3 The Effect of Finite Sample Size in On-line
K-Means

Abstract- The asymptoticconvergence of on-line algorithms when the number of training
samples tend to infinite is well understood from a theoretical point of view (Benveniste et al.,
1990)(Bottou, 1998)(Ljung & Soderstrom, 1983). However, much less is known about the real
convergence of these algorithms when the data samples size is finite. In this chapter we address
the study of the real convergence of the popular K-means algorithm (McQueen, 1967) when it

deals with finite data resources.

Index Terms- K-means algorithm, Asymptotic convergence, Online gradient descent, Finite-

sample properties, Vector Quantization, Data-dependent partitioning classifiers.



1. Introduction
On-line algorithms are one of the simplest optimization processes in the learning phase of

artificial adaptive systems. This feature makes them attractive to handle large (eg. real-world)
training sets using a moderated computational effort. In these cases, since the number of
examples (N) is usualliixed the learning algorithm stores the whole training data in memory
and passes (e.g. cyclically) though them over and over until a stopping criteria is met.

In some cases this learning scenario is unavoidable since the derivation of the algorithm is
intrinsically on-line (e.g. supervised LVQ algorithms; (Kohoned9a)). In other cases, since
the algorithm is related to a particular cost function, its use is supported by the empirical
evidence that the convergence speed is accelerated over batch versions if the data is redundant, a
typical situation in real-life data (p.264 (Bishop, 1995), (Bengio, 1991)). Another typical
argument in favor of on-line versions is that they can be considered as a 'noisy' versions of batch
algorithms so they could escape from a local minimum easier.

Although the use of on-line learning algorithms when there is a cyclic or random access to a
fixed set of examples is a common practice, there is no guarantee of convergence. From a
theoretical point of view, convergence is only guaranteed when N tends to infinite (This holds
either in the case of using a constant or decreasing step size (Benveniste et al., 1990).) Besides,
the theory that studies theses systems usually does not provide any hints about the practical
convergence rate. Hence, to get more insight of the finite-sample properties of these algorithms,
the theoretic analysis must be always complemented by simulation studies.

This chapter addresses the study of the finite-sample convergence of the popular clustering
K-means algorithm (McQueen, 1967). This algorithm is widely employed in vector quantization
(Gersho & Gray, 1992), as initialization for other more powerful learning systems (like Radial
Basis functions (Moody & Darken989) or Kohonen’s LVQ algorithms (fonen, 296)) and
in data-dependent partitioning classifiers (Devroye, 1996). We study this on-line learning when
it uses a cyclic or any other presentation of the training data @ntstant or variable step size
Emphasis is done in comparing the cyclic on-line version over batch and infinite-sample on-line
versions. For the study of the learning algorithm we will makerastatistical analysis mainly
based on the use of the discrete-time dynamical systems theory (Devaney, 1989) (Oppenheim &
Schafer, 1989) (Wiggins, 1991).

The organization of this chapter is as follows. Section 2 reviews on-line and batch versions of
the K-means algorithm. In section 3, we introduce our study of the finite-sample convergence
introducing an asymptotic first-order model of the on-line K-means. To give a complete view,



we also include convergence studies of the other versions. Section 4 briefly accounts the
generalization performance of these algorithms. Next, experimental results are presented in
order to validate the proposed model of the finite-sample on-line K-means. Finally, some

discussion and conclusions are given.

2. K-means

2.1.1. Optimal On-line K-means
We want to design a codebo@k; (or set of prototypes of size K) for a vector quantizer VQ.

A VQ of dimension p and size K is defined as a mapping from a p-dimensional Euclidean space,
0P, into a set or codebodk={w;, i=1,...,K}. Associated with every codevectarexist a region

of influence Rwhere VQ maps any input vector that falls in itoSince we use a nearest
neighbor quantizer, #s defined by

_ _ 1)
R, —%‘ Ix =w;| = m|n ||x—wj||ﬁ
Thus, VQK) can be expressed as

K M sixOR. (2)

VQ(x): Zl(xDRj)wj wherel(xDRj): %) sixDRJ»

=

Once VQ is defined, the principal goal is to find a codeliogkhat will minimize a measure of
performance considering the total sequence of input patterns to be quantized. This overall
performance can be expressed in terms of a statistical criterion. In optimal K-means, the

statistical criteria is the expected error of the vector quantizer given by the functional

