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Abstract—The effect of the frequency dependence of the antenna
voltage patterns within the bandwidth of an aperture synthesis
interferometric radiometer is studied and quantified using actual
antenna voltage patterns measured at different frequencies for
the first nine receivers of the Microwave Imaging Radiometer
with Aperture Synthesis instrument aboard the European Space
Agency’s Soil Moisture and Ocean Salinity mission. A technique
is proposed to mitigate this effect.

Index Terms—Antenna pattern, interferometer, microwave ra-
diometer, radiometry.

I. INTRODUCTION: THE VISIBILITY FUNCTION

OIL moisture and ocean salinity can be measured by mi-

crowave radiometry at L-band. To improve the achievable
spatial resolution of real aperture radiometers and for the first
time in Earth observation, the European Space Agency’s (ESA)
Soil Moisture and Ocean Salinity (SMOS) mission will use the
concept of two-dimensional (2-D) aperture synthesis interfer-
ometric radiometry [1]. In this type of instrument, the actual
measurements are the so-called samples of the “visibility func-
tion” (V3!) obtained from the cross-correlation products of the
signals collected by each pair of receiving elements (named
1 and 2) at “p” and “q” polarizations, respectively. Assuming
that the fourth Stokes parameter is negligible (74 = 0) so that
Ty. = T3+ 314 = T,,, the equation that relates the samples of
the visibility function (V) to the polarimetric brightness tem-
peratures (I4) in the antenna reference frame is given by [2],

(3]
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In (1), we have the following.

o T is the receivers’ physical temperature [2].

e R,12(€,m) and Cp1 2(£,n) are the copolar (normalized)
and cross-polar antenna radiation voltage patterns of ele-
ments 1 and 2 at p polarization (“p”=“z" or “y”).

o () » is the antenna solid angle.

* 719 is the so-called fringe-washing function that accounts

for spatial decorrelation effects

Fra(r) = J% / Hon(f) - Hoo(f) - expli2nf) df )
0

which depends on the normalized receivers’ frequency re-
sponse H,,1 2(f); the transit time 7 from a given direction
(&,m) to the pair of elements involved, and the noise band-
width B, o are defined as 7 = —(u12§ + v127)/fo and
Bia =[5 [Hn12(f)| df.

o (u12,v12) is called the “baseline” and corresponds to the
antenna spacing between elements 1 and 2 (located in the
X-Y plane) normalized to the wavelength at the central
frequency fo.

e (£,m) = (sinf cos ¢,sinfsin ¢) are the director cosines
with respect to the X and Y axis.

In this study, the impact of the frequency dependence of the an-
tenna voltage patterns is analyzed. Section II deals with the ra-
diometric accuracy degradation due to errors in the character-
ization of the antenna voltage patterns. Section III deals with
the impact of the antenna pattern frequency dependence on the
visibility samples, and finally Section IV estimates the impact
on the radiometric accuracy if this frequency dependence is ne-
glected. A method is proposed to minimize this effect.
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II. IMPACT OF ANTENNA VOLTAGE PATTERN ERRORS
ON THE RADIOMETRIC ACCURACY

The impact of antenna characterization errors on the recon-
structed brightness temperature image is studied at different
levels of increasing complexity.

A. Identical Antenna Patterns and Negligible
Decorrelation Effects

If all antenna copolar patterns are the same (R, (£,n) =
R, (£, m)=R,(&,m) VYm,n, but are obviously measured
with finite accuracy), cross-polar patterns can be neglected
(Cpm(&,m) = 0 ¥Ym), and decorrelation effects are negligible
(712(7) = 1), an inverse Fourier transform (FT~!) of the visi-
bility samples can be used as image reconstruction algorithm

T;ﬁp(f»ﬁ) |RP(£,77)|2

where 17 (&, 1)=T,p (&, 1) —Trec [(12) and (1b)]. In this case,
since FT [V (u, v)] is equal to a constant value at each (£, 7)
direction, it is straightforward to demonstrate that the relative
error in T}, (€, n) is the equal to the relative error in the mea-

surement of the antenna pattern

=FT '[V(w,0)] )

