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Abstract

One of the greatest challenges in neuroscience nowadays is to identify the map of connections between neurons.
As these connections are not still known, different microscopic models have been proposed, such as integrate-and-fire
model, Hodgkin-Huxley and leaky integrate-and-fire. These models try to explain the behaviour of a group of neurons
by considering them as individuals connected between themselves. With these "bottom-models" a wide range of
magnitudes can be known (voltage of each neuron, precise time of spiking. . . ) during the whole simulation but also some
parameters can be modified (spiking threshold of the population, refractory period of neurons. . . ). On the other hand,
mesoscopic models have been developed because they are successful in modelling brain rhythms as observed in macroscopic
measurements such as the electroencephalogram (EEG). These models take into account several approximations and end
up being first or second order coupled differential equations. The goal of this project is to build a neural network and then
study the relationship between the mesoscopic parameters (estimated from the system when it is fed by non-stationary
inputs) with the microscopic parameters (which define the neural network).
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Chapter 1

Introduction

In the human body, actions like the contraction of a muscle, transmission of an optical signal to
the brain or even brain activity itself are events that would not be possible without neurons. They
are the core of the central nervous system, composed by brain and spinal cord, and necessary
to transmit signals to the peripheral nervous system. That is, they are both the source and
transmission cell of the same order. This way the signal is able to arrive to other specialised
neurons that will carry out the proper action to accomplish the order. How do neurons work?
First, an anatomical and meticulous description of neurons is going to be made to introduce the
microscopic model, and then the description of a neural mass model and its approximations will
lead to the mesoscopic description of structures like cortical columns. Once both models are
properly explained, a relationship between a big enough microscopic network and a mesoscopic
model is going to be established. This task will be carried out by fitting parameters from one
model to the other via a Kalman filter. Once the fitting is done, the input of the neural network is
going to be changed in time to see if the neural mass model matches exactly. If the neural mass
model has memory of the system it will not adapt as expected.
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Chapter 2

Neurons: anatomical description

Neurons are cells that can be excited electrically and process and transmit information through
electrical and chemical signals. The typical main structure of a neuron (see figure 2.1) is the
following: cell body (soma, which contains cell nucleus), dendrites (attached to soma forming
the dendritic tree), and axon (branched cellular filament thousands of times longer than the
soma). PONER ALGO AQUI Neurons have a resting potential about -70 mV, this means that the
inside of the cell is approximately 70 mV lower than the outside if nothing perturbs it. Signals
take advantage of basic electromagnetic principles, as they travel from dendrites to axon via
depolarisation, that is, spatial change of the membrane potential due to the voltage difference
across the cell’s plasma membrane. The polarity of the neuron may change (see figure 2.2) due
to an external stimulus, which produces an increase of sodium (Na+) concentration inside the
neuron. Then, these ions propagate towards the axon terminals and the membrane potential is
progressively restored by the outflow of potassium (K+) particles. This way, both depolarisation
and repolarisation are carried out by ion channels present in cell membrane [2].

Figure 2.1: Neuron structure Figure 2.2: Transmission of action potential

The signal transmission from one neuron to another occurs via synapses1. Synapses take
place between the axon of the emitting neuron and the dendrites of the receiving neuron in the
synaptic cleft. When the variation of the spatial potential arrives at the axon of the emitting

1We are only considering chemical synapses although there are also electrical synapses, the latter comprise a small
percentage of the total number of synapses.
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neuron (pre-synaptic neuron), neurotransmitters are released at the synaptic cleft (figure 2.3) and
these attach to the proper receptors in the dendrites of the receiving neuron (or post-synaptic
neuron), changing its potential. It is known that some neurons produce an increase of the
membrane potential in the post-synaptic neuron (post-synaptic potential or PSP), while others
cause a decrease in the PSP. So, we can classify neurons as excitatory or inhibitory. The difference
between them is that, while the polarity and the process of depolarisation-repolarisation are exactly
the same, the characteristic neurotransmitters of each one change: excitatory neurons release
Acetylcholine [3] (also Glutamic acid and others) and inhibitory neurons mainly release GABA [4]
(gamma-Aminobutyric acid). Each of these neurotransmitters attach to different neuro-receptors
at the post-synaptic neuron, activating K+ and Na+ channels so these ions get inside the neuron
increasing the interior potential (excitatory signal) or activating Cl− channels and allowing the
entrance of these anions to the inside lowering its potential (inhibitory signal). However, in order
to produce a signal transmission, a minimum difference of -55 mV has to be reached2: this value
is called the threshold. It is 15 mV higher than the resting potential, so a single pulse coming
from the pre-synaptic potential may not be able to start a depolarison of the post-synaptic neuron,
because a minimum number of pulses is required. If the threshold is reached, an action potential
is fired.

Figure 2.4 shows the response of an increasing potential perturbation to a neuron that can be
described through different stages:

1. Until the stimulus the potential remains at rest;

2. insufficient input leads to failure of propagation;

3. as input voltage increases it does reach the threshold so the depolarisation occurs (inflow of
Na+ particles);

4. when the value of the action potential is reached, the repolarisation takes place (outflow of
K+ particles);

5. Na+ and K+ channels do not respond to changes in membrane voltage until a determined
refractory period3;

6. potential remains at rest so the cycle can begin again.

2This value is the lowest at the axon hillock, the most sensitive part of the neuron.
3It is common to consider the absolute refractory period when the neuron is transmitting the signal through itself

(stimuli do not affect the membrane voltage) and the relative refractory period when the neuron has just been repolarised
(stimuli affect less than normal in membrane voltage).
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Figure 2.3: Synapse Figure 2.4: Action potential response
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Chapter 3

Mathematical models

3.1. Single neuron mathematical models

3.1.1. Hodgkin-Huxley model

Once we have understood how neurons behave, it is time to translate these processes to mathemat-
ical language. The well-known model that integrates all the information exposed in the previous
section is the Hodgkin-Huxley model [5]. It is based on a set of non-linear equations that describe
the ionic mechanisms that cause the initiation and propagation of action potentials in a neuron. A
basic electric scheme of the neuron membrane is the following:

Figure 3.1: Electric scheme of Hodgkin-Huxley model

As shown in the figure above, the lipid bilayer (neuron membrane) is considered to be a
capacitor (Cm) and the voltage difference across this membrane is Vm

1; voltage-gated ion channels
are represented by electrical conductances (gn, where n is the specific ion channel) that depend on
both voltage and time; leak channels are represented by linear conductances (gL); and the flow of
ions is driven by electrochemical gradients (due to different concentration of K+ and Na+) and
represented by the voltage sources (EL, En). Finally, ion pumps are represented by current sources
(IP).

By basic electromagnetism laws, it is known that the current through a capacitor is:
1Membrane potential is considered the potential difference between the two terminals (top and bottom) in 3.1
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IC = Cm
dVm

dt
(3.1.1)

The current through an ion channel is

Ii = gi(Vm −Vni), (3.1.2)

where in 3.1.2 gi is the conductance of the ith-ion channel (i = K+, Na+) and Vni its Nernst
potential2. So, the total current for a cell with sodium and potassium is:

Itotal = Cm
dVm

dt
+ gL(Vm −VL) + gK(Vm −VnK) + gNa(Vm −VnNa) (3.1.3)

Despite the fact that this model is very accurate and takes a lot of details into account, it is not
appropriate because of its computational cost.

3.1.2. Leaky integrate-and-fire neuron

Summarising all the characteristics mentioned in the introduction, we want to model a neuron
that receives impulses from others and that, when it reaches the threshold value, it emits a pulse
to the neurons it is connected to. The easiest model (thinking in terms of electrical circuits) is the
following [6] :

Figure 3.2: Leaky integrate-and-fire circuit model

As shown in figure 3.2, incoming signals from other neurons are interpreted as a train of
deltas (∑j δ(t− tj), where j refers to every pulse that arrives at a time tj) which goes through the
α function (defined externally). The α(t− tj) function transforms the input train of pulses into a
current —it acts as a transfer function. As a result of this partial circuit, there is an input current
I(t) ingoing the second circuit. The last circuit consists of a leak term (the resistor) and a capacitor
that gets charged until it reaches its threshold value. Then the discharge of the capacitor produces
a pulse represented with another δ pulse. In other words, neurons produce current spikes that
affect the other neurons. The current induced to other neurons translates into a change of potential
and if the threshold is reached, a spike is produced and the cycle continues.

Starting from Ohm’s law

2Membrane potential at which there is no net flow of a kind of ion from one side of the membrane to the other.
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Isyn(t) =
V(t)

R
+ C

dV(t)
dt

, (3.1.4)

where Isyn(t) is the synaptic input current to the neuron, V(t) is its potential and R and C are the
leak and capacitor terms respectively. The leak term solves the memory problem of the classic
integrate-and-fire model which can be seen below:

Figure 3.3: Comparison of the classic integrate-and-fire and the leaky integrate-and-fire models. First, only one neuron
is considered, so the input Isyn(t) will be an input parameter instead of depending on synaptic connections.
The leak term solves the memory problem from the classic integrate-and-fire model, where neurons retain
the previous voltage indefinitely until a new stimulus is received (although there is no current input for
t > 0.3), which is clearly not observed experimentally.

