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1 Introduction, State of the Art
and Main Results

1.1 Global Instability

The existence of global instability in Dynamical Systems, and in Hamiltonian Sys-
tems in particular, is one of the main problems to understand the global behavior
of a dynamical system. It originated in Hamiltonian systems with the consideration
by H. Poincaré [Poi67| that the study and comprehension of the orbits of nearly
integrable Hamiltonian systems is the fundamental problem of dynamics and was
conjectured by V.I. Arnold [Arn64] in his very first famous example of the so-called
Arnold diffusion. Arnold introduced a constructive method to detect global instabil-
ity, based on the existence of a chain of ¢ransverse heteroclinic orbits associated to
whiskered invariant tori. For any such transition chain, shadowing results relying on
suitable local normal forms of whiskered tori plus the transversality of the whiskers
along the heteroclinic connections between different invariant tori provide the ex-
istence of true trajectories that shadow the transition chain, that is, go arbitrarily
close to it.

This has been one of the most powerful constructive mechanism for proving global
instability of diffusion in Hamiltonian systems, or in more general dynamical sys-
tems. To “design a travel” along trajectories between different regions of the phase
space, one searches first for several landmarks, which are invariant objects of sad-
dle type, and then search for transverse heteroclinic connections between different
landmarks. Typically these landmarks are invariant tori, but larger objects, like
Normally Hyperbolic Invariant manifold (NHIM) can be even more useful. Here the
word “constructive” is really well used from a practical way, since such mechanism
has been used for the design of several spatial missions, like the Genesis mission
(http://genesismission.jpl.nasa.gov/) and others.

The requirement of a transverse intersection between invariant manifolds imply that
such manifolds have large dimension (say at least half of the dimension of the phase
space). In systems with not a large dimension, like Hamiltonian systems with 3 de-
grees of freedom, the construction of “long enough” transverse heteroclinic may be
not too difficult, but clearly the hope of such construction or detection of transverse
heteroclinic orbits between different invariant objects in systems with larger dimen-
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sions is clearly unrealistic, and even impossible with systems of infinite dimensions,
like evolution PDEs.

What one can encounter in systems with large dimension are invariant objects of
saddle type of, say, “modest” dimension, with also a modest number of saddle compo-
nent which may give rise to non-transverse heteroclinic connections between some of
them. That is, there are only some low-dimensional landmarks (equilibria, periodic
orbits or invariant tori of low dimension) with some few saddle directions in their
local linear part which give rise to some connections between them. Think, for in-
stance, in what happens in local resonant forms of elliptic equilibria of Hamiltonian
systems with many degrees of freedom.

The main problem with such non-transverse transition chain, is that, up to our
knowledge, there are no results about non-transverse shadowing, so it does not seem
clear at all the existence of nearby shadowing trajectories. Indeed, it is possible to
create examples (see Chapter [2) where such non-transverse transition chains do not
give rise to any shadowing orbit.

The main motivation for us to study this kind of global instability comes from the
remarkable paper by Colliander et al. [CKST10] on global instability in the cubic
defocusing Non-Linear Schrodinger (NLS) equation with periodic boundary condi-
tions. As explained in Section for arbitrary N > 0, the authors approximate the
dynamics of the NLS by a complex Hamiltonian system with N degrees of freedom,
called the Toy Model System. On each level of the energy, this Toy Model System
possesses N invariant circles (periodic orbits) 7;, j = 1,..., N, with a 4-dimensional
saddle behavior, more precisely, ++/3 are (double) characteristic exponents of any
invariant circle. Counting the neutral characteristic exponent, each invariant circle
possesses 3-dimensional stable and unstable invariant manifolds which intersect be-
tween consecutive invariant circles in 2-dimensional heteroclinic manifolds. Clearly,
such intersection is non-transverse, and we have in this system a non-transverse
chain between the first and the last invariant circle. By means of a lot of (remark-
able and Gronwall-like) quantitative estimates, Colliander et al. manage to prove
the existence of a true trajectory of the Toy Model System connecting arbitrarily
small neighborhoods of the first and last invariant circle. Coming back to the NLS
system, they can prove the existence of global unstable solutions of the PDE for any
s > 1-Sobolev norm.

Nevertheless, in [CKS™10| there is no explanation neither of the dynamical reason
of the existence of this shadowing trajectory, nor on the possibility of the existence
of such shadowing propety for other systems.

Much more dynamics are present in the paper by Guardia and Kaloshin [GK15], also
devoted to the same NLS equation. In this paper, the authors show explicitly the
step to PDE resonant normal form required in the NLS equation to get afterwards
the Toy Model System, and using in the Toy Model System a resonant normal form
close to each invariant circle, they manage to find shadowing trajectories which
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are further from the unstable and stable invariant manifolds of the invariant circles
than the ones found in [CKS™10|, and thanks to this they improve (enshorten)
the time estimate. Again, there is no dynamical explanation of the existence of
such shadowing trajectories, to provide further possibility of application to other
systems.

The main goal of this work is to provide a geometrical method to ensure the shadow-
ing of trajectories close to non-transverse heteroclinic orbits, and to apply topolog-
ical methods to justify such shadowing. Some examples where such non-transverse
shadowing can or cannot be applied are presented in Chapter [2| and finally such
methods are applied in Chapter [3|to the Toy Model System. The geometrical method
is based on controlling all the saddle directions used along a transition chain. The
topological method relies on covering relations applied to singular transitions—close
to the invariant objects or landmarks—where adequate Shilnikov coordinates are in-
troduced, and regular transitions—close to the heteroclinic connections between the
landmarks. We introduce this methodology along this Introduction.

1.2 Instability in NLS

In a remarkable paper [CKST10|, Colliander et al. consider the cubic defocusing

NLS
—idu+ Au = |ul*u, (L1)
uw(0,7) = wup(x), ze€T? '

and prove the so-called long-time strong instability (of the flow near 0) (terminology
introduced by Hani in his thesis [Han11]):

Theorem 1. Let s > 1, K > 1 and 0 < 0 < 1 be given parameters. Then there
ezists a global smooth solution u(t,x) to (L.1) and a time T > 0 with

[u(0)||ge <6 and  [|u(T)| g > K.

Let us remark that on the one-dimensional torus, equation is completely
integrable due to the famous result of Zakharov-Shabat [ZS71]. As a corollary
1wl greery < CNulO)|lgsqry, s = 1, for all ¢ > 0. Even if Theorem [1] is stated
for in the two torus, it can be applied to the d-dimensional torus with d > 2,
since the solution obtained is also a solution for equation in T? setting all the
other harmonics to zero.

Using the techniques from [GK15|, Guardia proves in [Gual4] the same result for
the cubic defocusing NLS with some external convolution potential.

Haus and Procesi |[HPI14] consider the quintic defocusing NLS on the two-
dimensional torus T? = R?/(27Z?)

— 0 + Au = |u|*u, (1.2)
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and prove, following [CKS™10| as closely as possible, exactly Theorem [1] for ([1.2)).
Actually, Guardia, Haus and Procesi in the recent paper [GHP15| prove the same
result for the defocusing NLS with any odd power for the nonlinearity.

Let us remark that in finite dimensional systems such kind of diffusive orbits are
usually constructed by proving that the stable and unstable manifolds of a chain of
unstable tori intersect. Usually this is done with tori of co-dimension one so that
the manifolds should intersect for dimensional reasons. Unfortunately in the infinite
dimensional case one is not able to prove the existence of codimension one tori.

In [CKST10, [GK15, [HP14] this problem is avoided by taking advantage of the spe-
cific form of the equation. First one reduces to an approximate equation, i.e. the
first order Birkhoff normal form. Then for this dynamical system one proves directly
the existence of chains of one dimensional unstable tori (periodic orbits) together
with their heteroclinic connections. Next one proves the existence of a slider solu-
tion which shadows the heteroclinic chain in a finite time. Finally, one proves the
persistence of the slider solution for the full NLS.

Concerning velocity of diffusion, let us mention that Bourgain [BouOOa| proved a
Nekhoroshev type theorem for a perturbation of the cubic NLS. Namely, for s large
and a typical initial datum «(0) € H*(T) of small size ||u(0)||, < e he proved

sup |lu(t)]|, < Ce, It| < T, T <&l
t<T

with A = A(s) — 0 as s — oo. Similar upper bounds on the growth have been ob-
tained also for the NLS equation on R and R? as well as on compact manifolds. This
is an indication of absence of a polynomial growth and motivated Bourgain [BouOOb|
to pose the following question:

Are there solutions in dimension 2 or higher with unbounded growth of
H?-norm for s > 17

Moreover, he conjectured, that in case this is true, the growth should be subpoly-
nomial in time, that is,

[u(®)]

Note that Theorem [l| does not contradict Bourgain conjecture about the subpoly-
nomial growth. Indeed, Theorem [l] only obtains solutions with arbitrarily large but
finite growth in the Sobolev norms whereas Bourgain conjecture refers to unbounded
growth.

e << [[u(0)]

e for t — oo.

Note that the initial data are small in H®  in contrast with a previous work by
Kuksin [Kuk97] about growth of the higher Sobolev norms of solutions of (L.1]),
and in contrast with the mentioned paper by Guardia and Kaloshin [GK15], whose
diffusing solutions have small L?-norm, but not initial small H*-norm.
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Indeed, the paper [GK15| follows the same general strategy of [CKST10] and con-
structs orbits whose Sobolev norm grows (by an arbitrary factor) in a time which is
polynomial in the growth factor. This is done by a careful analysis of the equation
and using in a clever way various tools from diffusion in finite dimensional systems.
It is worth remarking that the solutions in [GKI5| differ from solutions studied
in [CKS™10] in a substantial way, because the authors apply to information about
dynamics contained in [CKST10] a finitely smooth resonant normal form [BK92]
(see also [BAILW96|, BK96]) and adequate initial conditions to achieve a lot of can-
cellations. Nevertheless, these solutions do not have initial small H*-norm.

Hani [Han14] has achieved a remarkable progress towards the existence of unbounded
Sobolev orbits: for a class of cubic NLS equations with non-polynomial nonlinearity,
the combination of a result like Theorem [I] with some clever topological arguments
leads to the existence of solutions with diverging Sobolev norm.

In broadest outline, the proof of Theorem [ in [CKST10] proceeds by first view-
ing as an infinite dimensional system of O.D.E.’s in a,(t) for n € Z?, where
a,(t) is closely related to the Fourier mode (¢, n) of the solution. The authors
identify a related system, which they call the resonant system, that they use as
an approximation to the full system, which is very much related to normal forms
(a difference is that the nonresonant terms are removed there using perturbation
theory directly, rather than by first transforming the Hamiltonian and then using
perturbation theory to handle the resulting higher order terms). The goal then is to
build a solution r,(t) (n € Z?) to the resonant system which grows in time. This is
accomplished by choosing the initial data r,,(0) (n € Z?) to be supported on a certain
frequency set A C Z? in such a way that the resonant system of O.D.E.’s collapses
to an even simpler, finite dimensional system that they call the Toy Model System,
and whose solution is denoted by b(t) = (by(t), ba(t),...,bn(t)). Each variable b;(¢)
represents how a certain subset of the 7, (t) (n € Z?) evolves in time.

There are two independent but related ingredients which complete the proof of the
main Theorem. First, they show the existence of the frequency set A, which is
defined in terms of the desired Sobolev norm growth and according to a wish-list of
geometric and combinatorial properties aimed at simplifying the resonant system.
Second, they show that the Toy Model System exhibits unstable orbits that travel
from an arbitrarily small neighborhood of one invariant manifold to near a distant
invariant manifold. It is this instability which is ultimately responsible for the
support of the solutions energy moving to higher frequencies.

Instabilities like this have been remarked on at least as far back as Poincaré, but
have been studied with increasing interest since the seminal paper of Arnold [Arn64].
The authors in [CKST10| claim that their construction has similarities with previous
work on so-called “Arnold Diffusion”. At the same time, however, they say that the
instability they observe in the Toy Model System differs in some respects from the
original phenomenon observed by Arnold. Their analysis of the instability seems to
be different than arguments presently in the literature and might be of independent
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interest. More specifically, they say that it may be possible to prove the instability by
softer methods that do not require as many quantitative estimates as the arguments
in [CKS™10], although the presence of secular modes in the dynamics may complicate
such a task. While such a soft proof would be simpler, they believe that the approach
there is also of interest, as it provides a rather precise description of the orbits.

Arnold diffusion is quoted as related to the work of [CKS™10|, saying that there
are several definitions of Arnold diffusion. It is also just mentioned in a loose way
in [HP14].

1.2.1 Diffusion in the Toy Model System

As we have said, the instability Theorem [1] form [CKST10] is based on a reduction a
a finite dimensional system of ordinary differential equation, the Toy Model System,
where they prove a diffusing Theorem. We start outlining the steps for the reduction.
However, we are going to follow the reduction from [GK15] since we think it is more
understandable in terms of the Dynamical Systems.

Consider the Fourier expansion of the solution of (1.1)

u(t,z) = Z an ()™, a,(t) == a(t,n).

If we compute the differential equation that the Fourier modes satisfy we obtain an
infinite system of ODE’s:
.da .
_ld_tn = |n’2an + Z Ay Gy Ay

ni1—nz2+nz=n

n1,n2,N3EL
that, as the the original PDE, can be seen as a Hamiltonian system. For this system
one can compute its Resonant Birkhoff Normal Form near the origin by removing
nonresonant terms. Using gauge freedom, one can remove linear and some non-linear

terms.

Truncating the normal form up to order four (in terms of the Hamiltonian) we are
reduced to a complex N-dimensional system given by a Hamiltonian

N N—-1
1 1 —2 2
Jj=1 Jj=2

where each b; is complex valued, with associated equations db;/dt = 2i0hy/0b;
(j=1,...,N), that is:

db;
dt

with the convention by = b1 = 0.

= —i|b;[*b; + 2ib; (b7, +b7,,), j=1,....N (1.3)
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Once we have introduced the problem, now we state the diffusing Theorem that will
give the instability in the NLS:

Theorem 2. Given N > 1, e < 1, there is initial data b(0) = (b1(0),...,bn(0)) €
CN for (3.1) and there is a time T = T(N,¢€) so that

L—e [6;(0)] <€ j#3

We start analyzing the properties of the Toy Model System. It is important to notice
that the total mass

N
My(by,....bx) =Y |b[?
j=1

is a first integral of the Hamiltonian system (|1.3]), and will be taken equal to 1, that
is, we will restrict ourselves to

Sy ={beC": My(b) =1}.

It is very important to notice that for any set of indexes i € I C {1,..., N} the
subspace Ly = {b = (by,...,by) : by = 0 for i € I} is an invariant subspace of the
Toy Model System. That gives us a very useful invariance, that we will call the
mode invariance, when one considers [ = {1,...,i—1,i+1,..., N}. That is, when
some mode by, is set at zero for t = 0, it will remain at zero for all time.

Consider now, for any index j € {1,..., N}, the subspace L;. It is a 1D-complex
subspace (2D real space) and

E:ijSN:{bESN : ‘bjyzl, kaOVk#j},
is an invariant circle. If we compute the inner dynamics of 7;, we have:

W —ifb;[*b; = —iby,

dt

that means that 7; is a periodic orbit.

If we, now, take a look again to Theorem we can reinterpret it: we look for a
solution that initially is close to the periodic orbit 73 and after some time T it is
close to periodic orbit Ty_s.

This result relies on the fact that these periodic orbits are not isolated but connected
through heteroclinic connections. The existence of such connections can be obtained
when one considers the invariant subspace, L;, for two consecutive subindexes I =
{j,7 + 1}. The restricted Hamiltonian, Hs(b;, b;j11), is a Hamiltonian with two
degrees of freedom with the total mass M, as a first integral. Then the system is
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integrable. This system contains the periodic orbits 7; and 7;;; and also a family
of heteroclinic connections between them (forward and backwards in time):

%Tj—i—l ATy = Tja} Vi1 {41 = Ti}

Indeed, we have the following explicit solutions:

T 0T () = (0] (8), 554 () = sty L

1 1 i(t+a) z7r/3
V1 + e2vat Vit 6*2\@

—i(t+a) L

Yip1, 0 b () = (bA (t )7b§+1 )) = (;\f 7 1 — oilt+a) 2m/3>
’ V14 e 2v3t 1/]__'_62 3t

with @ € T. The solution b*(t) connects 7; with 7, forward in time while b~ (¢)
does it backwards. The most important fact to point out is that we do not have
single heteroclinic but a continuous family of heteroclinic connections.

As a conclusion, we can say that to prove Theorem [2] we must shadow the heteroclinic
chain. That means that we have to connect two consecutive heteroclinics in a
neighborhood of each periodic orbit and, after that, to follow close to the known
heteroclinic connection.

Since we will need to analyze system (L.3) close to the 7; it is useful to use the
following change of coordinates:

bior = (W +wy_) e’ bj=re? b= (W +wys)e”’,
where w = e2™/3 and for k # j —1,4,5 + 1,
b = cpel?.
Writing ¢ = (c1,...,¢j—2,Cjt2,...,Cn), the periodic orbit 7; has, in these coordi-

nates, the following expression:
Ti={r=12_=y_ =z, =y, =0, c=0}.

Using the mass conservation law we can get rid of the coordinate r and obtain
a system of equations for (0,z_,y_,x,,yy,c). If we only look at the equations
for (x_,y_, x4, ys,c), we realize that they do not depend on 6 and so, after the
previous reduction, we can see 7; as an equilibrium point located at the origin for
the coordinates (z_,y_, x4, y;,c).

We have made this changes because if we linearize the system around the origin we
obtain that:

e The coordinates x_,z, are linearly unstable with the same characteristic ex-
ponent \/3
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e The coordinates y_,y, are linearly stable with the same characteristic expo-

nent —\/3.

e The coordinates ¢ for k # j—1, 7, 7+1 are linearly centers with characteristic
exponent i.

Remark. The characteristic exponents do not depend on j.

This implies that to study the flow close to the periodic orbit, 7;, corresponds to
study the flow close to a partially hyperbolic partially elliptic equilibrium point.

The above heteroclinics correspond to the four hyperbolic axis.

1.3 QOutline and main results of the thesis

To end this Introduction we are going to explain the main parts in which the thesis
is divided. We will also announce the main results obtained.

1.3.1 Non-transverse shadowing

In Chapter [2| we introduce a new scheme that will allow to find orbit that shadow
a heteroclinic chain when the intersections of the invariant manifolds are not trans-
verse.

In Section we show that this is precisely the situation in the heteroclinic chain
for the Toy Model System . To prove that, we write in action-angle coor-
dinates. After the reduction of the total mass and the restriction to a Hamiltonian
of 2-degrees of freedom we can take a Poincaré section for an angle and define a
Poincaré map. For this map we will not obtain a single heteroclinic connection, but
an invariant curve such that each point on it is heteroclinic. With this we can be
sure that the intersection between the invariant manifolds is not transverse.

The deduction of the system in these new coordinates will be useful for Section
to generate easy examples where the diffusion takes place.

In Section [2.2] we show the possible differences that could give rise a non-transverse
heteroclinic chain with respect to a standard transverse one. We will see that the
non-transverse situation can create geometric obstructions that could impede the
continuation of the shadowing of the heteroclinic chain. More concretely, we are
going to give an schematic argument considering a two dimensional map with four
fixed points:
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P2 P3 2]

“C»J

Do y4! Do 4!

The question is if we are able to connect a vicinity of the first point, py, with a
vicinity of the last point p3 in both situations: the transverse case (left picture) and
the non-transverse case (right picture). It seems clear that for the non-transverse
situation a geometric obstruction could appear. These geometric obstructions do
not appear in the transverse situation and this is the reason one can define arbitrary
transitions in the problems where the Arnold diffusion is detected. Since, as we have
said, the situation for the Toy Model System is the non-transverse one, we need to
find a justification that relies on different arguments from transversality to prove the
shadowing of the heteroclinic chain. The justification will be the large dimension of
the system and the fact that each connection takes place in a new direction, this is,
a direction that has not been used before.

This is the first evidence that makes us think that the instability in the Toy Model
System is not given by an Arnold diffusion mechanism.

To illustrate that this kind of non-transverse transition is feasible we are going to
generate, in Section other examples inspired in the Toy Model System for which
we can detect such a diffusion.

Taking into account the expression of the Toy Model System in the action-angle
coordinates from Section (2.1) we can modify the original Hamiltonian (keeping
invariant all the important objects as the periodic orbits and the heteroclinic con-
nections) and obtain one for which there exists an invariant configuration of the
angles. That means that we can reduce the original N degrees of freedom Hamil-
tonian to a system of equations of dimension N. The interesting property of the
example is that for each equilibrium point (that corresponds to a periodic orbit) we
only have two hyperbolic directions (instead of four), one stable (that corresponds
to the incoming heteroclinic from the previous equilibrium point) and one unstable
(that corresponds to the outgoing heteroclinic to the next equilibrium point).

Even though the system is simple, it is not simple enough to ensure the shadowing
of the heteroclinic chain. However, its structure will inspire us to construct a very
easy example where we can ensure the shadowing. Let n > 1 and F': R® — R" a
vector field. Consider the system:

T = F(x)
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with

Fi(z) = Mz — M\a2?
) (1.4)

Notice that:

e The system has n + 1 equilibrium points:
p;=(1,.2.,1,0,777,0)

for =0...n.

e The segments that connect two consecutive equilibrium points,
Cjoy={(1,9751,2;,0,777,0), 0 < z; < 1}
for j =1...n are invariant and heteroclinic, that is, for all x € C;_4 ;
tlgglo ®y(x) = p; tE{noo ®y(x) = pj-1,
where ®,(z) is the flow of the system.

e If \y >0 and p; > \; > 0 for i = 2,...,n each fixed point has only one
unstable direction, while all the others are linearly stable.

The main important feature of the system (1.4]) is that is a triangular system. That
means that it is integrable by quadratures.

If we set, for example n = 4, \; = 1 and p; = 2 for ¢ = 1,...,4 we obtain the
following numerical solution:

1)
ol
500
%, 1)

25 30 35 40 45

Figure 1.1: Solution of system (1.4)) for A =1 and p = 2.

Notice that the system behaves in the desired way: we are visiting the fixed points
consecutively.

11
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After that, we can say that, in contrast with the transverse shadowing, which is
closely related to non-integrability or existence of quasi-random motion, the global
instability for non-transverse shadowing has nothing to do with integrability or non-
integrability of the system, as is shown in the previous example.

In Section we propose a result that guarantees the existence of an orbit that
shadows the non-transverse heteroclinic chain and is the following. Let f : R" — R"
a diffeomorphism with the following properties:

1. The points p; = (1,.%.,1,0,77% 0) are fixed under f fori =0...n.

2. The segments C; that connect the points p;_; and p;,
C; ={(1,7=4,1,¢,0,777,0),0 <t < 1}
for 1 <1 < n are invariant under f and, for all z € C;:

lim f*(z) =p;  lim f*(2) =pi.

k—o00

3. At each point p; the i-th direction is stable and the (i+ 1)-th is unstable. This
means:

Df(pi)ei = piei, |l <1
Df(pi)eir1 = Ni€iv1, | A >1

4. The past directions, defined by €7, ..., €;_1, are contracting directions around
the fixed point p; but with a lower rate than p;. The future directions, defined
by €i12,..., €, are expanding directions around the fixed point p; but with a
lower rate than ;.

Theorem 3. Under the previous assumptions, for all € > 0 there exist a point xq
and a sequence of integers 0 = ko < ky < --- < k, such that:

||fki($0)_pi|| <e 1=0,...,n.

We would like to prove Theorem [J|in a rigorous way, that is, for any map f satisfying
the previous hypothesis. However we are going to present only the proof when the
map is linear close to the fixed points and an affine map represents the heteroclinic
connection. To do so, we are going to use the language of h-sets and covering
relations. All the definitions and results concerning these tools can be found in

Appendix [A]

The key point for the proof of this theorem is, again, that each new connections takes
place in a direction that has not used before. We show how we lose one direction at
each connection.
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We have to point out that the class of system for which we can apply Theorem [3]does
not contain, for instance the Toy Model System: we are dealing with systems such
that have only two dominant hyperbolic directions (one for the incoming heteroclinic
and one for the outgoing heteroclinic).

However, what we can do is to prepare, using the language of covering relations
again, the wider class of systems for which one can prove that to shadow the hete-
roclinic chain is feasible. This is done in Subsection After the construction of
the class and the definition of the h-sets we are going to use them to prove the same
result but assuming that some covering relations between the defined h-sets hold.

1.3.2 Applying the new scheme to the Toy Model System

After the detection of the geometric mechanism that explains that the shadowing of
a non-transverse heteroclinic chain between invariant objects is feasible, in Chapter
we prove Theorem [2| using the scheme of Chapter |2l Actually, we are able to prove
a slightly different Theorem that is the following:

Theorem 4. Let N > 1, 6 < 1. There exists a time, T = T§(N,0) such that,
for all time T* > Tg, there exists an initial data b(0) = (b1(0),...,bx(0)) € CV for
(1.3) such that

bs(0) = 1—5, |b(0) <6, j#3
by_o(T*)| = 16, [b,(T")[ <3, j+#N-2.

In terms of the periodic orbits, we can connect the initial periodic orbit 73 with the
final one Ty_5 but, also, the result is valid for a larger transition time. That means
that, if we want, we can obtain a diffusing orbit that passes closer to the heteroclinic
connections.

To prove this result we are not going to use the h-sets and covering relations in
order to give a more understandable argument. We are going to consider disks of
decreasing dimension at each step. In the j-th step we consider a disk of dimension
equal to the number of future directions, defined by the modes b;,1,...,by. This
means that we are considering all the past coordinates, by, ..., b;_; fixed at this time.
Recall that the central mode, b;, does not play a role since it is eliminated through
the mass reduction. Around the 7; periodic orbit, since we want to escape through
the direction defined by the outgoing heteroclinic, we are going restrict our disk to a
subdisk that behaves in the desired way, that is, we consider the part of the disk that
will continue close to the heteroclinic chain. It is, precisely, in this reduction where
we have lost two dimensions (or one complex) and it will be performed by a modified
version of the standard Shilnikov Theorem ([Den89), [Shi67]). To end the step in this
inductive argument we just need to prove that our subdisk approaches the vicinity
of the next periodic orbit 7, just following the heteroclinic connection.