AT, AD
T, D

PP

“

where D(&,7m) = 47 /Q - |R(€,7m)|?. Therefore, antenna pattern
uncertainties scale with 17,(£,7) = Tpp(€,1m)—Trec [except
for T (&,m) = Tyx(€,m), which scale with Ty, (1c)]. For an
error of ATI’)p =1 K over T}Qp =150 K, AD/D = 0.0067, or
equivalently 10log(1 + AD/D) = 0.029 dB. That is, for small
antenna pattern errors, the sensibility to antenna pattern errors
of the rms radiometric accuracy computed for all pixels in the
instrument’s field of view is roughly 35 K/dB (Fig. 1, solid line).

B. Different Antenna Patterns

If antenna patterns are different and measured with finite
accuracy, more sophisticated image reconstruction algorithms
must be used. The formulation of the problem consists of the
discretization of the set of linear equations given by (la)—(1c)
and casting them in matrix form [4], [5]

V=aGT. )
Antenna pattern measurement errors translate into errors in the
G matrix elements, which in turn translate into errors in the
reconstructed brightness temperature image. Depending on the
size of the G matrix and the computing resources, (5) can be
inverted using the Moore—Penrose pseudoinverse as in [4], a
conjugate-gradient algorithm as in [5], an iterative algorithm as
in [6], a singular value decomposition, etc.

Numerical simulations neglecting the cross-polar patterns!
(Cpm(&,m) = 0Ym) are shown in Fig. 1 using (circled crosses)
or not (circled dots) the available redundant baselines (different
antenna pairs leading to the same (u,v) value) present in the

I'The impact of neglecting the cross-polar patterns has been studied in [3] and
found to be <0.2 K for a cross-polar level at boresight of —30 dB approxi-
mately, and —25 dB worst case at the border of the alias-free field of view.
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Fig. 1. Root mean squared (rms) radiometric accuracy due to antenna pattern
measurement errors (amplitude [dB]): equal antenna patterns (solid line),
different antenna patterns without visibility redundancy (circled dots), and with
visibility redundancy (circled crosses). Radiometric accuracy is computed as
the rms value of the radiometric accuracy for pixels within the instrument’s
field of view. T = 150 K.
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array. As it can be appreciated, independent errors in different
antennas have an averaging effect, reducing the impact on the
retrieval error down to an rms radiometric accuracy sensibility
of 9.12 K/dB (Fig. 1, circled crosses) for pixels in the instru-
ment’s field of view. Similarly, for small antenna pattern phase
errors the radiometric accuracy degrades and the associated sen-
sibility is 1.11 K/° for Ty, = 150 K [7].

III. IMPACT OF THE ANTENNA VOLTAGE PATTERN FREQUENCY
DEPENDENCE IN THE VISIBILITY FUNCTION

In the derivation of (1) all studies have always implicitly
assumed that the only frequency-dependent magnitudes are the
normalized receivers’ frequency responses (H,(f)). However,
the antenna voltage patterns do also present a small varia-
tion within the receivers’ bandwidth (R, ,12(&,7,f) and
Cyy1,2(&,m, f)) and actually the terms within brackets in (1)
should appear inside the integral of the fringe-washing function
(2). To simplify the notation, only the frequency dependence
will be made explicit in each product of antenna patterns
(Rz,y1,2 or Cp 4 1.2). In this case, (1) can be rewritten as?

rxr

1 " 1
2/, // V1—£2—n?
&2+n?<1

X mlR:Q (T.r.r - Troc)