I[VQ]:% X OR, )[x —w,|* f, (x)dx G)

ge =

where § is the probability density function of the random vector (RV) X.
We must apply the gradient descent optimization method over I[VQ] to derive the learning
algorithm:
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If we can exchange the integrator and differentiator operatorsy ésgsrhooth enough (see the

technical details in (Bottou, 1998)), the learning equation yields:

w,[n+1]=w [n]+a[n]PX O Rj[n])kEx‘Rj[n] -w,[n]] j=1.K (5)
So finally the optimal K-means algorithm can be stated as follows:

Optimal K-means Algorithm (K, fx, a[n] )
K Number of prototypes or codevectors
fx  Probability density function of RV X

a[n] Step size function

1.n=0

2. Initialize C[0]={w;[0], j=1,...,K}

3. Compute P(XOR{[N]) and Exgrjm(X|RiN]) for j=1,...,K
4. Apply the following update equation:

Wj[n +1] :Wj[n]+ a[n] P(X H Rj[n])kEx‘Rj[n] —Wj[n])

5.n=n+1
6. If stop criteria is not met go to 3
7.End

2.2. Batch K-means
If fx is unknown, we cannot apply the optimal K-means algorithm. In these cases, we build

an empirical estimator of I[VQ]h{VQ], with a set of random vectors extracted frognifi the

following way:

1Nl

6
|emp[VQ]:ﬁz 1(x, OR, ||x —W|| (6)
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Batch K-means make use of the Newton optimization method gyr@] (Bottou & Bengio,

1995), that is defined as:

w,[n+1]0
ol .|V
wW[n +1]= E s E: w[n]-H [n]‘l—egi’/[v[%[n]] )
A, [n+13
m Iemp[VQ] .. 2 emp[VQ]E
D 9°w, ow aw D
H=0O : :
m Iemp[VQ] emp[VQ]D
an ow,  0%w, @
The hessian matrix H and the partial derivative;qfriespect to each codevector yield:
emp[ Q] iNZ_j X D R X _ )
(8)
azlemp[VQ] 00 ifi#]
oW, 0w, _%\I,—/N ifi=]
where Nis the number of training samples that fall in the Voronoi regjon R
Hence, the learning equation is
(9)

[n+1] []z xDR[n]

Then the batch K-means algorithms is defined by
Batch K-means(K, {x, I=0...N-1})

K Number of protoypes or codevectors
{x, 1=0...N-1} Training data

1.n=0
2. Initialize C[0]={w;[0], j=1,...,K}

j=1...K
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=1.K

3. Compute T, [ { |R [n]} where R, [n] {‘”x e [n]|—m|n||x W, [n]||}

and x\R|[n] are the training samples that fall in region Rj[n]

4. Apply the following update equation:
w;[n+1]= []le OR,[n])x, j=1..K

5.n=n+1
6. If stop criteria is not met goto 3
7.End

2.3. Cyclic and Random online K-means
As the previous algorithm, cyclic on-line K-means make use of fixed training gata {

I=0,...,N-1}. But instead of using the Newton optimization method, it applies the pattern-based
version of gradient descent. The empirical error function gradient is re-evaluated at each

algorithm's step usingnly one pattern at a tim&hen, we update the codevectors with

w,[n+1]=w;[n]+aln] emp[[]nir R (10)

Ll 4=35 o -w ol

Note that in the cyclic version we go through the strip of training data in the following fashion:
Xo, X1, --Xn-1, X0, X1, ... The complete cyclic and random on-line version of K-means is shown

below.

On-line K-means(K, {x, I=0...N-1}, a[n] )
K The number of protoypes or codevectors
{x, 1=0...N-1} The training data

aln] The step size function

1.n=0
2. Initialize C[0]={w;[0], j=1,...,K}
3. If cyclic version then
X[N+1]=Xn mod
otherwise

X[n+1]:Xrandom(1,N)



4. Compute the current nearest codevector to x[n+1] named w,[n] using the Euclidean distance:

WW[n]= arg min||x[n+1]—wj[n]|
w., j=1..K

]

5. Update only the winning prototype in the following way:

wy, [n+1]=wy[n]+ aln](n +1]-w,, [n]
6. n=n+1
7. If stop criteria is not met go to 3
8. End

3. Study of convergence
3.1. Optimal K-means
If we equal the partial derivativel [VQ]/G w; to zero, we obtain the optimal values of the

codevectors that minimize the functional I[VQ]:

wiln]=E . J=1..K (11)

These optimal values are the conditional expectations of X to belong to each of the Voronoi
regions Rj=1,...,.K.