Taking τ = RC as the time constant of the circuit —it clearly sets the time dynamics of the
system— and g = 1

R as the conductance term, 3.1.4 can be expressed as:

dV(t)
dt

= −V(t)
τ

+
gIsyn(t)

τ
(3.1.5)

However, in our particular model g
τ is going to be considered as a parameter, b, to ensure the

synaptic inputs are in the desired order of magnitude. So finally, neuron voltage is governed by a
differential equation3 like the following:

dV(t)
dt

= −V(t)
τ

+ bIsyn(t) (3.1.6)

It is worth noting that the input potential term bIsyn(t) is the voltage variation due to spikes
from other neurons, that is, the synaptic potential input and the membrane voltage term V(t) is
the membrane voltage of the receiving neuron.

Regarding the intensity term, we know that

Isyn(t) = α(
k

∑
j=0

δ(t− tj)) =
k

∑
j=0

α(t− tj) (3.1.7)

3This differential equation will be solved by a first order Euler method at all cases, so the time-step of the integration dt
is , at least, smaller than the characteristic time of the ODE τ.
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where k is the total number of incoming spikes that had been produced before time t. The chosen
α-functions (also called g functions, that is the reason for the subscript g) are shown below:

Figure 3.4: Plot of intensity vs time for two kinds of α-functions. The first order function is I(t) = Ke−
t

τg and the

second order function is I(t) = Kte−
t

τg . For this graph, K = 0.5 and τg = 1.0.

The difference between the notations for first and second order is rigorously explained in
section (3.3), which deals with the neural mass model. For the qualitative analysis of the model, it
is better to take

Isyn(t) =
k

∑
j=0

Ke
−

t−tj
τg (3.1.8)

where τ defines the time constant of the intensity decay and K sets the amplitude.
As regards other biological phenomena, absolute refractory periods will be considered conve-

niently when building a neural network. The implication of the refractory period is the limitation
of the firing-rate (as neurons cannot assimilate the input from synapses during a brief period after
spiking). This is clearly seen in figures 3.5 and 3.6:

Figure 3.5: Simulation with no refractory period. Af-
ter spiking, the neuron starts increasing its
voltage as a consequence of the input current

Figure 3.6: When a refractory period is set (this case is
0.1 time units), the membrane voltage of the
neuron remains at Vreset for this time until
it grows again due to input current

Once the dynamics of a single neuron are understood, connections between a group of neurons
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need to be set in order to create a functional network.

3.2. Neurons network mathematical model

3.2.1. Leaky integrate-and-fire network

The desired network is composed of two populations: one excitatory and one inhibitory, both with
re-feeding and linked to each other with their own respective inputs, like shown in figure 3.7:

Figure 3.7: Scheme of desired neural network.

Equation governing neuron voltage is 3.1.6, but as we are dealing with a group of neurons,
this equation applies for every neuron, since now denoted by subindex i. The final expression for
the membrane potential of a neuron in the network is:

dVi(t)
dt

= −Vi(t)
τ

+ bIintsyn,i(t) + bext Iextsyn,i(t) (3.2.1)

The first difference with respect to 3.1.6 is that one term has been added: bext Iextsyn,i(t), which
represents the feeding. This feeding is going to be based on arriving external spikes from neurons
that do not belong to the network and it will be the same for all the neurons of the same kind
(excitatory or inhibitory). This way, the whole input comes from synapses but external and internal
one are differentiated. Moreover they are multiplied by two different parameters: bext and b,
respectively. The very first parameters to set are the number of total neurons and the percentage
of excitatory and inhibitory neurons. Regarding the parameters defining the connectivity, Nee, Nei,
Nie and Nii are the average number of connections specifying excitatory to excitatory, excitatory to
inhibitory, inhibitory to excitatory and inhibitory to inhibitory neurons. b is weight of incoming
current from synapses, sometimes called coupling parameter. The weights used to describe
strength interactions between neurons (wee, wie, wei and wii) could be modified so spikes coming
from an excitatory neuron would have stronger effects than a spike coming from an inhibitory
one, for example. For the model built: wee = wie = wei = wii = 1 (all spikes produce the same
change in the receiving neuron). This set of parameters determine the behaviour of dynamics of
the neural network. Going back to the voltage supply (Iextsyn,i(t) mentioned before), the input
current to each population is not going to be a deterministic signal, instead it will be a train of a
number of spikes 4 arriving at time t given by a Poisson distribution of parameter λ (probability

4Simulating external spikes from other parts of the brain
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function given by f (k, λ) = e−λλk

k! ). The conversion of these spikes to input current to input
current is carried out through the same α-function described before. It will be considered that
the contribution of the external spikes is lower than the spikes of the neural network (bext ∼ 1

10 b).
These spikes are translated into Ii,e through a "ghost" network: it will have excitatory and inhibitory
neurons connected to real (belonging to the network) excitatory or inhibitory neurons to fulfil our
requirements. For example, if Ie = 2Ii and both positive the parameters of the ghost network will
be Nee > 0, Nei ∼ 2Nee. If the input is negative, the same procedure applies to Nie and Nii.

Just to see how the code works, relevant graphics of a single realisation are shown in figure 3.8.

Figure 3.8: Realisation of the code with the following parameters: Number of neurons= 500, percentage of inhibitory
neurons= 0.2, Nee = 15, Nie = 12, Nei = 10, Nii = 10, λ = 150, b = 0.35, bext = 0.05, τ = 1.0,
τg = 0.2, τre f ractory = 0.2, Nee,ghost = 15, Nei,ghost = 10, Nie,ghost = 0 and Nii,ghost = 0.
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The evolution in time of some random neurons of the network can be seen in the first plot.
It is easy to appreciate the network spikes effect by looking at the abrupt changes of increasing
of potential, as well as the effect of the input current (originally from spikes) since the network
is active at all times. Below, the raster plot gives a visual intuition of the spikes made at each
time step (blue points are spikes emitted by excitatory neurons and red from inhibitory neurons)
that matches with the first plot. In the third graph, the mean potential (Ve,i(t)) of excitatory and
inhibitory populations is shown. It is clearly seen that parameters chosen do not allow oscillation
of voltages5. In the fourth graph the mean synaptic potential and the total input potential term is
shown, that is, the mean contribution of the neural network between neurons of each kind (dark
blue and red lines) and the sum of this contribution plus the excitation due to Ie and Ii -the term
bIsyn,i(t) from eq. 3.2.1 —light blue and green lines. The difference between the total and synaptic
voltage is higher for the excitatory neurons that for the inhibitory ones. This fact matches with
the argument explained before to control the input currents taking into account Nxx factor of
the ghost network (in this simulation Nee > Nei and so is the difference). It can be seen that the
network is active all the time (consequence of the external input, positive for both populations)
and the network effects can be appreciated in more accentuated variations.

As a qualitative and brief dynamical analysis, when the simulation starts both populations
grow their potential due to the positive feeding (external spikes), but at certain point there are too
many excitatory neurons activating inhibitory neurons that the last ones turn off the excitatory
ones so both potentials fall. When the potentials are low enough, the inhibitory neurons stop
inhibiting and the input (external spikes) makes effect so the potentials increase, starting the cycle
again. However, this is only a transient response of the system. A few units of time later, the
system gets to a fixed point although there are fluctuations due to the stochastic poisson process
governing the number of external spikes (λ).

3.2.2. F(I) curve and sigmoid function

Now, it is important to introduce two functions: the F(Isyn) curve (which gives a proper under-
standing of the behaviour of the system[7]) and the sigmoid function S(Vsyn) (links the neural
network straight to the neural mass model[8][9]). It is remarkable to say that the subscript syn
makes reference to both synaptic input kinds: external or internal.

First, the F(Isyn) curve is going to be defined by setting a neural network of N excitatory
neurons 6 with no connections and running a set of simulations. The reason why connections
are not needed is that the representation desired is firing rate versus total synaptic term. This
way, b = bext = 0 and adding a parameter gIinput replacing the synaptic interactions, the equation
governing these neurons is:

dVi
dt

= −Vi
τ

+ gIinput (3.2.2)

On the one hand, threshold value is going to be the same for all neurons and constant for all
the simulations. On the other hand, the input voltage will remain constant during one simulation
but will be increased along the set of simulations. Then, the average firing rate per neuron is going
to be calculated as the inverse of the average temporal distance between spikes (when voltage
reaches threshold). As we do not care about units, the F(I) curve is nearly the same as S(V) curve
(Vinput ∼ gIinput).

5These parameters have been estimated from others belonging to the neural mass model explained the following section
3.3

6As there are no differences set between excitatory and inhibitory neurons, the firing rate will be the same for both of
them at the same input current
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Simulations lead us to the following curve shown in figure 3.9:

Figure 3.9: F(I) curve with and without refractory pe-
riod

Figure 3.10: F(I) curve produced by input current from
gaussian distribution

It is clearly seen that when the input current is below the threshold, the average firing rate is
zero -there are no neurons spiking. When the threshold is reached, all neurons spike at minimum
frequency and then the firing rate increases as much as the input current does. To saturate
this graph, an absolute refractory period τre f r is set (this limits directly the firing rate by 1

τre f r
).

Another way to calculate the F(I) curve is as shown in figure 3.10 : setting the same threshold for
every neuron in a single simulation and feeding them with a gaussian distribution of currents
(I ∼ N (µI , σI)) so each neuron receives an input current constant in time following the previous
distribution. As expected, both graphics are nearly the same so both ways are accurate to calculate
F(I) curve.