13






2 Non-transverse diffusion

The main problem in [CKST10| consists on finding an orbit which visits the neigh-
borhoods of N invariant 1-dimensional objects in a N-dimensional complex system.
Each object is connected with the previous and the following one with heteroclinic
connections, so the authors look for a solution that concatenates these connections.
This kind of scheme seems similar to Arnold diffusion, but we plan to explain that
it is another kind of phenomenon since we do not have a transverse intersection
between the invariant manifolds. Actually, we can find some examples similar to
The Toy Model for which this intersection is not transverse but coincident. In ad-
dition, these examples could be integrable systems in contrast to Arnold diffusion,
a phenomenon that only takes place in non integrable systems.

We are also going to present a general scheme for detection of this new kind of
shadowing argument that can be applied, precisely, to the Toy Model System.

2.1 Non-transverse intersection in the Toy Model
System

We want to illustrate that the transition chain used for proving Theorem [2]is non-
transverse. In fact, we will show it for the first connection between 7; and 75. The
argument for the other transitions is analogous. To do so, we are going to write
the Toy Model System in another coordinates. In the whole discussion we are
going to work with the Hamiltonian instead of the associated equations. Recall that
the Hamiltonian function and the symplectic 2-form that defines the Toy Model
System is:

N N*l . N
4 o — 2,9 1 —
§: bt — = ; 2j (120" +5°02), 0= . ; db; Adb;, (2.1)

where b = (by,...,by) € CV.

First of all, we write the Hamiltonian ({2.1)) in symplectic polar coordinates. That
is:
b; = \/2Lie" b = /2L, (2.2)

15
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Lemma 1. After doing the change of coordinates defined in (2.2), the Hamiltonian

(2.1) becomes:
N N
H(I,@) 22(15—4[]1]_1(3082(6]—Qj_l)) Q:Zdlj/\dej (23)

j=1 j=1

From now on, we will call actions to /; and angles to 0;. Recall that the periodic
orbits 7; for 1 < j < N can be seen in these coordinates as:

1
ﬁ:{([,@)eRNx']I‘N, Ijzﬁ,zk:owf#]’}.

It seems that we are obtaining objects of larger dimension: since we do not have
any restriction on the angles 6, 7; seems to be an n-dimensional torus. However, we
recall that the angular coordinate 6y is not well defined whenever I, = 0, so we can
think of 7; as a 1-dimensional torus, parameterized by 6, and forget about the rest
of angular coordinates.

As we know, there is a conserved quantity in the system, the total mass:

N N
My (b) =Y o> =2 I,
k=1 k=1

and the idea is to use this fact performing a change of coordinates that will treat
this quantity as a variable, obtaining a system with 1 degree of freedom less, since
it will be costant. So, we write:

Jio= Zj‘vﬂfj
J;i = I fori#1,

and using the Mathieu transformations [MHO92|, we can compute the change on
the angles for which the complete change is symplectic. This change is:

[1 = JI_Z;V:QJj 91 = 901 (24)
I; = JZfOI‘l#l 92 = (,01+S0¢f01‘i7é1 '

JZ' = szOI‘Z#l Y = Oi—elfori#l. )

Notice that we have chosen exactly ¢; for the conjugated angle for J;. This is
because we are going to focus in the first connection.
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Lemma 2. After doing the change of coordinates defined in (2.4) and (2.5) the
Hamiltonian (2.3) becomes:

N -1 N

N
H(Jo) =T +2) TP+ Y Jdj =24 J;
j=2

i=3 j=2 j=2

N
— 4J1J5 cos 29 + 4.J5 cos 29 Z J;

Jj=2

N
_4ZJij_1 COS2(QOJ' _Soj—l)- (26)

J=3

As we expected, ¢; does not appear in the Hamiltonian (it is a cyclic coordinate), so
the conjugated action, Ji, is constant. Taking into account that the periodic orbits
live in the mass level My (b) = 1, we will take J; = 1/2. After this we have reduced
by one degree of freedom the original Hamiltonian system . We must point out
that, although the cyclic coordinates ¢; does not play a role in the system, it has
its own equation, that is:

N
o1 =—1+ 22 Ji + 45 cos 2¢p,.
k=2

In these new coordinates, the periodic orbits 7; become:

1 N-1
T = {(Jmo)e [0,5} x TV, Jk:OVk;«éj}

11! 1
7;:{(J7(,0)€ |:0,§:| XTN, JJZE, JkZOVk%]}

Again we are obtaining larger dimensional objects due to the degeneracy of the
change of coordinates in, precisely, the periodic orbits.

The last change of coordinates that we will perform is motivated by the special
dependence that appears between the angular variables. We put:

{ JN — KN 90] - ;77&1 (27)
. Yy = ¢

K,=)Y > 2 . 2.8

J ; { v = @;— @i for j# 2. (2.8)

17
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Lemma 3. After doing the change of coordinates defined in (2.7) and (2.8), the
Hamiltonian (2.6) becomes:

1
H(K,) =1 K5(1 + 2cos2yy) + 2K3 cos 29,

N N
+ QZK; (14 2cos2y;) — QZK]-Kj,l (14 2cos2y; 4+ 2cos2t,_q)
j=2 Jj=3

N-1
+4Z Kj+1Kj_1 COSQ@/JJ‘. (29)
j=3

We refer to Appendix [B| for the proofs of these Lemmas.

With these new coordinates the equation for the cyclic coordinate ; becomes:

o1 = —1 4 2K, + 4(K, — K3) cos 2us. (2.10)

Now we compute the periodic orbits 7; in the new coordinates and we obtain objects
which only depend on a configuration of the actions:

1 N—-1
Ay = {(K,zp) e [0,5} x TNL K:O}

1Vt 1
So they are (N —1)-dimensional tori, objects with larger dimension than the original
periodic orbits. This is due to the fact that the polar coordinates that we have
introduced are not well defined, precisely, in the periodic orbits. For this reason we

will start considering:
7;C.A]f01'1§j§N

The first thing that we see is that although A; are invariant, only some subsets have
stable and unstable invariant manifolds that will lead to the connections between
them. So we must find these subsets.

To this end, we write the equations of motion in the subspace:

1] 1
Ty = {(K,¢) € {0,5} x TN Ki:E‘v’z‘<j, Ki:0Vi>j},

which contains the tori A;_; and Aj;:

K, = 0for2<i<j—1
Kj = 8KjSiIl277Z)j (%—Kj)
K, = 0forj+1<i<N.
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On the one hand, as we expected, we can see that I';_; ; is invariant by the flow and
it is clear that the heteroclinic connections live in I';_; ;. On the other hand, the
equations for the angles are:

(

Y; = 0for2<i<j—3
Y2 = dcos2y (5 — k)
Vi = —2(1+2cos2¢; 1) (3 — K;) + 4K cos 2
;= 2(1+2cos2¢y) (3 — K;) — 2K, (1 + 2cos 2¢))
1/:1j+1 = 2K; (1+2c0s2tj41) — 4cos2¢; (3 — K;)
1Z1j+'2 = —4K,cos2v;
Vv, = Oforj4+3<i<N

Notice that the system formed by (K,;) is uncoupled and its phase portrait is:

Figure 2.1: Phase portrait in the plane (Kj,;)

For this reason, in order to increase the K variable from 0 to 1/2 (that is the
heteroclinic), we must take the subspace:

Using the same argument in I'; ;;; we see that we must take:

m
Vi1 = {<K’w> €ljjm  Yjn= §}

Finally we define:

Tj = -1 N Vjj+1 = {(Kﬂﬂ) €EA; 1 ¢ = % Vi1 = g}

Thus, in these coordinates we obtain (N — 3)-dimensional tori but we must always
recall that some of the solutions that we will generate may have no sense in the
original coordinates.

19
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This is the Toy Model System seen in these new coordinates and it is the basic
motivation for considering a new scheme for diffusion that differs from Arnold’s.

Let us focus in the system formed by (K5,12) in I'; 5 but now including the cyclic
coordinate ¢, from equation particularized in T’y 5. Recall that ¢y is the angle
that corresponds to the first mode by, so, since we are working in the first transition,
this coordinate makes sense. The system formed by (i, K,15) has the following
equations:

(,.01 =—1 + 2K2 (]. + 2 cos 2@[)2)

. 1
K2 = 8K2 sin 21/12 <§ — K2>

: 1

77/)2 =2 (1 + 2C082¢2) (5 — Kg) — 2K2 (]. + 2 cos 2@[)2) .

Notice that if we restrict the system to 7 2, we obtain:

o1 =—1

: 1

Ky = 4V3K, (5 — KQ)
Wy = 0.

Then, we can give an explicit expression for the dynamics of the heteroclinic:

1
'71,2(75) = (901@)7[(2(75),7#2(75)) = (901(0) — 1, 1-2K5(0) . _9./3¢’ g) :
2+ 50 ©

We are going to compute a Poincaré map that will reduce the dimension of the
system in ;9. Let Xg = {1 = ¢1(0)}. It is clear hat if we start with a point in
Yo M 71,2, the action of the flow will return us back to Xy N 7, 2 after some time,
t*(K>), that will only depend on K, since 1o = 7/3. Actually, this time is common
for all the points in ~;» and it is equal to 2w. So we have defined a Poincaré map
P %o Ny2 = 2o N 712 that has the following expression:

1
1-2Ks ,—4n/3 "
2+ % Qe 4 \/?:

P(Ky) =

Notice that its positive (negative) iterates tend to Ky = 1/2 (K3 = 0) for any point
K5 in the segment, that means that each point is heteroclinic.

As a conclusion, we have obtained a map, P, for which the intersection of the invari-
ant manifolds of two consecutive fixed points coincide, that is, it is not transverse.
That means that if we recover the flow, we will have that the intersection between
the periodic orbits 7; and 73 is not transverse.

As we have said, the argument is analogous for any pair of periodic orbits 7; and

Tion.
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2.2 Transverse versus Non-Transverse

Once we have convinced ourselves that the Toy Model System does not present
transverse intersection in the heteroclinic chain just like in Arnold Diffusion, we want
to explain the difference between the transverse and the non-transverse situation.

To do so, we are going to consider a two dimensional map with four fixed points,
located at the points:

po=1(0,0) p1=(1,0) pa=(1,1) ps=(2,1)

We are going to assume also that each point, p;, has a one dimensional stable
manifold, WW?*(p;), and a one dimensional unstable manifold, W*(p;) both tangent
to some linear subspaces. That is

e W4(pp) is tangent to the subspace generated by & at pyg and W"(py) is tangent
to the subspace generated by €7 at po.

e W#(p,) is tangent to the subspace generated by é; at p; and W*(p,) is tangent
to the subspace generated by €5 at p;.

e W4 (po) is tangent to the subspace generated by & at py and W*(p,) is tangent
to the subspace generated by €7 at ps.

e W?*(p3) is tangent to the subspace generated by €; at p3 and W"(ps3) is tangent
to the subspace generated by €5 at ps.

Now we are going to consider two different scenarios. The first one consists on
assuming that the unstable manifold of a point p; intersects transversally with the
stable manifold of the following point p;,q, that is:

WH(pi) "W (pisa) # 0
‘v’q & W“(pl) N Ws(pi_H) = Tun(pJ -+ TqWS(piH) = RQ.

The second will be given by a non-transverse intersection of the manifolds and, since
we are dealing with a low dimensional system, that will mean that those manifolds
coincide in a branch:

W (pi) " W?(pig1) # 0
Vg € W(pi) N W2(piy1) = TW (pi) + T2 (pia) = R.

The schematic situation is the following:

21
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P2 P3 2]

llw

Do y4! Do 4!

We wonder if it is possible to connect py with p3 through the map, in both situations.
To do so, we consider a ball containing the first fixed point py:

b2 D3 b2

“OJ

Po P1 Po D1

If we compute iterates of the ball through the maps we can expect that it is expanded
in the unstable direction and contracted in the stable direction:

b2 D2

“QJ
0§

Po P1 Po b1

Notice that in both cases the domain intersects the stable manifold of the following
fixed point, p;. So, in the transverse case the domain contains a heteroclinic point.
In the non-transverse situation this is obvious because the manifolds are coincident.
We can now restrict our domain precisely around that intersection point for the
transverse case and at some place in the right-hand side of the fixed point py for the
non-transverse case.

22
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D2 D3 D2 b3
Do D1 Do b1

If we compute forward iterates of the restricted domain we are going to approach
the fixed point py since, in both cases, our domains contain heteroclinic points. The
domains will not only approach p; but also, after some iterates, will spread to the
unstable manifold of py:

D2 b3 D2 D3

Do p1 Do P1

Here we find the first big difference between the transverse and the non-transverse
case. In the transverse case, since everything tends to the unstable manifold of py,
it is clear that our domain will intersect the stable manifold of p,. In the non-
transverse situation, our domain will never cross the stable manifold of py since it
corresponds to an invariant curve. Then, we restrict our domain in the intersection
for the transverse case and in the upper part of p; since we want to reach ps:

b2 P3 D2 P3

Py °
9 9

Po p1 Do b

Using, in the transverse case, the same argument as before, since our domain contains

a heteroclinic point in the transverse situation, forward iterates will spread our
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domain on the unstable manifold of ps. For the non transverse case we will reach
the proximity of py after some iterates, but our domain will be trapped and could
not visit the following fixed point, ps:

%) D2 P3

..C»J

Po P1 Do b1

In the transverse case, we could continue and see that the domain will visit ps.

After this schematic approach, we can see that, on the one hand, in the transverse
situation there are no geometric obstructions in shadowing the heteroclinic chain.
On the other hand, in the non-transverse case, we can see that, in general, we cannot
visit as many invariant objects as we want. So, now, we wonder why the authors
of [CKS™10| can connect N periodic orbits in the Toy Model System. The main
reason is the large dimension of the system and the fact that each connection takes
place in a direction that has not been used in the past.

Notice that, if in the non-transverse example the last fixed point ps3 is located in a
new dimension (that means that the system is three dimensional) we could continue
with the argument and visit ps.

In the next subsection we are going to generate examples for which it is clear that
one can shadow a non-transverse heteroclinic chain.

2.3 Examples with diffusion in a non-transverse
situation

Let us try to simplify the Toy Model System. Consider the Hamiltonian (2.9)). It
corresponds to the Toy Model System reduced in one degree of freedom using the
mass conservation law. If we add some terms to this Hamiltonian that only depend
on the actions, K;, we will modify the equations for the angles keeping the same
equations for K;. Than means that we will not change the geometry for the periodic
orbits or the heteroclinic connections. The terms that we will add will create an
invariant manifold for the angles. Indeed, if H is the Hamiltonian from ({2.9)), we
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take:
~ N N—-1
H(K,¢) = H(H, )+ K3 —2) K;K; 1 +2) KjKj .
=3

Jj=3

As we have said we obtain the same equations for the actions (and the same invariant
subspaces I';_; j, A;) while the equations for the angles are:

o =2 (1 + 2 cos 2u,) (% — K2> — 2(1 + 2cos 2 (K5 — K3)

+ 2 (1 + 2COS 21/)3) (Kg — K4)
¢3 =2 (1 + 2 cos 2¢3) (K2 — Kg) -2 (]. + 2 cos 2@[13) (Kg — K4)

—2(1 4 2cos2yy) <% - K2> +2 (14 2cos2vy) (K4 — K5)

; =2 (1 + 2cos2¢y) (K;—1 — K;) — 2 (1 4+ 2cos2v;) (K; — Ki1q)
—2(14+2cos2¢; 1) (K;—2 — K;_1)
+2(14+2cos2ti41) (Kip1 — Kiyo) ford <i < N -1
Yy =2(1+2cos20y) (Kn_1 — K;) — 2Ky (1 + 2cos 2uy)
—2(1+2cos2¢n_1) (Kny_2— Kn_1).

Notice that if we take, for instance, ¢; = 7/3 for all i = 2... N all the equations
vanish, so we have identified an invariant subspace. In this subspace the equations
for the actions are:

Ky = 4V3 (35— Ks) (K> — Ky)
K, = 43 (Ko — Ki) (K; = Kip1) fori#2,N (2.11)
Ky = 43Ky (Ky_1— Ky).

Let us analyze this system:

e It has N equilibrium points:

p1=(0,...,0)  p,

1 . 1 )
— I 0N
<27 727 ) )l )

e The segments that connect two consecutive equilibrium points,

1 ..1 . 1
Oj—l,j = {(§7j27 §,Kj,07]y..],0) ,0<Z Kj < 5}

for j =2... N are invariant and heteroclinic, that is, for all K € C;_4 ;

forj=2...N.

lim &,(K) = p; lim &,(K) = p;_1,

t—o00 t——o0

where ®,(K) is the flow of the system.
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Notice that each connection takes place in a new direction, not used before.

We have now obtained a simpler example for which we could prove the same scheme
of diffusion. However, we want to construct an even easier example where we can
guarantee the diffusion.

Inspired by the structure of system (2.11]), we impose the previous conditions in
a generic system defined by a polynomial of degree two. Simplifying as much as
possible, we obtain the following system:

&= F(x)
with

{Fl(l’) = )\11’1—/\1%’% (212)

Fi(z) = (N — i) — Nx? + piriw; forl<i<n

with A\;, >0 for 1 <i<nand y; €Rfor 1 <i<n.

Remark. In order to get a simpler system, we have set the distance between two
consecutive equilibrium points at one.

Note that this is a triangular system and we can integrate each equation, since
ef(f fi(s)ds
t S £ )
o Ly

i = fi(t)m; + Baf = x(t) =

with fi(t) = A — pi + pawi—1(t) and B; = —\;.

We can check now the linear behavior around the equilibrium points computing the
derivative of the vector field:

A1
Ao — fio

i — i

Ait1
Nig2 — Hig2

)\n_,un
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2.3 Examples with diffusion in a non-transverse situation

so we have different possibilities of choosing the parameters.

o If u; > A\ for all 7 = 1... N, each point, p;, has only one unstable direction
defined by €44, while the rest of the directions are stable.

o If y; = A\; for all 7 = 1... N, each point, p;, has only one unstable direction,
defined by €. All the “past” directions, defined by {é1,...,€;} are stable
while all the “future” directions, defined by {€j42, ..., €,}, are linearly neutral.

o If u; < A\;jfor all i« = 1... N, at each point, p;, all the “past” directions,

defined by {€,...,€;}, are stable while all the “future” directions, defined by

{€j12,...,€,)}, are linearly unstable.

Notice that we could have a mixed situation but it will not introduce any significant
difference. Let us show the numerical integration of the system for these three
possibilities. For the sake of concreteness we are going to assume A = \; and g = y;
foralli =1,...,n in a four dimensional system. In the three cases, we are going to
take the same initial condition:

21(0) = 22(0) = 23(0) = 24(0) = —.

. ; 1 1
25 30 35 40 45

Figure 2.2: Solution of system (2.12)) for A =1 and p = 2.
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Figure 2.4: Solution of system (2.12)) for A =2 and p = 1.

We can see that in the three cases we achieved our goal: to visit py = (1,1,1,1)
starting close to po = (0,0,0,0). However it is only clear that we visit all the
intermediate points p; = (1,0,0,0), p, = (1,1,0,0) and p3 = (1,1,1,0) in the first
situation, when g > A. In this case, all the directions are stable in each point,
and are only activated at its turn. In the other cases, all the future directions are
unstable at each point so they are activated at the very beginning although the
characteristic exponent, A — p, is lower than the one in the heteroclinic, A, in the
considered cases. So, if we want to visit all the intermediate points in the two last
situations, we have to decrease the initial condition for the future directions. Indeed,

if we take:
1 1

131(0) = E, IQ(O) = 1’3(0) = ZIJ4(O) = m,

in the case when ;1 = A = 1, we obtain:
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Figure 2.5: Solution of system (2.12)) for A =1 and p = 1.

Notice that it is enough to distinguish only the first component. The weak coupling
activates the component in order, since the first equation that notices the growth of
x1 is the one for zs.

For the third case, when A\ > pu, we recall that all the future coordinates are unstable
in po and the linear part almost dominates in front of the coupling that would have
made increase the coordinates in order. So, considering the following decreasing
sequence of initial condition:

21(0) = 107", 25(0) = 1072 23(0) = 107% 24(0) = 107*,

we obtain:

Figure 2.6: Solution of system (2.12)) for A =2 and p = 1.

Remark. Notice that the diffusing times are very different in the three situations.
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Although there are numerical evidences that the system behaves in the desired way,
we could expect that just looking at the equations. It is clear that
li t)=1.
el
By induction, assuming
li—l = lim Ii_l(t>
t—o0

and looking for equilibria of z;(t) for ¢ — oo, it has to satisfy

t—o00
i.e.

So, we get [; = 0 or [; = 1 but since &;(t) > 0 for ¢ large enough we can conclude

The main conclusion of this part is that we have obtained an easy example for
which we can ensure the transition chain even the intersection between the invariant
manifolds is not transverse, regarding the high dimension and the disposition of the
equilibrium points and the heteroclinic connections: each one in a new direction not
used before. In addition the system is integrable by quadratures which goes against
the notion of Arnold’s diffusion, completely prohibited in integrable systems.

To end this section we can relate both examples (2.11) and (2.12). Scaling the
variables in (2.11)), y; = 2K; for 2 < i < N, the system becomes:

U = 2V3(1— ) (y2 — u3)
Ui = 2V3(yim1 —4i) (i — yin1) for i #2,N
Uy = 2v3yn (yn—1 — yn)

that can be seen as a modification of (2.12) with \; = p; = 2v/3 for all i and adding

some terms:
y=Gy)
with
Ga(y) = Fa(y) —2v3ys + 2v3yys
Gi(y) Fi(y) — 2V3yi19ir1 + 2V/3yiyiry for i # 2, N
Gn(y) Fy(y)

Recall that system comes from a Hamiltonian system that has an invariant
subspace in some configurations of the angles. Due to the similarity between these
systems we can think in finding a Hamiltonian for which system corresponds
to a subsystem in a concrete invariant subspace. Indeed, take:

[:I(J,’, 8) = ()\1.%‘1 — Ale) COS 91 + Z (()\1 - /le)xz — /\zl’l2 + uixixi_l) COS 62

1=2



2.4 A proposal for a new scheme of diffusion

Then, if we compute the equations of motion for x; we recover exactly the equations
(2.12) but multiplied by —sin ;. The system for the angles is

91 = —(A1 —2\71) cos Oy — ppay cos by
Oi = —(XN — i = 2N + pawi—1) cos 0 — piawipicosbiy  for 1 <i<n
6” = _<)‘n — MUn — 2)\nxn + ,Unxnfl) Ccos Gn

Then, if we set all the angles in the subspace {6; = —7/2, 1 < n}, we obtain that
all the angles are fixed and the equations for x; become exactly the ones in ([2.12))
since — sin (—g) =1.

As a conclusion of the first Sections of the present Chapter we can say that, for
the Toy Model System, the intersection between the invariant manifolds are not
transverse. With this fact we can almost discard that the mechanism for diffusion
relies on the Arnold diffusion mechanism so, then, there is no geometric explanation
of why the invariant objects can be connected. In addition, we have shown through
examples that the lack of transversality can forbid the connection in a transition
chain. However, we have detected the reason why the connection could be possible
in the Toy Model System. The geometric mechanism relies on the fact that we are
dealing with a high dimensional system and that each new connection is defined by
a direction that has not been used before. We have presented, also, an integrable
example for which the diffusion is feasible, totally discarding, then, the Arnold
diffusion as a mechanism since it is typical for non integrable systems.

2.4 A proposal for a new scheme of diffusion

The main goal of this section would be to establish a global Theorem trough which
we can prove this kind of diffusion for a general system that has a non-transverse
heteroclinic chain. However this is not what we have achieved and we have to resign
ourselves with a Theorem for concrete cases. From now on we are going to work
with maps instead of flows.

2.4.1 A Theorem for an easy situation

Let us start with a simple situation. Let f : R” — R" a diffeomorphism with the
following properties:

1. The points p; = (1,.%.,1,0,7740) are fixed under f for i =0...n.
2. The segments C; that connect the points p;_; and p;,

Cy = {(1,i71,1,£,0,77%,0),0 < t < 1}
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for 1 <1 < n are invariant under f and, for all z € C;:

lim f*(z) = p; lim f*(z) = pis.

k—o00 k——o0

3. At each point p; the i-th direction is stable and the (i+ 1)-th is unstable. This
means:

Df(pi)e; = piei, |l <1
Df(pi)eir1 = Nieir1, [N > 1

4. The past directions, defined by €7, ..., €;_1, are contracting directions around
the fixed point p; but with a lower rate than p;. The future directions, defined
by €i12,..., €, are expanding directions around the fixed point p; but with a
lower rate than \;.

Theorem 5. Under the previous assumptions, for all € > 0 there exist a point xg
and a sequence of integers 0 = ko < ky < --- < k,, such that:

||fki(550)_pi|| <e 1=0,...,n.

Remark. Notice that we connect n + 1 points in a n dimensional space. We cannot
guarantee that the result is valid for more points. This Theorem is designed to be
applied in high dimensional systems.

Remark. This is a very simple version of the Theorem that can be widely generalized.
We are assuming that there are only two dominant coordinates around each fixed
point. That means that this could not be applied to the Toy Model System, where
we have four dominant directions. We can think that this simplified situation would
correspond for systems such that the transition chain is defined in a subspace of half
dimension, just like (2.11)).