If the step size is small enough, we can use K ordinary differential equations (ODES) to
approximately describe the behavior of the K difference equations of this learning system. Thus,
the equations

w g =w f]-af 2Oy 12)
: : ow . [n ’

J

can be approximated by

aw,(t) aivQ] . _ (13)
dt awj[n] J=1..K

where the relation between the discrete and continuous time is given=by
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Let be E, |l|>?—VQ(x,t]|2J the Liapunov function associated to the learning system. This

function is the instantaneous mean quantization error using the Euclidean distance as a measure

of distortion. Since

dE, [ -vae )| (14)
dt

near a ball defined around each fixed point for all possible sets of K prototypes, these points are

stable. Finally due to the fact that

dE, [x - VQ(x,t)* (15)
dt
we can see that the instantaneous error function is exponentially decreasing
(16)

E, mx -VvQ(x, t)||2]= ce_%

See for a complete derivation of these results (Kosko, 1992).

3.2. Batch K-means

If we again solveodl [VQ]/()Wi =0, we will obtain the sub-optimal values of the

emp

codevectors that minimize the functionalfVQ]:

WjBatch Nijl\gl(xl DRJ) X, J:l',K (17)

This sub-optimal values are empirical estimators of the conditional expectations of X to belong
to each of the Voronoi regiong jR1,...,K.
Since the batch K-means uses the Newton optimization method, this algorithm converges

very fast. In fact, near attraction basins, its convergence is superlinear (Hestenes, 1980).
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3.3. Cyclic online K-means with constant step size

3.3.1. Case K=1
When there is only one codevector, the resulting learning equation is linear so its dynamics

can be completely characterized using discrete-time linear analysis tools like the z-Transform
(Oppenheim & Schafer, 1989) 84. The discrete-time dynamic system then has the following

equation:
wln +1]=w[n]+aX[n+1]-w[n]) n=0,a>0 (18)

The sequence of input patters] is a periodic signal of period N, since we cyclically sample

a training set of size N. The relation between the sequerficeandx|n] is defined as
w[n] = h[n]* x[n] + @~ a)" u[n] w[0] (19)

where h[n] is the impulse response of the filter that reldtgswith w[n], w[0] is the initial
value of the codevector, u[n] is the step function and * is the convolution operator. To obtain
h[n], we transform the equation (19) into the z-domain, compute H(Z) and anti-transform

achieving
hn] = (1 )"u[n] (20)

This linear system is stable in the Bounded-input bounded-output (BIBO) sensex[ngisf
bounded,w[n] is bounded too) if and only if h[n] is absolutely summable (Oppenheim &
Schafer, 1989) p. 29,

(21)

niw|h[n]| < oo

If |1-alphal<1, the sum S of the terms of an infinite geometric series is finite so the system is
stable. Since alpha>0, alpha must belong to the open interval (0,2) to ensure BIBO stability.
Sincex[n] is a bounded sequencex{(n]||<Bx=|ma{|=arg max||xi|| w[n] has the following

bound
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il = [ mes] + 1= WO (22)

As the discrete-time system iterates, the initial condition disappears[@ahid confined into a
ball of radius Kmax|-

Now we can solve the convolution operation betwdehand h[n] in equation (19),

vv[n]= iZ}c\'(l—c\') x[n—i]+ (1—a')”u[n]vv[0]={x[n—i]= O,n<i< O}=
5 art-a) =il G- Yol

(23)

The values of the signal[n] that are of special interest are those in which the algorithm have
passed through the training set a multiple number of N times. So we explicitly confidi]te
that yields

W['N]=%El_‘(f_;j))f)§x[w ~i]0-a) +@-a)"w[o] 24

This equation can be described as the sum of a transient and permanent terms
w[IN]=A +B(1-a)" (25)

If the system is stable, the transient part vanishes with an exponential rate of exponent 1-alpha as
| tends to infinite. Them[IN] gives

im W[N] 5N -]t~ a) )

(-a)" £

One can see that the fixed point of this dynamic system is a weighted mean of the training data
that gives more relevance to those samples which are at the end of the memory array. If alpha is
not small enough, this behavior can notably affect the performance of the algorithm in the

presence of outliers.
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We can rearrange the equation (26) using the Taylor expansion of (1-aiphaeries of

polynomial terms,

~ N-1 . i-1 I| j aJ B
lim wliN]=— NI )Jﬂ , x[N —|]§ > (| | ; g 27)
JZ (N - ) J!