Second, the sigmoid function S(V) relates a voltage to a firing rate. However, for this curve the
thresholds are going to follow a gaussian distribution (Vth ∼ N (µth, σth))7. To have a mathematical
intuition, the sigmoid can be interpreted as the superposition of many Heaviside (step) functions
with gaussian distributed threshold values [12].

Figure 3.11: S(Vsyn) function, giving firing rate of the population as a function of Vsyn and its non-linear fitting. The
threshold profile is drawn, as it corresponds with the increasing of the lowest part of the sigmoid

Figure 3.11 shows a smoother curve than the F(I), as predicted. The neurons with the lowest
threshold value start spiking before the others so the sigmoid curve increases slowly. As the

7This has smoothing purposes clearly.
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mean value of the threshold is reached, the spiking rate grows high and then it saturates limited
by the refractory period. However, if simulations do not tend to limit cases where there are
too many synaptic processes high values are reached, the sigmoid obtained without refractory
period is also valid since the linear part is very similar for the range of voltages of interest,
V ∈ (−4Vthreshold, 4Vthreshold) to be conservative.

Once the neural network has been deeply described, an explanation of neural mass models is
given in the next section so the relationship can be understood.

3.3. Neural mass model (NMM)

The reason of the existence of neurological mesoscopic models is that it is very difficult to measure
individual neuron activity (microscopic scale), but there techniques that can provide a good measure
of brain rhythms observed in macroscopic measurements such as the electroencephalogram (EEG)
[13] , magnetoencephalogram (MEG) [14] or functional magnetic resonance imaging (fMRI) [15]
. that is, they give a good approximation to experiments measuring the activity of hundreds of
thousands of neurons. Other reason is the existence of structures like cortical columns, which
have approximately thousands to hundreds of thousands neurons. In this relative big structures
of neurons, information transmission does not occur in the characteristic scale time of a neural
network. Instead, this brain activity corresponds to a "mean field" average of a large group of
linked neurons. The equations governing these models explicitly incorporate single cell dynamics
by using a bottom-up approach. The firing rate curve F(I) or S(V) is used as link between the
single cell and macroscopic dynamics. This way, we can leave aside a complex model which
depends on N neurons controlled by m parameters each one (Hodgkin-Huxley model exposed
before) and describe precisely the dynamics when N is large enough8 .

The main benefit of the mesoscopic models is that they allow to reproduce in a sufficiently
precise way neural networks connected by random and independent weights so the results depend
on statistical parameters. However, these models apply during stationary regimes and transient
ones are not well defined (important point to later compare results with neural network).

3.3.1. Mathematical derivation and mean-field equations

The following part is a deduction of a "mean field" equation that can be reviewed in Faugeras et
al. (2009) [11] . Consider the following scheme:

8As the title of the section says itself, N has to be large enough to approach to statistical physics but small enough to
keep an homogeneity over all the neurons (like cortical columns).
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Figure 3.12: N neurons belonging to P populations connected with random synaptic weights

The network is composed by P populations each one of them denoted by subindex α = 1, .., P
containing Nα neurons. This way, the total number of neurons of the network is ∑P

α=1 Nα = N.
The magnitude characterising each neuron of every population is its membrane voltage, Vi(t). But,
even though there is a term called membrane voltage, mesoscopic dynamic behaviour is essentially
synaptic. This means that the only experimental measure to contrast with models is synaptic
current (and hence, voltage) so the following derivation will lead to expressions modelling synaptic
potentials. From now and on, membrane voltage and synaptic voltage are the same concept [11,
3]. One assumption that is going to be made is that the post-synaptic contributions coming from
other neurons sum linearly. The voltage expression for neuron i yields:

Vi(t) = ∑
j,k,tk>t0

PSPij(t− tk) + Vi(t0) (3.3.1)

Taking the continuous limit, that is, assuming that the number of spikes arriving between t
and t + dt is νj(t)dt, where νj(t) is the instant firing rate coming from population j:

Vi(t) = ∑
j

∫ t

t0

PSPij(t− s)νj(s)ds + Vi(t0) (3.3.2)

where νj(t) = Sj(Vj), Sj(Vj) being a sigmoid function (described before) that relates synaptic
potential of neuron j to a firing rate.

Voltage based model. It will be taken the assumption that the post-synaptic potential (PSP)
has the same shape no matter which population comes from, although sign and amplitud may
vary[16] , this means that in one population the g(or α)- function describing the synaptic profile of
spiking is the same. This leads to:

PSPij = Jijgi(t) (3.3.3)

Where gi(t) represents the shape of the PSP and Jij the strength of the coupling. At this stage
of the derivation, these weights are supposed to be deterministic (discussed later). Applying 3.3.3
into 3.3.2:
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Vi(t) =
∫ t

t0

gi(t− s)(∑
j

Jijνj(s))ds + Vi(t0) (3.3.4)

However, this model can be completed by adding a input deterministic term Ii(t) and a
stochastic term ni(t). This way, equation 3.3.4 can be rewritten as follows:

Vi(t) =
∫ t

t0

gi(t− s)(∑
j

Jijνj(s) + Ii(t) + ni(t))ds + Vi(t0) (3.3.5)

Since now, the conductance g term is going to be omitted because it is not relevant for our
purpose. The next assumption is to consider the indexed functions (e.g. gi(t), Ii(t). . . ) depend
only on the P populations. This implies that all neurons in each population are governed by the
same equation. So:

gi(t) ≡ gp(i)(t), Jij ≡ Jp(i),p(j), Ii(t) ≡ Ip(i)(t), ni(t) ∼ np(i)(t), Si() = Sp(i)() (3.3.6)

Where ni(t) ∼ np(i)(t) denotes that both variables follow the same probability distribution.
gα(t) functions are going to be approximated by smooth functions by imposing that they are the
Green function of the following differential equation:

k

∑
l=0

blα(t)
dl gα

dtl (t) = δ(t)9 (3.3.7)

Now we define the differential operator Dk
α that fulfils:

Dk
αgα =

k

∑
l=0

blα(t)
dl gα

dtl (t) = δ(t) (3.3.8)

It is remarkable that this g-function is the same conceptual function as the α-function used in
the neural network, that is, the function describing the shape of the synaptic current. This way,
the neural model mass, from the beginning of its derivation, is directly linked to synaptic currents
and hence voltages.

Applying this operator to eq.3.3.4 and using νj(t) = Sj(Vj(t)) the following expression is
obtained:

Dk
i Vi(t) =

P

∑
α=1

Nα

∑
i=1

JijSj(Vj(t)) + Ii(t) + ni(t) (3.3.9)

Equation above is a kth-order differential equation so we transform it into a k dimension system
of coupled first order differential equations as follows:

dVli(t) = Vl+1i(t)dt, l = 0, .., k− 2 (3.3.10)

dVk−1i = (−
k−1

∑
l=0

blp(i)Vli(t) + ∑
j

JijSp(j)(Vj(t)) + Ip(i)(t) + ni(t))dt (3.3.11)

Assuming that blα(t) (α = 1, . . . , P, l = 1, . . . , k) are continuous functions and non-zero, one
known solution for g-shape function is[9]:

9This is the well known Dirac delta distribution
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g(t) = Ke
−t
τ H(t) (3.3.12)

H(t) is the Heaviside step function. This g-shape corresponds to an exponential decay taking
k = 1, b1(t) = 1

K and b0(t) = 1
Kτ .

Another smoother function is:

g(t) = Kte
−t
τ H(t) (3.3.13)

Corresponding to k = 2, b2(t) = 1
K , b1(t) = 2

τ and b0(t) = 1
τ2 in equation 3.3.8 .

Perturbing the first k − 1 equations of system desribed in 3.3.10 with Brownian noise and
assuming that ni(t) is white noise, the terms dVli are not any more the derivatives up to order
k− 1 of Vi(t) unless the Brownian noise added has null mean. This way, the previous couple
system of differential equations yields:

dVli(t) = Vl+1i(t)dt + fli(t)dWli(t), l = 0, .., k− 2 (3.3.14)

dVk−1i = (−
k−1

∑
l=0

blp(i)Vli(t) + ∑
j

JijSp(j)(Vj(t)) + gIp(i)(t))dt + fk−li(t)dWk−li(t) (3.3.15)

With Wli(t), l = 0, .., k− 1, i = 1, . . . , N are kN independent standard Brownian processes. To
keep properties as in 3.3.6 , the weights of the noise fli(t) have to be the same for all neurons so:

fli(t) = flp(i), l = 0, .., k− 1, i = 1, . . . , N (3.3.16)

For the limit fli(t) = flp(i) = 0, l = 0, .., k− 1 these equations turn 3.3.10 .
We now introduce the k− 1 dimensional vectors Vl(t) = [Vl1, . . . , VlN ]

T , l = 1, . . . , k− 1 of the
lth order derivative of V(t) and concatenate them with V(t) into the Nk-dimensional vector:

Ṽ(t) =


V(t)
V1(t)

...
V k−1(t)

 (3.3.17)

In the limit of equation 3.3.16, we have:

Ṽ l = V l =
dlV
dtl , l = 0, .., k− 1, i = 1, . . . , N, withV0 = V (3.3.18)

So now, the vector version of the k dimension system of coupled first order differential equations
mentioned before yields:

