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SUMMARY
Mimetic operators are a kind of discrete operators which, on staggered grids, can accomplish "mimetic"
properties analogous to their continuous counterparts. Furthermore, they can attain identical convergence
order everywhere in the domain, including at or near the domain's boundaries in non-periodic problems.
This property makes mimetic finite difference (MFD) operators attractive whenever high-contrast
interfaces or physical boundary conditions are present in our models. In the seismic case, the strongest
boundary condition is the interface between Earth and air, the so-called free surface. This surface is
typically represented as a traction-free boundary condition and, although it is of critical importance for
achieving accurate results, due to its vicinity to the sources and receivers, it is still a problem for current
FD implementations. Despite efforts in the past, few FD schemes have attained convergence of order
beyond two in results involving the free surface. Here we summarize the properties of mimetic operators
applied to the elastic wave equation, as well as the changes required in order to incorporate into current
explicit staggered grid codes the mimetic approach of the free-surface condition
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 Introduction

Whenever finite difference (FD) methods are evaluated in terms of their efficiency and accuracy, it is

customary to use periodic or harmonic problems where the properties of the method are actually guar-

anteed for infinite (and smooth) media. However, it is widely known, that FD operators do not preserve

their properties at domain boundaries, especially under high-order discretizations. Typical one-sided op-

erators can be built based upon Taylor’s expansion with an arbitrary order of accuracy (Fornberg, 1988).

Nevertheless, these operators become inaccurate and some of the properties of FD in the infinite space

may no longer be valid. Mimetic operators are a kind of discrete operators which, on staggered grids, can

accomplish mimetic properties analogous to their continuous counterparts (Castillo et al., 2001; Castillo

and Miranda, 2013). Furthermore, they can attain identical convergence order everywhere in the domain,

including at or near the domain’s boundaries in non-periodic problems. This property makes mimetic

finite difference (MFD) operators attractive whenever high-contrast interfaces or physical boundary con-

ditions are present in our models. In the seismic case, the strongest boundary condition is the interface

between Earth and air, the so-called free surface. This surface is typically represented as a traction-free

boundary condition and, although it is of critical importance for achieving accurate results, due to its

vicinity to the sources and receivers, it is still a problem for current FD implementations. Despite efforts

in the past, few FD schemes have attained convergence (e.g. Kristek et al., 2002) of order beyond two

in results involving the free surface. Here, we apply mimetic operators to model elastic motion under

free-surface conditions and discuss the implementation changes required by current explicit staggered

grid codes to include this mimetic approach.

Theory

The elastodynamic equations can be written as

ρ(x)v̇(x, t) = ∇ ·σ(x, t)+ fs(xs, t),

σ̇(x, t) = C(x) : ∇v(x, t)
(1)

where fs is the source function at position xs, v is the particle velocity, ρ is the density, and σ the stress.

At the free surface, z = 0 for convenience, a Dirichlet boundary condition C must be fulfilled, namely

σ ·n = 0 with n a unit vector perpendicular to the free surface. We can reduce the condition in the flat

case to
C1 : σxz = 0, σyz = 0,

C2 : σzz = 0 .
(2)

Figure 1 shows the modifications to standard staggered grids (SSG, e.g. Virieux, 1986; Rojas et al., 2008)

and fully staggered grids (FSG, e.g. Lebedev, 1964; de la Puente et al., 2014) resulting from updating

their original Leap-Frog 2 explicit time-integration schemes to accomodate the mimetic approach. We

use a two-dimensional representation for simplicity. Notice that interior nodes are updated as usual

without further modifications. In the figure, variables in black are natural variables of that grid type,

grey variables are natural but become zero due to the boundary condition C and green variables are

additional variables that appear only when using mimetic schemes and only at the free surface. The

latter are labelled with an M superindex depicting their mimetic origin. Both classes of SSG free-

surface possibilities are shown, as well as the flat and tilted FSG cases. Notice that in the non-flat case

the free surface is defined at the curved surface η = 0. In addition, the boundary condition C cannot be

simplified to 2 and requires special treatment (details shown by de la Puente et al., 2014).

The vertical derivatives d are solved by means of mimetic differentiation operators G and D (gradient
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Figure 1 Algorithmics for mimetic methods applied to the free-surface in SSG of types W and H (top) 
and FSG flat and deformed (bottom). We use u and w to depict horizontal and vertical components of v 
here.

and divergence) following

dB
Ka(I, J,K) =

1

∆

nD+1∑

r=1

DKra(I, J,K + r−1) ,

dF
Ka(I, J,K) =

1

∆

nG+1∑

r=2

GKra(I, J,K + r−1)+G11aM(I, J) .

(3)

where a is the differentiated variable, (IJK) the cell index in x−, y− and z−directions (K = 1 correspond-

ing to z = 0 or η = 0), ∆ the vertical spacing, GKr and DKr are the rth coefficient of the Kth specialized

stencil of the corresponding mimetic operator and nG, nD their respective bandwidth. Finally, whenever

a is a natural variable at the free-surface (e.g. w in the W-case of Figure 1) the first operator in 3 is used

(labelled B) and otherwise the latest operator is used (labelled F). The actual stencil values can be found

in, e.g. Rojas et al. (2009) or Castillo and Miranda (2013).

Example

We show a simple flat case with free surface, involving three layers. We run the case both with the vac-

uum formulation (Robertsson, 1996; Zeng et al., 2012) and with the mimetic approach described here.

In Figure 3 we can see that the snapshots are rather similar, as both approaches describe approximations

to the same physical problem. Nevertheless, an inspection of vertical component traces shows us how,

the farther surface waves travel, the more dispersion and phase shift appears in the vaccuum case, related

to its lack of formal accuracy (order 1).



30 May – 2 June 2016 | Reed Messe Wien

                             
                                                                                                                       

78th EAGE Conference & Exhibition 2016 – Workshop Programme 
Vienna, Austria, 30 May – 2 June 2016 

 

(a)

time (s)
0 0.5 1 1.5 2 2.5 3 3.5 4

X
 v

el
oc

ity
 (

m
/s

)

×10 -6

-3

-2

-1

0

1

2

3

4

5

6

7

(b)

Figure 2 (a) Horizontal component snapshots obtained with the mimetic approach (top) and vacuum 
approach (bottom) for the same scenario. (b) Traces obtained with mimetic (black) and vacuum 
(red) algorithms.
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Figure 3 (a) Vertical component snapshots obtained with the mimetic approach (top) and vacuum ap-
proach (bottom) for the same scenario. (b) Traces obtained with mimetic (black) and vacuum 
(red) algorithms.

Conclusions

The mimetic approach is a simple upgrade for existing staggered-grid codes that can yield important 
gains accuracy-wise in the presence of large material contrasts, such as the free surface. The simplicity 
of the approach has allowed us to develop 3D imaging tools that make use of its enhanced accuracy. 
During our talk we will also show examples of its application in migration and inversion scenarios.
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