1 oo
— [ |R
V' B1 B3 0/[

+ (R21Cg0 + Ca1 Ryo)Tyz + Cu1 Cho(Tyy — Threc)]
“Hp1(f) - Hyo(f) - exp(g2n f) df
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2In (6), it is implicitly assumed that €2, is constant. To include its fre-
quency dependence, it suffices to replace R, and Cpp, by Ry /vy and
Cpm [V V.
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Fig. 2. Frequency dependence of normalized antenna copolar voltage number 1F:(¢,n, f) = Ri(&, n, f) as provided by EADS-CASA Antenna Pattern
Measurements (CD-ROM, July 2002). (a)~(c) Amplitude and (d)—(f) phase at (a), (d) fo — B/2 = 1403 MHz, (b), (¢) fo = 1413 MHz, (¢), (f) fo + B/2 =
1423 MHz.
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Fig. 3. Frequency variation of normalized antenna copolar voltage number 1Fi(€,n,f) = Ri(, 1, f) as provided by EADS-CASA Antenna Pattern
Measurements (CD-ROM, July 2002). (a), (b) Amplitude difference and (c), (d) phase difference at (a), (¢) fo — B/2 = 1403 MHz and f, = 1413 MHz, and
(b), (d) fo = 1413 MHz and f, + B/2 = 1423 MHz.
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. . . At L-band the available relative bandwidth is about 2% (B =

+ (R Ch + Cp Ry ) Tyo + Ry Ryp(Tyy — Tree)] 97 MHz, fo = 1413.5 MHz), therefore at each (&, 7) direc-

tion the antenna voltage patterns’ variation with frequency is

cHoi(f) - HXy(f) - exp(j2n fr)df » dédy  (6b) small. For the first Microwave Imaging Radiometer with Aper-

ture Synthesis (MIRAS) SMOS antennas it is actually <3%

in amplitude and <15° in phase, as shown in Figs. 2 and 3.

Vf’f — Therefore, (6a)—(6c) can each be split into four integrals con-

vV Ql Qs 2/ /2 - V1- 52 taining a product of the antenna voltage patterns I, 12 or
! Coy 1,2(Rp1Rq2, Rp1C, Cp1 Ry, and Cpy C;‘Z) which, for the

sake of simplicity, will be noted as Fy,1(f) - Fy5(f). Since the

— Trec) antenna voltage pattern frequency dependence is small, at each

X / le
v VB\B; 1B 2 (&,m) direction, each of the integrals versus frequency can be
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evaluated using a Taylor series of the product of the antenna
voltage patterns around f = fo(f = fo+ f',f = 0), asin
(7), shown at the bottom of the page, which can be expressed
in terms of the derivatives of the fringe-washing function

e {Fpl(fO) FFy(fo)Taa(7)

N Ep1(f'+fo) - Fia(f'+ fo)] -1 0ra(7)
af’ frmg 2m or
1 P Fp1(f'+ fo) - F3(f'+ fo)] 1 D*r12(T)
2 of'? o (2m)2 072

®)

The actual shape of the receivers’ frequency response is not
rectangular. However, around 7 = 0 (|7| < 18 ns), the fringe-
washing function has a sinc-like shape for the amplitude, and
the phase can be very well approximated by a second-order
polynomial

F12(1) = Asine(B(r — C))e/(PT°+ET) )
where A being different from 1 is an amplitude error, B is the
equivalent noise bandwidth for a baseline, C is the effective dif-
ference between the delays of the two channels involved in the
correlation, £ = 27 fip is due to a frequency mismatch between
receivers and the nominal center frequency, and D accounts for
a distortion of the phase response. Note that the phase of (9)
at 7 = 0 is zero since it is already calibrated by noise injec-
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tion [8]. Some recent measurements® performed with the first
LICEF units show the goodness of the above approximation,
with the following representative values for the parameters: A =
1.001,B = 18 MHz, C = —1.51ns, D = 0.51073 °/ns = 2.6
KHz/ns, and F = —0.24 °/ns = 1.3 KHz (Fig. 4).