Ṽ l(t) = Ṽ l+1(t)dt + F l(t)dW l(t), l = 0, . . . , k− 2 (3.3.19)

Where Fl(t) is the NxN diagonal matrix:

F l(t) = diag( fl1(t), . . . , fl1(t), . . . , flP(t), . . . , flP(t)) (3.3.20)

flα(t), α = 1, . . . , P is repeated Nα times as it is common for each population.
The equation remaining, which governs the (k− 1)th differential equation of the membrane

potential has a linear part given by the activity of neighbours and external inputs, denoted by
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Dk
α, α = 1, . . . , P in 3.3.9 . The matrix defining the relation between the neurons potential and their

potential up to (k− 1)th order and the (k− 1) derivative of V is going to be named L(t). This
matrix can be expressed as the concatenation of kNxN diagonal matrixes (that fulfils 3.3.10 ):

Bl(t) = diag(bl1(t), . . . , bl1(t), . . . , blP(t), . . . , blP(t)) (3.3.21)

for l = 0, . . . , k− 1:

L(t) = [B0(t), . . . , Bk−1(t)] (3.3.22)

So, the final equation for the (k− 1)th derivative of V is:

dṼ k−1(t) =
(
−L(t)Ṽ(t) +

(
JS
(
Ṽ0(t)

))
+ I(t)

)
dt + Fk−1(t)dW k−1(t) (3.3.23)

Where W k−1(t) is an N-dimensional Brownian process also independent of W l(t), l = 0, . . . , k−
2. Converting the external deterministic input current to matrix form:

I(t) = [I1(t), . . . , I1(t), . . . , IP(t), . . . , IP(t)]T (3.3.24)

Remember that the input is also the same for every neuron in a population, that is why
Iiα = Iα, ∀i, α = 1, . . . , P.

J is defined as the NxN matrix of synaptic weights Jij = Jp(i)p(j) and S will be a mapping from
RN to RN fulfilling:

S(V)i = Sp(i)(Vi), i = 1, . . . , N (3.3.25)

Defining:

L(t) =


0NxN IdN . . . 0NxN

0NxN 0NxN
. . . 0NxN

...
... IdN

B0(t) B1(t) · · · Bk−1(t)

 (3.3.26)

where IdN and 0NxN are the identity and null matrices of dimension NxN.
Also defining:

Ũ t =


0N
...

0N
JS(V(t))

 (3.3.27)

Ĩt =


0N
...

0N
I(t)

 (3.3.28)

With these new matrices and vectors defined, the full equation that satisfies Ṽ is

dṼ(t) =
(
−L(t)Ṽ(t) + Ũ t + Ĩt

)
dt + F(t)dW t (3.3.29)
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The point of this process is to summarise the kN equations into a reduced set of equations
describing populations activity. At the end, the P populations activity will be described by P
stochastic differential equations of order k. However, the equations are complicated because
the processes are non-Markovian. What does this mean? First, consider a stochastic process. If
predictions about future states can be made based by just the knowledge about the present state,
it satisfies the Markov property. Another common expression of a Markov process is a memory less
process, so conditional on the present state of the process, future and past are independent.

As mentioned at the beginning of this section, coefficients Jij where assumed to be deterministic.
However, experimentalists are able to provide mean values of strength of connection between
populations but not exact values. It is obviously that these coefficients can be modeled as gaussian
random variables such that:

Jij ∼ N
(

Jαβ

Nβ
,

σαβ√
Nβ

)
(3.3.30)

Where α = p(i) and β = p(j). The coefficients Jij have been assumed to be independent but it
is known that they are correlated in time via synaptic plasticity processes [10].

Going back to equation 3.3.9 the evolution in time of the membrane potential of neuron i in
population α is:

k

∑
l=0

blα(t)
dlVi

dtl =
N

∑
j=1

JijSj(Vj(t)) + Ii(t) + ni(t) (3.3.31)

Taking into account that Si, Ii and ni only depend on presynaptic population

k

∑
l=0

blα(t)
dlVi

dtl =
P

∑
β=1

ηiβ(V(t)) + Iα(t) + ni(t), (3.3.32)

where ηiβ(V(t)) = ∑
Nβ

j=1 JijSβ(Vj(t)) is the local interaction field that receives neuron i from

population β. Now, consider the case with no fluctuations regarding synapse coefficients Jij (this

is the case σαβ) so 1
Nβ

∑
Nβ

j=1 Sβ(Vj(t)) = Sβ

(
1

Nβ
∑

Nβ

j=1 Vj(t)
)

. Introducing Vβ(t) = 1
Nβ

∑
Nβ

j=1 Vj(t) and

ηiβ(V(t)) = Jαβφβ(V(t)) where φβ(V(t)) = 1
Nβ

∑
Nβ

j=1 Sβ(Vj(t)) :

k

∑
l=0

blα(t)
dlVα

dtl =
P

∑
β=1

Jαβφβ(V(t)) + Iα(t) + nα(t) (3.3.33)

As φβ(V(t)) is the average firing rate of neurons in population β and for a single neuron
νi(t) = Si(Vi(t)):

k

∑
l=0

blα(t)
dlVα

dtl =
P

∑
β=1

JαβSβ(Vβ(t)) + Iα(t) + nα(t) (3.3.34)

which is very similar to 3.3.4. In the case σαβ 6= 0, it can be shown [11, 5] that local interaction
becomes, in the limit N → ∞, a time-dependent gaussian field Uαβ, which is non-Markovian. This
is due to it integrates the whole time as it involves convolutions with the g-shape function. The
equation for the average membrane potential in a population yields:

k

∑
l=0

blα(t)
dlVα

dtl =
P

∑
β=1

Uαβ(t) + Iα(t) + nα(t) (3.3.35)
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The last step to he mean-field equations takes into account the concept mentioned before:
stochastic processes and memory. Let C

(
[t0, T], RP) be the set of continuous functions from the

real interval to RP. A continuous stochastic process X defines a positive measure of unit mass on
C
(
[t0, T], RP) when assigned a probability to subsets of such functions. This set is denoted by

M+
1
(
C
(
[t0, T], RP)).

Definition: Effective interaction process. Let X ∈ M+
1
(
C
(
[t0, T], RP)) be a gaussian stochastic

process. The effective interaction term is the gaussian process UX ∈ M+
1
(
C
(
[t0, T], RPxP))

defined by:

E[UX
αβ(t)] = JαβmX

β (t) (3.3.36)

Cov(UX
αβ, (t)UX

γδ(s)) = α2
αβ∆x

β(t, s) (3.3.37)

where mX
β (t) ≡ E[Sβ(Xβ(t))] and ∆X

β (t, s) ≡ E[Sβ(Xβ(t))Sβ(Xβ(s))].
Let µ(t) = E[Xt] be the mean of the process X and C(t, s) = E[(Xt − µ(t))(Xs − µ(t))T ] be its

covariance matrix. Now:

mX
β (t) =

∫
R

Sβ

(
x
√

Cββ(t, t) + µβ(t)
)

Dx (3.3.38)

where Dx = 1√
2π

e−
x2
2 dx.

After this rigorous procedure and definitions: the first model can be easily deducted.

3.4. Neural mass models

3.4.1. Simple model

The simple model considers that the membrane potential decreases exponentially to its rest value
(leaking term as in the neural network) and the noise is controlled by an independent Brownian
process per neuron whose mean is null and standard deviation is the same for all the neurons in
each population α = 1, . . . , P. This model is governed by the following equation which applies to
the dynamics of every single neuron of a given population α:

dVi =

−Vi(t)
τp(i)

+
P

∑
β=1

Nβ

∑
i=1

JijSp(j)(Vj(t)) + Ip(i)(t)

 dt + fp(i)dWi(t) (3.4.1)

This equation is a particular case of the previous system of differential equations 3.3.9 where
k = 1, b0α(t) = 1

τα
, b1α(t) = 1, α = 1, . . . , P. This means that the g shape (Green) function chosen

in 3.3.8 is g(t) = Ke−
t
τ H(t) and differential operator is:

1

∑
l=0

blα
dl

dtl =
1
τα

+
d
dt

(3.4.2)

The "mean field" equation 3.3.35 of simple model is:

dVα(t) =

(
−Vα(t)

τα
+

P

∑
β=1

Uν
αβ(t) + Iα(t)

)
dt + fαdWα(t), ∀α ∈ (1, . . . , P) (3.4.3)
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where Wα(t) are independent standard Brownian motions (null mean) and Uν(t) =
(

Uν
αβ(t) : αβ ∈ (1, . . . , P)

)
is the effective interaction term as mentioned in the definition above. Taking the expected value of
equation 3.4.3 and using 3.3.38 :

dµα(t)
dt

= −µα(t)
τα

+
P

∑
β=1

Jαβ

∫
R

Sβ

(
x
√

Cββ(t, t) + µβ(t)
)

Dx + Iα (3.4.4)

If Cββ(t, t) = 0, ∀t > t0 then the Markov condition is fulfilled and the system has no memory
of the past. This case, equation yields:

dµα(t)
dt

= −µα(t)
τα

+
P

∑
β=1

JαβSβ

(
µβ(t)

)
+ Iα (3.4.5)

So, going back to the general frame 3.12, the most simple case including one population of
excitatory neurons and one population of inhibitory neurons is going to be considered, where the
g function is the same for both populations so τe = τi = τg and τg is the decay time of the synaptic
α function in microscopic model. This points clearly that we are dealing with synaptic potentials
as the characteristic time of the system is set by τg. Moreover, this model will be supposed to be
Markovian, that is, it fulfils equations above. The equations for the simple model are

dVe(t)
dt

= −Ve(t)
τg

+ JeeSe(Ve(t))− |Jie|Si(Vi(t)) + Ie(t) (3.4.6)

dVi(t)
dt

= −Vi(t)
τg

+ JeiSe(Ve(t))− |Jii|Si(Vi(t)) + Ii(t) (3.4.7)

where the indexes e and i refer to the excitatory and inhibitory population, respectively. In
both equations above the sign of the terms Jii and Jie has been changed and taken their absolute
value as they are the weights representing the incoming of inhibitory populations. Equations
3.4.6 and 3.4.7 are very similar to equation 3.1.6 from the neural network (although the voltage to
model is the synaptic one, measured from the simulation of the neural network): they both have a
leak term, an input from other populations and an external input current.