2.4.1.1 Sketch of the proof: loosing dimensions

Here we present a sketch of the proof of Theorem [5| with some pictures. We are
going to consider only a two dimensional map. So, let f : R*> — R? with three fixed
points:

Po = (070) p1 = (170) P2 = (17 1)a

with invariant segments C; and Cy defined as

Cr={(x1,22) : 0< 21 <1, 29=0} Co={(r1,22) : 11 =0,0<2zy <1}
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e P2

Cs

Po 4 p1

Assume also that the derivatives of the map around the fixed points have the fol-
lowing structure:

Df(po) = ( Ag’l )\22 ) Df(p) = ( “6’1 ;1)2 ) Df(ps) = ( M(Q)’l /;)2 >
(2.13)

where Ao 1, Ao2, A2 > 1 and 0 < pg1, o1, po2 < 1. We start considering a domain
(ball) of full dimension centered around pg, Dj.

e P2

Cs

Given the linear stability from (2.13), we can assume the after one iteration of the
map, our initial ball Dy will be expanded in both directions:
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o P2

Cs

It is now time to make a call: from all the possible directions, we are only interested
in the one defined by the outgoing heteroclinic, that is, the segment C. Then we
consider a section Sy = {z; = o} where o is some small parameter:

o P2

yor

So={x1=0'}

Since we are only interested in the points of our ball close to the heteroclinic, we
intersect the domain with the section Sy. We say that we have lost the x; direction.
We could not use this direction in future steps. Our domain, Dy has one dimension
less than Dy, that is, dimension one.
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2.4 A proposal for a new scheme of diffusion

o P2

Cs

Then we continue with this domain. After several iterations of the map since the
domain is close to the heteroclinic connection, we can ensure that Dy will approach
p1 and get a domain Dy:

J
Y %)
Cy
D,
I | -
Po 4 | b1

We can use, again, the linear prediction of the map, (2.13), to be sure that our
domain is expanded in the x5 direction.
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o P2

Cs

bo 4 D1

We use now the same argument. From all the possible directions that f(D;) covers,
we want to escape through the one defined by the heteroclinic to ps. So we put a
section defined in the same spirit as before: S) = {zy = 0}.

A
o P2
Cs
Sl = {.732 = O’}
bo 4 p1

We restrict now our domain in its intersection with the section S;. The resulting
domain D; will have, then, one dimension less than Dy, that means that it will have
dimension zero.
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2.4 A proposal for a new scheme of diffusion

o P2

Cs

bo 4 D1

We have no more dimensions to lose, our initial domain become a single point. This
point is close to the heteroclinic defined in Cs, so then, we are sure that after some
iterates, it will approach the final fixed point ps:

,oD2

Cs

Do 4 D1

2.4.1.2 Proof of Theorem [5| using covering relations

We would like to prove now Theorem 5| in a rigorous way, that is, for any map f
satisfying the previous hypothesis. However we are going to present only the proof
when the map is linear close to the fixed points and an affine map represents the
heteroclinic connection. To do so, we are going to use the language of the h-sets
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and covering relations. All the definitions and results concerning these tools can be
found in Appendix [A]

We first define the following notation. Let z = (xy,...,2,). Define for i =0,...,n,
R = (Zi,pa Zi,inu Ziouts Zi,f) where

® 2, = (x1,...,1;_9) are the past coordinates

® Zinc = x; is the incoming coordinate

® Ziout = Tiy1 is the outgoing coordinate

® 2 ;= (Ziy2,...,x,) are the future coordinates.
These are the local coordinates around each fixe point p;.

As we have said, we are going to assume that we have a sequence of linear maps: f;
fori=0,...,nand f;_y;,fort=1,...,n.

The maps f; will correspond to the map close to the fixed point p; and we will call
them local maps. The maps f;_;; will correspond to the maps that connect two
consecutive fixed points, that we will call transition maps.

That means that we are proving the result when the map f is equal to the linear
map f; around the fixed point p; and defined as a translation close to the heteroclinic
connections.

Let fi(z) = (fip(2)s fiine(2i), fiout(2i), fri(2:)) the decomposition of the map f; in
terms of the previous splitting of the coordinates z;. We are going to assume that:

where A;, and A; ; are matrix of the corresponding dimension that satisfy
[Aipzipl < piplzipl  [Airzigl = Niglzigl,

with p; < p;p < 1 and 1 < Ajy < Ao The last relations are not needed in our
argument, but we include them to point out that the dominant directions are the
ones defined by 2; . and z; oy The norm that we are using here and for the rest of
the proof is the maximum norm, |.| = ||.||cc-

We are assuming that the map is very uncoupled. We could also assume that the
matrices A;, and A; ; are diagonal with eigenvalues p;, and \;, respectively.
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For each ¢ = 0, ..., n, we want to define h-sets that will be centered in the following
points @i, inc and Qi out-

L Qi,inc = (07 g, 07 O)
® Jiout — (Oa 07 g, 0)7

where o > 0 is some small parameter that does not depend on the fixed point we are
dealing with. Notice that ¢, inc 1s located close to the fixed point p; in the direction of
the incoming heteroclinic, defined by the segment C;. The point g; 4 is also located
close to the fixed point p; but in the direction of the outgoing heteroclinic, defined
by the segment C; 1. Let 0 > 0 satisfying 0 < 0. Define the sets:

NP ={z €R", : |2 — qijnc| < 6} (2.14)
Nfut = {Zz' S Rn, : ‘Z@' - Qi,out‘ < 6} (215)

Notice that they are boxes of size . We equip these sets with an h-set structure.
We declare the directions (z;,, 2;inc) as directions nominally stable and (z; out, 2i f)
as directions nominally unstable in both cases. Notice that, we can skip the word
nominally since the nominally stable directions are stable directions close to the
fixed point. The same thing happens for the nominally unstable ones.

It is time to relate the the h-sets (2.14)) and (2.15)) after some iterates of the map
fi-

Lemma 4. There exists an integer k; such that the following covering relation hold:

i
inc Ji out
Njme 25 N,

foralli=0,...,n—1.

Proof. Since the map is linear we only have to prove that the stable components of
Nin¢ are mapped inside N2 and that the unstable directions of NI cover the the
unstable components of NP"'. This is, the boundary of the unstable directions of
Nin¢ is mapped outside N2U.

Let us start with the past components. We have to show that }ffp(z,) < ¢ for
zi € N;"¢. But

k; k; k; k;
‘fz;(’zl)‘ = |Ai,lpzi7p| < Wiy Zip| < Mz‘fpév

and the requested inequality holds since 0 < p1;, < 1.

Consider the incoming component, 2;i,.. We want k; such that ff{nc(zi) < ¢ for
2 € N;nc. But,

|fz‘lfiinc(zi)‘ = /Lfl Zi,incl S Mfl (O' =+ (5) .

If we take
In 20
ki > —517
In p;

(]

39



2 Non-transverse diffusion

40

we obtain the desired inequality.

Now we want to study the unstable components. Take z; € NI such that its
outgoing component z; oy satisfies |z; o] = 9. We want to see that

’fzk(z)ut<zl>‘ >0+,

Notice that we have:
|fi]féut(zi){ = )\fl |Zi,011t| = /\flé
If we take k; such that
232
ki > )
~ In )\z

we obtain the desired inequality.

Finally, for the future components we proceed in the same way. Take z; € NI*® such
that its future component z;  satisfies |z; f| = 6. We want to see that

I

But,
£ (0] = [ATyzp| = A L2l = Ao,

and the requested inequality holds since A; y > 1.

To finish the proof we take

In 29 | o
k; = max —5_1, LI
Ing; " In\;

]

Now we are going to equip N with another h-set structure, N'*. We are going

to put the outgoing coordinate z; oy in the set of stable directions. Notice that NP
is the same as NP as sets. We are only changing the declaration of stable and
unstable coordinates, that is, the h-set structure.

Notice that it is precisely at this moment where we have lost the outgoing direction.
This argument is equivalent to the one in Section [2.4.1.1| where we intersect some
domain with a section of co-dimension one located in the desired outgoing direction.

Notice that N?%* have the same number of stable (and unstable) components than

inc
Ni+1'

As we have said, we are going to define the map close to the heteroclinic segment

just as a translation, f;;.;. We are going to define the translation for points in N,
that is for points of the form ¢; ou + 2; with |z;| < d. The map f; ;1 is defined as:

fiit1(Giout + %) = Qit1,inc + Zi-
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Notice that, with the transition written in this way we do not have to perform a
change of variables that would locate the fixed point p;;; at the origin. The change
is included in the transition.

Our goal is to prove that ](f}a covers N15. If we write the transition map in terms
of z; and z;1; we have:

(2ip, Zi,irm) = Zit1,p
Ziout = <i+1,inc

Zif = (Zit10u) Zit1,f)-

With this relation and the fact that we are using the maximum norm we can conclude
that:

Lemma 5. The following covering relation hold:
Nrout Jhitkl ;
Npwb = N2,

foralli=0,...,n—1.

So, we have obtained a sequence of covering relations. Now we can announce the
shadowing Theorem that will prove Theorem [5| when the map can be taken as a
sequence of linear maps:

Theorem 6. Suppose that the following covering relations hold:

kg
Nine f:1> NP for alli=0,...,n—1 (2.16)
]\ff;o/“tf——@l N/ foralli=0,...,n— 1. (2.17)

Then, for all € > 0 there exist a point xg and a sequence of integers 0 = ky < k1 <
<o < k,, such that:

/5 (x0) —pil| <€ i=0,...,n.

When one has a sequence of h-sets related with covering relations one can apply,
for instance, Collorary [11] from Appendix [A] However, we are not dealing with a
complete sequence of coverings since N and NP are defined defined by the same
set but with different h-set structure. Such modification is done in the proof of
Theorem [7]so we will not include the proof of Theorem [f]since would be analogous.

Another important remark is that in Collorary one can deal with an infinite
sequence of h-sets and coverings. In our case we have proved the covering relations
and without any assumptions on the relative sizes of the h-sets: the
only dependence on the step ¢ is on the number of iterates. This means that we can
conjecture that the shadowing for an infinite sequence of fixed points is feasible if
the stability of the fixed points is the one used above.
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2.4.2 Generalizing Theorem

Our goal would be to produce a Theorem just like Theorem [5| for a wider class of
system that would include the Toy Model System. However this is a very idealistic
goal. What we are going to do is to prepare a general Theorem and show that its
proof is equivalent to show a chain of covering relations between concrete h-sets.
That is, we will define a a sequence of h-sets for the wider class of systems and we
will prove a Theorem equivalent to Theorem [6] without proving that the covering
relations hold.

2.4.2.1 Description of the class of systems

We are going to start generalizing the the class of systems for which we can find this
kind of diffusion. We start decomposing our space R™ in the direct sum of L spaces.
That is, let n;, >0 fori=1,..., L such ny +ns +---+ny =n.

For « = 1,..., L consider the subspaces V; which are spanned by e, +..4p, ,+; for
j=1,...,n; In this notation R™ = @le V.

We will use the following notation: for [ € N 0!, 1" will denote the sequences of
length [ consisting from 0 or 1 respectively.

Assume that we have a diffeomorphism on f : R” — R" with the following proper-
ties:

e there exists a sequence of fixed points

P = (On)7
p2 - (170n171>7
ps = (1,0m711,0mh)

pe = (1,0m711,0m7t 1, 0met ome L) for 2 < k< L
Py = (1,0m7t 10"t 0 1, 0m

e for any i = 1,..., L, the interval connecting p; and p;; denoted by C;
Cy={z | (1,0m 1 1,0m7 ... 1,0m ¢, 0mt ey ¢ e [0,1]}
is invariant under f and for any z € C;

lim fk(z) = Pi+1, kEI_HOO fk(Z) = Pi-

k—o0
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Notice that if we set n; = 1 we recover the situation from Theorem [l Now we are
allowing that the transition takes place in a larger space. That means that when
we approach a fixed point, we have many possible outgoing directions, defined in
V;, but only one will connect us to the following fixed point. This is precisely the
situation when one considers the Toy Model System. There we had n; = 2. So, in
our argument we are going to get rid of n; directions in the step .

Once we have established the class of systems we define the tools that we are going
to use.

2.4.2.2 Construction of h-sets

Using the decomposition above, in R” we will represent points as z = (z1,...,2z),
where z; € V; fori=1,..., L.

Definition 1. We define for i = 1,..., L the h-sets N; by

where we declare the directions in V; & V.1 @ --- @& V}, as the nominally unstable
directions and the directions in V; & --- @ V;_; as the nominally stable directions.

Notice that, each h-set is centered in p; i = 1,..., L + 1. Observe, also that Ny,
does not have any unstable directions.

In the spirit of the previous sections, we are going to define sections of codimension
n; in the vicinity of each point p; in the direction defined by the outgoing heteroclinic
we want to escape through.

Definition 2. Let 0 < A < r;,. We define the exit section S; as

Sz' = {Z = (Zl, . ,ZL) & ]Rn, LR = 52 = <A1,0n171>}

Notice that, with the condition A < r;;, we ensure that S; N N; # 0.

For ¢ < L we will define also another set M;, which is contained in N, and is
“centered” on the section S;:

M; =p;+ 6 + Hlegnj(@,ti,j), 1=1,...,L

where ¢; ; are positive real numbers, such that M; C N;.
We equip the set M; with two different h-set structures. To define the first one,
denoted by M; for i = 1,...,L, we declare as the nominally unstable directions

Vi@ Vier @ --- @V, (i.e. spanned by en 4opn, 145 for j =1,....n; + -+ nyp).
Notice that these are the same nominally unstable directions in N;.
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For the second one, that we will denote by ]\AJ/Z-, we declare as the unstable directions
Vier ® - @V (le. epyqognj for j =1,...,n;41 + -+ ng). Notice that if we
compare it with M; we can say that we have lost the subspace of nominally unstable
directions generated by V; (€n, 1. n, 45 for j=1,...,n;).

Remark. Observe that ML has no nominally unstable directions and M has np,
nominally unstable directions.

With this notation the nominally unstable directions of N; and M; could be identified
with the subspace V; & V;11 & --- @V, and in M; the nominally unstable directions
are Vig; @ --- @ VL.

2.4.2.3 Purely topological shadowing Theorem

We are going to present a result that is equivalent to a generalized version on Theo-
rem[p] Using the definitions of sections above, we are going to suppose some covering
relations between the h-sets. Then we could prove a shadowing Theorem.

Indeed, assume that the following covering relations are satisfied

—~ l;
M, L My, i=1,...,L-1 (2.18)
e (M) C Npga, (2.19)
where [; for i = 1,..., L — 1 is some integer that represents the number of iterates

that M; needs to approach p;.;.

Remark. From now on we will denote f% by f;.

Theorem 7. Assume that covering relations (2.18/2.19) are satisfied.

Then there exist zy and a sequence of integers ky < ko < --- < kr,, such that
21 € Nl,
fki(Zl) S Nz Zzl,,L+1

Proof. We will look for ¢; € S; NNy such that, there exists a sequence {q; }i—23.. 141
satistying

Gi1 = file)) € Sia N Mgy C Nig, i=1,...,L—1 (2.20)
qrr1 = frlqr) € N (2.21)
This is a system of equations for ¢;, i = 1,2,..., L+ 1. It is easy to see that we can

drop equation (2.21]), because from (2.20)) and (2.19) it follows that f,(My) C Np1.

We define projections z; : EB]LZI Vi = Vi by zi(z1,...,21) = 2.



2.4 A proposal for a new scheme of diffusion

We consider the following system of equations

filg) —qin = 0, i=1,...,L—1. (2.23)

which we will be considered in the set
D = II% | M;.

Let us remind that the supports of M; and ]\Z coincide, but MijE and ]\/ZZ-jE differ as
h-sets.

Observe that the number of equations in system (2.22H2.23)) coincides with the
number of variables in D. Indeed the equation count goes as follows:

e (2.22) consists of ny + ny + ...n, = n equations

e (2.23) consists of n(L — 1) equations

which gives Ln equations in the system.

Let us denote by F' the map given by the left hand side of system (2.222.23)). We
have for ¢ € D
zi(q) —0;, 1=1,...,L
F(q) = |
0= (g e S

We will prove that system (2.22H2.23)) has a solution in D, by using the homotopy
argument to show that the local Brouwer degree deg(F,int D,0) is nonzero. For
deg(F,int D,0) to be defined we need that F'(q) # 0 for ¢ € 0D. This fact will be
established below for the one parameter family of maps in which F’ will be imbedded.

In the sequel coordinates in ]\7[/Z and M; are used (the coordinates from the h-set
structure). In these coordinates d; = 0

Let h; for i =1,2,...,L — 1 be the homotopies of the covering relation (2.18]). Let
A; be a linear map which appear at the end of the homotopy h;.

We imbed F' into a one-parameter family of maps (a homotopy), H; as follows

— zi(q), i=1,...,L
o) = (p, o T

It is easy to see that Hy(q) = F(q).

We show that if ¢ € 9D then for all ¢ € [0, 1] holds H;(q) # 0. This will imply that
deg(H;, D,0) is defined for all ¢ € [0, 1] and does not depend on ¢.
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Let ¢ € OD. Then one of the following conditions holds for some 7 = 1,...,L :
q; € OM, or q; € OM;".

Assume that ¢; € Z\Z’. Since ]T/[/E = () we must have i < L. Then from the covering
relation (2.18) it follows that h:;(q;) ¢ M,4+1, hence the equation hy;(g;) — ¢iv1 =0
does not hold for any ¢;11 € M;.1.

The case ¢; € ]\Aff is more subtle. If ¢ > 1, then we will use the covering relation

—~

M,;_, fig M;. Observe that M;" C ]\Z.*. If ¢; € M;", then hy; 1(q;i_1) — g # 0 for all
¢i1 € M;_y. If ¢; ¢ M., then z/(g;) is on the boundary in the i-th direction hence
2i(q;) # 0. Tt remains to consider ¢; € M. In this situation either z(q;) # 0.

We have proved that deg(H,,int D,0) is defined. By the homotopy invariance we

have
deg(F,int D,0) = deg(H,,int D, 0). (2.24)

Observe that Hy(g) = 0 is the following system of linear equations

211 = 0
(0, A1(z12,---,21.)) — (221, 222, - - -, 22) = 0
229 = 0

(0,0, Ao(223, ..., 220)) — (231,232, --.,230) =0
0,..., A1 (2p-1,1)) — (201,202, - -, 20,) =0
ZLL = 0

It is not hard to see that ¢ = 0 is the only solution of this system. To prove that
zi; = 0fori,7 =1,..., L we should start from two bottom equations to infer that
zr; = 0for i =1,...,L and since A;_; is an isomorphism then also z;_;; = 0.
Now we consider z7_;; from next two equations from the bottom and so on.

Therefore deg(H;,int D,0) = +1.
This and (2.24)) implies that
deg(F,int D,0) = £1
hence there exists a solution of equation F'(¢) = 0 in D. This finishes the proof. [
Notice that what we are proving is that if the covering relations (2.18]2.19)) are

satisfied, then we can shadow the heteroclinic chain. So, for a given problem it rests
to prove such covering relations.

Also notice that the definition of the class of system is very vague and, however,
we can prove Theorem [} That means that the delicate study will come when one
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proves the covering relations. For instance, we are declaring nominally stable and
nominally unstable directions in the h-sets. If the directions are not of the same
type of stability, which is the case of the Toy Model System, then it will be hard to
prove such coverings.
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3 Applying the new scheme to the
Toy Model System

3.1 Introduction

In this chapter our aim is to use the ideas and tools obtained in the previous one
to prove Theorem [§ Then, we would have identified the diffusion mechanism that
appears in the Toy Model System. However, instead of working with h-sets, we are
going to present a different but equivalent argument with disks. We recall that the
Theorem that we want to prove is:

Theorem 8. Let N > 1, 6 < 1. There exists a time, Ty = T3 (N, ) such that,
for all time T* > T, there exists an initial data b(0) = (b1(0),...,byx(0)) € CN for
(13.1) such that

b5(0) =1 =0, [b;(0)f <46, j#3
bv—2(T*)[ =1 =6, [b;(T*)| <06, j#N-2.

In order to make this chapter more self-contained we will start recalling the struc-
ture and properties of the system in the following section. Later we will check if
the shadowing argument that we propose is feasible when one consider only the
linear part of the system around the objects of interest (periodic orbits and hetero-
clinic connections). Finally we prove Theorem [8 using the recurrent application of
Proposition [I} once for each connection between two consecutive periodic orbits.

The more technical proofs can be found in Appendix [C]

3.2 Dynamical structure of the Toy Model System

Let us begin with the definition of the system:

Definition 3 (The Toy Model System). Let N > 1 and b= (by,...,by) € CV. The
Toy Model System is defined by the following equations:
db,

o = bl 20 (B + b)), G=1 N (3.1)
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with the convention by = b1 = 0.

We recall that the Toy Model System is a Hamiltonian system with Hamiltonian
function

N N-1
1 1 —2 —2
Hy(biyby) = 1 D il =5 > (b?bj_l +5 b§_1) .
j=1 j=2

It is also important to recall that the total mass
N
My (b) = Z [b;?
j=1

is constant along the solutions and we will restrict ourselves to the mass level My =
1, that is: we will consider system ({3.1)) on

Sy ={beC": My(b) =1}.

The important invariant objects (or landmarks) of our discussion are the N periodic
orbits:
Ti={beSy : |bj|=1,b,=0Yk # j}.

We recall that there exists an explicit family of heteroclinic connections between
two consecutive periodic orbits:

%Tj—i—l ATy = T} Vit \T+1 = Ti}
So, in order to prove Theorem |8 we are going to look for solutions that shadow the

forward heteroclinic connections, 7; 1.

It is clear that our argument will have two distinct regimes: one when we properly
connect two consecutive heteroclinics close to a periodic orbit 7; and the other in
which we simply follow the heteroclinic 7; ;11 as a known solution of the system
between two consecutive periodic orbits.

Then, it is reasonable to start analyzing system (3.1)) close to the periodic orbit T;
by performing a local change of coordinates that refers the dynamics to the motion
of the periodic orbit:

b; = re' b, = cpel? for k # 7, (3.2)

with r € R, § € T and ¢, € C for all £ # j. We see that, in these coordinates, the
periodic orbit 7; is:

T,={r=1,0€T, ¢ =0,Vk#j}
Notice that we have not used yet that we work on Sy instead of CV. We can do so

by substituting
rP=1->|af (3.3)
ki
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and forgetting about this radial coordinate in the system. Introducing the change

cj1=wr_ +wy, Cip1 = Wiry +wyy (3.4)

2mi/3

with w =e we diagonalize the linear part of the system.

Lemma 6. After the changes defined in (3.2)), (3.3) and (3.4)), the Toy Model System

becomes: )

br = V3rs+ Ry (z,y) + Ry (vs, 4, 0)
gr = —V3ys + Rip(v,y) + Riv (2, 2, )
ék = ick + R?fz@) + R(r:rlzczx(‘rv Y, C) (35)
0 = —1+3z_y_+3z.y.+ Y laf
\ 1P,

where € T,z = (x_,x;) ER*, y = (y_,y+) €R%, ¢ = (c1,...,¢j-2,Cj12,...,CN) €
CN3andPj={1<k<N :k#j—1,5,7+1}

The nonlinearities are given by:

Ry, y) = —wi[f(ve, y2) + g(2x, y5)] — y2h(es, y)
Ry (2,y) = vih(vg, yz) + y2[f (ye, 22) + 9(v, y7)]

f(a,b) = V3(a® — 2ab + 3b?)

g(a,b) = ?(4@2 — Tab + 4b%)

2
mezgée&+mww%

Rﬁz(% Y, C) = —xiF(C) + 21&@1(0]&:2) + y:l:[_Gl(ij:Q) + GQ(Cj:t2)]
Ry, y, ¢) = y£ F(c) — 2y+G1(cja) + 22[G1(cjza) + Ga(cjz)]

F(e)=V3Y laf’

leP;

Gi(cje2) = 2—\3/5 [Re(cjaz) — Im*(cjun))

GQ(ij:Q) = —4R€(Cji2)]m(0ji2)

Ifk+#j+2

o1
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Rey(e) = —icg | |ex]” + Z leal* | + 2icx [cioy + g
leP;

R(;r];zx(mv Y, C) = —icy, [31’7% + 3l’+y+}

and, for k=7+2

R (0) = —icjaa ||ejual® + ) lal*| + 20126744
leP;

cj . _ 9
Ry (2,y,¢) = —icjas [Br_y- + 32,y + 20810 (wrs + wys)

Remark. (Symmetries)

e Notice that the angular variable 6 does not appear in the equations of (x,y, c).
This is due to the phase rotation symmetry that comes from the mass conserva-
tion. We can forget about this angle and work only with the other coordinates.
In other words, we have taken the symplectic quotient of the phase space with
respect to the rotation symmetry and reduced (the original Hamiltonian) in
one degree of freedom, (r,6). The elimination of these coordinates does not
lead us only to a lower dimensional system but to a system in which the sizes
of the coordinates are comparable.

e If we only take care of the equations for x, y and ¢, we have an equilibrium
point at the origin that corresponds to {r = 1}, that is, the periodic orbit 7;.
We say that the periodic orbit has collapsed into an equilibrium point located
at the origin of R? x R? x CV~3. We must recall that the original system is
defined on the mass level My = 1. Since

|b;| =, bj01)? = 24 — voys + Y3, |b| = |ck| for k € Py,
system (3.5) (when we remove the equation for ) is defined in:
S, ={(z,y,¢) e R x R? x CN=3 . M (z,y,¢) <1},
where

M(z,y,0) =2 —a_y_+ > + 2% —zy +yi + ) lal’
leP;

e One of the most remarkable properties of (3.1)) is that if we set any mode by
to zero it will remain at zero. This is what we call the mode invariance. With
both changes we keep this symmetry, that is, the subspaces

Ly ={c, =0} Ly ={2zy =ys =0}

are invariant.
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e Notice that the main structure of the system does not depend on j (same
eigenvalues and same structure of nonlinearities). However, since these coor-
dinates refer the dynamics around 7; we should keep some subscript for x4, y+
but there is no need to do so because during the main part of the discussion
we will not combine coordinates that are referred to different periodic orbits.
When we need to distinguish them we will use (Z4, g+ ) for the others.

If we look at the linear part of system (3.5) we see that we have four hyperbolic
directions defined by x_,y_,x,,y, and N — 3 complex elliptic directions defined by
c. We can say that the equilibrium point is saddle x saddle x center™ 3.

It is clear that these coordinates are local. So, if we want to analyze the system
around the heteroclinic connection we could think that we should go back to the
original ones. However, we can see that we can define the heteroclinics and work
with these local coordinates for the whole transition from 7; to 7;41.

