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ABSTRACT 
Two numerically efficient procedures for the analysis of arbitrarily-shapd inhomogeneous and 

anisotropic waveguides showing no spurious modes have been considered. The first one is based on 
a transverse magnetic-field formulation, while the second one is straightforwardly derived from the 
tirst+rder Maxwell curl equations and involves all the components of the electric and magnetic fields. 
In both cases, the final step is in most cases to solve a symmetric complex generalized eigensystem. 
The commercial mathematical libraries -such as IMSL and EISPACK- usually consider only the general 
and hermitian cases, but not the symmetric one. In this paper, an extension of the symmetric real case 
to the symmetric complex case has been developed in order to reduce the time consumed in the solving 
process. 

FINITE ELEMENT FORMULATION 
To analyze non-magnetic inhomogeneous and anisotropic lossy waveguides, we can start from 

the vectorial wave equation for 7;; : 
V x ( [ c ] - ’ O  X Z)- k 2 E =  0 

wherd  k is the free-space wavenumber 

equsTion of the form [I]: 
Application of the standard finite element method via a Galerkin procedure gives a matrix 

I S I { H ) -  k 2 [ 7 1 { W =  ( 0 )  

The divergence-free constraint for the magnetic field can be written 

and. after a Galerkin procedure: 

Combining the two matrix equations. a complex quadratic eigenvalue problem arises [I]: 

v ’ [ ~ l { W  + YCBl{H,)+ [CI{H,)  = ( 0 )  

that can he reduced to a complex eigensystem. 

field. 

satisfy (21 

An analogous formulation can he obtained for nondielectric materials in terms of the electric 

In the general inhomogeneous and anisotropic lossy waveguide problem, the solutions must 

&I I ( Fiesf ( j V X z +  w€,,eF)+ g:,,, (- j V x F +  ~ p , , f i ~ ) ) d x d y  = 0 

for all admisihle test functions F,,,, and z,,,, where the summation is extended over all elements. 

The final eigensystem can involve the three components of the electric and magnetic fields or 
only the transversal components of them, being in both cases of the form: 
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11.58 TMYo 251.94 253.57 

15.14 TA4y0 370.66 373.55 

T M Z o  280.55 287.89 

17.67 TA4Y0 459.93 463.86 

T A / &  390.35 398.13 

0.64 196 

0.77 332 

2.55 332 

0.85 332 

1.95 332 



B. Rectangular waveguide centmlly loaded with a slab having parabolic varikhbn in as 
pennitivity . 

This example consists of a rectangular waveguide of width 2 cm centrally loaded with a dieletric 
slab of width 1 cm, whose relative permitivity varies as E , ( x )  = 1 + 32(0.5 + x ) (  0.5 - x )  , being 
x the distance to the center in cm. The table shows the computed phase constant P of the dominant 
mode for two frequencies and the results obtained by other authors. 

C. Anisotropic lossy waveguide. 

h / W  = 0.4454 with the complex tensor permitivity 
We have also analyzed an anisotropic lossy waveguide of dimensions WX h ,  being 

1 ..-[ 0 20.83- j3.16 0 
1 1.86 - j0.80 0 0 

0 0 1 1.86 - j0.80 

The table shows the computed normalized propagation constant YW = (a + i P ) W  for the 
fundamental and first higher order modes for several frequencies and the results obtained by other 
authors with a different formulation. In all cases, the number of unknowns was N=70. 

CONCLUSIONS 
The application of the finite element method to the analysis of arbitrary waveguides leads to 

complex generalized eigensystems where the matrices involved are, in most cases, symmetric. In this 
paper, a very efficient routine to solve this kind of problems has been developed and several examples 
has been analyzed using this improvement, obtaining very good results in a very reasonable time. 
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