If (N-1)a/2<1 (condition 1) we can take only the two first terms of the polynomial expansion,

IIiTOW[IN]:%TZX[N_i]_%'\iiX[N—i] (28)

Then the fixed poinfip of the learning system tends to the empirical mean of the training data. If
each training sampbg can be approximated by the empirical megrfe.g. X is a mixture of

radial gaussians) and condition 1 is met then the last equation can be approximated by

(29)

Ilmw[lN] B. a(N ZX[N—I]~—ZX[N—I]

An important point in the study of dynamical systems is the persistence of the system under
small changes or perturbations in their parameters: the notion of structural stability (Devaney,
1989) 81.9. In our case this means to study how a small change incatphvaith e<<a) affects

the value offp. If the system suffers a soft change in its dynamics, we then will say that this
system is structurally stable afigy will be near tofps:e. We define as a measure of the
closeness between two fixed points with similar step sizes the following relative distance d

(30)

w, —w

a ate ||

dr(Wa’Wa+£)= ||X

max|

wherexmax IS the training sample that has the biggest module. It is easy to show that if condition
1 is met, dr<<1 and this implies that this system is structurally stable.(As we will see later, this
behavior will can help us to design a decreasing step size function that achieves good

convergence rate and precision of computation.)
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3.3.2. Case K>1
When the number of codevectors K is greater than 1, the resulting discrete-time dynamic

system is highly non-linear due to the winner-takes-all process that is performed for each

iteration of the algorithm,

Wj[n+1]:wj[n]+aj 1(x[n +1]DRj[n])(x[n +1]—Wj[n]) n=0,a,>0,j=1..K (31)

Anyway the overall non-linear system can be described by K linear systems

wi|n; +1]=w;[n |+ a; (x;|n; +1]-w[n]) n =0,a,>0j=1..K (32)

where each linear system has its own discrete tirmedinput sequencgn;] that is filled with
those training samples of the original training sequ&mjehat fall in the Voronoi region ;f].
In this way the non-linearity of the original system has been transferred to each sgquence

The cost function of K-means (equation 6) is divided in regions where training samples are
always assigned to the same prototypes. Near attraction basins, the algorithm is inside one of these
regions so each prototype always ‘sees’ the same training samples. Hence the K coupled linear
systems of equation 6 can be decomposed in K uncoupled linear equations as we have just seen in
the above section.

Convergence of the algorithm from any starting point can be also studied when we consider the
conditions that ensure that on-line K-means was a line seardiodné@ennis & Schnabel,
1989)84.2 that minimises a (ghlly defined) cost function using a gradient descent approach.

The idea is then to compare the behaviour of on-line K-means at the end of each epoch and a

(batch) gradient version. I(N 1)a <2 j=1,...K (where Nis the number of training samples

i
assigned tow), it is easy to show that the algorithm effectively performs (some dintbatch
gradient descent inside regions of constant assignation of samples to prototypes. Then, we only
might ensure that the algorithm makes a correct transition between these regions. This implies the
fulfilment of several technical conditions (Dennis & Schnabel, 1989)84.2. However, if the algorithm
performs gradient descent on the regions, good transitions are not observed in practice. (See for more
details (Bermejo, 2000)).

If the above considerations are fulfilled the on-line K-means will converge to a similar local
minimum of the mean quantization error as its counterpart batch version. Then, the algorithm

minimizes a global error function, we will observe two very different phases in the dynamics:
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* Phase 1 Formation of the Voronoi Regions: the system goes from the initial point of
departure to an attraction basis of a local minimum of the error function.

* Phase 2 Final convergence: the system finally converges from the origin of the attraction
basis to the local minimum.
Once the Voronoi Regions are formed each sequefgeis N, periodic, where Nis the

number of training samples that fall in the Voronoi regigns® we can compute the resulting

fixed point using the results for K=1,

(33)

' N;-1 )

3.4. Online K-means with variable step size

3.4.1. Case K=1
General expressions for K=1, when the step size is variable and we sample the training set

without imposing any restrictions, can be also derived. In this general case, the discrete-time

dynamic system has the following equation:
wn +1]=w[n]+a[n](x[n+1]-w[n]) n=0a>0 (34)