Indeed, we can easily check that the four hyperbolic positive semi-axis are invari-
ant and the dynamics on them correspond to a heteroclinic motion between two
equilibrium fixed points: the origin and a point at distance one.

We must point out that the previous change of coordinates is well defined everywhere
except for the periodic orbits. That means that, for instance, the heteroclinics
defined by the x_-axis and y_-axis do not end up (one backward and one forward
in time) at the same equilibrium point because the periodic orbit 7;_; is defined by
the ellipse {2? — z_y_ + y> = 1} with four equilibrium points:

’c:O,x+:y+:O‘

Ti-1={22 —2_y_+y2 =1}

=B

"

53



3 Applying the new scheme to the Toy Model System

Since we are in a rotating frame, these equilibrium points are precisely the points
of T;_; that are synchronized in a proper way with 7;.

So, schematically we have the following picture:

The important heteroclinic for us will be the one that connects 7; with 7;,; forward
in time and we will call it the outgoing heteroclinic. In this case it corresponds to
x,-axis and has the following expression:

1

I+ e

2 (t) -

and zero for the rest of the coordinates.

Now we can see that we can still work with the local coordinates from 7; in the
study of the flow close to the heteroclinic. Once we have overcome it we will have
to perform a change of coordinates between two consecutive local coordinates.

Lemma 7. Using (Z,7,¢) for the coordinates referred to T;11 the change of coordi-
nates between two consecutive local coordinates is given by:

- T
y- = T+

=
- T
r— = =Yt

r —
) 1] 2v3 V3
Uy = . Im(cji2)y+ + <R6(0j+2) + ?[m(cjﬁ)) x+]
. 1 [ V3 2v/3
T o= 2 <R€(Cj+2) - ?Im(cﬁrz)) Y+ + Tfm(cﬁz)l#]

-2
G o= o e, j—2j+3,... N}
2
&1 = (wy, + w2x,) M;

7

where

P=yltal —yay P =1-P =1 (P 42—y )= ) ol

lG'Pj
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Remark. Notice that the outgoing heteroclinic defined by the x,-axis becomes ex-
actly the y_-axis. This is why we call to the heteroclinic represented by the y_-axis
the incoming heteroclinic.

After this introduction we are ready to propose an iterative scheme that will give
us the proof of Theorem

3.3 Inductive scheme of shadowing the
heteroclinics

This is the main section of our work and this is where we define an inductive argu-
ment through which we shadow the heteroclinics. To do so we will define and let
evolve some domains in the spirit of the previous chapter to find the diffusing orbit.
Besides that, we will need to use some quantitative results that are independent of
our argument but inherent to the structure of the dynamical system. These results
will allow us to justify that our domains behave in the desired way. In the whole
discussion we will combine both kind of arguments.

As all the previous works (JCKS™T10| and [GK15|) we will split the shadowing argu-
ment in N — 5 steps, one for each connection between two consecutive heteroclinics.
So, for j € {3,..., N — 2}, we will have this schematic situation:

j-th step

T,
°
T;

=\
-

+1

The junction point between steps is determined by some distance, that we call
macroscopic, o, to the periodic orbit. This is a small global parameter that does not
depend on the step and its value will be determined later in terms of the parameter
d from Theorem
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Let us focus on the j-th step. As we have said we can work during the whole
step with the local coordinates around 7;. Recall that, in these coordinates, 7; has
collapsed into an equilibrium point; the incoming heteroclinic from 7;_; to 7; is
defined by the y_-axis and the outgoing from 7; to 7;;; by the x -axis. Then, the
j-th step will begin at y_ ~ ¢ and will end at z;, ~ /1 — 02 (that corresponds to
§— ~ o in the coordinates referred to 7T;11). So the j-th step will consist on three
parts: the study close to the equilibrium point, close to the heteroclinic channel and
the change of coordinates that relates two consecutive local coordinates.

Now we are going to explain how we implement the technique of losing dimensions
at each connection. We first need a concrete splitting of the coordinates.

Definition 4. Given z € S]{,, consider the splitting z = (p;, f;), where:
e p, are the past coordinates
e f; are the future coordinates
At the same time we define a new splitting for the past and future coordinates:

e p; = (cp;, hpj) where cp; = c_ = (¢1,...,¢j_2) are the center past coordinates
and hp; = (z_,y_) are the two hyperbolic past coordinates.

o fi = (hfj,cf;) where hf; = (x4, y;) are the two hyperbolic future coordinates
and cf; = ¢+ = (¢jt2,...,cn) are the center future coordinates.

In an inductive argument we will assume that all the past coordinates are already
fixed in previous steps while all the future coordinates are free. In the present step
we will fix only the two hyperbolic future coordinates.

The way that we illustrate such a splitting of fixed and free coordinates is through
what we call a generic disk.

Definition 5. Let z = (p, ). A generic disk is:
DY ={z = (p, f) : p=m(f), [f < s}
where m is a map from B, (0) C R™ to R" such that

Iml[ = sup [[m(f)|] < 7.
FEB,(0)

We say that f is free and p is fized.

With this definition we can understand better what we mean by fixed (past) or free
(future) coordinate.
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Our argument will consist on defining a sequence of disks and to prove that the flow
acts on every disk including it in the following one. In this way we will guarantee
that the last disk contains the evolution of the first.

This kind of argument is standard as used in Chapter[2] That is, to define a sequence
of h-sets that are related consecutively through a covering relation. However, we
will try to give a more intuitive argument working with disks instead of h-sets. The
analog of the covering relations will be the following:

Lemma 8. Let F : U C R"™™ — R""™ 2+ Z be a diffeomorphism. Consider the
splitting: 3
z=f)  Z=0/f)
for which we can also split F' = (Fﬁ, Ff). Assume that we have a generic disk, DI"
mn U.
D" ={z=(p,f) : p=m(f), |[[I < rs} with |m[<r,.

We define another disk in the image space as:
DI = {z=(p, f) : p=m(f), |f| <7} with || <7

For this disk we do not give any concrete expression for the function m that defines
the disk. Assume that the map is close to a linear map. Then, the image of DI"
contains DI, D9 C F(D9") for a concrete expression on the function m, if:

o The map 1s consistent with the splitting:

OF} »
W(z) (3.6)
15 tnvertible.
o We have upper bounds in the past coordinates:
|Fs(m(f), )] < 7. (3.7)

o We have lower bounds in the future coordinates: For f* in the boundary of the
domain, that is | f*| = ry, we have:

Fr < FHm(f). ). (3.8)

This result is equivalent to the definition of covering relation when one deals with
maps close to linear or when the map has a strong uncoupling between fixed and
free coordinates.

Coming back to our argument, we will start with some disk, D;, located at a distance
o to 7; in the direction defined by the incoming heteroclinic. More precisely, we
define what we call a generic incoming disk in the j-th step, ngen that will be the
starting disk at each step.
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Definition 6. A generic incoming disk is defined as

D;g-en = {Z € 5]{1 rem=my (T, Yy, e), xo =my (T4, Y4, 1),

Yy- =0 + mg_(x+ay+7c+)7

|‘T+| < T:(n)+7 ‘y—i-’ < 7’2+, |c+,k| < T(C)Jr’k }7

where we assume

‘mgi’k<x+7y+7c+>‘ S T’Sik ]mg’(x+,y+,c+)| S 7’3_ |mg’(x+,y+,c+)| S rg_'

Note that, on the one hand, the disk has the structure requested before: all the past
coordinates fixed as a function of the free, future, coordinates. On the other hand
we will assume that

0 _ 0 0 0 0 0 0
r _maX{T077T1‘,’ry77rz+7ry+7/r0+

is bounded by some microscopic quantity, much smaller than the macroscopic quan-
tity. That means that at this point we have a distinguished macroscopic coordinate,
y_, the direction defined by the incoming heteroclinic, while the size of the other
coordinates are, at most, microscopic. Hence our domain is truly localized in the
incoming heteroclinic.

We are not interested in the evolution of the whole disk: we are only interested in the
part of the disk that will flow close to the outgoing heteroclinic after the passage of
the equilibrium point. This is why we have to restrict our disk or, equivalently, lose
some dimensions. Since the outgoing heteroclinic is defined through the x -axis, the
best restriction we could perform is to set all the future coordinates at zero except
for x;. However it is clear that, then, we could not continue with an inductive
argument since we will not have more free coordinates to lose later on. The second
best option is to fix only the two hyperbolic future coordinates since these are the
ones that dominate the dynamics, in front of the central future coordinates. In such
a way, we will keep enough freedom to continue with the inductive argument.

To obtain this we have two different options. The first one (explained in the previous
chapter) consists on computing the evolution of the whole disk D;C-”en for a time 7
(large enough) and then intersect the resulting disk with some section located in the
desired outgoing direction. This section will be defined as

Sj=Azy =0+l yy =y} (3.9)

Remark. The idea would be to set 2% =y} = 0, but this is not exactly what we will
obtain.

Then we would have a domain (the intersection of the evolved disk with that section)
located at a macroscopic distance of 7; and in the right direction to escape.



3.3 Inductive scheme of shadowing the heteroclinics

However, we are going to use another strategy that saves us to compute the evolution
of the whole disk. The idea is that there is no need to compute the evolution of the
whole disk if we are going to get rid of two directions. The alternative is to use a
Shilnikov scheme. That will give us the restriction of the original disk that ends in
the desired section in an automatic way. In addition this technique will provide us
good estimates of the solution (actually, good estimates on the deviation of the true
solution with respect to the solution of the linearized problem).

Let us start defining the Shilnikov problem. These kind of problems were introduced
in [Shi67].

Definition 7. Let F' be a vector field in R™. Consider the following system of

ordinary differential equations:
z=F(z). (3.10)

Split the coordinates in z = (z1, 29), that is, consider a splitting R" = R™ x R"2,
with ny + ny = n. Let (7;2Y, 23) be the the Shilnikov data, where 7 € R, 2y € R™
and zy € R™2.

We say that z(t) is a solution for the Shilnikov problem with Shilnikov data (7; 2%, 23)
if it solves equation (3.10) for ¢ € [0, 7] and

21(0) = 29 2(T) = 2.

Remark. Note that, for 7 = 0 we recover the initial value problem.

Remark. When one considers this kind of problems one has to prove that there
exists a unique solution. This is not always true for all systems. A complete proof
for saddle equilibrium points for a concrete splitting for the coordinates is given in
|Den89).

In our case, we have already considered a splitting for the coordinates in terms of
past and future coordinates. We are going to set all the past coordinates p; for time
t = 0. On the other hand, we want to fix precisely at this step the pair of hyperbolic
future coordinates hf;, and this is why we are going to fix them for time ¢ = 7 at the
section, S;, described above. For the rest of free coordinates, the center future cf;,
we want them to remain free after this step so we are going to consider a Shilnikov
problem for each admissible value of cf; at time ¢ = 0.

That is, for 7 > 0 large enough, consider the Shilnikov problem defined by the
following Shilnikov data:

C—(O) m(c) ( 3— y+,c+) C.,.(O) = Cg-
z(0)=my (25,90,¢4)  y(0) =0 +mf (25,47, )
)=o) =4 (3.11)

for each |¢}| < rQ.

Remark. Notice that we have introduced the parameters 2%, y9 and ¢ that param-
eterize our starting disk.
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Under some assumptions, we are going to see that these problems will have a unique
solution that will depend on all the parameters:

c_(t) = c,(t;T;xi,yg,cg,xi,yi,c?r)
x_(t) = x_(t;T;xi,yg,cg_,xi,yi,cgr)
y-(t) = y-(t;m5 a8, y0, 2y, )
vy (t) = a (2l oyl Lol v, )
ys () =y (60, yl, &2l v, cl)
ci(t) = cp(tsmsal,yl, ol vl )

Next we will have to check that our solutions really start in D5 for ¢ = 0. That
means two things:

e The range where the future hyperbolic coordinates lie is large enough to con-
tain the solutions:

2 (0)] < gy (0)) <y,

e The introduced parameters must match with the solution for ¢ = 0. For cg
this is true by construction. For z% and 39, they must be chosen as the ones
that solve the following equation:

o) = 2,.(0) = 2, (0; 2%, 90, & 2ty )

¥} =y (0) =y (0,525, 91, %, 2%, v, 5

Once we have checked these conditions, we only have to compute all the family of
solutions at t = 7. It will be a disk, that we will call the outgoing disk, in the right
place (contained in S; defined in (3.9)) and so, with two dimensions less.

Finally we will see that outgoing disk flows close to the outgoing heteroclinic until
it reaches the proximity (distance o) of 7;+1. Then we will change the coordinates
to the ones that refer the dynamics to the motion of the next periodic orbit, 71,
and check that the transformed disk, D57}, has the appropriate structure for a disk
in the following step.

That means that we are looking to prove the following recurrent generic result:
There exists a subdisk of the generic incoming disk, D%, such that, after the action
of the flow for a time 7®®" it contains the disk generic incoming disk for the next

gen
step, Dj+1'

3.3.1 The prediction of the linear part

The first approach that we want to do is to check whether our argument is feasible,
when we just consider the linear part of our system. This will be useful for two
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reasons. The first one is just because if our argument does not work with this
simpler system we can neglect it as not feasible. The second one is because it will
give us a quantitative prediction on many aspects, as the sizes of our coordinates.

Of course, we are not going to consider only the linear part of system (3.5)) around
the origin, because there are not heteroclinics in linear systems. The idea would
be to combine linearization around different solutions: the fixed points and the
heteroclinics. Since the coordinates we are working with are local, we will need
to include changes between the local coordinates that refer the dynamics to the
motion of one periodic orbit and the ones that refer the dynamics to the motion of
the consecutive periodic orbit. For these changes we will consider only their linear
part.

So, fix j € {3,...,N — 2} and consider the local coordinates around 7; and the
generic incoming disk of Definition [6]

0 0,0 0
e Tz 7o and 7

Up to now, we do not have a good idea of the size of r P b 0

Y+
r8+ . besides the fact that they are all smaller than o in order to have a disk truly
localized close to the incoming heteroclinic. As we have said, we will call these sizes
microscopic. We plan to obtain a good guess for this size considering the linearized

system.

T

We are now ready to study the flow of D" around an equilibrium point. As we
have said, the tool that we are going to use will be a Shilnikov argument. Since we
are close to the origin (the largest variable has size o that is small), it is reasonable
to linearize the system around it. That means to consider:

ty = V3ry
Y —V/3ys (3.12)

ék = 1Ci

Once we have determined the system we must define the Shilnikov data. We are
going to take the data defined in (3.11). A particularity of the linear system (3.12)
is that the equations for the components are completely uncoupled. So, to consider
a Shilnikov problem is equivalent to consider an initial value problem for each com-
ponent, and thus, there exists always a unique solution. In our case, for each c(jr in
its range, the solution of this Shilnikov problem is given by:

c—

=e'c_(0) = e''mj (m?r,yﬂ)r,c(jr)

= oY (0) = eVmp (29,49, ¢2)

(t)
(t)
y_(t) = ey (0) = e (0 + mb (2%, 4}, ¢%))
24 (t) = 24 (1)eV3) = (0 4 27) V3T
Yo (t) = yy (1)e V3T = gyt VAT
e (t) = e (0) = el

61



3 Applying the new scheme to the Toy Model System

62

where the functions mg~, mg~ and mg~ define the disk D™ from Definition [6}
As we have said, the first thing we have to do is to determine the values of 2% and y9
in order to match them with the beginning of a solution. We recall the equations:

.I'g_ = l‘+(0) =X (0 5 [L‘+,y+703_,l’+,y+,cg_)

y(JJr = er(O) Y+ (07Tax+7y+7cgrax+7y+u Cg)

Again, due to the uncoupling of the system, these equations become trivial in our
linear situation:

ZL‘ =2z.(0) = (U+CC+) —Var
y) =14 (0) = eV,

and we can already write the expression of the solution if we take such values for
the introduced parameters:

—e'm (o + o) e yreV ™, o)
= e¥¥mg" ((0+~"ffi) e, +>

Sl (o4 a3 e e )

~— — ~— ~ ~ ~
D

After that we can already think on sizes. First of all, we recall that we need to
check another condition on the sizes of z and y, for ¢ = 0: the range in D?en must
contain these values. That means:

). > 2,(0) = (o +27) e Vo ry, >y (0) = yie‘/gT. (3.13)

T4
Assume for a moment that the inequalities are fulfilled. We will come back to that

later.

For the central modes (both past and future) we see that the evolution does not
change its size (it is a rotation). So, up to now, we only know that their sizes for
t =0 and t = 7 should be microscopic.

From the expression for the largest components, y_ and z, we can give a first
approximation of what we mean by microscopic size. Indeed, evaluate y_ at time

t=rT:
y_(t) = e V3 (a +my ((O’ +xi)e STyt eVsT, +>>

Since we expect that the deviation of y_(0) with respect to o will be small (micro-
scopic) the dominant part of this expression is given by oe~V37. This size cannot
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be improved so, if we want all the components to be microscopic at t = 7, we must

define:

microscopic ~ oe V3T,

This is a first approximation of the size and a minimal value: we can allow (a little
bit) larger microscopic sizes.

Once we have determined a bound for this microscopic value, we look at the small
coordinates, x_ and y,. We want them to be smaller than microscopic at any time
during the transition. Consider, for instance, the component x_. The maximum
value that it will achieve is for time ¢t = 7:

v () = i (o +a3) e e &)

The first guess is to set x_(0) at zero. When one only deals with the linear part
this is possible, however this is not longer true when one considers the full system.
So, if we want this component to be microscopic and we are not allowed to set it at

zero we will need z_(0) to be smaller than microscopic, say nanoscopic, that will be

defined as

nanoscopic ~ ge 2V,

As a summary, we have introduced two different sizes, the microscopic and the
nanoscopic. However we recall that the sizes for the future hyperbolic coordinates
at the origin must obey (3.13). That means that we will need to allow larger sizes
for the future coordinates.

After this discussion on sizes, we come back to our argument. Notice that we have
captured the part of the incoming disk that ends in the desired location: the family
of solutions really start inside D5 and after a time ¢ = 7 is included in the section
S;. In addition, they form a disk over the central future coordinates:

a??en ={2€S8; ic.=e"my" ((0 +ai)e fT;Z/jr Ve, +)
v =T (o4 ay) eV yeV ™ ),
y = e V3" <a ol <(g + ") e—\/§r7yie\/§f’cg)r)> ’
Ty =041y
Y+ =Yy,
ir 0

cp =e’cy

C

|c+,k;| < 7’0+,k for j+2<k< N}.

Notice that the disk is parameterized by the central future coordinates at t = 0. We
want it to be parameterized by the central future coordinates at time ¢ = 7. This is
not a problem because we can invert these coordinates through

ir 0
C+—€ C+’
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and obtain the generic outgoing disk:

& ={2€S8; e =mf (cy),

T

T = m£7 (C-i-) )
Yy- = m’ﬂyf (C-‘r) )
Ty =0+
Y+ =

eyl i, for j+2<k < N},
with
me () = e my (o +a) e V7 yieVor e ) 7

mi (ey) = Ym0 +a) e fﬂyi fﬂ )

We only need to take r7, , =17, .

Now is the time to flow close to the heteroclinic orbit. Following this argument we
must linearize the system around the solution defined by the heteroclinic, that is:

c=0,r_=y =y, =0, 2, =2"(¢).

If we ask 2" (0) = o we have:

f= !
1+ e

1 1—o0?
l'}_:_(T) = \/1—0'2 fOYT:%IH (0_—20-)

So, we write a = x4 (t) — 2" (¢) in system (3.5). Now the origin with respect to
the variables (x_,y_,a,y,,c) will correspond to the outgoing heteroclinic. If we
linearize the system we obtain:

) (R ()

( ?Ji ) - ( ¢§—3\0/§xf;(t)2 —\/gfg&%i(t)z > < " ) (3.15)

Cjyo i 2iwz” (t)? Cj42
- - . _ 316
( Cjy2 ) ( —2iw?z" (1)? —i Cj2 (3.16)

and
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()= (3 2) () mremuzies o

Notice that the system is no longer diagonal. The main problem that we face now
is that we cannot solve equations and (3.16). So we have two options. The
first one is to forget about this linearization and to consider the flow close to the
heteroclinic just as a translation:

24 (0) = 2 (T)=vV1—02+2.(0) — 0,

and the identity in the rest of the coordinates. The second option is to solve whatever
is solvable, use the solution as an approximation of the real system and to consider
the identity as a solution for the equations that we cannot solve.

Since the second option will only introduce tedious computations we will take the
first option. It is enough for the kind of argument we are using.

If we compute the image of our disk d5™ through this translation we obtain the
generic final disk:

d?en’T ={ze€S§; :c. =m{ (cy),

x_=m7 (cy),

y- =mi (c4),

zy =V1—02+ xl
Y+ = Y5

cipl <rl forj+2<kE<N;.
) Crk

Now we have approached the vicinity of 7;;,. To continue with this argument we
must change the coordinates into the ones that refer the dynamics to the motion of
the (j+1)-th periodic orbit using Lemmal[7] If we linearize that change of coordinates
around the end point of the heteroclinic we obtain:

6k = WCk

~ _ 2
Cj—1 = T— +w Y_

T_ 0 T, —\1—02 ) 0 -

~ = + D + ) with Dy = ot 1-o

( y_ ) < o ) * ( y+ 8 ( - 10’ - 2()’\/1—0’2

~ \/3 \/g
Ty Cjt2 ) — 2 V2i
. =D 72 ) with Dy, = 3 3
(5:) o () w5, )

The first thing that we need to check is the transversality condition (3.6). Before
the change we have some free coordinates, all the central future c¢,. Now we will

—
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need free coordinates in the following step defined by f;+1 = (T4, 9+, cfj+1). That
means that we will need a one-to-one relation between each point. Since the change
of coordinates is not defined as the identity we have to check that some minor of
the global matrix that defines the change of coordinates has determinant different
from zero, in such a way that we can invert the map if we restrict it to the free
coordinates. That is:

In our case, this condition is fulfilled since the minor is bidiagonal.

If we compute the image of d®*™7 through this change we obtain:
D]gj_nl = {Z € SJ i = Th(c]_ ([i‘+,g+,6+) s

Gio1 =mg (T, Gps Gy )

To=my (T4, ¥4,C4),

g =1y (T4, 9+, C4),

24| <7,

S ~2+;

Gral <72, for j+3 <k <N},

with
m(c]_ (j-i-? g-i-? 6-‘!-) = wmi* <C+)7

0 (iJr? g+7 é+) = mf_ (C+) + Wng_ (C+) ,

77~"L0
~ T~~~ o *
my (m+>y+7c+) = my-&—a
) Vi-a? |
- X

I 1 .
My (T4,04,64) =0 o ++ m%ﬁ

Notice that we are writing the functions that define our disk in terms of ¢, instead
of (Z4,7, ¢y ). However, due to the transversality condition we are sure that we can
invert the transformation in these coordinates and, then, reparameterize the disk in
terms of (Z., 7., c.).

Finally we only need to define the range where the new future coordinates lie. For
the central future coordinates the change is just a rotation, so it does not change
the size of the range and we can take fgﬂk = r¢, - For the new hyperbolic future
coordinates we deal with another difficulty: a complex coordinate has split into two
real coordinates. Since we want to define a domain by the product of intervals,
that means that we are changing the norm, from ||.||2 to ||.||c. Since our new
domain (a rectangle) must be strictly confined inside the image of a ball, we take
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Cjyo =1L J_Hei‘)f+2 and compute the image of such a point (as we have explained in
Lemma 8] condition (3.8))). To obtain this, we first need to invert the equation and
get upper bounds:

Cjy2 = WTy + Yqy

Cja| = Wiy + Ju| = /T3 + TF — T4 04
R .
< \/;||(x+,y+)||2 < \/§||($+,y+)||oo-

Now, we see that if we select our domain defined by |[(Z1, 74 )|/c0 < \/?grcTHH our

T

Ct,5+2° In

domain will be defined inside the image of the original circle |cjio| < 7
other words, we are taking:

Ty = 3 Crat2’ Ty, = 3 Cit2’
Remark. Before dealing with the complete non-linear system we want to point out
some facts:

e There is no geometric obstruction in following the sequences. Everything works
for the linear part.

e In this trivial situation, we can obtain explicitly the expression of the map
that defines a disk in terms of the previous ones. This situation will not longer
be possible when we include the nonlinear part. We will only work with the
bounds of these functions. Then, whenever we say that some disk is contained
in another we will mean that the transformed range for the free coordinates
will be contained in the range for the new free coordinates and that there
exist functions that parameterize the image disk. We cannot give explicit
expressions but precise estimates for these functions.

e This computation has allowed us to predict the sizes of our disk. However
we will need to modify them for many reasons that we will explain when we
define the proper incoming disk.

3.4 The implementation adding the non-linear
terms

Once we have proved that the argument is feasible with an approximation of the
system we are going to reproduce it for the complete one. Inspired with the estimates
of the study of the linear part, the first thing that we do is to give the values for
the sizes. However, as we have said the values will change slightly. More precisely
we define the incoming disk as follows:
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Definition 8. The incoming disk is defined as

Dj = {Z € S?V cC- = m87($+,y+76+), r_ = m37($+,y+,c+),
yo =0 +my (T4, ys,cy)

’er’ < T’g+7 ‘er’ < T2+7 |C+7k‘ < TSJch }7

where we assume for the past coordinates:

1

‘mg’vk(x+,y+,c+)‘ <rl L= N—saTk«fe_*/gT for1<k<j—1,
o 1 1,
|m8 ’ 2($+,y+,c+)’ < Tt(l)f,jf2 - N — Barzkje \/gTa
|m§*(x+,y+,c+)| < rg_ _ Mkje_g\/gT’
1
Imd= (24, ye,c)| <10 = =02,
-2

and for the free future coordinates:

rg+ = 20’Te_\/§T,
0 :2UTe_‘/§T,
Y+
1
0 _ k: —ei\/3T .
r0+,k_N_307Je J for j+2 <k <N.