Jαβ denotes the strength coupling from population α to β, information contained in the
connectivity matrix —number of connections between populations and re-feeding (Nxy). Ix is
related to Nxy,ghost, the number of connections of the ghost network to the neural network.

This morphological analysis provides a qualitative relationship between mesoscopic and
microscopic parameters. As these equations are simple this is the model chosen to estimate its
parameters when the neural system is fed by time-dependent inputs.

The procedure will be the following: run different simulations with clear dynamical behaviours
(oscillations, fixed points) by modifying Nxy values with constant input value λ. Then a fitting
of parameters of equations 3.4.6 and 3.4.7, Jxy and Ix, will be carried out. Once the dynamics of
connections have been fit (Jx,y to Nxy), the input parameter λ will be modified in time so λ = λ(t).
If the assumption that this process is Markovian is true, the neural mass model will match the
neural network at any moment. If the process is non-Markovian, non-matching phenomena will
be appreciable.

3.4.2. Second order model

Instead of taking k = 1 in 3.4.8, from k = 2 a derivation of a second-order differential equation is
possible, this way the differential operator is:
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2

∑
l=0

blα
dl

dtl =
1
τ2 +

2
τ

d
dt

+
1
K

d2

dt2 (3.4.8)

The mean field equation results as:

1
τ2 Vα(t) +

2
τ

dVα(t)
dt

+
1
K

d2Vα(t)
dt2 =

P

∑
β=1

Uν
αβ(t) + Iα(t)∀α ∈ (1, . . . , P) (3.4.9)

Although this model is more accurate than the previous one, due to its underlying complexity
it is not going to be submitted to study.

However, there are other known models that are also a good approach to some experimental
phenomena that deserve to be briefly explained: the Wilson-Cowan[17] model and Jansen and
Rit[18] model. Wilson-Cowan model, in particular, will help to find sets of parameters with known
dynamics.

3.4.3. Wilson-Cowan model

Figure 3.13: Wilson-Cowan model scheme

The Wilson-Cowan model describes the evolution of excitatory and inhibitory activity in a
synaptically coupled neuronal network. The description of the overall activity of a large-scale
neuronal network is done through only two differential equations. Very similarly to the simple
model the parameters that govern this pair of differential equations are the strength of the coupling
between different populations, the self-coupling strength of a single population and the input
for each type. The modification of these parameters can lead to different dynamics such as
multistability or oscillations (phenomena observed in brain activity experimentally).

The equations governing the coupled dynamical system are:

τe
de(t)

dt
= −e(t) + (1− ree(t))Se(weee(t)− wiei(t) + Ie(t)) (3.4.10)

τi
di(t)

dt
= −i(t) + (1− rii(t))Si(weie(t)− wiii(t) + Ii(t)) (3.4.11)

Where e(t) and i(t) are the proportion of the excitatory and inhibitory neurons firing at a time
t. They both follow a linear differential equation excepting the last term in equations 3.4.10 and
3.4.11. This non-linearity is again the sigmoid curve that relates the microscopic activity to the
neural mass model. Here, Se(t) and Si(t):
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Sn(x) =
1

1 + e−γn(x−θn)
, n = e, i (3.4.12)

Where θn and γn are the threshold and gain of each population, respectively. These parameters
may change according to experimental data but for our simulations they will be the same (for the
sake of simplicity). However, this is a slightly different sigmoid: it represents the percentage of the
population firing versus the synaptic input. The terms In(t) refer to inputs from, for example, other
areas of the brain (or even electrodes) that affect the dynamics of the populations we are studying.
The refractory period of each population is represented by (1− rnn(t)). However, this term is
often neglected as it has been showed that it only changes the scale of the non-linear term of
3.4.10 and 3.4.11 (and hence it only modifies slightly γn and θn)[19]. So, taking the approximation
mentioned, the final equations for the Wilson-Cowan model to compare to our neural network are:

τe
de(t)

dt
= −e(t) + Se(weee(t)− weii(t) + Ie(t)) (3.4.13)

τi
di(t)

dt
= −i(t) + Si(wiee(t)− wiii(t) + Ii(t)) (3.4.14)

Once all the terms have been described, a brief analysis of the dynamics of the system is useful
for our purposes. Wilson and Cowan performed a phase-plane analysis perceiving two modes
of behaviour: multiple stable fixed points (leading to a high excitation state or low one) and
oscillations. The first case implied a low re-feeding parameter of the excitatory population, that is,
low wee compared to the other coupling parameters. The second case results when the connection
between inhibitory population is weak enough (low wii value): a small proportion of the excitatory
neurons activate others and eventually recruiting inhibitory neurons that turn them off so cycle
starts again.

As a lot of parameters are involved in dynamical stability in the Wilson-Cowan model, only
the key parameters are going to be modified to see changes in stability of the system. First, a
simulation with parameters (wei, wie, wii, Ie, Ii) = (12, 16, 4,−1,−4) is going to be performed with
wee ∈ (0, 20) (left) and a simulation with (wee, wei, wie, Ie, Ii) = (16, 12, 16,−1,−4) with wii ∈ (0, 8)
(right):

Figure 3.14: Bifurcation with increasing value of wee Figure 3.15: Bifurcation with increasing value of wii

Hopf bifurcations appear as there is a transition from a fixed stable point to oscillations.
However, it is relevant to apply the same procedure for Ie and Ii parameters to have an idea of the
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consequences of changing the external input of the system. This way, setting (wee, wei, wie, wii) =
(16, 12, 16, 4) and modifying Ie and Ii the following phase-plane diagram has been obtained:

Figure 3.16: Phase-plane showing where limit cycle is possible as a function of Ie and Ii

Figure 3.16 shows the conditions to be satisfied by (P, Q) to have a limit cycle, that is, the
region where P ∈ (−3, 3) and Q ∈ (−11,−3), approximately. For any other conditions of P and Q
the systems goes to a fixed stable point (excited or inhibited depending on the fixed point value of
both populations). This model is useful because in many ways it is very similar to the simple model
and this is more famous so literature and results are easier to find.

In the next section the Jansen and Rit model (last one) is going to be described the same way:
meaning of parameters and dynamical behaviour.

3.4.4. Jansen and Rit model

Proposed in 1995 by Jansen and Rit, the model features a population of pyramidal neurons that
receives inhibitory inputs from local inter-neurons, excitatory feed-backs, and excitatory inputs
from neighbouring cortical units and sub-cortical structures such as the thalamus. Collateral
excitation among pyramidal neurons is also represented in the model.
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Figure 3.17: Jansen and Rit scheme

Fig. 3.17 A) shows the scheme of connected populations. Plain lines represent excitatory
connections while dashed lines represent inhibitory connections. The excitatory pyramidal
neurons (green triangle), which have an external input, excite local inter-neurons (blue circle). B)
Blocks diagram of A). Looking at B), the excitatory input is represented by an external firing rate
p(t) which has two parts: one deterministic (representing activity from other cortical columns)
and a stochastic part (corresponding to background noise). Formally, the excitatory feedback
of the pyramidal neurons is taken as a new neural population, so finally three populations are
considered. The yellow boxes represent the g-shape mentioned in previous sections 10 (converts
the synaptic input to a voltage) and the sigmoid functions transforms these voltages into firing
rates. The coefficients Jα, as in Wilson-Cowan model, are the weights that define interaction
strength between populations. y0(t), y1(t) and y2(t) correspond to the output firing rate of the
pyramidal population, the excitatory incoming firing rate to the pyramidal population (which
corresponds to excitatory feedback of the pyramidal cells, filtered through the excitatory synapse)
and the inhibitory firing rate incoming to the pyramidal population.

However, sigmoid function in Jansen and Rit model is:

S(V) =
νmax

1 + er(V0−V)
(3.4.15)

Where νmax is the maximum firing rate, V0 is the value of the average membrane potential
corresponding to the inflection point of the sigmoid and r is the slope at V0 of the experimental
sigmoid.

All populations are connected as there is a feedback loop (excitatory synapses) and local
inter-neurons (inhibitory synapses). Coefficients that define strength of coupling Jx are assumed
to be constant and proportional to the maximum number of synapses between populations.
Following Braitenberg and Schuz, Ji = αi J, where αi are the dimensionless parameters that allow
their experimental fitting [20] .