Computingw[n] when n takes the value of different multiples of N, we can derive a recurring
relation betweeny[IN], I>1}, w[0] and {X[i], i=1,...,N}:

wN]=w[o]A, +s, (35a)

wi2N]=w[N]A, +S, =w[o]A A, +SA, +S, (35b)

W[3N] = W[ZN]A n T SZN = W[O]AOA NA n T SOA NA n T SNA ~N T SZN (35¢)
-1 -1 -1

wliN]= w[o]” Ay + Z Sn [1Am (35d)
= = m=j+1

Ay = |‘J(1 afi +N]) ZW[I JN]G[I+JN]|_| (L-alm+iN]) (35€)

m=i+1

In the cyclic case, can be simplified using the fact thé] is a periodic signal of period N.
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The transient part of equation (35d) asymptotically vanishes iifng.is a positive non-

-1
increasing function and 040]<1, since|_| A,y is bounded by the following expression

-1 N -1 (36)

ﬁAj[lﬂlaMWQ<”@aWD < @-alo)"

that converges to zero whel o,

lim I_l A <lim(1- alo)™ = 37)

Here the asymptotic value wfn] is much less clear than in the case of the constant step size.
Nevertheless, the important thing to stress is W&t | is a weighted averaging of the
sequence Xi], i=1...N} that depends on the shape of the step sigg and the way of

sampling the training data.

3.4.2. Case K>1
Following the same arguments of the section 3.3.2 and using equations (35d) and (35e),

we can derive a similar expression than equation (33) where each codevector has its own

sequence of training samples.

4. Generalization properties
The K-means learning model approximates locallyxRdy

< (38)

x=VQ(x)=w, = Zl(xDRi)w

wherew; is the nearest codevectoro

The expected quantization error will measure how well we approximate for all possible cases,

L=E, [x-vQX)’] (39)
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It is easy to show that this error function can be decomposed as the sum of an approximation

error and an estimation error,

L=, [x = VRO = Ex [x - VQup 6 [+ Ex [VQup () - V() “o

VQu ()= 3R JE, . (R

The approximation error is the error induced by the kind of model that we use to approximate
RV x and can be described by
| |5
Ex [x-VQo &) |= S Pix DRJ)EX‘R ﬂx—EXRi (X|Rj1
J=1

2

(41)

i

Ez i p(x UR; )trace(KxRi )

=1

The estimation error is due to the use of training sets of finite size and is defined by

? (42)

e[V @-vatr]- 3 b ar e, bR )-w,

It is minimized when the codevectors;{ j=1,...,K} are the conditional expectations. This can
only happen ifv;", the fixed points of the dynamical system, are the empirical conditional means

EX‘R“ (x|Rj) and N> due to the convergence of the means to the expectations by the law of

large numbers.
Finally a third kind of error can be considered due to the optimization process if the learning
systems do not converge to a global minimum of the quantization error and/or their fixed points

are not the empirical means (as in the case of the on-line K-means).

5. Experimental Results
In the experimental part of our work, we will study the real convergence properties of the

on-line K-means algorithm using artificial data and how good is the linearized model of K-
means near attraction basis. Since the most simple and intuitive expressions have been
derived for constant step size and cyclic sampling of the training set, we will only perform
simulations in this particular case.

Training data was sampled from a 2-dimensional normal distributionOwttean and the
identity matrix as a covariance matrix. Two training sets with size N=50 and 500 have been

generated. Ten runs with different initial values of the set of prototypes have been made
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given a training set, constant step sizand number of centroids K. These initial values are
randomly chosen from the training set. Each run consists of executing the algorithm until the
K fixed points have been reached or 30000/K epochs have passed without convergence. The
simulations make use of alpha values from 0.00005 to 1.9 using multiples of 1.2.

We have focussed in collecting four measures from experiments. The first, called E1,
guantifies the error between the linearized K-means and the real K-means. It is the average
squared error between the fixed points achieved in simulations and the theoretic fixed points

using equation (33). E1 is given by

1 10K 2 (43)
E I D,

The second one (E2) measures the difference between on-line and batch K-means since it

i _ j
p empirical; p theoretic

averages the Euclidean distance between on-line and batch fixed points using the Voronoi

regions computed with the on-line K-means:

10 K 2 (44)

1
Ez:ﬁ;ﬁ |

We also display the number of epochs in order to the algorithm converges. In all these first

i j
p empirical; p batchi

three measures, we have assigned to them the value -1 if the algorithm did not converge
before 30000/K epochs. Finally we indicate if the algorithm converges or does not before
these number of epochs.