We first notice that we have multiplied the established microscopic and nanoscopic
sizes by a factor that depends on the time 7 (the flight time close to the periodic
orbit or equilibrium point). The reason is that our system contains resonant
terms of order three. That could generate a factor in the solution of polynomial type.
Since the resonance is of order three, the largest coordinates that play a role in the
transition, y_ and x,, are not affected by these terms. However, the components
that we need to be very small all the time (at least microscopic) are really affected
by this resonance. Then, the second approach would be to define the microscopic
and nanoscopic distances as:

V3r 2\/57'.

microscopic ~ ore” nanoscopic ~ ore"
This modification is motivated by the study of the passage close to the equilibrium
point. However, as we can see it does not correspond with the election in the
previous definition. We need to include a factor in terms of a power of 7. The
reason of choosing that is because, then, we will have different sizes depending on

the step:

MiCroscopic; ~ ke V3T nanoscopic; ~ orkie™2V3T,

Since we do not have a translation for the flow close to the heteroclinic and the
change of coordinates between consecutive periodic orbits is not linear, we will lose
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accuracy, in such a way we could not guarantee that a component initially micro-
scopic will remain microscopic for the next step if we have the same definition for
that size for all the steps. To counteract this loss of accuracy we will take:

k?j < kj+1 .

Finally, we will need to include another parameter to counteract the same loss but in
the other direction. For the future coordinates we are restricting at each step their
range since we always want some disk to be contained in the image of the previous
one. So we have a decreasing sequence of ranges. We will solve this issue including
a sequence of small parameters € for the free coordinates:

€ S €j41-

After these considerations we can write the recurrent result in a concrete way that
we are going to use to prove the Theorem [§]

Proposition 1. Assume that 1/2 < €; < €41 < 1, k; < kji1, 0 is small enough
and 7 s large enough. More precisely, o, 7, k;, kj11, € and €41 satisfying —
(S14), (Sh1*)-(Sh6") and (RI)-(RE). Then, there exists a subdisk of the incoming
disk D; such that, after the action of the flow for a certain time 7 4T, it contains

the incoming disk for the neat step, Dji1, for a concrete expression of the functions
that define the disk.

We have already explained how we are going to prove it. As we have pointed out we
are going to split the argument in two parts. The first one concerns the study of the
flow close to 7;. It is in this step where we properly connect the incoming heteroclinic
of 7; with the outgoing one. This is the singular part of the problem since we do
not follow any known solution of the system. We will need to find a solution that
contours the periodic orbit 7; through the Shilnikov Theorem. The second part
corresponds to the reqular part of the problem. We just need to flow close to a
known solution of the system, the heteroclinic, in order to reach a proximity of the
following periodic orbit 7,41. More precisely, we are going to prove Proposition
through Propositions 2] and [6] At the beginning of each part we are going to define
the intermediate disk that will contain the evolution of the present one.

3.4.1 The singular problem

In this part of the proof we have to connect the incoming and the outgoing hetero-
clinic in a small but macroscopic neighborhood of the origin. Our starting point is
the disk D; from Definition [, The final disk will be the outgoing disk, that will be
located close to the outgoing heteroclinic and will have two dimensions less, since
we fix z, and y,:
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Definition 9. The outgoing disk is defined as

dj={z€ 8 :c. =mi(cy), x- =mi (cy), y- = m¥ (cy)
rp =0 +mit(cy), yy =mit(cy), lerpl S, 1,
where we assume for the past coordinates:

1

Imz*(cy)| < e .= ~ 3 3arkjﬂe’\/gT

me=(c)| <17 = orkiteVe

[mi= ()] <7 = o7t e

mZ*(e)] < 7f, = 0%V

MY (ep)] <77 (cjyn) = 22 RtDe 237 e, )2,

and for the free future coordinates:
1
Tey o = N 30(1 —V30(1+ 0))Tkje_5j*/37.

Remark. Notice that now 77, is a function. We do not want to give an absolute
estimate for this coordinate and forget about its dependence. This is because in
terms of the maximum size of ¢; 2, the estimate for ), will be very large and will
not allow us to complete the argument. Recall that y, is a component that is
supposed to be nanoscopic and we need it nanoscopic after the transition close to
the heteroclinic, since it will correspond to z_ in the following step.

Proposition 2. Assume o is small enough, T is large enough and 1/2 < ¢; < 1.
More precisely, o and T satisfying inequalities (S1))-(S14) and (Sh1*)-(Sh67). Then,
there exists a subdisk of the incoming disk, D;, such that after the action of the
flow for the time T 1t contains the outgoing disk, d;, for a concrete expression of the
functions that define the outgoing disk.

As we have said we are going to use the Shilnikov scheme to prove such a result.
However, in order to prove a Shilnikov theorem adapted to this problem it is nec-
essary an additional ingredient. Since we have a partially hyperbolic equilibrium
point we know that there exist some manifolds that, roughly speaking, determine
the different dynamical behavior. To prove the existence of a solution and good
estimates for it in the passage close to the equilibrium point, we will need these
manifolds to be straightened.

3.4.1.1 Straightening the invariant manifolds

When one deals with a linear system, everything is easy for many reasons but the
crucial for us is the uncoupling of the equations: the variables associated to the
eigendirections depend on their initial/final condition so, the system becomes an
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initial value problem for these components. That means that, on the one hand,
there will always exist a unique solution. On the other hand, this uncoupling leads
us to distinguish very well the hyperbolic behavior of the directions. We say that
we are working in the correct coordinates.

When one includes the nonlinear part of the problem generically one loses this
uncoupling that allows us to distinguish the stable and the unstable directions in
the current variables. However there exist invariant manifolds that reproduce the
same behavior of the linearized system. Then, if we take adapted coordinates to
these manifolds we will recover the uncoupling phenomenon.

Applying the theory of invariant manifolds (see [ARG7| for a detailed explanation)
to system (3.5)) we can determine the existence of three analytic invariant manifolds
that can be written, locally, as a graph of a function:

W ={(z,y,¢) : z+ = ¢+(y,c)} center-stable manifold

W = {(z,y,¢) : yx = ¥+(x,c)} center-unstable manifold
W= {(z,y,¢) : 2 = x"(c), y= = x*.(c)} center manifold

that satisfy
We C W and W C W

In [CKS™10] the authors do not need to do this step. Probably it is because the het-
eroclinics coincide with some axis and, hence, the manifolds are already straightened
in the directions of their interest. However, if we did not know that the heteroclinics
are already straightened we would need to straighten the invariant manifolds. That
means, that we are producing an argument (the Shilnkov Theorem) that could be
applied to more general systems, once we have straightened the invariant manifold,
which is a thing that we always can do.

On the other hand in [GK15| the authors perform directly a change of coordinates
to a resonant normal form (that includes, of course, this straightening). For our
analysis we will stop in an intermediate step as we will see.

Lemma 9. The change of coordinates that straightens the invariant manifolds and
its inverse have the following form:

& = - —¢_(y,0) v o= & +0 (1m0
n- = y-—P_(z,0) N y- = n-+¥_({n.0)
£+ = Ty — ¢+(y, C) Ty = €+ + (I)Jr(éa U C)
Ny = Y+ —Vy(z,0) yr = ny + V(&m0

where the non-linearities are functions whose Taylor exrpansion around the origin
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begin with terms of order three and can be written as:

[90 Yi(z,c +|C]:I:2| Ui (2, €)

(C i+2 T Cjt2 Cjﬂ %) VP (re,¢) +i(c] Cita — Ciz) U3 (@, c)]
=yt [120% (1, ¢) + |cjeal* D% (1. )

(C o+ Cixa) O (yx, c) + (C?iZ —Ci12’) o5 (e, 0)],

. b b .
with VY, @57 functions of order one and

Vo (&,m,c) =& [ETL(En, ¢) + |cjea] > TL(E m, €)
+ (C?i2 +Caa) V(& m,0) + i (C?iQ —Gz2”) VL&, m, )
+€$773F\p§t(57 n,¢) + 77:2F\Ij6i<5777a C)}
s [ETLEn, ¢) + |ejea|* TL(E m, )
+ (C?i2 +Caa) VE(E,m,0) + i (C?iQ —Gz2) V(€. 0)
+ &F?ﬁqjlil(gﬂ% c) + 77:2F\I’1i2(fa 1, C)]
Oy (&, m,c) =ng [2PL(Em,¢) + |ejual* PL(E, . 0)
+ (C?i2 +Caa’) PL(Em,¢) + i (C?i2 —Gz2) (€, ¢)
+51F771(I)i(57 n,¢) + g:ZF(I)?t(fa U C)}
& 216, ¢) + |ejunl” PE(Em, )
+ (Fip +Gx27) PL(E my€) + i (Chan — T=27) (&, )
+ Ene®L (€,m,0) + fiq)f(f,m )],

1,2,3,4 1,2,3,4 4
with W and 77" functions of order one and

\:[15’6 @5,6 - 02 (g:b N+, CjZFQ)

7,8,9,10,11,12 =7,8,9,10,11,12
vy , DY =0, (§:F777$7Cji2)-

Remark. This change of coordinates keeps the invariant subspaces L_, L, and Ly
for all k.

Once we have performed this change of coordinates we realize that it is not enough.
If we want to produce a scheme for the whole transition chain we need to kill some
terms in the system. These terms are not resonant and can be eliminated with a
step of quasi-normal form.

Lemma 10. The quasi-normal form change is given by:
E = +&mn ) am™
n=0
Ny =ny +&m-&- Z b

n=0
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We are not going to present a proof for this result. However it is easy to check that
the change will only contain the kind of terms that we want to eliminate from the
equation.

Remark. We are going to abuse notation and write £_ and 7, instead of £_ and 7.

With these coordinates we can identify easily the invariant manifolds while keeping
the invariant subspaces remarked above. As a summary, we have the following
invariant subspaces:

W ={ = =0 Wi={n-=n.=0} W={{=n==n =0}
Ao ={ =n-=0} Ay ={& =ny =0} A = {cr = 0}.

We are going to define now the straightened version of our incoming disk:

Definition 10. The incoming straightened disk is defined as

Aj = {Z < S]]V 0o = l’[’(c]_(g+7n+ac+)7 5— = Mg_ (§+,77+,C+)7
n- = U+N87(§+>7)+7C+)7
€l < gy, Inel < b lesnl <02, 3,

where we assume for the past coordinates:

1 kj —V/37

C,7 0 _
o (& s eq)] < Pes =537

‘”gf (€+”7+’C+)‘ <) =o(l+o)rhe 2V

’u37 (f+,77+70+)‘ < Pg, = 0_27

€

and for the free future coordinates:

pg+ = gre Vo7
p2+ = gre V7
1 Y
PSM =N 3071@6—9\/&

Proposition 3. Assume o is small enough and k; is large enough. More precisely,
o and k; satisfying inequalities —. Then, the image of the incoming disk,
Dj, through the changes of coordinates defined in Lemmas [ and contains the
straightened incoming disk, A;, for some concrete expression for the function that
defines the disk.

Proof. Since we want to compose two changes we are going to introduce an interme-
diate disk. This disk will be exactly the same for all the components than A; except
for £, &, and 5. On the one hand we recall that the changes are the identity over
c. Then we can take the same sizes for those coordinates:

0 _,.0 0 _ .0
pc,,k - Tc,vk chﬁk - Tch,k‘
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For ¢j_5 we are not taking the equality but something larger, but the inequality goes
in the good direction.

On the other hand, from the expressions of Lemma [9] we can see that there exists
K > 0 such that:

[V (2, 0)] < K [ (Jol* + |ejaal”)
[0+ (y, 0)] < K |yx] (‘yx‘Q + ’Cji2‘2)

Then, for the hyperbolic future coordinates we have:

& — o4 <K |yy] (|y,]2 + ‘Cj+2\2)

1 \2
SKT‘;L (02 (1 + 50) + 02>
2.0
<3Ko Ty,

ny —yy| <K oy (‘$—|2 + |Cj+2‘2)
SKT2+ (02 + 02)

§3K<727“g+,
if
1 \2
(1 + 50) +1<3. (S1)
Now assume that 3
1-3Ko*> T (S2)

Then, for ;. and y, in the boundary of their respective domains, we have:
3
£ > (1—3Ko*)20re V3 > Sore V3T
ne > (1 —3Ko?)20re V3 >

Then, it is enough to take:

* 3 —V/37
Pe, = 507’6 V3

* 3 —V/37
p77+ = 50'7'6 V3 .
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For the hyperbolic past coordinates, we have:
2 2
-1 <o |+ K ly-| (Jy+ " + lej—])

1 1
Sm_kje—zﬂr + Koll+ -0 4027_26—2\/§T+ Oszje—zﬁT
2 (N —3)2

1 1
kj ,—2/3T 2 -
<or"e (1+K0 <1+ 20) (4+ (N—3)2)>

1
§a7'k-7'e_2‘/§7 (1 + 5Ko? (1 + 50))

1
SaTkje_Q*/gT (1 + 50)

- —o|l <|y- — o+ In- —y-|
]- 2 2 2
<50° + Ko | (Jo4 " +lejaf)
1
§§0'2+2K0_3
<o?,

if o and k; satisfy:

10Ko (1 + %a) <1, (S3)
10K <1, (S4)

To finish the proof we need to perform the second change of variables driven by a
quasi-normal form. Increasing the value of K, if needed, we can assume that:

‘é—’ <N+ K& | In-] [n4]
e — 0| < K& | In-| €]
Then,

2 4
<o(l+ U)Tkje_2\/§T,

- 1 9
[ orhie VAT (1 + —0) +K-0(l1+40) o212 2V3T

if o satisfies: 9
§KO'<1 +0) <1 (S6)
For 1, we have:

3
7+ = 4| < 3K02§Me‘ﬁ7

Taking that into account, we obtain

3 33 9
Ny > (1 — ?)KO'Z) §are_‘/§T > Z—léare_‘/gT = gare_\/gT > aTe_‘/gT,
that is the desired bound for this coordinate. O
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Next we compute the expression of system (3.5)) in these new coordinates:

Lemma 11. Denoting £ = (£_,&4), n = (n-,n4), ¢ = (c1,...,Cj—2,Cjt2,...,CN) €
CN=3 and z = (§,m,¢), the system . ) becomes:

£ = V3&+ RE(En,¢0)
Ny = —\/57& + R™(&,m,¢) (3.18)
¢y = icp+ R*(&,m,c)

where the nonlinearities have the following expression:

Rfi (ga U C) = giRunc(& n,c ) + gZFn:tRcoup(g:Fv m, C)
R (éa U C) = RZic(é-? n,c ) + nq:g:tRcoup(gv Ue C) (319)
Re* <§7 n, C) = CkR (§7 1, C) + EkRSk (57 n, C)

with
unc(g n,c ) (Z) Rigup(g-‘rv n, C) =0 (5-!—7 77—21-7 C2)
Rh(6m,¢) = Oa(2) R, (6-,m,¢) = O(E_,n,¢)
unc(g nc ) OQ(’Z) RZEup(fa N+, C) = 0(57 N+ C)

RZ;C(f?ﬁ? C) = 02(2) Rzg—up(&n—v C) =0 (63777—7 62)

Rik (57 7, C) - 02(2) R;k (57 7, C) = OZ(Z)

Proof. Notice that the changes defined in Lemmas [ and are defined as the
identity plus some function of order three. Such changes keep the linear part of the
problem, so we only have to check that the nonlinearities have the expression of
(3-19). We split the nonlinearities in terms of the uncoupling and coupling terms.
For instance in the equation for £ we divide the nonlinearity in two parts: the one
that depends on £_ and the one that does not. Recall that the system must show
the invariance of the center-stable manifold W = {{_ = &, = 0} and the mode
invariance A_ = {{_ = n_ = 0}. This implies that the part that does not contain
&_ must contain as a factor the product of £, n_ since the equation must vanish in
these subspaces. This argument is analogous for the rest of hyperbolic coordinates
and, taking into account that the nonlinearities are of order three, we have already
proved that the equations for n_ and &, have the desired form.

For the equations of the central modes we have nothing to say: since in these
variables the change is the identity we are only assuming that the nonlinearities are
of order three and keep the mode invariance.

Finally we have to justify the expression of Rcoup and Rl;,,. Notice that its de-
pendence in the central modes, ¢, in terms of ¢® is reasonable since the original
system has this kind of dependence. This property also can be checked for
all the components. However, since we only need this assumption for these small
coordinates, £ and 7., we will keep the more generic situation when proving the
Shilnikov Theorem, in order to obtain Theorem that can be applied in a wider class

of systems.
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To prove the other assumptions we are going to restrict our argument in the &_
component. The argument for 1, will be analogous. The first property to check is
that RS, does not contain terms of the form 7™ (&% for the 7 equation) for any n.
This is a consequence of the form of the original system which does not contain the
equivalent terms. Again, we could assume it for all the hyperbolic coordinates but,

for the sake of generality, we will only assume it for the components that require it:
& and ny.

The only requirement for the Shilnikov Theorem that we cannot assume taking into
account the expression of the original system is that RS, does not contain terms of
the form 7, n" for any n. Indeed, these kind of terms appear in the original system.
However they are non-resonant terms and are the kind of terms that will be killed

through the quasi-normal form change from Lemma [

Remark. As we have stated in the proof we want to recall that we are not breaking
symmetries that originally appear in the Toy Model even if it seems so when we look
at those expressions. We are only writing the minimal assumptions that we need
for proving the Shilnikov Theorem.

3.4.1.2 The Shilnikov theorem

Once we have performed the changes of coordinates above, we are ready to connect
the incoming heteroclinic with the outgoing one close to the equilibrium point. As
always, we start defining the final disk of this part, the outgoing straightened disk:

Definition 11. The outgoing straightened disk is defined as

5j = {Z c SZJV L C = /Lf-_ (C+)7 5* = ,Uf._ (C+)7 n-= MZ_ (C+)

=0, =0, |epp| < PZM},

where we assume for the past coordinates:

1
et e S P, = rgom e
|5 (ex)| < pp = orhitlen
2 (ep)| < . = o7t

and for the free future coordinates:

: 1
pC+,k:N_3

o(1—V3o(1+ a))Tkje_€j‘/§T.

As we have said, to connect both disks we are going to use a Shilnikov scheme. We
notice that our Shilnikov problem is different from the standard one:
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3 Applying the new scheme to the Toy Model System

e We are generalizing the Shilnikov problem to a non hyperbolic equilibrium
point, that is the case considered in [Den89| and [Shi67].

e We are not using the standard partition in initial and final conditions. When
one considers a Shilnikov problem for a hyperbolic equilibrium point, the stable
coordinates are fixed for time t = 0 while the unstable are fixed for t = 7 as
in [Den89| or [Shi67].

e We always keep the linear part of the solution as a reference. That means, for
instance, that we are not going to get optimal transition times. To get them,
we would need to use resonant normal forms as in [GK15].

Considering the previous modifications we can state the Shilnikov problem that
guarantees the existence of a solution to a Shilnikov problem:

Theorem 9. Let vy > 0 and such that:

14K 1
—(1 e < <. Sh2
Let 1/2 <e<1,0<v <7, k>0 and 7 € R such that:
2v/3
> —\3/—, (Sh3)
?ﬂf“e—eﬁf <1, (Sh4)
1
_VTzk—16—\/§T <1, (Shb)
18
1”yT%’le(l’Qe)ﬁT < 1. (Sh6)

6

Take g—,(b -0, §+,17 N+ € R and C - (Cla SRR Cj—27 <j+27 s 7CN> € CN_S; such that:

1 1
_ — < - Tke—Q\/gT 3 _ < -
€= ol Ve < 2\@7 17— 0l T < 577
= _ k —2\/57'
€41l = e < EW Neal = e < ﬁw e

— < k_—eV37
[ L bt

Then there exists a unique solution of (3.18)) defined for t € [0, 7] that satisfies the
Shilnikov data, that is:

£-(0) = §-0 n-(0) = -0
§o(m) = §r N (1) = N+1
Ck(()) = Gk
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3.4 The implementation adding the non-linear terms

In addition, the solution deviates from the linear solution in the following way:

‘é‘;(t) — &gV < %’y (75_ + %_Te*mT) eV (3.20)
- = 1w < 3 (30 + e ) e (3.21)
‘éJr(t) — &paeV3) < %’Y (’Y£+ + %’Vme\/gT) eV3t=T) (3.22)
(m(t) — e V3] < %fy <%+ - mTe‘MT) e V3(=T) (3.23)
|cr(t) — Gee™| < %7% (3.24)

We refer to the proof in Section in Appendix [C]

Once we have announced the theoretical result, we are able to prove the following
Proposition:

Proposition 4. Assume o is small enough, T is large enough and 1/2 < ¢; < 1.
More precisely, o and T satisfying inequalities (S7)-(S10) and (Sh1*)-(Sh67). Then,
there exists a subdisk of A; such that after the action of the flow for the time T it
contains d;, for a concrete expression of the functions that define 0;.

Proof. We want all the solutions that start in our initial disk A; and end, after a
time 7 in the section defined by {{, = o, ny = 0}. That is, for each ¢ € {c; :
ey | < p2, } we want to solve the Shilnikov Problem with data:

c—(0) =y (€3,m%,¢%) c(0) = ¢}
€(0) = 5 (€%,n%.¢Y) n-(0) = o + g (£2,mY, %)
§i(m)=0 n(r) =0

To prove that there exists a solution for each considered Shilnikov problem we will
apply Theorem [9] So we must, first, identify ~. Since the dominant coordinate of
Aj is n_, we are going to take v = 2v/30(1 + o). Tt is clear that, for all the possible
values of 7_ in the disk, we have

1
-l <o+p) <o(l+o0)=—

2\/57'

The next inequality to check is

€-(0)] € o(1+0)7he >,
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80

By the definition of A; this condition is fulfilled by all the possible values of £_ in
our disk if we take k = k;. For the central modes we have the bounds:

je-| <

1 1
30(1 + o)k Vo ] < 30(1 +o)rhiem VAT,

N —
so the conditions for these coordinates in Theorem @ are fulfilled if we select € = ¢;.

The conditions for £, (0) and 7, (7) are automatically fulfilled.

Recall that we need v < 7y with 79 and 7 satisfying conditions (Sh1)-(Sh6). In
terms of o, €; and k; these inequalities become:

o1+ 0) < BLK (Sh1*)

% (1+2v30(1+ o—))2 (2v3o(1+ a))2 < % (Sh2*)
T> 2—\3/5 (Sh37)

ga(l + O')T2kj_16_\/§T <1 (Sh5)

\/?ga(l + o) T0-2)VET < (Sh6”)

So, we can apply Theorem [9] and we obtain a family of solutions parameterized
by the initial value of ¢, (0) and estimates on the deviation of these solutions with
respect to the solution of the linearized problem.

It is clear that these solutions end in the desired section. However we still have to
check that all of them start at A; for ¢ = 0. On the one hand from ([3.22) and (3.23))

we have:
€0(0)] < ooV (1 +V30(1+ O')) < ogre V3T
7(0)] < ore V3 V30(1 + 0) < ore™V?7,
if
1+V30(1+0) <, (ST)
V3o(l+a) <1. (S8)

Notice that these maximum values are contained in the range that defines both
coordinates in A;.

On the other hand, we wonder which are the values that we have to give to the new
introduced parameters: €2 and 9. In order to have the family of solutions starting
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in A; we have to check that, for any admissible value of ¢} the following equation
has a solution:

( & ) B ( £,4(0) ) e (O EL L ),
0 = - oo
& 7+(0) ny (057, g€ S, %), ¢S
It is enough to check that
Owsms) o\ Ong "
0 <1 3.25
o, €, 0) ) e 3:29)

To prove above estimate we need to produce a result that gives estimates on the
derivatives of the solution obtained by the Shilnikov Theorem with respect to the
Shilnikov data. The proof for such a result is completely analogous to the proof of
Theorem [9] and this is why we skip it. Notice that the smallness is only required in
this factor of the product since we will assume that the function that defines
the straightened incoming disk, ;°, and its derivative are bounded in the compact
defined by the free coordinates of the disk.

Finally we have that our family of solutions begins at A; forming a disk, parameter-
ized by ¢’ If we compute the evolution of this subdisk for the time 7 we will obtain
a disk in the desired section (by construction) parameterized again by c(}r. We first
compute the estimates for this new disk.

For the center past coordinates, using the estimate (3.24]), we have:
()| < (1+ V301 +0)) 6] < (1+ V3ol +0)) p2_,
1
= N——3 (1 —+ \/ga(l —+ O')) O'Tkje_\/gT

1
< o SJTije—\/ﬁT

For the hyperbolic past coordinates, using estimates (3.20) and (3.21) we have:

S T
- pC,yk'

, 1 1 1
€ ()] <o(l+ U)e’\/gT [Tkﬂ (1 + 57) + 577’1 < grhitle V3T P

1 1
In_(7)] < o(1+ a)e V3 [1 + -y + —Vkae_‘/gT} < grhitle™V3T = Py s

2 4
if
(1+0) (1+2\/§a(1+0)> <1, (S9)
(1+0) (1+ga(1+a)) <1 (510)

Finally for the center future modes we cannot ensure the exact width that the disk
will have. However, we are going to compute a range that, for sure, the disk will
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3 Applying the new scheme to the Toy Model System

contain using the lower bounds from ({3.24). Take a point in the boundary, that is

ekl = P(C)M
(M) = (1= V3ol +0)) |l = (1= v3o(1+0)) p2,,

1
=~ 3 (1 —V30(1+ 0)) Thie=e V3T = Pey -

Notice that with these sizes we have already proved the Proposition. However, there
is a small detail left. Our final disk J; should be parameterized by ¢, (7). We can
solve this issue taking into account that the relation between c¢;(0) and ci(7) is
invertible thanks to the bounds (3.24). On the other hand, we do not have to check
the estimates for the rest of the coordinates in terms of this reparameterization
because the bounds are independent of c, k. O

This is the main result that we will use to prove Proposition Notice that we
have already lost the future hyperbolic directions so our disk has two dimensions
less. The only difference is that we have proved the result in different coordinates,
the ones for which the invariant manifolds are straightened. It rests now only to
translate this result in the original coordinates.

3.4.1.3 Returning to the original coordinates

We have now completed the most relevant result of our work. It is time now to
perform the inverse changes of all the changes of coordinates: the step of normal
form and the straightening of the invariant manifolds.