The final equations for the Jansen and Rit model are [21] :

10The model makes the common assumption that the synaptic integration is linear, which amounts to considering that
the membrane potential of each population is the convolution of the input with the impulse response of the synapses, so
the same procedure as in the deduction of the simple model in previous section can be done
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ÿ0(t) = AaS(y0(t)− y1(t))− 2aẏ0(t)− a2y0(t) (3.4.16)

ÿ1(t) = Aa (p(t) + J2S(J1y0(t))− 2aẏ1(t)− a2y1(t) (3.4.17)

ÿ2(t) = BbJ4S(J3y0(t))− 2bẏ1(t)− b2y1(t) (3.4.18)

This set of equations depends on 13 parameters (A,B,a,b,V0,νmax,r,p,J,αi). The table below gives
a brief description of these parameters and numerical values used for the first time in the model
of Jansen and Rit:

Figure 3.18: Jansen and Rit table of parameters

However, the second order differential set of equations can be transformed into a set of six first
order differential equations by the classic method of reduction of order (y3 = ẏ0, y4 = ẏ1, y5 = ẏ2)
and a change of variable:

ẏ0(t) = y3(t) (3.4.19)

ẋ(t) = y4(t)− y5(t) (3.4.20)

ẏ2(t) = y5(t) (3.4.21)

ẏ3(t) = jS(x(t))− 2y3(t)− y0(t) (3.4.22)

ẏ4 = P + α2 jS(α1y0(t))− 2y4(t)− (y2(t) + x(t)) (3.4.23)

ẏ5(t) = dα4GjS(α3y0(t))− 2dy5(t)− d2y2(t) (3.4.24)

26



Chapter 4

Kalman filter

The Kalman filter is one of the most used algorithms nowadays in a wide variety of processes
such as those related to global positioning systems (GPS) and smoothing data [22]. Despite it is
being 50 years old, it has some characteristics that make it the most appropriate filter to achieve
our objectives such as small computational cost and effective recursive techniques.

The Kalman filter is an algorithm that is able to estimate unknown variables more precisely
than processes which only involve a single measurement from a series because a model to estimate
states can be implemented, also. This is carried out by Bayesian inference and estimating a joint
probability distribution over the variables for every time step. This means that, obviously, the true
state of the system is not directly observed so the estimates of parameters of interest are described
by gaussian probability density functions -the key point is that the product of two gaussian pdf’s
is another gaussian distributed probability density function. As there are probability density
functions involved, variances and covariances between the state parameters of the system play an
important role. In short, Kalman filter needs a model implemented and data to fit, both having
non-null variance. It takes information from the two components: if the uncertainty of the model
is higher than the data, it gives more importance to the data (and viceversa), so gain is recursively
calculated instead of having to introduce it by hand.

The Kalman filtering is a two-step process. First, the filter produces estimates of the current
state variables, along with their uncertainties (prediction stage). When the outcome of the next
measurement (which is usually blurred, including random noise) is observed, these estimates are
updated with the measurement using a weighted average which takes into account the uncertainty
of one and the other.

Figure 4.1: Scheme of Kalman filtering
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Adapting this scheme to equations:

xk = Fkxk−1 + Bkuk + wk (4.0.1)

zk = Hkxk + vk (4.0.2)

where xk is the real state of the system, Fk is the transition model applied to previous state,
Bk the operator applied to control vector uk and wk is the process noise defining a multivariate
gaussian distribution with null mean and covariance Qk.

Regarding the second equation, zk is the observation of the true state xk, Hk is the operator
that maps the xk space into the observer’s and vk is another multivariate gaussian distribution
with null mean and covariance Rk.

As we said before, Kalman filter takes information from both the data and model implemented.
However, in this first stage it takes into account only the part regarding the mode. Prediction stage
equations are:

x̂k|k−1 = Fk x̂k−1|k−1 + Bkuk (4.0.3)

Pk|k−1 = FkPk−1|k−1FT
k + Qk (4.0.4)

Subindex m|n denotes the prediction at time step m after making n predictions. The prediction
is x̂k|k−1 obtained through the previous k − 1 estimations and P is the matrix containing the
prediction of variances (diagonal) of the state parameters and covariances between them (off-
diagonal). Now, for measurement (also called update), the equations are:

ỹk = zk − Hk x̂k|k−1 (4.0.5)

Sk = HkPk|k−1HT
k + Rk (4.0.6)

Kk = Pk|k−1HT
k S−1

k (4.0.7)

x̂k|k = x̂k|k−1 + Kkỹk (4.0.8)

Pk|k = Pk|k−1 − Kk HkPk|k−1 (4.0.9)

Equations 4.0.5 and 4.0.6 represent the residual measurement. The first one is the difference
between the estimation (based on the model) and the measurement. The second one is the
addition of the mapping of the prediction of variances to the measurement space (first term)
and the variances of the measurements themselves. Equation 4.0.7 is the optimal Kalman gain
which represents the strength of correction and x̂k|k and Pk|k are the updated state estimate and
updated estimate covariance respectively. These two last terms provide information after data
fusion (previous a priori from the prediction and data from the measurement). Just to give a brief
qualitative explanation of the filter by using these equations, it is possible to write the optimal
Kalman gain as:

Kk = Pk|k−1HT
k S−1

k = Pk|k−1HT
k

(
HkPk|k−1HT

k + Rk

)−1
=

Pk|k−1HT
k

HkPk|k−1HT
k + Rk

(4.0.10)

28



It is easy to see that magnitudes of Qk (Pk is related to Qk through 4.0.4) and Rk control the
Kalman gain. Two limits will be taken to set a qualitative intuition of the equations. First, the
limit where the magnitude of Rk is small, which means that the covariances of the measurement
noise are small, so measurements are precise and hence state estimate strongly depends on the
measurements. Second, the limit where the uncertainty propagated by the model is low so small
magnitude of HkPk|k−1HT

k (needs of a small magnitude of Qk).
For the first case:

lim
Rk→0

Kk = H−1
k (4.0.11)

So substituting into the measurement update equation:

x̂k|k = x̂k|k−1 + Kkỹk = H−1
k ỹk (4.0.12)

which tells us that the update is going to be mainly the observation, the same as saying that
precise measurements are being performed.

On the other hand, if the model is precise enough, the uncertainty propagated by itself will be
small:

lim
HkPk|k−1 HT

k→0
Kk = 0 (4.0.13)

Again, applying equation 4.0.13 to the update of the measurement:

x̂k|k = x̂k|k−1 + Kkỹk = 0ỹk = x̂k|k−1, (4.0.14)

so the importance relies on our model estimation and not in data based one.
However, this version of the Kalman filter only applies to a linear problem (which is not ours

due to the S(V) term) so another tool is needed. There is also the extended Kalman filter, which is
suitable for some non-linear problems but it uses first order linearisation methods and it is easy
to diverge from the solution [23] when the non-linearities are significant. The final filter to be
implemented is the unscented Kalman filter [24, 25]. The main difference is that the unscented
Kalman filter creates a set of deterministic points based on the prior covariance and propagates
them through the non-linear function. From the mapping of these points, the projected mean and
covariance are obtained. This is a better way of propagating statistical information because it is
easier to project a set of points through a non-linearity than mapping this statistical information
from the state.
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Chapter 5

Simulations and results

All neural mass models (NMMs) have been exposed and the neural network (NN) is built. The
model chosen to make the fitting between its parameters to the ones belonging to the neural
network is the simple model because it is the easiest one. The mesoscopic equations only depend on
six parameters (Jx,y, and Ix, where x = e, i) and are basic first order differential equations.

5.1. Parameters fitting

As mentioned, unscented Kalman filter will be used to fit parameters of simple model3.4.1 but
before a simpler manual fitting is going to be performed.

5.1.1. First approximation

First of all, the sigmoid used in this mesoscopic models is the one calculated before we the
method exposed at the third section of this report. The procedure leads to the following values:
(a, b, c) = (1.386, 1.479, 3.09) for a sigmoid curve like the following for the simple model:

S(V) =
a

1 + e−c(V−b)
(5.1.1)

For the case of the Wilson-Cowan model:

S(V) =
1

1 + e−V (5.1.2)

To have a first impression of the similarities of the neural network code with respect to the
simple model, one approximation is going to be made. The Wilson-Cowan is a very known and old
model (1972) so solutions and dynamics have been deeply studied. A set of parameters producing
oscillations will be adapted from the Wilson-Cowan model (wxy, p and q in equations 3.4.13 and
3.4.14 ) to the simple model 1 (Jxy and Ix in equations 3.4.6 and 3.4.7 ) and the neural network (Nxy
and λ) as well a choice of parameters leading to a steady state. For both models, as they are
reproducing synaptic activity, τe = τi = τg = 0.2 to correspond to the neural network.