To evaluate the impact of the frequency dependence of the
antenna radiation voltage patterns, the derivatives of (9) at7 = 0
are computed and substituted in (8)

712(7)|r=0 = A sinc(B-C) (10a)

9r12(7) :é[_COS(W.B.0)+(1+j.E-C)sinc(B~C)]
or 7=0 ¢
~jA-E-sinc(B-C) (10b)
82f12(T) A 2 2 2 ;
o . =5 { [—C(WB) -F -C+5+]2(E+C'D)}
xsinc(B-C)—2 (éﬂ'-E) cos(7r~B-C)}

~A [(mB)*—E*+j2D] sinc(B-C)
~A-m*-B?.sinc(B-C). (10c)
In addition, the derivatives of the product of the antenna voltage
patterns can be numerically approximated by (11), shown at the
bottom of the next page. Inserting (10) and (11) in (8) leads to
(12), shown at the bottom of the next page, where

—the exponential term with 7 = —(u12£ + v127)/ fo corre-

sponds to the exponential term in (1);

3Measurements performed by MIER Comunicaciones SA and processed by
the authors in the frame of the MIRAS/SMOS phase C/D project.
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Fig. 4. Fringe-washing functions computed for a representative pair of LICEF
(MIRAS/SMOS receivers) [5]: from measured receiver frequency responses
(solid line) and by the three delay technique (dots) and approximated by a
sinc function for the amplitude and a second-order polynomial for the phase
(dashed line). The phase slope error is attributed to a time delay introduced in
the measurement of the frequency response.

—the term A - sinc(B - C') corresponds to the amplitude of
the fringe-washing function at the origin;

—the first term within the brackets corresponds to the sum of
the zeroeth and the second-order terms and corresponds to
the weighted average of the products of the antenna voltage
patterns at fo — B/2, fo and fo + B/2 with weights 1/4,
1/2, and 1/4, respectively;

—the last term within the brackets is the first-order term and
accounts for asymmetries in the antenna patterns products
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around the central frequency fy, and it is equivalent mainly
to a phase error.
Since F/B << 1, (12) can be approximated by the term within
the brackets in (12)

eI27FoT A . sine(B - C) EFpl(fo + B/2)

F;Q(fo-I—B/?)-I- Fp1(fo) - Frga(fo)

+ 1Bl B/ Elio - B/2] . a9

If the antenna pattern frequency dependence were neglected, an
error will be committed. This error can be associated to an an-
tenna voltage pattern error given in (14), shown at the bottom
of the page. Fig. 5 shows the magnitude of this error computed
for antennas #2 and #4 at Y-polarization, except for a 1/4 scale
factor. The rms values of the first and second-order error terms
associated to each antenna pair* are computed for ¢2 4+ 72 < 1.
Numerical results are summarized in Tables I and II indicating
the minimum, mean, and maximum rms error at X- and Y-po-
larizations, both for the real and imaginary parts.

4Antenna patterns measured by EADS-CASA, CD-ROM July 2002

Fpr(f' + Jo) - Fo(f'+ fo)l =0 =Fp1 (fo) - Fio(fo) (11a)
OFpr '+ o) - Figa 1"+ o) Fpi(fo+B/2) - Fip(fo+B/2) = Fy(fo=B/2) - Fp(fo—B/2)
~ (11b)
of =0 B
P (' +Jo) - Fp('+ )l Fpn(fo+B/2) - Fy(Jo+B/2) = 2F(fo) - Fip(fo) + Fyr(fo—B/2) - F(fo—B/2)
of” P 2(B/2)°

(11c)

ed2 o™ A - sine(B - C)

B Tlo+ B/2) Fplo+ B/2) -

Fp1(fo = B/2) - Fiy(fo —3/2

{Fpl(f0+B/2)-F;2(f0+B/2)+2 l(fo)' Faa(fo) + Fpa(fo = B/2) - Fi(fo — B/2)

o B

|

=07 Asin(8- ) { | {FpaCfo-+ BJ2) Fjp(fo + BJ2) +3Foa(Go) - Fito) + §Fonlo = B/2) - Fldo - B/
S DI Fillo 4 D)~ Futh = B Filo~ 1) )

1
{ZFpl(fO + B/2) -

Fisfo + B2)+ 3Fa(fo) Fialfo) + Fnlfo = B/2)- Fifo = B/2) | = Fa(fo) - Frlo)

= LFn(fo+ BJ2) - Fplfo + B/2) = 2Fa(fo) - Fipn(fo) + Falfo — BI2)Fa(fo — B/2)}  (14)

Fua (& o) Fa(€,m, fo) = 3 Faa(€,m, fo - BIFien o= B2

+— Fnl(f 7, fO) n2(£ ﬁafO) +

Fnl(fﬂ]»fo +B/2)
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Fu(€,m, fo+ B/2)F3(E,m, fo + B/2), for the copolar patterns F,(€,n, f) = R,(&,n, f) of antennas M = 2 and N = 4, at f, — B/2 = 1403

MHz, fo = 1413 MHz, and f, + B/2 = 1423 MHz.