Lemma 12. There exists K such that, for points in the outgoing straightened disk,
the following estimates hold:

<& (T+KEn?)
ne| < KE&n-

(WL (&n, o) <K [|€a] (1€ + lejmal® + I (J€£” + [ne]* + |2
el (IE21 + [n£)? + lcja2l?) (€512 + In£]* + |ejan
1D(&,m,0)| <K [Ine| (Ine]? + lejaal® + &6 17 (1€ + Inel® + |ejze

)
*)
%)

)

Proof. We first perform the inverse change of the quasi-normal form change defined

in (10):
E =6 +&mn Y ann™
n=0

Ny =4 +&m-&- Z b3
n=0
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3.4 The implementation adding the non-linear terms

Notice that over our disk d;, we have 77, = 0. That means:

=—@n52% m=E f(no)

If we insert this fact in the equation for £_ we obtain:

=& +&mn Y am™ =6 (1+ f(&,n)9(Em-)),
n=0

and then
- 1
ST e D)
N =& . f(&4sm-)-

L+ f(&+,n)9(E+,m-)
Then, there exists K7 such that

el <& (1+ Kgin?)
Iny| < Kqé-&im-.

For the straightening change, using the expressions form Lemma [J] we have that
there exists Ky such that:

(Wi (&,m,0)] <Ko [[€x] (1661 + [ejzal? + n£ (1€ + In£]* + |¢j+2]?))
el (162 + 051 + lejeal?) (1627 + = + |ejz2)]
[D:(&m,¢)| <K [[ne] (Ing” + lejeal® 4+ &6 (1€ + 1n£* + |¢j72]?))
+&x| (In£? + €217 + lejeal®) (16217 + In5* + lej22]?)] -
Let K = max {K, Ky}. O

Proposition 5. Assume o is small enough and 7 and k; are large enough. More
precisely, o and T satisfying -. Then the image of the disk ¢; contains the
outgoing disk, d;, after the change of coordinates for a concrete expression of the
functions that define the disk d;.

Proof. Since the change in the central coordinates is the identity, we can take:

T T T

_ _ T
Tepw = Peys Te_x = Pe_y,

Using the bounds for £_, n_ and &, in the definition of our disk 5_] we obtain:

& < orhit ‘[T(l—i-KJ)
.| < Kot 2(kj+1) g —2V37
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84

Then,

[y-1 <[n- + %€ n.¢)| < [n-| + Ko* (|| + In-])
-] <€+ [P (&, 0)] < 6]+ Ko® (|| + [n-])

So, we have:
€|+ |n-| < ot eV (24 Ko?),

and we can take:

Ty —grhit2em VAT
T;_ :O'Tkj+2€_\/§7—7
if
1+ Ko*(2+ Ko?) <, (S11)
1+3Ko?+ K%* < 7. (S12)

The macroscopic component, &, is transformed as:
|.fl§’+ - O-’ §|(I)+(£77]7C>’ < Ko.3e*\/§T < 0267\/577

if
Ko <1. (S13)

Finally, the bounds for y, are the most delicate:

[yl <Inel + 194 (& m0)l < il + Ko ([6-1° + - + lejsal* + olne])
=M (L+ Ko®) + Ko (| ° + [n-[* + [ej4])
§K037'2(kj+1)e_2‘/57(1 + Ko?) + K372kt e=2var (2+ K?0* 4+ 2K0o?)
+ Kool

ngTz(ij)e—z\/ﬁr + |cj+2|2,

if
Ko (3+3Ko + K?c4) < 1. (S14)
O

After that we have proved Proposition [2| through Propositions and 5 just con-
sidering the smallness of o and the largeness of 7, explicitly defined in inequalities

(S1)-(514) and (ShI)-(Sh6E7).
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3.4.2 The regular problem

The second part of the problem is, as we have said, the easy one. In that part we
are going to follow a known solution of the system for a fixed time T": the outgoing
heteroclinic. This is also the last part of our inductive argument and it will include
the gluing with the next step, that is, the change of coordinates to the ones that
refer the dynamics to the motion of the periodic orbit 7;;. We shall prove that the
action of the flow for a fixed time 7" on the last disk of the singular part, the outgoing
disk d;, will contain the incoming disk in the (j + 1)-th step, D;;. We recall the
difference between two consecutive incoming disks is that the second one has two
dimensions less. Since we have lost two dimensions in the Shilnikov problem, the
dimension of d; and D, are the same.

So, the main goal of this regular part of the problem is to prove the following
Proposition:

Proposition 6. Assume that €; < €j11, kj < kjy1, 0 is small enough and 7 is large
enough. More precisely, o, T, kj, ki1, €; and €41 satisfying —. Then,
the action of the flow for a certain time T' over the outgoing disk, d;, contains the
incoming disk for the (j+1)-th step, Dji1, for a concrete expression of the functions
that define the incoming disk.

3.4.2.1 The heteroclinic channel

The first ingredient for the proof of Proposition [f] is the study of the flow close to
the outgoing heteroclinic. Recall that this heteroclinic has an explicit expression:

1
h
I+(t) = > )
\/1 + Lge2vat
and zero all the other components.

This solution starts at the macroscopic distance o for t = 0 and, after a time
1 1—o?
T=—n{—), 3.26
V3 ( a? ) (3:26)
it ends up at a point :zr’jr(T) = /1 — o2, that is, at a macroscopic distance of the

following equilibrium point.

The goal of this part, is to show our outgoing disk flows close to this heteroclinic
solution for that concrete and finite time 7. Since this time is finite a very detailed
argument is not needed as in the previous singular case.

The target disk in this part is the so-called final disk, d’, that up to a change of
coordinates, will correspond to the incoming disk for the (j + 1)-th step, Dj44.
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Definition 12. The final disk is defined as

={2€8, : co =my(cy), xm =m (cy), y— = my (cy)

vy = VI m (e v = mf (e),Jeaal <7}

where we assume for the past coordinates:

_ 1 L
" (ey)| < TZ_,k =N 307"““16 57
: V2 1 |
imy (c)| <7y = 5 N 307k7+1e 5T
. V2 1 .
|mgﬂ (C+)| < r;ﬂi = TN — 30.7_k3+1e V3
3 (e)| < 7, = g

and for the free future coordinates:

T _ -3
Teyion = 2V/307e
T —1 orhitlgTet1V3T
ko N —3 '

The main result that we will use to shadow the heteroclinic is based in crude Gron-
wall’s estimates and is the following:

Proposition 7. There exist K/, K;', K=, K{*, K**, K/, Ki+, K+, K" and
K+ depending only on o such that:

Ky lew(0)] < e(D)] < K ler(0)) -, y-)(T)]loe < K[| (2, y-)(0)]]oo
(D) < K4 [y (0)] + K2 (2, y-) (015 + Kl ej42(0)

|24 (T) = 2 (T)] <K7F|24(0) — 2L (0)] + K1y (0)]

+ K[z, y ) ()2 + Y - K2+ ]ai(0)
leP;

Since we are not happy enough with the maximum size of y; of d; we are going to
restrict it a little bit. We could not do this restriction before because it will depend
on the parameters from the above Proposition.

Definition 13. Let K, given in Proposition . The intermediate outgoing disk is
defined as

d}k = {Z c ’SJJV 0= mﬂc'_(CJr)? r_ = mf_(CJr)? Y- = m2_<0+)

T =0 mIt(ey), ye = mi(en), lensl <77, )
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where we assume for the past coordinates:

‘miﬁk (C+){ < r;k = N;_?)UT%-H(%—\/?:T

ImZ(cy)| <77 = orhit2e VAT

mé-(cy)| <7 = orhitRe VA

m+(ey)| <7, = o2e— V3"

M+ (eq)] < 77, = o?r2 KDV e )2,
and for the free future coordinates:

e = 2V3 oTe V3T

Ctj+2 Ky

Lemma 13. If 7 is large enough, or more precisely, T satisfies (R1|), then the
intermediate outgoing disk, d; defined as is contained in the outgoing disk.

Proof. 1f 7 is large enough to satisfy:

2V3 1
iaTe_ﬁT < —o(1— \/50(1 + 0))Tkje_6j\/57, (R1)
. N -3
Jj+2
then we will have r7* <7r7 . O
+,5+2 +,5+2

With this restriction we can give an uniform bound for y, in d}:

|m¥*(cy )] < o272kt g=2V3T —1_2 202726_2*/57
(K7v2)
< o202V (TZ(ijrl) n {2 272) '
(K712)

With this correction we are ready to announce and prove the main result of this
part:

Proposition 8. Assume that €¢; < €j11, kj < kjy1, 0 is small enough and 7 is large
enough. More precisely, o, 7, k;, kjy1, €; and €41 satisfying —. Then, the
action of the flow for the time T defined in over the outgoing intermediate
disk, d; contains the final disk, d;r, for a concrete expression of the functions that
define the final disk.
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Proof. We are going to use the bounds of Proposition

For the center past coordinates, if we take:
K;Tkj+1 S Tkj+1’
we will have:

1
T K'Jr 0 K’+ 0 K’+ k'JrlE*\/gT
|C ) ( )’ < k ’C ) ( )‘ < k'c_k N 3 k !

orkitie=V3T — rf_

g

<
- N-3

For the past hyperbolic coordinates, (z_,y_), if we take

V2 o1

Koot < g

we will have:

e (T)] < (|-, y=) (D)oo € K [[(2-,y-)(0)]|oo < KZorhst2e Va7

2 1
= \/T_N — 3”%“/267@ =7, .

The case for y_(7T') is analogous.

For the hyperbolic future but fixed coordinates, x,,y, we have:

Y4 (T)] <K |y (0)] + K2 (2, y-)(0) ] + K Tolejia(0)]
ng;jazefQ\/Er (TQ(ij) n {2 27_2)
(Kj+s)

12
+ Kg+0272(kj+2)e—2\/§7 + Kﬁz( - )2027%_2‘/37
j+2

SO’QTij e—2\/§77

if we take k;;, large enough to satisfy:

—12 272> + KY+p2k42) 4 vt —12 272 < gt

KU+ 7_2(kj+]-)_"_ /
" < (Kj2) ﬁz( 2
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|24 (T) = VI = 02| =|24(T) — 2" (T)
<K;'|v(0) — fc+( )|+ Kyt ly (0)] + K27 | (z—, y-)(0)]?
£ >R
leP;
<Ko%V
2 —2V/3 2(k;+1 12 2
+ Kjto%e T 72k )+ﬁ7
(K772)
+ K% g2 720k +2) o~ 2v/31
+ Z Kg*gZe_‘/gT
lEPj

SO—QTkj+1e_\/§T,

if 7 and k;;; are large enough to satisfy:

K+ + K:DJre—\/gT 7_2(kj+1) + 12 7_2 + Kf+7—2(kj+2)e_\/§7— + § K+ S Tkj+1.
T4+ Y+ K- 2 <
( j+2) I€P;

(R5)

For the center future coordinates, cy , with £ > j 4+ 2 we have to check that after
the heteroclinic our domain covers the domain defined in the final disk. On the one
hand, if we take €41 > ¢; we will have for 7 large enough:

Thit1ge VT < K, (1 — \/50(1 + 0’)) Thige VAT, (R6)
Then, for [cy x(0)| =77, ; we will have
era(D] = K7 e sl0)] = KirZ, = L ~—5Ki (1= VBo(1+0)) orbiema
> N 1_ 307”“1“6_6““[7 = TCJ”k.
For k = j + 2, we take [c;42(0)| = r7;" ., and then we have:
(D] = Kjles(0)] = Kjporly = 2V30me ¥ =l .

3.4.2.2 From coordinates referred to 7; to coordinates referred to 7,4

This is the very last step to prove Proposition [, As we have said we have already
a disk located in the desired place, close to 7;41. The only difference is that is
not expressed in the correct coordinates. The change of coordinates that we need to
perform is defined in Lemmal[7] However, we will only need the following estimates:
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Lemma 14. The change of coordinates defined in Lemma |7 satisfies:
o & =|ck| forke{l,....j—2,j+3,...,N}
o &) < V2[(z—, y-)lso

o (T4, U4)]|oo > \/Tg |Cj+2‘

Lemma 15. Assume v =1 — 02 +m, and y, = m,. Then:
P >1-0*+V1—02(2m, —m,) 1 <o’ —V1-022m, —m,)

and

Vo? = VT—a2(2m, —m,)
\/1 — 02+ /1 - 02(2m, — my)

7| < [y

|9 |
\/1 — 02+ V1 —-02(2m,; —my)
\/02 —V1—02(2m,; —my)
1—-02—o0.

\/1—02+\/1—02(2m$—my)

Again the proof of these Lemmas can be found in Appendix [C]

Proposition 9. Assume that o is small enough and 7 is large enough. More pre-
cisely, o, T, satisfying and . The image of the final disk d;; through the
change of coordinates defined in Lemma[7 contains the new incoming disk Dj., for
some concrete expression for the functions that define the incoming disk.

Proof. Notice that all the center coordinates ¢, for k € {1,...,7—2,7+3,...,N}
are transformed by a rotation. Then, we can take the same sizes before and after
the change:

r. =7, forke{l,...;7—2}

T
ok
r forke{j+3,...,N},

0
c_, C_ k
_ =0
Tepw = Tern

and this is what we have done.

After this change we obtain a new central past coordinate, ¢;_; that corresponds to
the previous hyperbolic past mode: (z_,y_). Through the corresponding bound of
Lemma [14] we have:
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! orhitie™ V3T = L orhitle”

) V2
|Cj71‘ SﬂH('IL.*?y*)HOOSﬂTN_B N_3 T le— -1

From the future mode c;2, we obtain the new future hyperbolic coordinates, 7

and §. Take |cjyo| =77 . Then, from Lemma [14} we have:
- V3 V3
(T4, 94) oo > ?’Cjw! = ?TZ,HQ
= 207¢ V3" = max (f&,f&)

so, the new hyperbolic future coordinates are covered by the image of the final disk.

Taking now into account the values of 77 and 7] we can apply Lemma knowing

that |my,|, |m,| < o?r*+1e~V37, For the first equation, we can take:
12m, +my| < 3o 2rkit1e V3T < o2,

and then

02 — V1 —0c%(2m, —my)

|z_| < r

N \/1—02+m(2mw—my) .
< Vo2 + 021 o2 T
T Vl-02—02/1—02 .
-y 14++v1-02 T
T Vl-02—02/1-02 -
< 20r§+.
So we obtain the desired bound if
20 < 1. (R7)

We have to be more careful with the expression for y_. Using the previous bound
we have:

~ T
’y* - 0-‘ SQUrx+
\/02 —V1—02(2m, —m,)
\/1 — 024+ V1 —02(2m,; —my)

Let v = 2m, — m,,. Then

v1—-o02—o0.

V1—o2
2 _\/1—-02 oy/1—¥5%v
\/0 oY vVli—02—-—0= o v1—o02—-o0.
\/1—02—1—\/1—020 VI =024 /1+ Y=22y

1—0o
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Write now o?u = /1 — olv. Then the previous expression becomes:

Vv1-— 2
g Y V1—u-— 1+J—u>

O- (
_ =
_ 2
\/1+1ii2 \/1+1f(2;2u L=o
o 1 (—1 )
u .
_ 2
1+lfi2u\/1—u+,/1+lfi2u l—o

In our case, we can conclude, then, that:

|g_ — o] §2<77"£+ + (27’9{+ + 7’;)

1
ov1—o2
1
oLl — PR P
) oV1—o?

<o?

if 7 is large enough to fulfill

3
Vi-o?

Thitie=V3T < g (R8)

N —

[]

Now we have finished the proof of Proposition [6| through Lemma and Proposition
and [9] just assuming the smallness of o, the largeness of 7 and the correct relation

between k; and k;1 and ¢; and €;4; given in (R1))-(RS).

3.4.3 Proof of Proposition [I] and Theorem

We have proved Proposition [1|as a consequence of applying Proposition [2land Propo-
sition [6] We still have to prove Theorem [§

To do so, consider an increasing sequence of real numbers {k;}; for j =3... N —2.
This is a sequence satisfying k; < k; ;. Consider also an increasing sequence of real
numbers {e¢;}; for j =3... N —2 such that 1/2 < ¢; <¢€;41 < 1. Let 7 > 0 be large
enough and o > 0 small enough such that conditions (SI)-(S14), (Sh1*)-(Sh6¥) and

(R1)-(R8) hold, for any tuple (o, 7, kj,€;), for j=3...N —2.

We can now apply Proposition[I|recursively. This means that the first incoming disk,
Ds, contains a subdisk such that after the action of the flow for a time (N —5)(7+7)
contains the last incoming disk Dy _s.

Both the subdisk and the final disk have dimension 4, since we still have a free
future in Dy_o, the hyperbolic part (that corresponds to the mode by_;) and the
central part (that corresponds to the mode by). Since we will not need to continue
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with our argument, we can set

in particular, in the subdisk of D3 and in Dy _s.

them at zero in the whole discussion. That means,
After this reduction we have

obtained two points: ps in D3 and py_o in Dy_o connected by the flow for a time

T* = (N —5)(r + 7).

To end the proof we should compute the norm of these points in the original and
global coordinates, check the statement of Theorem |8 and define ¢ in terms of o.
However, we are going to compute the norm in the original coordinates of any point

in the disks D5 and Dy _,.

Assume that p3 and py_o can be written in coordinates as:

P3 =

PN—2

(C—a Ty Y—s T Yty C+)

= (é—ax—ug—»j+7g+7é+)'

We know that the largest variable in both cases are y_ and y_ and satisty

—_

ly- —o| < o?

2

- — o] < zo”.

[\:)Ir—lw

Due to Condition (Sh4™) we know that the rest of the hyperbolic coordinates are

bounded by

For D3 we have:

5730 while the center by N 3 2\[0 in both disks.

b2 \2:952 —z y_ +y°
[bal? —:17+ _$+y++y+
|bk| = ‘Ck‘ for k € 7)3

s> =1— (2* —a_

g +y2) — (2 S Jal,

leP3

— iy + ) -

where we have used the conservation of the mass for the last equality. Taking into
account the remark above, we have the estimates:

’52’2 S 02 (

[ba|* <

L

1
by, <

7
’b3|221—4

14—+

(N —3)212

—0

5 1

V3

5

1
—o?for k € Py

32

1

4

1
(N —

1
—g?>1-302
3) 12

2
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So, given 4, take ¢ = v/30. Then we will have:
VT o7

byl < Y= V15 <
|2‘_20 203
1 1
b —og=—=0<9)
ba = 50 W3
1 1 1

1
< = -6 <6 -
|bk\_(N_3)2\/§a (N—3)65_5 or k € Ps

bs] > V1—-302>1—-V30=1-0.

The argument for a point in Dy _5 is analogous since we are considering that (Sh4*)
holds for each step.

To finish the proof, notice that keeping o and both sequences, {k;}; and {e;};, fixed
and increasing 7 we can still apply this result. That means that we have a minimal
time that ensures the visit of Ty_o starting at 73. If we want to flow closer to the
heteroclinic chain, we can increase the time 7 and obtain a different pair on points
ps and py_s, so Theorem [§]is proven.

Remark. Final comments, future work and possible open questions:

e Notice that all the conditions (SI)-(S14), (ShI*)-(Sh6") and (RI)-(R8) hold
for any time 7 large enough. This means that, as we have said, we can obtain a
different pair of points connected through an orbit, improving, then, Theorem
2l However this unboundedness of 7 forced us to obtain sharper bounds in
the whole discussion and to perform a quasi-normal form change. We think
that, if we allowed an upper bound for the time 7 (that would depend on o)
we could possibly work without such precise tools.

e During the flow close to the heteroclinic we have used very crude estimates.
If we improve them we will not need such a large diffusing time.

e The most immediate work that we plan to do is to rewrite the whole proofs
using h-sets instead of disks.

e As we have said after the proof of Theorem [6] we could think wether the
shadowing of an infinite sequence of periodic orbits is feasible. That does not
mean unbounded growth of the Sobolev norm in but it will have its own
particular interest.



A h-sets, covering relations, cone
conditions and....

A.1 h-sets, covering relations

The goal of this section is present the notions of h-sets and covering relations, and
to state the theorem about the existence of point realizing the chain of covering
relations.

A.1.1 h-sets and covering relations

Definition 14. [ZG04, Definition 1| An h-set, N, is a quadruple
(IN|,u(N),s(N),cn) such that

e |N|is a compact subset of R"
e u(N),s(N)€{0,1,2,...} are such that u(N) + s(N) =n
o ¢y : R" 5 R" = RUN) x R*W) i a homeomorphism such that

en(|N|) = Buvy X By

We set
dim(N) := n,
Nc = Bu(N) X Bs(N);
Ng = 8BH(N) X Bs(N)7
Nc+ = Bu(N) X 8BS(N),
N~ = ' (ND), NT=cy' (V).

Hence an h-set, N, is a product of two closed balls in some coordinate system. The
numbers u(N) and s(N) are called the nominally unstable and nominally stable
dimensions, respectively. The subscript ¢ refers to the new coordinates given by
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homeomorphism cy. Observe that if u(N) =0, then N~ = () and if s(N) = 0, then
N7T = (). In the sequel to make notation less cumbersome we will often drop the bars
in the symbol |N| and we will use N to denote both the h-sets and its support.

Sometimes we will call N~ the exit set of N and N the entry set of N. These name
are motivated by the Conley index theory and the role these sets will play in the
context of covering relations.

Definition 15. [ZG04, Definition 3] Let N be a h-set. We define a h-set N7 as
follows

e We define a homeomorphism cyr : R* — R* = R¥“V") x RN by
ey (z) = jlen(z)),
where j : R 5 REM) — R x RN s given by j(p,q) = (¢ p)-

]

Observe that N©'F = N~ and N©~ = N*. This operation is useful in the context
of inverse maps.

Definition 16. [ZG04) Definition 6] Assume that N, M are h-sets, such that u(N) =
u(M) = uw and s(N) = s(M) = s. Let f: N — R" be a continuous map. Let
fe=cyofo c]_\,1 : N, — R* x R®. Let w be a nonzero integer. We say that

N L2

(N f-covers M with degree w) iff the following conditions are satisfied

1. there exists a continuous homotopy h : [0,1] x N. — R" x R® such that the
following conditions hold true

hO = fca (Al)
h([0,1],N.)N M. = 0, (A.2)
h([0,1], N) N M = 0 (A3

2. If u > 0, then there exists a map A : R* — R", such that

hi(p,q) = (A(p),0), for p € B,(0,1) and g € B,(0,1), (A.4)
A(0B,(0,1)) c R“\ B,(0,1).

=
[

Moreover, we require that

deg(A,B_u(O, 1),0) = w,
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We will call condition (A.2)) the exit condition and condition (A.3)) will be called the
entry condition.

Note that in the case u = 0, if N £% M, then f(N) Cint M and w = 1.

In fact in the above definition s(N) and s(M) can be different, see [Wil06, Def.
2.2].

Remark. Observe, that since for any norm in R” the closed unit ball is homeomorphic
to [—1, 1]™, therefore for h-sets and covering relations we will use different norms in
different contexts.

Remark. If the map A in condition 2 of Def. [16is a linear map, then condition (A.5)
implies, that o
deg(A, B,(0,1),0) = £1.

Hence condition (16]) is in this situation automatically fulfilled with w = +1.

In fact, this is the most common situation in the applications of covering relations.

Most of the time we will not interested in the value of w in the symbol N BV

and we will often drop it and write N Lom , instead. Sometimes we may even
drop the symbol f and write N = M.

Definition 17. |[ZG04, Definition 7| Assume N, M are h-sets, such that u(N) =
w(M) =wu and s(N) = s(M) = s. Let g : R" D Q — R". Assume that g~': |[M| —
R” is well defined and continuous. We say that N <= M (N g-backcovers M ) iff
MT L5 NT.

A.1.2 Main theorem about chains of covering relations

Theorem 10 (Thm. 9). [ZG0J|]] Assume N;, i =0,...,k, N, = Ny are h-sets and
for each i =1,..., k we have either

Nt BN,

or

N; C dom (f) and N;_, fpri N;.

7

Then there exists a point x € intNy, such that

fiofisio---ofi(x) € intN;, i=1,....k
fkofk—lo"'ofl(x) = T
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We point the reader to [ZG04| for the proof. The basic idea of the proof of this
theorem - the homotopy and the local Brouwer degree - appears in the proof Theo-
rem 12

The following corollary is an immediate consequence of Theorem [I0}

Collorary 11. Let N;, i € Z, be h-sets. Assume that for each ¢ € Z, we have
either ‘
Nz‘_l fiswi NZ

or

N; C dom (f7) and Ni_; 22 N,

1

Then there exists a point x € int Ny, such that
fiofiiqo o fi(x) € intN;, i€Z,.

Moreover, if N;yr = N; for some k£ > 0 and all ¢, then the point = can be chosen so
that

frofr_10---0 fi(z) = x.

A.1.3 Natural structure of h-set

Observe that all the conditions appearing in the definition of the covering relation
are expressed in ’internal’ coordinates cy and cp;. Also the homotopy is defined
in terms of these coordinates. This sometimes makes the matter and the notation
look a bit cumbersome. With this in mind we introduce the notion of a ’natural’
structure on h-set.

Definition 18. We will say that N = {(z¢,0)} + Bu.(0,71) x B,(0,7) C R* x R*
is an h-set with a natural structure given by :

u(N) =wu, s(N) =s, en(z,y) = (m w)

ry ) ro

In context of R* and u = 1, s = 1 we will sometimes write N = 2o +[—a, a] x [,
This in compatible with the above convention as a defines radius of ball B,(0, a)
[—a,a] and b of Bg(0,b) = [—b,b].

bl.

A.1.4 Horizontal and vertical disks in an h-set

Definition 19. [WZ07, Definition 10] Let N be an h-set. Let b : B,y — |N| be
continuous and let b, = ¢y ob. We say that b is a horizontal disk in N if there exists
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a homotopy & : [0,1] X Byn) — N, such that

ho = bc
hi(z) = (x,0), for all x € By
h(t,x) € N_, for all t € [0,1] and x € OBy

Definition 20. [WZ07, Definition 11] Let N be an h-set. Let b : Byyy — |N| be
continuous and let b. = cy o b. We say that b is a vertical disk in N if there exists

a homotopy & : [0,1] x Byn) — N, such that

hy = b
hi(z) = (0,2), for all x € By
h(t,z) € N, for all ¢ € [0,1] and = € OBy(x).