A set of parameters of the Wilson-Cowan that leads to an oscillation is [26] (wee, wie, wei, wii, p, q) =
(10.0, 10.0, 8.0, 1.0, 1.5, 0.4) —which matches with the information exposed in Wilson-Cowan sec-
tion: low wii and wee high enough. Implementing this parameters in Wilson-Cowan and modifying

1This adaptation can be made as equations from one model and the other are reasonably similar
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them a little but keeping proportions, oscillations for both the Wilson-Cowan and simple model are
found:

Figure 5.1: Wilson-Cowan model and simple model
comparison with (wee, wie, wei, wii, p, q) =
(10.0, 10.0, 8.0, 1.0, 1.5, 0.4)

Figure 5.2: Realization of the simple model
with (Jee, Jie, Jei, Jii, Ie, Ii) =
(12.0, 12.0, 8.0, 2.0, 4.0, 1.8). These
are not exactly Wilson-Cowan parameters
but they are similar and proportional

This comparable dynamics mean that our assumptions about the similarity between mesoscopic
models may be right. But the comparison with the neural network is going to consolidate it.
The set is now translated to average number of connections for the neural network. Taking
(Nee, Nei, Nie, Nii) = (16, 12, 16, 5), λ = 170 and (Nee,ghost, Nei,ghost) = (16, 12), b = 0.35 and
bext = 0.5, which are proportional to the ones used in figures 5.1 and 5.2 the following results are
obtained:

Figure 5.3: Synaptic potentials of the neural network

As expected, oscillations are observed in the neural network. However, this was not the
first trial, parameters (Nee, Nei, Nie, Nii) have been changed but keeping proportions with respect
to mesoscopic coefficients until oscillation has been found. In figure 5.3 all information about
synapses is shown. The two highest oscillator motion represent the total synaptic term for both
excitatory and inhibitory populations and the lowest ones describe only the synaptic character of
the network. Hence, the difference between them is the input current (different for each population)
and related to λ. Our objective is to set a relationship between the mesoscopic parameters to fit the
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data shown in dark green and light blue, that is, the total synaptic potentials (network interactions
and feeding).

On the other, hand, setting the microscopic parameters to Nee = 14.0, Nei = 8.0, Nie = 4.0,
Nii = 2.0, Nee,ghost = 14.0 and Nei,ghost = 8.0 and mesoscopic parameters to Jee = 16.0, Jie = 7.0,
Jei = 4.0, Jii = 2.0, Ie = 4.0 and Ii = 1.0, we do not obtain oscillations but we obtain a fixed
point instead. The thing is, mesoscopic dynamics are deterministic so they are going to provide
a smooth and continuous evolution of the mean synaptic voltage for each population while the
neural network has a random parameter λ that influences the feeding of the system so the fixed
point will not be absolute still but appreciable. This fact can be observed in the following plots:

Figure 5.4: Evolution of synaptic potentials in time for the parameters given before. It is obvious that this state
corresponds to a excited state, as excitatory synapses are higher than inhibitory

Figure 5.5: Evolution of synaptic potentials in time for the neural network.

As said before, smooth and stable curves were obtained for the neural mass model and irregular
but stable curves describe perfectly the behaviour of the neural network. These fluctuations are not
comparable to the order of magnitude of the difference between synaptic currents so the results
are satisfactory, corresponding to the excited state of figure 5.4 . Making some statistical calculus,
we get to Ve = 2.940, Vi = 1.699, σe = 0.462 and σi = 0.270. Where the mean and standard
deviation have been calculated like:
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Vx =
1

Nx

Nx

∑
k=0

vxk (5.1.3)

σVx =

√√√√ 1
Nx

(
Nx

∑
k=0

(
vxk −Vx

)2
)

(5.1.4)

Where subindex k denotes each voltage sample from population x = e, i.
The last case to approach is the inhibitory fixed point. Setting Nee = 8.0, Nei = 12.0, Nie = 6.0,

Nii = 2.0, Nee,ghost = 8.0 and Nei,ghost = 12.0 and Jee = 8.0, Jie = 6.0, Jei = 10.0, Jii = 1.0, Ie = 1.5,
Ii = 2.2 respectively, the results obtained are:

Figure 5.6: Evolution of synaptic potentials in time for the neural mass model.

Figure 5.7: Evolution of synaptic potentials in time for the neural network.

Once again, the extrapolation made to have an overall idea about the parameters to estimate
allows us to obtain similar results between the neural network and the neural mass model. This
time is an inhibited steady state and making some statistical calculus, we get to Ve = 0.591,
Vi = 1.043, σe = 0.0694 and σi = 0.0697.

5.1.2. Kalman fitting and comparison to NN with constant input

To test the filter, the simple model has been used to generate a time series of Ve and Vi with a known
set of parameters (Jee, Jie, Jei, Jii, Ie, Ii). If the unscented Kalman filter works the proper way, a good
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estimation of the parameters should be obtained. For the set of parameters (Jee, Jie, Jei, Jii, Ie, Ii) =
(4.0, 4.0, 3.0, 0.5, 1.2, 0.2) convergence of the estimations has been good. To visually appreciate it,
the value of the estimation versus number of iterations of the recursive filter is plot below:

Figure 5.8: Convergence plot of the parameters to estimate. It is clearly seen that since 20000 iterations the value is
stable so this is the solution for our estimation problem

It is remarkable to say that some random dynamic noise has been added while creating the
data sets in order to enhance the filter convergence. It may seem paradoxical, but as the filter plays
with uncertainties and probability density functions it is necessary to have noise and analytical
data is not the best input.

To estimate the parameters in different cases, simulations have been set and run with the time
series produced by the neural network in three different cases: oscillations, excited stable state
and inhibited stable state.

For the case regarding oscillations, the results obtained are the following: Jee = 13.54, Jie =
12.84, Jei = 7.09, Jii = 0.38, Ie = 7.13 and Ii = 2.87). This set of parameters is really similar to the
one obtained through reasoning in the first approximation mentioned above (Jee = 12.0, Jie = 12.0,
Jei = 8.0, Jii = 2.0, Ie = 4.0 and Ii = 1.8).
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Figure 5.9: Evolution in time of the values of the parameters estimated by Kalman filter.

The corresponding Kalman fitting is:

Figure 5.10: Kalman estimation and real data from the network.

The first plot in 5.10 shows both voltages (excitation and inhibition) from the neural network
and the Kalman filter estimation for a whole simulation of 25000 time steps. As details cannot be
appreciated easily, the second plot provides a restricted plot of only 20 time steps.

Implementing the parameters obtained from the Kalman filter into simple model and making a
forward simulation leads to:
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Figure 5.11: Oscilations in both neural mass model and
neural network for Ve

Figure 5.12: Oscilations in both neural mass model and
neural network for Vi

It is clear that the Kalman filter was succesful. Even though oscillations are not exactly the
same they are really similar in amplitude and period. A power spectral density analysis can also
provide useful information:

Figure 5.13: Power spectral density for Ve Figure 5.14: Power spectral density for Vi

The first thing to notice is that both estimation of Kalman filter and real data from the neural
network have nearly the same power spectral density (this is another proof of the success of the
UKF). These results are satisfying as we have reduced a system of N = 500 neurons with N
degrees of freedom into a system with only two: Ve and Vi (alternatively saying, the amplitude
and period of the oscillations of the neural mass model are very close to the ones belonging to the
neural network).

For the excited stable point, the parameters obtained with the filer are: Jee = 8.384, Jie = 5.278,
Jei = 10.137, Jii = 0.616, Ie = 3.2000 and Ii = 3.0139. Putting these terms into neural mass model
equation, the time series defining the evolution of synaptic potential are:
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Figure 5.15: Kalman estimation and real data from the network (above) and NMM with parameters estimated (below).

The data obtained confirms what it is visually evident: the fitting is accurate. In order to be
able to compare data of both graphs, a smoothing algorithm is going to be applied. This algorithm
estimates the smooth resulting data by taking the closest points to each element of input based on
their x values using a weighted linear regression. The result is shown as smoothing Ve and Vi in the
graph above. Once the voltages from the neural network are smoothed, the mean value is taken
and compared to the data from the neural mass model. The stable fixed point of the smoothed
neural network data is VNN,0 = (3.029, 1.756) and VNMM,0 = (3.138, 1.796). The Kalman filter
made a good estimation (no difference is appreciated even restricting x axis to short time intervals)
but, most important, neural network and neural mass model perfectly match when implementing
the parameters estimated by the filter. The error of the neural mass with respect to the neural
network is εVe = 3.64% and εVi = 2.22% approximately.

The last case is the excited stable point, the parameters estimated with the Kalman filter are:
Jee = 8.384, Jie = 5.278, Jei = 10.137, Jii = 0.616, Ie = 3.2000 and Ii = 3.0139 that, again, are
very close to the values logically estimated in the first approximation (recall these values Jee = 8.0,
Jie = 6.0, Jei = 10.0, Jii = 1.0, Ie = 1.5, Ii = 2.2). Implementing these parameters into the neural
mass model equation, the following time evolution is obtained:
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Figure 5.16: Kalman estimation and real data from the network (above) and NMM with parameters estimated (below).

Just as the case before, the smoothing algorithm is applied. For the NN the fixed point is
VNN,0 = (0.5874, 1.0507) and for the NMM VNMM,0 = (0.5785, 1.0390). The error of the neural
mass with respect to the neural network is εVe = 1.15% and εVi = 1.11% approximately.

5.2. Time dependent λ

Once the connectivity parameters have been set (they are not affected by the input at all), it is time
to modify the input external current λ(t) in time to check the Markovian character of the system.
Two cases are possible: if λ(t) is estimable and the fitting is reasonable good, this demonstrates
that for the neural mass model Cββ(t, t) = 0, ∀t > t0 and this implies:∫

R
Sβ

(
x
√

Cββ(t, t) + µβ(t)
)

Dx = Sβ

(
µβ(t)

)
(5.2.1)

hence it is valid:

dµα(t)
dt

= −µα(t)
τα

+
P

∑
β=1

JαβSβ

(
µβ(t)

)
+ Iα (5.2.2)

There is no correlation in time due to the uncertainty about the coefficients Jαβ. Recall that this
was the case where σαβ = 0 which is equivalent to say that the actual exact values of the synaptic
weights Jαβ are known.

