exist isomorphisms );, such that Fa (Vi(ui)) = $i(TE (wi)), for all w; € Vi As ¢y is a
mapping between stable sets, the parity 7 in G; can be defined in such a way that 7 (u;)
is even if and only if 7(¢;(u;)) is also even. Then, the mapping ¥ defined in H as

U(ug, ug) := (1(u1), Y2 (u2))



is the automorphism from H to its converse H. Indeed, assuming that, for instance,
m(uy), m(ug) are even, we have

\I’(F—}_—I(UI,'LLQ)) = \I/(Fg (ul),’LLg) U \I’(ul,ng (’LLQ))
= (1T, (u1)), ¥a(uz)) U (11 (u1), 92T, (u2)))
= (Ig, (@1(u1)), ¥2(u2)) U (¥1(u1), I, (¥2(u2)))

(Y1 (u1), P2 (u2))
(

I
r \I’(ul,’LLg))

=1z

The other case depending on the parities of 7(u1), m(uz) can be proved similarly. O
As an example of a Manhattan product satisfying the property 3.1(e), see again Fig. 1.

4 Manhattan product and Manhattan street network

In this section we shown the relationship between the digraphs obtained by the Manhattan
product and the Manhattan street networks.

Lemma 4.1. The Manhattan product of directed cycles with an even number N; of vertices
15 a Manhattan street network. More precisely, if G; = Cn;,, then

Cni#CNy %3 CN, = M(N1, Nay ..., Ny).

Proof. Each cycle Cy, has set of vertices V; = Zy,, and adjacencies () =
{u; +1 (mod N;)} and I'"(u;) = {u; — 1 (mod Nj;)}, such that Vo and V;; are the sets of
even and odd vertices, respectively. Thus, the set of vertices in the Manhattan product
of directed cycles is Zn, X Zn, X ... X Zy, and each vertex (ui,...,u;,...,u,) is adjacent
to the vertices (u1,...,v;,...,uy), 1 <i <n, when

e v; = u; + 1 if and only if E#iﬂ(uj) is even and, hence, Z#i u; is also even,
e v; = u; — 1 if and only if E#iﬂ(uj) is odd and, hence, Z#i u; is also odd,

which corresponds to the definition of the Manhattan street network. [
Another expected result of the Manhattan product is the following:

Lemma 4.2. The Manhattan product of two Manhattan street networks is a Manhattan
network. More precisely, if M' = M(Nll,Nzl,...,N,{l) and M? = M(NZ, N3, ... ,N,%Z),
then

MY #M? = M,

where M = M(N7,..., Ny ,Ni,...,N2)).

ny?
Proof. Both M' and M? are bipartite digraphs with vertex sets V¢ = ZNg X ZNg %

* X Zng , a = 1,2; whereas M*' 4 M? has vertex set V = V! x V2. Let V(M) be the
vertex set of M. Then, we claim that the natural mapping ¥ : V. — V(M), defined

by ¥(u!,u?) = (ul,... ,u}“,u%, . ,ufn) is an isomorphism between the corresponding
digraphs. In proving this, let Vj* and V|* be the stable sets of M constituted, respectively,
by the vertices u® = (uf,...,u$ ) whose sum of components > ' uf is even or odd.

With this convention, each vertex (u u?) of the Manhattan product M 2 M? is adjacent

to the vertices (v!,u?) and (u',v?) where, for the first ones,

e v! eI (ul) (in M) if m(w?), and hence > 12 u3, is even;



e v! eI (u!) (in M?') if m(u?), and hence > 32, u2, is odd.

In the first case,

1,2 v 1 1 g U 1,2 2
(whu?) 5 (ul,ul ()X ah )
1 n2 2
= (ul,.. Ul (mD) XS Uy UT, ) (1 <i<my).
Analogously, in the second case,
1
(vt u?) LN (ul, .. ud — (=1) 2 Uy U Ul)
1 ng 9 .
= (ui,. ul-l+(—1)2j¢i“j+zk:1“k,...,u}Ll,u%,...,ufn) (1<i<mn).
Altogether, we obtain the vertices adjacent to ¥(ul,u?) = (u},... ,u}zl,u%,...,uiz) in
M (through all the i-arcs, 1 < i < nj). The adjacencies through the other i-arcs,

n1+ 1 < i< ny + ng come from the vertices (u',v?). O

5 Symmetries

In this section we study the symmetries in the digraphs obtained by the Manhattan
product.