Definition 21. Let N be an h-set in R” and b be a horizontal (vertical) disk in V.
We will say that z € R™ belongs to b, when b(z) = x for some z € dom (b).

By |b] we will denote the image of b. Hence z € |b| iff z belongs to b.

A.1.5 Topological transversality theorem

Now we are ready to state the topological transversality theorem. A simplified
version of this theorem was given in [Wil03| for the case of one unstable direction
and covering relations chain without backcoverings. The argument in [Wil03], which
was quite simple and was based on the connectivity only, cannot be carried over to
a larger number of unstable directions or to the situation when both covering and
backcovering relations are present.

Theorem 12. [WZ07, Thm. 4] Let k > 1. Assume N;, i =0,...,k, are h-sets and
for each i =1,... k we have either

or
N; C dom (f7) and N;_, fini N;.

7

Assume that by is a horizontal disk in Ny and b, is a vertical disk in Ny.

Then there exists a point x € intNy, such that

x = bo(t), forsomete Byny(0,1)
fiofiilo"'of1<x> I~ IHtNZ, Zzl,,k
feofr—10o---0 fi(x) = be(z), for somez € Byn,)(0,1)
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A.2 h-sets and cone conditions

The goal of this chapter is to introduce a method, which will allow to handle rel-
atively easily the hyperbolic structure on h-sets. This material appeared first in
IKWZ07, Zgl09).

Definition 22. Let N C R" be an h-set and @) : R®™ — R be a quadratic form
Q(z,y)) = a(z) = Bly),  (z,y) € R"N x R*M),

(N) 5 R, and B : R*™) — R are positive definite quadratic forms.

where o : R"
The pair (N, Q) we be called an h-set with cones.

We will refer to the quadratic forms a and (8 as positive and negative parts of @,
respectively.

If (N,Q) is an h-set with cones, then we define a function Ly : R™ x R — R by
Ly(z1,22) = Q(en(21) — en(22))

Quite often we will drop @ in the symbol (N, Q) and we will say that N is an h-set
with cones.

A.2.1 Cone conditions for horizontal and vertical disks

Definition 23. Let (N, Q) be a h-set with cones.
Let b: B, — |N| be a horizontal disk.

We will say that b satisfies the cone condition (with respect to Q ) iff for any x, 25 €
Bu, T 7é ) holds
Qbe(1) - bu(2)) > 0.

Definition 24. Let (N, Q) be a h-set with cones.
Let b: B, — |N| be a vertical disk.

We will say that b satisfies the cone condition (with respect to Q) ) iff for any y;,ys €
By, y1 # y2 holds

Q(bC(yl) - bc(y2)) < 0.

Lemma 16. Let (N, Q) be a h-set with cones and let b : B, — |N| be a horizontal
disk satisfying the cone condition.
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Then there exists a Lipschitz function y : B, — Bs such that

be(x) = (z,y(x)).

Analogously, if b : B, — |N| is a vertical disk satisfying the cone condition, then

there exists a Lipschitz function x : By — B,

Lemma 17. Let (N, Q) be a h-set with cones and let b, and bs be horizontal and
vertical disks satisfying cone conditions, respectively. Then b, and by intersect in a
single point.

A.2.2 Cone conditions for maps

Definition 25. Assume that (N,Qy), (M,Qy) are h-sets with cones, such that

uw(N) = u(M) =w and let f: N — RI™M) he continuous. Assume that N Lo
We say that f satisfies the cone condition (with respect to the pair (N, M)) iff for
any xi,xs € N., x1 # 2o holds

Qu(fe(r1) — fe(22)) > Qn (21 — T2).

Definition 26. Assume that (N,Qy), (M, Q) are h-sets with cones, such that
w(N) = u(M) = uw and s = s(N) = s(M) and let f : N — R“"* be continuous.

Assume that N <= M. We say that f satisfies the cone condition (with respect to
the pair ((N,Qn), (M, Qur))) iff for any y1, yo € M, y1 # yo holds

Quyr — y2) > Qn ([ (1) — fH(w2)).

Observe that Definition is equivalent to Definition applied to map f~! with
respect to pair (M7, —Qu), (NT, —Qn)).

The cone condition in Definition [25|is expressed in coordinates associated to h-sets,
in the phase space it implies that

Ly(f(z1), f(22)) > Ly (21, 22), for 21 # 29, 21,20 € N, (A.6)

Below we state two basic theorems relating covering relations and the cone condi-
tions

Theorem 13. Assume that for i =0,...,k — 1 either

N, 2L N,
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or

Nig1 C dom (f;') and N; di N1,
where all h-sets are h-sets with cones and f; for i = 0,...,k — 1 satisfies the cone
condition.

Assume that b : Fs(Nk) — Ny is a vertical disk in Ny satisfying the cone condition.

Then the set of points z € Ny satisfying the following two conditions

fici0 figo---0 fo(z) € N, fori=1,...,k
fier0--0 fo(2) € [

18 a vertical disk satisfying the cone condition.
Theorem 14. Assume that for i =0,...,k — 1 either

fi

N; = Niu1
or
Nij1 C dom (f7') and N; di Nii1,
where all h-sets are h-sets with cones and f; for i = 0,...,k — 1 satisfies the cone
condition.

Assume that b : EN(NO) — Ny 18 a horizontal disk in Ny satisfying the cone condition.
Then exists a set Z C |b|, such that for all z € Z holds
fi—lofi—QO"'ofO(z) € Ni7 fOTizl,...,k

and fr_10 fi_o0---0 fo(Z) a horizontal disk in Ny satisfying the cone condition.



B Proofs of results of Chapter 2

B.1 Proof of Lemma [1

Initial System:

N . N
_ 1 ,- 1 ,- 1- 1 -
H.B) =Y (Zb?bf Sl - §b§b§_1) Q=13 b, na,

. 2

7j=1
Change of coordinates:
bj = 2]j€i0j Bj = 1/ 2[j€_i‘9j

db; A db; = d(\/21;"%) N d(\/2L;e7")

= | ——=e"dIl; +i+/21:€"d0; | A e Yidl; —i\/21;e " df;
(\/2_1.3‘6 gt i€ J) (\/2—1—] it J J

H(I,0) = H(\/21;¢"% \/2L;e~%)

§ ( f _ 2[j]j_1€2i9j—2i9j_1 _ 2]j]j_16—219j+219j_1)

7=1

N
I2

N

> (17 = AL T cos2(6; — 6;-1)

1

J

B.2 Proof of Lemma [2
Perform the symplectic change of coordinates:
[1 = Jl — Zjvz2 Jj 91 = ¥
I, = Jifori#1 0, = o1+ fori#1
Jl = Zjvzl Ij Y1 = 91
Ji = [lforzsél Y = 91—91f0rz7£1
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N 2 N N
H(J,p) = <J1 — Z Jj) + Z Jj2 —4.J, <J1 — Z Jj> coS 29
j=2 j=2 j=2

N
_ oy Z JjJj—1c082(p; — 1)

j=3
N
= 2+ (Z@) —2J12J +ZJ2

— 4J1Jyc082p9 +4J Z Jjcos2py — 4 Z JijJi—1cos2(p; — pj-1)

Jj=2 ] =3
N i—1
= J1+2ZJ +2) ) T —2J12J
=3 j=2
— 4J1J5c082ps + 45 cos 29 Z J;—4 Z JiJi—1cos2(p; — pj-1)
=2 =3

B.3 Proof of Lemma 3

First, note
N N-1
ZJ,» = (K — Kiy1) + Ky = K>
=2 i=2
N N_1 N-1
Z Ji = (Ki — Kip1)” + K§ = Z (K7 + K7y = 2KiKi) + K5
=2 i=2 =2

1\310

QZKQ—QZK&H

= Z (KK — KiKj — Kiqn K + Ki+1Kj+1>
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So,

N
P+ Y KK —FKyY K+ Ky(K, - Ky)
i=4

1=3

3

i

N
KoKs — KoKy — Y K} 4+ KKy + Ky(K, — Ky)
N =
= —ZKE + ZKiKi—l
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Putting all together

N-1
H(K, ) ——+2<K2+22K2—2ZKKH1>

1=3 1=2
N N
2 (— S KI+Y K,;KH) — K>
1=3 1=3
— 2(K2 — Kg) COS 2¢2 + 4(K2 — K3)K2 COS 2’9[)2
N-1
—4 Z (KJ — Kj+1)(Kj_1 — KJ) COS 21/J]
j=3
— 4KN(KN71 — KN) COS 2¢N
1 N N—-1
— 2 )
= —K2+22Ki —221{,-}(1“

=2 1=2

— 2K cos 21py + 2K35 cos 21y + 4K22 cos 219 — 4K 3 K5 cos 21y

N—1 N-1
—4 Z K;K;_jcos2y; +4 Z KJ2 cos 29
j=3

j=3
N-1 N-1
+4 Z Kj+1Kj_1 COS 21/}] —4 Z Kj+1Kj COS ij
j=3 j=3

—4KN(Kn-1 — Kn) cos 2y

| N N-1
- 2 _ K
= KQ+2;}Q Q;KZKZH
N
— 2K cos 2y + 2K3 cos 20 + 4 K7 cos 20
=2
N-1
—4ZK K;_ 1COSQ¢]+4ZKJ+1KJ 1 €08 21
j=3 j=3
N-1
— 42Kj+1Kj COSQw]’
=2
1
=1 Ky(1 4 2cos21y) + 2K3 cos 29y

N
+2) K7 (14 2cos 2t;)
j72

—QZK 1 (1 4+2cos29; +2cos2¢;_1)

+ 4 Z Kj+1Kj—1 COS Q@D]
j=3
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C Proofs of results of Chapter 3

C.1 Proof of Lemma

Let b; = re'” and by, = cre®. Taking derivatives on both sides of the first equatilty:

dr . . 4dO . —
Eee + 1reGE = —i|b;|?b; + 2ib; (62 + le)
—irdel? 4 2ire 1 (cj 2+ cﬁlem)
Multiplying both sides by e%:
dr do . ,
T —i—1r& = —ir® 4 2ir ( 1 tc j+1)

Equating now the real and imaginary part:

dr

i —2rIm (c?_1 + c?H) (C.1)
6

pri = —r® 4 2Re (¢ Cj_q + CJ_H) (C.2)

Now we do the same for the first neighbors: ¢;_; and ¢j;1:

dcjil 6

dé . T
o i = = =il b + 2B (0 + )

dt
: 2 i0 s —i0 (.2 2i0 2i0
= —1|Cj:|:1| Cj+1€ + 210j:|:16 (7’ e +c; iQG )

Multiplying both sides by e%:
de:I:l . deo .
TR ST

Now for the far neighbors, thatis k€ P; ={1< k<N : k#j—1,5,j+ 1}

_i‘cjzl:1|20j:|:1 + 2iCj:t1 (T2 + C?:I:2) . (C?))

Ee +iepe” = = —i|bg |*by, + 2iby (b_y + biy)
= —i|cg|Pere® + 2icge ™ (cf_,eM + €M)
Multiplying both sides by e7%:
de do . -
d—: +icp— i = —i|eg|Per + 2icg (G_y + iiq) - (C.4)
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C Proofs of results of Chapter 3

We must recall that the change of coordinates that diagonalizes the linear part is
given by:

Cj+1 = Wiy + WY+
with w = e2™/3 that is w = —1/2 +iv/3/2, and x1,y+ € R. Notice that |w| = 1,
w? =1 and w = w? and:

lcju1]” = (WPrs +wys) (wre +wyy) =25 + (w+w?) 2oys + ¥

= xi —T1y+ + yi‘

oy = (Wrs +wys)” = wad + 2ways + 070}
1 1
Re (C?il) = _51’1 +2x1y+ — 591

With that, we can already forget about the equation (C.1|) using:
=1 =1 el
Py k£
=1- (22 —z_y_+9*) = (¢} —zpyr +97) = D _lal

leP;

Now we can express (C.2)) in terms of the new variables without the radial coordi-
nate:

do
i r? + 2Re (c?_l + c§+1)

=— 1+ @ 2y +2) + (2} 2y + 7)) + D laf

lEPj
1 1 1 1
+2 (—512 +2z_y_ — 51/3 — 5:63 + 2z, Yy, — §yi>
=—143x_y_ +3x,y, + Z ]
leP;

Now we can insert that values to equation (C.4) and obtain the final equation that
satisfies ¢, when k € P, Nn{k #j — 2,7+ 2}:
de . d(9

o e T ifex ek + 2ick (it + iy

=—ie, | =1+ 32_y_ + 3z y. + Z o | = ilex|*er + 2ick (ch_y + chyy)
leP;

=icy, —icg | |er]® + Z laf® | + 2iex (-1 + ¢iq) —icy (3r_y- +3wiyy)
ZEP]‘ D

‘k
Rmix (:c,y,c)

-~

Rk ()
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C.1 Proof of Lemma @

deg . c c

E = 1Ck + Reﬁ<c) + Rrr];ix<x7 Y, C)'
When one considers k = j & 2 the equation is slightly different because it contains
a term that depends on cj4;:

de; .
#ﬂ = — i | —1+30_y- +3zy; + Z jaf?
lE'P]'
— i|cji2\2cji2 + 2i¢; 15 (c?il + c?ig)

=1Cj+2

—iejia | gl + ) lal’ | + 206552,
lEPj

N J/

TV
CjE2
Reljl (C)

. - 2
—icjio (Br_y_ + 3x4yy) + 2i¢ 12 (wai + wyi)

S/

~
Cito
Rn{ix (xvyvc)

deiQ

dt

=icx + R (0) + Ry (2,9, ¢)-

mix

To deal with the hyperbolic modes we will work with {w,w?} instead of {1,i} as a
base for C just using

V3, V3

i 1=—w-—w?
3 3
From (C.3) we have
deisy . do . P
(;t =T Gergy T i[ejar [Py + 215 (7"2 + C?ﬂ)

. 2 . 2
= —1¢j1 | —1+3x1ys + 3xzys + E lal® | —ilejzi]*cjm
lEPj

+2icz1 | 1— (23 —2ays +93) — (22 —2qys +93) — Z el + o
leP;

= —icjur | —1+ad +220ys + 93 + 305y + Y Jaf
lE'Pj

+ 2 [ 1— (2 —2qys + 1) — (28 —2qys +92) — Z al® + ¢y
leP;
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C Proofs of results of Chapter 3

Let

Rﬂ;t; ({E, Y, Cjil) :icjil + 21%
+ (_icj:tl - 2i@) (xi + yi)
+ (—2icjey + 2iC31) Ty
— 2icjir (oF +y3)
+ (—=3icjp1 + 2iC11) Ty

RIG (¢, 0) = (—iejm — 2ie5m0) D e’ + 25164
leP;

Taking into account that cj1 = w?ry + wyy we obtain:

dx d
? dt:t +w (i;t R{l;tlf} (ZL‘, Y, w2ZE:|: + Wy:t) + Rfmx (u)Ql‘:t =+ WY+, 0)7

so, our aim is to decompose the right-hand side of the last equation in {w,w?}.

For the first part we need:
icj41 + 2i¢171 :\/§xiw2 — \/gyiw
—licj41 — 21Cj1 = — \/§xiw2 + \/gyiw
—2ic;j41 + 21ic 41 =2v3 (24 —ys) W’ +2V3 (21 — Yy )w

. 44/3 2v3 2v3 44/3
—21@=<— \/_in+ \/_yi> w2+ <— \/_l’i—f- \/_yi>w

3 3 3 3
. R v V&) 8v/3 . [8V3 7V/3
—3ICj:|:1 + 210j:|:1 = TI:E — Tyi w” + T%;& — Tyi w

2C,11C7 1y = [2G1(cja) s + (—Gi(cjaa) + Galcjza)) ya] w
+ [(Gi(cjz2) + Ga(cjza)) T2 — 2G 1 (Cjaa)y+] w

where

Gi(cjan) = 2\3/_ (Re®(¢jx2) — Im®(¢ji2))

GQ(Cj:tQ) = — 4Re(cj+2)1m(cji2).

Now, we use that {w,w?} form a base and obtain:

d
;Cti =V3ry — V3ag (23 +92) + 23 (vs — yu) v2ys
43 2v/3 V3 8v/3
+ | - T+ + Y+ (fo—l—yfF)—i- X T T oY | TxYx
3 3 3 3
— \/éx:t Z !01\2 + 2G1(ij:2)$i + (_G1<Cj:|:2) + G2(Cjﬂ:2)) Yt
1677]'

If we rearrange the terms we obtain the system announced in the Lemma. The
equation for y. is equivalent.
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C.2 Proof of Lemma @

C.2 Proof of Lemma

We know that there exist three invariant manifolds that can be written, locally, as
a graph of a function:

W ={(z,y,¢) : z+ = ¢+(y,c)} center-stable manifold

W ={(z,y,¢) : y+ = +(x,c)} center-unstable manifold
W = {(z,y,¢) : v+ = x%(c), y+ = x*%(c)} center manifold

that satisfy
W C W and W° C W

We want to know the expression of these functions without computing them.

First of all, we know that in the original coordinates the sets {b; = 0} are invariant
for all j. So, then we have that {z_ = y_ = 0}, {4y = y; = 0} and {¢, = 0} for
each k € P; are invariant subspaces.

For this reason, we can identify right now the center manifold. The set {z_ =
y_ = x4y =y, = 0} is invariant and if we look at the restricted system we obtain
a 2(N — 3) dimensional system that consists in 2(N — 3) elliptic directions. Then,
this subset corresponds to the center manifold of the whole system:

We={(z,y,¢) : v+ =0, yr =0}
Then, since W¢ C W and W* C W we have

$:(0,¢) =0 (C.5)
%:(070) =0 (CG)

On the other hand, we know that this system possesses 4 heteroclinic connections to
the previous and following mode that correspond to the hyperbolic axis. However,
we could see that there are bigger invariant objects contained in the manifolds:

{z_=y_-=y+ =0, ¢jzo =0} C W™ (C.7)
{r_=y_=24=0,¢jyo =0} CW®
{y- =24 =y, =0, ¢j2 =0t C W™ (C.8)

{ro =24 =y4 =0, ¢j_o =0} CW*™

Let’s impose these facts to obtain conditions on the parameterizations of the mani-
folds.

From ((C.7) we obtain:

0=9_(r-=0,24,¢j42 = 0,c512) = ¢_(2,¢) = vl (z,c) + Cj+2¢3(l‘+> c).
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C Proofs of results of Chapter 3
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Now, impose equation ((C.8):
1 _ _ 2 _ _ _
e (r_, 2y =0,¢jm0 =0,czj_2) + iyt (x4 = 0,¢j—0 = 0,cxj_2) = 0.

Then, since the functions are analytic, they must vanish, so
Wl (x,¢) = ) (x, ) + ;o (2, )
W2 (24, ¢) = 23 (24, ¢) + ¢i00? (o).

Then

Go(x,¢) =z (29 (2, 0) + ¢ 20 (2, )] + ¢jp2 [239° (21, ¢) + ¢ 29 (¢)] -

Now we have to recall condition (C.5)) that makes ¢4 (c) = 0.

Finally, if we impose the analogous conditions in the other functions, we obtain that,
due to the symmetries, the parameterizations have the following form:

Vo(w,0) = 2 [0 (2, ¢) + iyl (x-, )] + 2 icj400 (24, 0)
Ui, 0) = ap (2 (x, ¢) + ¢’ (24, )] + 2_cj oS (2, €)
O—(y,0) = y- [y+0" (4, ©) + ;20" (y—, )] + YCjs20° (y+, €)
b4 (y,0) = yy [Y-0%(y, ©) + 120 (Y1, ©)] +y-c; 205 (y-, ¢)

Or, summarized:
Ve (x,¢) = wx (2505, ¢) + Ciaatll (24, ¢)] + Trcjp) (25, )

O+ (y, ¢) = yz [y=0L(y, €) + Cjadlt (Y, €)| + Y7205 (Y, ©)

Now, we recall and use the fact that the subspaces {z; = y, = 0} and {z_ =
y_ = 0} are invariant. Then the intersection of the first one (for instance) with the
center-stable manifold should be invariant too. The equations of the intersection
(Z¢) are:
(ch> { 0 = ¢+(y—7y+ =0, C) = y—cj—%bi-(y—a C)
r- = ¢—(y—7y+ =0, C) = y—cj—2¢b—(y—a C)

On the other hand, consider the system restricted in {x, = y, = 0} we still have
a partially hyperbolic fixed point at the origin, so we can consider its center-stable
manifold (W) that can be written as:

W = {2 =¢-(y-.0)}.



C.3 Proof of Theorem @

It is clear that W C W¢ but there is more, Wci C Z°. Actually is also clear the
other inclusion, so the manifolds must coincide (W = Z¢).

We know that the dimension of W is 2(N — 3) + 1 (its free coordinates are y_ and
c¢) and the dimension of Z¢ seams to be 2(N — 3) since there is a equation that
relates two coordinates. Since the dimensions must be equal, this relation must be
a triviality, that is ¢S (y—,c) = 0 for all y_ and c.

Using the invariance of W and then repeating the argument with {z_ =y_ = 0}
we can conclude that:

¢C—(y+a C) = ij-(y—a C) = 1/)5(:&,_,0) = wj—(‘r—vc) =0

and
¢i($a C) =T+ [ZU:F@Di(JZ, C) + Cji2¢i($i> C)}

G+ (y, ) =y [yz0L(y, ) + cjrad’ (yx, 0)] -

However, we can say more. We can assume that

+ [2208 (2, ¢ )+ |cjanl” Y8 (24, €)
(C i+o T Cjx2 Cyﬂ ) ¢i (T4, ) +1i ( Cito — Cji22) 1013 (T, C)]
=ys (Y201 (Y, ©) + |cjzal” ¢% (v, )
+ (Cfiz +Gx27) O (Y=, €) +1i (C?iz — Ciia’) 0% (v, c)]
We only sketch a justification. Indeed, consider for instance the equation for for

¢—(y,c). Notice that the terms in the equation of z_ that make the center-stable
manifold not straightened are, precisely:

2V/3 2V/3
Tyfyi L e (Re? (¢j-2) —Im* (¢j-2)) + 4Re (¢;—2) Im (cj-2)

So, it depends quadratically on y4 and c¢;_. If, then, we look at the terms of order
three in the parameterization of the center-stable manifold, we see that they also
depend quadratically on these coordinates. One can see that such quadratic terms
can be taken as a common factor of the higher order terms.

The expression of the inverse of the change can be obtained directly using the
expression of the direct change.