The other case where Cββ(t, t) 6= 0, ∀t > t0 leads to expressions that are not the same as in
equation 6.0.1. So, in advantage, the filter should adapt the data but the neural mass equations
would not represent accurately the neural network as the model is not appropriate.
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5.2.1. First approximation

As it was done for the first estimation of parameters when λ was constant, a brief qualitative
analysis will be performed before fitting the parameters via Kalman filter. Variations of λ
are going to be simple but including both abrupt and slow changes. Chosen examples are
a gradual increasing of input, a step, a sinusoidal function and a combination of step and
increasing/decreasing.

Oscillation case is going to be considered. From the neural network:

Figure 5.17: Step λ input. Figure 5.18: Combination of variations of λ.

Just two cases are plot to have an idea of the response of the system to abrupt variations of
input λ. Moreover, the procedure to filter these time series has been much longer than presented
(approximately 104 iterations), but with only a few iterations it is much easier to have a visual
idea. It seems that the system responds as expected: in the case of the step, the activity of the
population is non-existent until the step is reached, then the oscillations start very similarly to
the λ constant case. So the point is estimate time-dependent inputs Ie(t) and Ii(t) because Jxy are
already known and test if the simple model equation reproduces the same dynamics as the neural
network.

5.2.2. Kalman fitting and comparison to NN with variable input

The first case treated is the step. This means that the input λ is null until some instant λ(t) =
AH(t− t0) where A is the amplitude of the step and H(t− t0) the Heaviside function that activates
at t = t0. Results obtained are:
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Figure 5.19: In order: First: Kalman state estimation and real data from the network, second: zoom to appreciate
details and Kalman intensity (varying in time) estimation and third: intensities estimated from the neural
network.

It is clear that the Kalman filter estimation is very accurate. The filter gets a very precise
estimation and fits parameters at the same time. Voltage from the neural network and the
estimation are very similar and the intensity grows to the expected value when the step begins.
For the values obtained the neural mass model evolution is:
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Figure 5.20: NMM forward integration and neural network data.

The question is if the system has time correlations. The plot of voltages data of the neural mass
model with the parameters estimated are shown below:

Figure 5.21: NMM step vs NMM without step.
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Figure 5.22: NMM step vs NMM without step 100 time steps after instant represented in graph above.

The only difference looking at the two last figures is that the amplitude and the period of the
oscillations for the step and constant neural mass models are not the same. The voltages related to
the step have smaller amplitude and period is shorter. This is not the transient response of the
step because this difference lasts for the whole simulation, what leads to equation 5.2.1. If the
system has memory and hence Cββ(t, t) 6= 0, ∀t > t0, the system of equations describing the simple
model are not the ones implemented in the filter. This way, the amplitude and period variations
could be justified but the error is too low to state the non-Markovian character of the system.

The second case is the increasing λ(t) = 0.1919t + 10.0. As λ increases, both excitatory and
inhibitory input currents should increase, also. These results have been obtained:
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Figure 5.23: In order: Kalman state estimation and real data from the network, zoom to appreciate details and Kalman
intensity (varying in time) estimation.

Again, the filter gets a very precise estimation and fits parameters. Voltage time series
and estimation can be almost superposed and the intensity parameter grows as expected. The
significant fluctuations obtained are a consequence of the oscillating dynamics of the system but
the intensity time series to be implemented in the neural mass model cannot have such fluctuations.
To fix this, the smoothing filter mentioned before is applied. The results are shown in the third
plot of 5.23. Implementing this input for each population in the neural mass model and running a
forward integration to see the time evolution of NMM and NN systems:
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Figure 5.24: Comparison between neural network and neural mass model with parameters estimated from the NN.
Case λ(t) = 0.1919t + 10.0.

In a general frame the neural mass model is very similar to the neural network: when both
systems are fed with enough input oscillations are induced. However, the response of one
and other is different and can be appreciated in 5.24, where the amplitude of the oscillations
corresponding to the neural network is higher than the amplitude of the neural mass model. This
is also appreciated in the power spectral density:
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Figure 5.25: Comparison between neural network and neural mass model with parameters estimated from the NN.
Case λ(t) = 0.1919t + 10.0.

It can be seen that the neural mass model adapts to the increasing λ slower and smoother than
the neural network in 5.24. This fact implies a more homogeneous and less peaky PSD for the
neural mass model than for the neural network, as PSD graph shows.

Again, if the system is non-Markovian the adaption cannot be the same because neural mass
model has the wrong equations implemented.

The case inverse to the previous one is considered: decreasing λ where λ = −0.1919t + 250.
Coherent results with the previous analysis have been obtained:
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Figure 5.26: Comparison between neural network and neural mass model with parameters estimated from the NN.
Case λ(t) = −0.1919t + 250.0.

The same effects as the example before are observed: different rhythm of adaptation to the
changing rate of lambda so discrepancies between the neural mass model and the neural network.

For the last case, a combination of a step and variations of increasing/decreasing λ is going to
be performed. The λ profile chosen is the one shown in figure 5.18, so the expected behaviour is
no activity until step is reached, then increasing of the input followed by a decreasing.

Data obtained is the following:
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Figure 5.27: Variable λ including step, increasing and decreasing

As expected, the estimation of the voltages by the Kalman filter is very accurate. Also the
intensities seem to fit with our predictions and it is consolidated as the neural mass model shows
a similar behaviour to the neural network2. Despite the similarities, it can be appreciated that the
neural mass model does not match with the neural network, restricting the x axis in a shorter
period of time:

2Again the intensity signal has been smoothed before implementing it to the neural mass model.
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Figure 5.28: Variable λ including step, increasing and decreasing

This last case is absolutely clarifying: neural mass model does not match with the neural
network at all. As happened in the increasing case, the oscillations profile of the NMM is smoother
than neural network. Moreover, the period of the neural network is shorter and the amplitude is
smaller than the neural network.
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Chapter 6

Discussion of results and conclusion

Results can be classified in qualitative estimations, constant input simulations and variable input
simulations.

Regarding qualitative estimations, it has been demonstrated that the logical procedure is a valid
way to predict the behaviour of a neural network from a known and studied mesoscopic model.
Although some exact values have not been predicted accurately, the proportion between values
has kept valid all the time and three sets of different parameters have achieved the three desired
dynamics.

Concerning constant input simulations, the effectiveness of the unscented Kalman filter has
been proven. For all three kind of dynamics the filter found the exact numeric values and hence
the adaptation of the mesoscopic model parameters (six parameters) to the synaptic dynamics
of a complex neural network has been possible. In other words, the Kalman filter has been the
mathematical tool to link two different scales of neural activity and simplifying a set of 500
equations with 500 degrees of freedom to a pair of differential equations with just two degrees
of freedom (Ve and Vi). However, the conceptual tool that links both dynamics is the sigmoide
function (returns firing rate when the synaptic potential is known). The oscillation case was also
satisfactory, even though the amplitudes and periods were not exactly the same as the neural
network. However, this mismatching could be due to non-linearities introduced in the microscopic
model such as the threshold or the refractory period to calculate the sigmoid function.

But, the point of the project was the study of this parameters when the input changed in time.
Connection parameters Jxy were estimated during simulations with constant input as these do not
depend on the input. Once they were set, the objective was to estimate time-dependent feeding
parameters: Ie(t) and Ii(t). However, while deducting neural mass model general expression and
simple model, in particular, a term related to time correlations appeared when taking the limit of
the mean field: ∫

R
Sβ

(
x
√

Cββ(t, t) + µβ(t)
)

Dx (6.0.1)

It is important to distinguish in which cases a time correlation is observed. If Cββ(t, t) is null,
the neural network matches the neural mass. This is going to be our method of selection. In all
constant input cases but also in some others where the input was variable in time the neural mass
model corresponded the neural network. The cases where appreciable mismatching between NN
and NMM was present were the ones involving increasing/decreasing λ. First, recall the one
important relation between neural mass model and the g shape function (transforms incoming
spikes into current) already explained at the end of page 18: local field interactions ηαβ(V(t))
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become, in the limit lim Nβ → ∞ a time-dependent Gaussian field Uαβ(t). This field is non-Markovian
as it integrates the whole past when making convolutions with the g shape function representing synaptic
activity. This explanation can be directly related to the cases where the NN and NMM did not
match. In those cases, there is a non-null increasing/decreasing λ, i.e., a synaptic activity during
the whole simulation. The existence of synapses involve convolutions of the g function to map
the spikes into voltages. These convolutions integrate history of the system as g = g(t). This way,
time-dependent synaptic activity affects the morphology of the equation directly through matrix
Cββ(t, t) (see equation above) for each time step, as Cββ(t, t) 6= 0, ∀t > t0. This is why the step
example, which does not involve synaptic activity before the step itself, does not cause changes in
autocorrelation matrix —there are not time integrations via convolutions of synaptic activity. We
can conclude that the changes introduced by the low part of the steps are negligible regarding
the dynamics of the oscillations. However, changes implying λ(t) > 0 have consequences in the
system (it is non-Markovian) and the neural mass model does not match with the neural network
although the parameters are estimated via Kalman filtering.
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