TABLE 1
MINIMUM, MEAN, AND MAXIMUM rms ERROR ASSOCIATED TO THE SECOND
TERM IN (11) FOR B = 20 MHz, f, = 1413 MHz, AND E = 1.3 KHz
(VALUES MUST BE MULTIPLIED BY 10~%)

X-pol Y-pol
min mean max min mean max
real part 0.084 0.122 0.171 0.101 0.134 0.194
imaginary part_ 0.000 0.139 0.269 0.000 0.158 0.317
TABLE 1II

MINIMUM, MEAN, AND MAXIMUM rms ERROR ASSOCIATED TO THE
THIRD TERM IN (11) (VALUES MUST BE MULTIPLIED BY 10~2)

X-pol Y-pol
min mean max min

0.542 1.067 1.408 0.934
0.000 1.266 3.224 0.000

mean max
1.110 1.290
0.570 0.795

real part
imaginary part

IV. IMPACT OF THE ANTENNA VOLTAGE PATTERN FREQUENCY
DEPENDENCE IN THE RADIOMETRIC ACCURACY

The impact on the rms radiometric accuracy of neglecting
the antenna pattern frequency dependence can be estimated as
follows.

e For the product of the normalized antenna patterns
(F(f) - Fp(D):

—the average rms error is <1.07% for the real part, and

<1.27% for the imaginary part, which translates into an

rms amplitude error of /(1 + 0.0107)2 + 0.0127% —

1 = 0.0107 = 1.07% (or equivalently 20
log(1 + 0.0107) = 0.092 dB);
—the average rms phase error is

< tan(0.0127/1.0107) = 0.72%.

» Assuming that the associated error is the same for all pat-
terns, the amplitude and phase rms errors associated with
each pattern are: 1.07%//2 = 0.76% (or equivalently
20-log(1 + 0.0076) = 0.065 dB) and 0.72°/,/2 = 0.51°,
which translate into a degradation of the radiometric accu-
racy of (Section II-B):

—0.065 dB -9.12 K/dB = 0.59 K;

—0.51° - 1.11 K/° = 0.57 K.
which should be added quadratically to other error terms in the
radiometric accuracy error budget. In the MIRAS/SMOS case
the current total rms radiometric accuracy estimate is AT}')p =
2.40 K (Table II of [9]), which will degrade up to ATpp =
2.54 K if the antenna voltage pattern frequency dependence is

neglected.

However, if each of the products of the antenna voltage pat-
terns used in the image reconstruction algorithms (1) are re-
placed by the weighted average given in (15), shown at the
bottom of the previous page [term within brackets in (13)]. The
residual impact of the antenna pattern frequency dependence on
the radiometric accuracy (pixel bias) is negligible, since error
terms in Table I are 4 orders of magnitude smaller than those in
Table II.

V. CONCLUSION

The impact of antenna voltage pattern errors has been studied,
including the impact of the frequency dependence, which has
been evaluated using the first nine antenna voltage patterns mea-
sured by EADS-CASA (July 2002) at 1403, 1413, and 1423
MHz for the MIRAS/SMOS receivers. If each pair of antenna
voltage pattern products in (1) are replaced by the weighted av-
erage of the antenna voltage patterns measured at fy — B/2, fo,
and fo + B/2 with weights 1/4, 1/2, and 1/4, the impact on the
rms radiometric accuracy is negligible. However, if only the pat-
terns at the central frequency are used in the formulation of the
image reconstruction the rms radiometric accuracy will degrade
from 2.40 to 2.54 K.
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