Before we start introducing the simulation results, we present a factor of merit FM
associated to the codevectwrthat we will use in order to explain the empirically-observed

behavior of the algorithm. This factor of merit has the following expression:
FM, =N, a, with N, >>1 (45)

where N is the number of training samples that fall in the Voronoi region associated to
andaq; is the step size applied to the update equatian[of. In fact, the necessary condition
to ensure a good estimation of the empirical mean is fulfilled wherZF&hd N>>1.

Figure 1 displays the cases in which the algorithm converges in all ten repetitions. There
are three regions that have a different behavior. For g<¥\ithe algorithm converges very
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slowly. (We can observe, for instance, the left-side of figures 2a and 2b where E1 departures
from —1 to O indicating that the algorithm converges before 30000/K epochs depending on the
initial points are near to attraction basis.) By contrast wheprEMhe algorithm does not
converge to fixed points. In these cases, periodic points appear, as we have checke@. If FM
convergence is guaranteed and the convergence rate logarithmically increasetoes
(figure 2). As K increases, we need a greater value @f maintain the same convergence
speed, since FMdecreases because of less training samples fall in a growing number of
Voronoi regions. The epochs-to-converge curve in a logarithmic scale is a ‘noisy’ decreasing
line. Its envelope is a line with a negative slope since the number of steps to eliminate a given
percentage of the transient part is inversely proportional to FM, as one can check from
equation (25). The noise is because ‘finite-sample’ K-means does not form equally probable
Voronoi regions. As a consequence; ¢dnnot be approximated by N/K and some
codevectors converge before than others. In this way, we do not measure an average number
of epochs but the epochs of the codevector with the lowgbatNrandomly varies from the
mean N/K.

E1l is always equal to zero when K=1, since the proposed model is exact. In the region of
FM;<2 for K>1, as one can see in figure 3, E1 moderately increases;af€8/ indicating
that the linearized model of K-means can serve as a good description of the real dynamic
system. Although, as FENhcreases the fixed points are perturbed versions of those predicted
by our model. Hence, K-means near attraction basis could be described as a perturbed version
of a linearized K-means. Also in this region, E2 increases with($&d figure 4), as one can

expect from equation (33).
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Fig.1. Existence of convergence of the algorithm toward fixed points as function of the
constant step size: a) N=50 and b)N=500. If the algorithm converges, we mark with a value

of 1. Otherwise we mark with the value of K.
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Fig.2. Number of epochs in order to the algorithm converges. We only show those cases
where the algorithm converges in the ten repetitions. a) N=50 and K=1,2,4,8 and 16, b)
N=500 and K=1,2,4,8,16,32,64,128,256.
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Fig.3. Averaged error between the linearized and real K-means (E1): a) and b) E1 in all the
cases for N=50 and N=500 respectively, c) and d) E1 in those cases where the algorithm
converges in the ten repetitions for N=50 and N=500 respectively.

Apha
0,00001 0,0001 0,001 0,01 0,1 1 10

a)

Alpha

0,00001 0,0001 0,001 0,01 0,1 1 10

—1 —2 4
—8 —16 —32
—64 —128 — 256

O RPNWRAOTO N OO
E2

[y

'
N

b)

3-20



0,0001 0,001 0,01 0,1 1 10 Y
1,E+01

- 1,E+00
- 1,E-01
- 1,E-02

- 1,E-03

1,E-04

1,E-05

1,E-06

Aldoha
0,00001 0,0001 0,001 ,01 0,1 1 10
L L L L L 1‘E+01

—1 —2 - 1,E+00

4 8
—16 —32 L 1,E-01
L 1,E-02

—64 —128
1,E-03

256 >4
T /
f\ M\J 1,E-04
VY
(w- [ ] 1,E-05
QJ -z 1,E-06

1,E-07

d)
Fig.4. Averaged error between the on-line and batch K-means given the same configuration
of the Voronoi regions (E2): a) and b) E2 in all the cases for N=50 and N=500 respectively,
c) and d) E2 in those cases where the algorithm converges in the ten repetitions for N=50 and

N=500 respectively.