Lemma 5.1. Let G; be vertex-symmetric digraphs, which are isomorphic to their con-
verses, 1,2,...,n. Then, the Manhattan product H = G # Go 3 --- # G, is vertex-
symmetric.

Proof. As before, let G; = (V;, A;) be digraphs with V; = VU V;y,i=1,2,...,n

First, we show that there exists an automorphism ® in H, which transforms a ver-
tex (u1,us,...,u,) into a vertex (vq,ve,...,vy), such that wu;,v; € Vjj,, for each i €
{1,2,...,n} and some j; € {0,1} (that is, both components u;, v; are in the same stable
set). By hypothesis, there exist automorphisms ¢; in G;, Fgl(¢z(wz)) = <25i(Fa (w;)), for
every w; € V;, such that ¢;(u;) = v;. Then, we define

D (wy, wa, ..., wy) = (1(w1), p2(w2), ..., Pn(wn)).

Then, assuming that , ,; m(w;) is even and, hence, ., m(¢;(w;)) is also even, we have

O(TH(wi,. .. ,wis...,wy)) = @(wl,...,Fa(wi),...,wn)

¢1(wn), ...,¢i(F+ (Wi))y .oy Pr(wy))

¢1(w1),. P+ (¢Z(w2)) )
(¢1(w ) s @i(wi), - On(wn))
(

d(wy,...,w ...,wn))a

_l’_
H
— +
_PH

which proves that ® is an automorphism. The proof is similar for Z#iﬂ(wj) odd, by
using ' (¢i(w;)) = ¢i(L'g, (wi)).

Moreover, we need an automorphism W, which transforms a vertex (uy,...,u;, ..., uy)
into a vertex (vi,...,v;,...,v,), such that, for k& # i, uy, vy € Vy;, as before, while u;
and v; belong to different stable sets, for example, u; € V;p and v; € V;1. In this case, the
automorphism ¥ is built up in the following way. As each Gj is isomorphic to its converse,
there exist automorphisms 1y, with k # i, from Gy to Gy, ng (Ve (wg)) = Yr(Tg, (wi)),



G,

| (N,N-1) | (N,N,) G,

(N}-1,N,-1) 2

Figure 2: A Hamiltonian cycle in the Manhattan product G # Gs.

for every wy € Vi, such that 1y (ug) = vg; and ¢; = ¢; (as in the first case). Then, we
define ¥ as

U(wy, ..., wiy...,wy) = (1(wy),..., i(w;), ..., 0n(wy)).

Let us now assume that k = 1 # i and that > ., m(w;) is even, so that, m(¢;(w;)) +
> jz1,: ™(¥j(w;)) is odd. Then, we have

U (wr, .. wg, . wy)) = \I'(I‘gl(wl), ey Wiy ey W)
(01T, (wr))s - -+ diwi), - -, n(wn))
= (Pg, (r(wr)), - di(wi), ..., Yn(wn))
= T5(r(wr),...,¢i(w;), ... Yn(wy))

= TH(@(wy,...,wi, ... wy)).

Thus, ¥ is an automorphism. For the case 3, ., m(w;) odd, the proof is similar, using
L, W(wg)) = ka(ng (wg)). On the other hand, the case k = i is as before, because
assuming that >, m(w;) is even, hence 3, w(1;(w;)) is also even. This completes the
proof. [

6 Hamiltonian Cycles

Next we give a result on the Hamiltonicity of the Manhattan product of two Hamiltonian
digraphs, as a generalization of a theorem in [3] about the hamiltonicity of the Manhattan
street network.

Theorem 6.1. If Gy and Gy have both a Hamiltonian path, then their Manhattan product
H = G1# G2 is Hamiltonian.

Proof. We use the same idea as in the proof of Theorem 5.1 in [3], which allows
to construct a Hamiltonian cycle in H, from the Hamiltonian paths in G; and Gs, say
1—-2—..-— Nyand1' — 2’ — ... — Ny respectively. With this aim, we appropriately
joint Ny Hamiltonian paths (some of them without an arc) of Ny subdigraphs isomorphic
to G1 or G (see Prop. 3.1(c)). Such paths are joined by using three copies of the
Hamiltonian path (two of them with alternative arc removed) of subdigraphs isomorphic
to Gy or Go. See the selfexplanatory Fig. 2. O
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