C.3 Proof of Theorem

We first write the expression that the nonlinearities satisfy.
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Lemma 18. Denote £ = (£-,&4), n = (n=,n4), ¢ = (c1,...,Cj—2,Cjt2, . - .
CN_S: z = (577770)7 2y = <€+777i702> and z_ = (’53777*702)'

There exists K such that:

| R (2)] < K [le-| 12" + (&l In- 2]
| R (2)] < K [164] 2 + |6 ] |2]]
[R™(2)] < K [In-| 2" + |ns |l |=]]
[R™ (2)] < K [Jne] 2] + [n-]1€+ -]

R (2)] < K |ex] |2

|R&(21) =R (2)| < K {(la]* + |22)) 161 — €2

+ ([l + 1€ 2]) (1] + |22])

(In— b+ In-20) (21l + |24 2D] €1 — E4 2]
[([&=a] + [&=2]) ([21] + [22])
(€41 + 1&x2]) (21| + [z42D)] -1 — 2]
[([6= 1] + 1&=2]) (J21] + [22])

(€=l + [€=2l) ([2] +[22])

n
i
_|_
n
i
+
+ (8l + 184 20) (In—al + In-2l) (Jer] + [e2])l [er = cal}

|R%(21) =R (2)] < K {(|21]” + |2[") €41 — €42
F (&1l + &2l + [l + [0y 2]) (J2a] + [22]) [€-10 — &2
([€xa ]+ [Er2l + 1=l + [E=2]) (2] + [22]) 1140 — 142

(€42l + 1&421) ([2] + [22])

(1€l +16-2l) (gl + [n4 2D] -1 = - 2]
[(1&+.2] + 1&4-2) ([2] + [22])

(€l +1&=20) (ngal + Iy 2Dl er — caf}

+ + + + +

IR" (1) — R (22)] < K {(|za]* + |22]?) -1 — 2]
(Im—al + -2l + 1€ al + 1€ 2]) (2] + |22]) [n40 — 14 2]
(=l + =2l + Ineal + 1ng2l) (2] + J22]) €1 — &= 2|
[

(Im—al + |n-2l) (J21] + |22])
(Insal =+ Ime2l) (6=l + [6- 2D €41 — 4 2
[(Im= 1] + |n-2]) (J21] + [22])

|
N
N
'
N
(] + D) (sl + Il fex — eal}

([l +1€x2D) (Un—nal + |m=2l) (nal + (4 2D)] 741 — 042
[

7CN) €



C.3 Proof of Theorem @

|R™ (1) —R™ (22)| < K {(|1]” + |22]*) In1 — 42l

([0 1] + [nm42D) ([21] + [22])

el + 1€x2]) (lz— 1] + [2— 2] [7—1 — n—2]

1] + |n42]) (J21] + |22])

n—al + [n-2]) (lz— 1] + [z 2] [§+.1 — &2

+1] =+ |n2]) (J21] + |22])

M-l 4 n-2]) (1€ 1] + 1&+2]) (1= 1] + [&12D)] [E-1 — &2
1]+ 4 2]) (1] + |22])

-1l + In-2]) (€11 + [§4.2]) (lea] + |e2])] [er — o}

—~ ==

[

—~

—~~ —

o+ o+t

—~

|R%(21) — R*(21)] < K {(|21]* + |22]°) lexa — cral + (Jew] + lenal) (|21] + |22])
(l€x1 — Exol + €51 — Ex 2| + Ine1 — Ne 2]

+ 1 — el + )l — Cl,2|) }

14k

To prove Theorem [9] first consider the sequence:

%) eViie_,
) V3, |

5[0] (t) — 77[—0] (t) — e_\/gtﬁ—,o
() e V3T,
C[O] (t) ez‘tC

and z"*1(¢) defined as the unique solution of

éiﬂrl} _ \/‘€[n+1] _'_Rfi( [n] (t))

ﬁ[inﬂ] _ \/_ [n+1]+R77:t (Z["]
éLn+1] = ZCE:L—H] + R (2IM(1)

that satisfies the Shilnikov conditions:

"oy = o "0y =y
n+1 n+1
¢ty Eon ) =0,

d0) = G
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C Proofs of results of Chapter 3

Let’s see that {z["(t)} is a Cauchy sequence. We first rewrite the system:

(

t
iglﬂ](t) = e‘/gté,o—l—/ oV3(i=3) pt- (z[”](s)) ds
0

t
i) = VAT / VB9 R+ (21 (5)) ds
tT
A = e\/gtn’o_i_/ VA= R (1) (5)) ds
0

t
) = eV g+ / e VATIR (2(s) ds

¢ T

Cl[:L+1](t) — e\/g(t‘r)é‘k_i_/ i(t—s Rck( n(s)) ds
\ 0

Notice that (using 7% ~V3" < 1)

0 v —2V37 *
[€9()] = e¥f¢_ol = eV < Lrhe 2 evﬁfzn\f@%t>

T 2V3
[0] . f —r _ f T 7 ’7' —
0] = %Pl a] = 5,057 < T = el
(0] / T V3(t-T)
)T < ——e
| <57
Y -7 *
‘5[0}@)‘ < %e\/ﬁ(t ) —. ‘5[0}(0
’77[_0] (t>‘ = e Vol =7y eV < 2%6@ - ‘77[—0] ey
’T][E] (t)‘ _ e,\/g(t,q_)m_hﬂ _ ,%He—\/g(tf-r) < LTkefQ\/gTef\/g(th) — ‘77_[8] (t)*
2v/3
[0] /1 # T V3t
) < ——e
| < o

0 2 —€eV 3T
‘CL](L‘)‘ = |Gl = < N B)Tke V3
g —€eV 3T
0] < e = I
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C.3 Proof of Theorem |§|

then

R (0s)| < K[| [296) + 2| )| [
S ry S—T 0
< K nge‘/g ‘Z[O | +2\/§ eV3l Jy,_e L](s)
s 2 1 —v/3s . —\/3T
< Ko [y |9 + L ne e )|
R (200(s))| < K ‘gfl(s)“z[o](s)‘2+‘§[o Hn[o] [0](3)‘]
s—T1 2 Y s—T —V/3(s—71)
< K e eV || 55 eIy, o3l |1(s)|
s—T 2 1 —/3s T
< KOS g [ 4 eV )|
Lemma 19. If
k —e\/gT < 17
2\/_ S2k+1 —2ef7 <1,
4
1
re V3 <
2V3’
1
_77_%—16—\/7 <1,
18
1
677_%716(1725)\/57 <1
\/_ng-He—e\/gT
2
then:
T ] ,YQ
I = 2P ()| ds < ——
' 0 ‘ (#) | ~2V3
_[2 :/ 6_\/38‘2 ) S% _[;— :/ 6_\/55 Z_[E]< ) _\/37—
0 0
I :/ eV3(s=7) ‘2[0 S% Iy :/ V3(s=T) Z[,O](s)* —V3T
0 0

117



C Proofs of results of Chapter 3

Proof.

sy | + s

) 2] ds

/ |20(s) ds</0T [|§[0](s)

2 2
</ |:’Y 2/3(s— T)+162ﬁs+lT2keQEﬁT] ds
0

3 3 12
~2

1 1 1
== |—= 11— e_2‘/§T> +—= (1 = e_2‘/§7> + _72k+1e_25\/37}
3 {2\/3 < 2v/3 4

2 1 2+2\/_ 2k+1 fzefT < 72

2\/_3 A |7 2v3

-~

<1

Ty s < [ e e
0 0

T vEs | Y VEsen . Y —vEs . Tk EJ?:T}
< e —e + ——e 4+ ——7"e ds
/ {\/3 V3 2v/3

1 1 1
[Te_‘ﬁ” + —= (1 — e_z‘ﬁ”> + orheeVBT (1 — e_*/gTﬂ
2v/3 2

1 1
re V3T 2\/3 + —2 = rha—eV3r < %
<1/2/3 <1

1;:/ v _/ Vs Uf[m
0 0
. 2
—/3s Y \/g(s—'r) ( Y k —2v/37 —\/g(s—r))
< e ——e + | —=7"e e ds
/0 [2\/§ 2v/3

. /f [(2} f) ] iy

*

+ !c[o](

0 *
P(s)

s)" 2} ds

+ |(s)

Y —\/3r 1 ok —2v3r 1 ( 73\/57’)
<—— |Te + —=y7"e —=|1l—e
2v3 { 2v3 ! 3v/3
1 2% —2ey/3r L ( -3 }
+——y7e VT — (1 —e T)
203 V3
S y _\[T 14 1 7 2k_1e—\/§T + 1,}/7_276—16(1—26)\/37'
18 6
37 -3 ~V3
< 7o VI < e VT
_2\/3 Y
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Iy = / oV3(s=7) ‘Z[O](S)* < / eV3(s—7) [|5[0](S> [0](3) [0](3)* } ds
0 0
T \/g(s—’r) Y \/?)(s—’r) Y —/3s i k —6\/§T:|
< e —e + —e + ——7"¢ ds
/0 {ﬁ V3 2V/3
Y ( —2f7> —V37 1 k —efT 1 ( —\/§T>:|
— 1-— + Te + =7 1—e
V3 Lf 2 V3
<7
-2
T T 2
7= [ [y s < [Teien Ug%) + | O[] a
0 0

r 2 2
V3(s—T) g k —2v/37 \/gs) —/3s < Y k —efﬂ')
< e ——T"e e + — + e ds
/0 [(2\/3 2\/_ 2\/_

2ke—2V3T 1 (1 . e—3\/§7’> + Te—\/gT

<L {L T
“2v3 (23 3V3

2

e

1 o —2ev/Fr L -3 }
+——=y7e VT — (1 —e V7
2v3 vl )

=5v3"

—VAT < yTe —Vi3r
]
) —f[_o](t)‘ = /t eV3(t=s) Ré- (Z[O]<S)) ds| < /t eV3(t=s) ‘R§* (Z[O](S))‘ ds
/ val=e) [vs B )!2+2\/—% e VisemVeT P(S)] ds
< KeV3 [ / ]z[o] 2 ds + 2—\1/57,776_‘/57/0 e V3s zf](s)* ]
< Kev¥ lvs I+ 2\[% e “571;}
< ;y\/[f V3t [7 + y_Te 2*/57]
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‘51]( 5[0 / V3(t—s R£+ [0( )) ds
—S S—T 2

S/t eV3(=9) e V3l ){m}zm(S)\ +2\/—%me

< KeV3(t=7) { / z[o ds+ e V3T /T e~ V3s |00

< | ; \/g%HV t |21

< KeY3t=) |:76+[1 + 2\/§’Yn+7€\/§TI2:|

< /T V351 | RE+ (:0(s5)) | ds

35 V37 }Z[O](S)‘] ds

s

2
< 7K a-n) [7 4 O m]

Analogously
‘77[” (t) — (t)‘ VK [7 N &e@]
— — - 2\/3 n— 2
2
1] o] YK _Au-r W
) =l 0] < S Zmen P b, g e
Similarly

R (0(s) | < K [l ()] [21009)]” < K16l |219)]” < B [20s)

so then

t

tsRck( 0]() ds

1 0
-] <

< K’Vk/ |21%(s)

< [t e () s
2

v K
d5<K I <
>~ 7k1_2\/§’yk

We write now the recursive Lemma that we are going to use the prove that we are
dealing with a Cauchy sequence:

Lemma 20. Assume ) -(She)). Then, the following bounds hold:

n n 1 T
sU”(t)—sU(t) < 1oV [+ e ]

n n 1 —T i) T
W 0] < e’ e, + e

2
1] [n] L A Yeo 3
‘77 (t) —n=(t) S oayre [”Yn_JFTe }
n n 1 _ _r _ -
‘77[ +1 ) - ngr](t) S 3n+17€ \/g(t ) |:77]+ + ’}/§+T€ 23 i|

n+1 n 1
o (1) = 0| < g
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In particular,

)

IN

e+, Te ‘/gTﬂ V3t

e +
7€+

n+1
a0

IN

g T -7
”y(er SUES W)}e\f(t )

7 (0 + e )} eV

\/37'):| e*\/g(tfﬂ')

T][nJrH (t) S

§
[\')IH l\DIH [\.’)I}—k [\DIP—‘

n+1
| < %++ <%++7£J@

&) < e+ 37

Proof. First of all we will prove the implication written in the lemma.

UEREOESS

1=0

-7 - 1 —T ’y T
< e eV )_,_Zﬁ,ye\/g(t ){%Hr%eﬂ}
=0

TV AR .

e — )

he@> oV3(t—T)

1
Ver T 57 <7£+ T

This argument is analogous for the other coordinates. Now, as we did in the case of
n = 0 we get the estimates:

S[,nﬂ](t)) < 0 aThe 2V3TaV3l _ ‘f[,o] (t)*

\/g
0] g =l

| g1 (1) < T eV — | £l (p)

V3
[n+1] ’ Y V3t _ ‘ (0] /4y %
_ ) < —ae =«a|n_(t
‘n )] < 3 n='(t)
[n+1] ’ i k,—2v37 . —V3(t—7) _ ‘ (U
) < ——at’e e =« t
) < 50 a0
(] < L qe= V3t — o [0 ()"
}77 ( )| = \/g ’77 ( )
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il (t)‘ < v arhe=eV3T

g 2v/3(N —3)

‘c["ﬂ] (t)‘ < L _arhemeVi — o }C[O] (t)*

2V/3

with a =1+ 1.

Now we proceed by induction. We have already seen the case for n = 0 if we take
< %ﬁ Let us evaluate the expressions of Lemma with z; = 2["(s) and
2 = 2" U(s), since, for instance:

e +e) - €r)| =

/t eV3(t=s) [R§* (Z["](s)) — RS- (z[”_”(s))] ds

< /t eV3=s) |RS (z["](s)) — RS (Z[”_”(S))‘ ds.

n+1 n
) - €| =

o ((s), 2 () [ s) — )|
+ 5 (), 2 7(9)) [l s) =l )|
+pE= (21(s), 27 (s)) |l (s) — Y (s)
+ p& (z["](s), z["_”(s)) !c[”](s) — c[”_”(s)‘}

with

of; (1(s), 20 (s) = ([€2s)] + [ )] ) (2P ()] + [ M)
+ ()] + [ )]) (] + [ )
o (1), 2 0() = (el ()] + [l o)) (|210s)] + [ s)])
+ (|| + il s)]) ()] + [2s))
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+ o+ 4+ 1
I
5
|
=

i (21(s) 20 (s)) = (|e6s)| +

([ @]) ()] + ) (
) +
' (

oy (21(s) 2 s)) = ([ebs)
(|| + "))

&s)|) (6] + o))
)]+ [1776)]) () + )

e 16)]) (1) + )

)]+ ot

ot (M1(s) L2 (s)) = ([ )] +
+ (|l \ + | )
o (Gs) 2 s)) = (Jes)

+(Je \ €

(I
(I

and

In] 1] L s koovi] o L L o s
1(s) = € 7s)| < 0™ e+ e | < Soytren e

n n— 1 §—T g T 13 s—T
€1() — €)= eV g, + eV < St

n n— I s Ve_ 13 _V3s
W) =) | < e [+ e ] < e

n n— 1 — s—T T 11 —V37 ,—V3s
i s) =l (s)| < eV |y, g e < 3 g e e
. 1

[e(s) = " THs)] < e

where v. = > .

l(s) — e M(s)

3iyef [757 + Te_2ﬁ7%7] (|z[”](s)‘2 + }z[”_l](s)f)

o (7 (s), 2" (s)
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pe, (2(s), 2 s))
1

5 3 1 1 — T n n—
e eV3 {2\/_’}/6\[( 7) Kl + 5’)/) Ye_ + 3 ITe 2v/3 %-] (|z[ ](s)‘ + ]z[ 1](s)})

3 VB3 1 1 .3 ( ) D
3s 1 _ T
55 K + 27) T+ e e z (s)

l(s) — €M) <

As)| +

2 (106, 2 (9) [ o) — ol )| <

1 3 1 1
e

+2 )}

_|_

1
— —VB37,—V3s Ve L (‘ [n] [n—1]
\/§a7€ {'Vn + 2e 75] 217 (s) z (s)

o (211(5), 20 0(s) [l 5) =l s)| <
Lm0 v [ (14 L) o Lre2im, | (1005 + 2 (s))
3n \/§ & 2 -

+

2
*2 1 1 T
o | (o 3) e+ et

4
—l——owye\[ Vs

V3

P& (z[n](s) 2=l (s |C[n] (s) — c[n—ll(s)‘ <

1 1 1
e {2% (14 57) e+ 5o, | ()] + )
4

1 1
- %azvﬁeﬁfeﬁs [(1 + 57) T+ eV e ] }

Remark. Notice that we have V3% as a common factor. It will cancel the e~ V3% in
the integral.

Lemma 21.

I

[ [0+ )] s < ety
0

V3
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/ ‘[(ST ()| + ]2 (s)|] ds < ay
Is = /0 V3 Hz["](s)‘ + ‘z[”’”(s)H ds < ay

1
L=, o =11\ [] ds < ——pn?
. 7/0 Hz (s)‘+‘z (S)H s_\/gory
o [
0

zkl_l](s)u ds < 20yTe V3
I :/ e~ V38 [Z[f](s)) +
0

Proof. 1t is very easy to see that I, = 2al;. As the rest of integrals. On the other
hand,

z@](s)( +

z[f_l](s)H ds < 20yTe V3

= [ [966)] + )] as
1 1 1
<27, — eV p eV
<2 | {ﬁ ! Va3 23
2 1 1 1
< —av, _(1_6—\/§T>+_<1_e f)‘i‘— k—l—le—e\/gﬂ}
V3 [ﬁ V3 2
< 2 { 1 n 1 n 1 ]
R AVE IRV VG
1 1 1
< 2av7. < 2a7—77’“e’6‘/§7 < —ar*re —eViT < < —avt
V3 V3

2V/3

a’yrke“/ﬂ ds

providing that

3
\/T—Tk+le_6\/§T.
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After computing the integrals we get:

n n 1 T
i) —¢b ]< 0] < govke’™ {[ye. +re 2y, | L

1 1
1 - —2\/§T _[
2\/_ K " 7) -t 217 %} ’
3 V3 1 1 s
v T 1 - - T I+
\/_ye [( + 27) Yoo + 476 75} 6

3
2
1 1 _2V3
- T I
.
2 1

4 —V37 L V3T It
+\/§oz'ye ['yn+2e 75} 6

2

7\/57’ 1 2
+ —T1e 1+ = + 5oTe
\/37 K 27) e Py

ek
+ %oﬁve‘/ﬁf Kl + %’y) Yo + *ye ] /

1 1
-+ 2 |:(1 + 5’7) Ve_ + §’YT€2\/§T’Y,7:| I7

(g et o)
+—aye VT |14 = eV e | 7 e Ve
3 v 27 Tn 47 Ve | 7. ;

1
§3—n’yKe‘/§t { [’}/g_ + Te’Q‘/gT’yn_} I,

(1 1 3 3
+l(1+3 + T2V }(—IJF—I)
_( 27) 75— 27 fyT]— 2\/§7 5 2\/3’7 6

[ 1 1 2
+ <1 + 57) Ve + 577e_2‘/57%} (ﬁ%'e_\/?}]ﬁ + 217)

\/37‘ —\/§T + 2_ 2 —2\/§T
+ R Ve —F=e I + -« TE

2

[ 1 1 4
- \/37 2 —/371,.2
" ( 27) b e | (Gaeoa?)
[ 1 2
\/37 —V37 1+
+ | —=ane 1
,}/77 2 :| \/§ ’y 6 }
1
PyKeft{ Ve + 1€ 2v/3 Sy } %oﬂy?

1 1 o3y 6
-+ (1 —+ 5’)/) Ye_ -+ 5”}/76 2v3 ’yn_} EOK}/Q
1
Tn

r 1 3
+ (14 =~ 4+ —76\/37757 —04727'672‘/37 (14 «)
i 2 4 2
[ 1 V3r } 4 2.2 —2\/§T}
+ _+ —e | =« Te
1 V3t 1 2 —2v3r 1 f
33_717[(6 %a’y [fyg_ +Te fyn_] 14(1+7v) < 3 e
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if

4K 5 1
— (1 + < —.
Since
K< —2\/57
3y
we can ask

28v(1+7)* < 1.

The situation for £, n_ and 7, is completely equivalent. The only discussion left
is the case for c.

R (2P(s) = R (200(s) | < K { (|64 20 0s)])
+ ( CLH](S) ) ) (!z[”](s)‘ + ’z["_l](s)D
(1g" () = € o)l + [l (s) - L"‘”(s)\

[ = 0" s)] + [l s ~ o' ”<s>\>}
£k

<K { (’z[”](s)}Q + ]z““”(s)f) i’Y’Yk

() = ' (s)|

1 |t (s

Ck

3n
# 2 (14 57) ()] + )

11 —V37 \/g(sf‘r) 1 3 2 \[(s T)
Te e + —
(3n \/37 31403 |
TR 2e=Vs 11 VBT s
+ — 7 TE + —7%

_31n”y”ykK { <‘z[n}(8)|2 + ‘Z[n_”(s)f)

e2 (1o 1) (0 + )

3 V3(s—T) 3 —/3s )}
+ —="ye + c
(zf 23! !

n+1 n
e (s) — ¢ (s)

1 1 3 3
< K L+ 2 (14 =y ) | ==L + —=7I + I
> 3n’7’7k {4 < 27) (2\/§7 5 2\/57 6 7)}
1 1 1 4
< K —a22+2(1+—>—a 2}

L2 1
—_— a [
< 7 75 S gk
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Once we have proved the lemma, we see that we have a Cauchy sequence, so then
is convergent to a limit (£(t),n(t), c(t)) that corresponds to the (unique) solution of
the Shilnikov problem. In addition, this limit must satisfy the same bounds, that
is:

0 < e+ 30 (e re )
0] < e, + 20 (e, + o) | 3
In-()] < -%,_ + %fy <,yn_ + %e\/gf) o= V3t
e < |y, + %7 (%H + 75+Te‘2\/57>} o V3(t—T)
k()] < e+ %m

However, we can also say more, we can give estimates on the deviation respect to
the linear flow:

’5_ () = € pe¥™] < %7 (757 + %;je_Q‘/gT> V3t
’"‘(t) - 77—706_@ < %v (%7 + %%eﬁ7> oV
‘f+(t) - f+,1e\/§(t_7) < %7 (75+ + %'Yme\/gT) oV3(t=7)
‘77*@) — eV < %v <%+ + mre—?@) V(")

|er(t) = Gre™| < %7%

C.4 Proof of Proposition

For our argument we need lower bounds of the solution for the free components and
upper bounds for the fixed ones.

We are going to use strongly the fact that if we take some mode equal to zero at the
beginning it will be always zero and that since we are working on a compact set,
the functions that define our system are globally bounded.

We first consider the center modes ¢, and get crude estimates that are not particu-
larized for solutions close to the heteroclinic because it is enough.



C.4 Proof of Proposition

For k # j £ 2,
d 2 d dck _ dék de _ de de _
—k _ k =k _9 —k
|ck| pp —[exCr] = Rty g ko Re{ P ck}

=2Re { ’Ck| + CkRell( ) + Ekarlzm(x7 Y, C)}

=2Re & | —ick ||cul® + Z | + 2iey, [y + G | + an(—ick)w(z,y)
leP;

=2Re {2ic} (i1 + 1)} = —4Im {c (G, + 21) }

where we have used that w(zx,y) is a real function.

Then

d
'E|6k|2 =4|Im {& (f_1 + i) | < 4l

Then,
e cr(0)* < fe(®)* < e[ex(0) .
The argument is analogous for cj19, so we obtain

e e (0)] < ler(®)] < e*|er(0)] for all k € {1,. —-1,74+1,...,N}.
For the past hyperbolic coordinates we use a similar argument. Write the system
as:
d [ z_ x_
— = A(t .
il )=o)

§;H<x_,y_>uu>s|L4@>Hu4ux_,y_>uw.

As we have said using that we are working in a compact set we can determine

K~ > 0 such that

Then,

1A®)||e < KZ,
SO

1@y ) Ollo < eIz, y-)(0)] oo

Finally we want to express a similar bound for the pair defined by (zy — 2" (¢), y. ).
However, it is not true that the subspace {z = z".(t),y; = 0} is invariant. For
that pair of coordinates we are going to use the Gronwall’s inequality:

Lemma 22 (Gronwall’s inequality). Let n be a nonnegative, absolutely continuous
function on [0, T] which satisfies for a.e. t the differential inequality

() < o(t)n(t) + ¥ (1),
where ¢(t), ¥(t) are nonnegative on [0,T]. Then

n@sﬂwmbm+4%@ﬂ

forall0 <t <T.
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130

The equation for y, can be written as

U = a1(t)ys + as(t),

lax(t)] < Jaxn ()] (z—, y=) (D)% + lazz(t)]|cj2 ()]

Then, using the previous bounds and the fact that all the functions a;(t), a (%)
and agy(t) are bounded because we are working on a compact set, we obtain, using
Gronwall’s Lemma:

()] < K4 |y (0)] + K2 (2, y-) 013 + Bl cj4a(0)

for some constants that only depend on o.

Finally, for the component 2 — 2 (t), we have:

d h B h
5(14 — 24 (1) = az(t)(wy — 2 (1)) + au(t),

where

jas()] < Jan (Oly+ (0)] + s (O] (2 y- )OI + D laaa @)l

lEPj

Using an analogous argument through the Gronwall’s inequality, we obtain the de-
sired bound.

C.5 Proof of Lemmas [7] and

We denote (z,y, c...) to the coordinates referred to the j mode and (Z, 7, ¢...) to the
ones referred to the 7 + 1 mode. Then, we have

bj = reze bk = ckew bj+1 = fe’e bk = 6ke’9

If ¢ = wy + w?x, then ¢ = w?y + wr and inverting these relations we obtain:

w? 1 1 w

w2—1c+w2—1é x:w2_1c—w2_1é.

2

y=- (C.9)

Through these changes the norms can be computed as:
e = 2 — 2y +y* = [|(z,9)||.

This notation defines a norm in R? equivalent to ||.||o since:

(=" +97).

N | =

—% (2?2 +9%) <ay <



C.5 Proof of Lemmas [7| and

we have:

1 1 1 3
e nIB =22+ =2 (2 +97) <@ )lle <2+ 45 (@ +97) = Sl vl

We will also use:

Ll < w9l < o)l

Now we have

—i0 = i(6—0 i(0-0) ( -~ 2~
Cipz = bjyae™ " = G 06070 = ¢/070) (wiiy +w’iy),

That means

llejall = lléjall = [1(Z4, g1+,

3, . L
|Cj+2| < \/;||(x+,y+)||2 < \/§||(w+ay+>||00

Now we have an estimate but we want to compute the exact change. Taking (C.9)
we have:

w? N 1 .
Y = ———F = Cjit2 T —5——=Cjt2
+ (JJ2—1 7+ w2_1 7+

w2

w2

——— b, 9€"
(JJ2 -1 7+

o 1
D 1 () R
oﬂ—lcﬁ?e +w2—1

Analogously,

1 PP w . =
~ ) io—-0) _ _* —i(0—0)
= o m -

On the other hand,

Analogously,

Notice that
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SO
Qil0-0) _ WY+ T wzy oi(0—0) _ whyy +wry
T T .
Then,
w? 0 5 1 0
~ _ i(60—0) —i(6—0)
Yy = u}2_17"6 +w2_1re
r w?
= L )+ (e )
r
= =4,
T
and, analogously,
. r
T = =Yyt
T

On the other hand,

w? (0—0)
~ i(0—6
Yy = ——5—Cjq2€ +
w2—1" w? —
2

w W2y, 4wy N 1 wyy +w?T,

—i(0—0)

1 Civae

= Cit2 = Cjt2 o
w2—1" 7 w2—1" T

Y+ - Tt =
( (—wejpe +wia) + —— (=2 + W2Cj+2>)

w?—1

<—%§Im(cj+2)y+ + (Re(cj+2) + ?Im(cﬂz)) $+>

<= N

1 w?
~ _ i(0—0) ] i(0—0)
ry = 5 10] e o2 — 1Cj+2€
1 Wy, + wry w? WY + wry
= Cj+2 - - Cj+2 =
21" T w2—1"7 T
Y+ 2 _ Ty
= — (WCjy9 — Ciig) + —— (WCj1o0 — WCjt9
(w2_1( J+ ]+) w2—1( J+ ]+)

= =g

((Re(0j+2) - ?Im(cj-ﬂ)) Ys + %ﬁlm(%‘w)ﬂu) :

Fork#j—1,j+1,j+2,

- 2
0-0) _ WY+ T Wy o
= :

ék = bke_w = ckel(

Notice that i
k| = ‘Ckel(e_e)‘ = |ck|.
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Finally

2
~ _ib i(6—0 w + wx

Now we can compute:
€1l = lej—a] = [I(z—, y)lls,

and obtain the same bound that in ¢4 but in terms of z_ and y_.

C.6 Proof of Lemma [158

2 2 2
TY=r oYy H YL

= (VI—=02+m.)* = (V1= 0% +mg)m, +m;

— 1—02+2mx\/1—702+mi_mym_m$my+mz
=1 -0+ V1 —022m, —my) + ||(ma, m,)]||>

>1 —O'Q“f‘m(me — my)

=1l )| =7 = ) el

lEPj

<o —V1—-02(2m, —m,)

<1-

2
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