6. Discussion

6.1. On-line K-means for constant step size and cyclic sampling.
The step sizex notably affects the fixed pointg and its stability. But it is the relation

between ofx and N (the number of training points that are used to compute the fixedgppoint
which determines the behavior and valugofif this ratio is small enough (e.g. <2), the fixed
points are stable and their values tend to be the empirical estimators of their counterpart optimal

points. Otherwise, the fixed points softly tend to get away from the estimators. Then, each
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training example contributes in a different way since the fixed point is also a function of the
position of each training example in the memory array. In this way, if we use these algorithms in
the presence of outliers, the solutions could in some cases be notably worse than batch solutions.
Specifically, outliers have a major impact if they are stored at the end of the data array.

Another interesting point is that the advantage of cyclic on-line approaches over batch
versions in terms of convergence speed when there is a high degree of redundant information in
the training set must be questioned. For example, if we simply replicate the training data once,
the number of iterations to achieve convergence approximately stands, givena fientce,
the number of epochs decreases by a half. This confirms empirical evidence (Bottou & Bengio,
1995). In contrast, batch version needs in this case the same number of epochs to reach the fixed
points so the number of iterations duplicates. But i§ fixed and N grows, since each FM
increases, the fixed points tend less to the desired empirical estimators. So, some precision must
be lost at the expense of better convergence speed. Therefore, it exists a tradeoff between the
convergence speed and the precision in order to achieve a proper value of alpha for each statistic
computed by the K-means algorithm. This tradeoff is controlled by a factor of merit that is a
function ofa and N and can be summarized with the following statement: If we want fast

convergence speed, we cannot achieve good precision and viceversa.

6.2. On-line K-means with variable step size.
The way of sampling affects the fixed points of K-means. If the sampling is deterministic,

one can derive a closed formula for the fixed points as we have done in the case of cyclic
sampling. Anyway, fixed points are an average weighted means that depend on the way of
sampling and the step size function (equation 35d).

We have analyzed in depth an interesting particular case that can give some insight of the
behavior of the K-means algorithm that use more complex samplings and step size functions.
For cyclic sampling and constant step size, fixed points depend on the relation lzetsretn
the number of training samples that fall in each Voronoi region. It seems reasonable to think that
a similar relationship can hold when the step size is a functiosdfigtdecreases. Therefore,
one can think that the typical and uncontrolled way of decreasing the step size is far from an
adequate policy to compute a good estimate of conditioned expectations in a fast way. For
instance, we could take advantage of the structural stability of the K-means algorithm when
alpha is constant, since a soft variation of the step size provokes a soft variation of the fixed
points. Hence, we could apply a strategy of repetitive convergence using a constant alpha that is
decreased each time we achieved a fixed point.
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6.3. On-line vs. Batch.
Similar conclusions can be derived for other on-line learning algorithms like Kohonen'’s

LVQ1 algorithm (Bermejo, 2000) and principal component neural networks. This could indicate
a very general way of conduct of on-line learning systems when they deal with finite training
sets. On-line versions could be more interesting than batch versions before they get to global
attraction basis since their noise injection can avoid to be caught by a local minimum. By
contrast, batch versions seem more robust once the algorithm is near to the final solution. So, in
practice one could start running the on-line version and then switch to the batch version in order

to converge.

7. Conclusions
General expressions of the finite-sample convergence of the on-line K-means algorithm have

been presented where the fixed points of the K-means are an average weighted conditioned
means that depend on the training data, the step size function and the way of sampling. In
particular, we have derived a closed formula for cyclic presentation and constant step size using
a linear model valid near the attraction basis of the non-linear discrete-time dynamical system.

In fact, we have observed from simulations that the proposed model is a simplified version of a

more complex based on a perturbation of it. It is left for future research to study the causes that
originate this perturbation.

Our study in detail for cyclic sampling and constant step size, remarks the importance of the
factor of merit FMEa;N; in the behavior of the dynamics and convergence of each codevector
w;. If FM<2, the algorithm converges and the optimization error is small. Otherwise, the
dynamical system cannot converge a stable solution or if it does, the optimization error can be
arbitrary large. Besides, FMontrols the trade-off between the convergence rate and the
optimization error since if we want fast convergence we loss precision in the computation of the
estimators and viceversa.

Lastly, the analytic and experimental results in this on-line learning algorithm and others
(Bermejo, 2000) could serve as a guideline for more complex on-line learning systems like
back-propagation. In accordance with our work, on-line versions could be better as start-up
procedures, possibly because their dynamics are more ‘noisy’ and can serve to escape from local
minimums. To end the learning process, the use of batch versions seems preferred since they are

more robust in presence of outliers and sometimes make use of better optimization methods.
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