DECAY OF SOLUTIONS FOR A MIXTURE
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JAIME E. MUNOZ RIVERA, MARIA GRAZIA NASO, AND RAMON QUINTANILLA

ABSTRACT. We study a system modeling thermomechanical deformations for mixtures of ther-
moelastic solids with two different temperatures, that is, when each component of the mixture
has its own temperature. In particular, we investigate the asymptotic behavior of the related
solutions. We prove the exponential stability of solutions for a generic class of materials. In
case of the coupling matrix B being singular, we find that in general the corresponding semi-
group is not exponentially stable. In this case we obtain that the corresponding solution decays
polynomially as ¢~/2 in case of Neumann boundary condition. Additionally, we show that the
rate of decay is optimal. For Dirichlet boundary condition, we prove that the rate of decay is
t~1/%. Finally, we demonstrate the impossibility of time-localization of solutions in case that
two coefficients (related with the thermal conductivity constants) agree.

1. INTRODUCTION

Under the theory of non-classical elastic solids we understand certain generalizations of the
classical theory of elasticity. The most known non-classical elastic solids are the elastic solids
with voids, micropolar elastic solids, nonsimple elastic solids and the mixtures of elastic solids.
Micropolar elastic solids have first been introduced by the Cosserat brothers at the begining
of the last century and they were recovered, analyzed and extended by Eringen and many
other researchers in the second part of the past century. For an overview on these so called
microcontinuum theories we refer, e.g., to [10,11,21]. In the same period, the theories concerning
the nonsimple materials, materials with voids and mixtures of material were established. It is
worth recalling here the book of Iesan [15] where several of these theories are analyzed. This
manuscript is concerned with one of these theories: the mixtures of elastic solids.

Thermoelastic mixtures of solids have deserved a big interest in the last decades (see, e.g.,
[4,5,7,8,12,13,29,30]). Qualitative properties of solutions to the problems defining this kind
of materials have been the scope of many investigations. Several results concerning existence,
uniqueness, continuous dependence and asymptotic stability can be found in the literature [1-
3,16,19,26,27]. In this paper, we study the decay of solutions in case of a one-dimensional rod
composed by a mixture of two thermoelastic solids with two different temperatures. We will
prove the exponential stability in a generic case, however, we cannot expect that the solutions can
identically vanish after a finite time and we will see the impossibility of localization for various
scenarios. In several situations, the decay is not so fast and we will prove the polynomial decay
for these situations. It is worth recalling that studying the rate of decay of the solutions for
several non-classical theories has been the goal of many articles in this last decade [18,22-24].
Thus, the present paper aims to be a new contribution in this line.

For a rod composed by a mixture of two interacting continua occupying the interval (0, ¢)
the displacements of each component of typical particles at time ¢ are denoted, by u and w,
respectively, where u = u(z,t) : (0,£) x (0,7) = R and w = w(y,t) : (0,¢) x (0,7) — R, with
T > 0. We assume that the particles under consideration are in the same position at time ¢ = 0,
so that x = y.
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We also assume the existences of two different temperatures (see [14]), in each point x and
at time ¢, given by 6; = 0;(x,t) : (0,¢) x (0,7) — R, ¢ = 1,2. We denote by p;, i = 1,2 the
mass density of each constituent at time ¢ = 0. We introduce 7 and S as the partial stresses
associated with these two constituents, P the internal diffusive force, 2, i = 1,2, the entropy
densities, Q@ i = 1,2, the heat flux vector and ¥ is the absolute temperature in the reference
configuration. In the absence of body forces, the system consists of the following equations:

- equations of motion

p1ug =T — P, p2wi = Sp + P, (1.1)
- energy equations

p1 T =W, = QM + w1 q, p2%02%, = QP + W —q, (1.2)

- constitutive equations
T = a11uy + apwy — G101 — Babo, S = a12uy + axw, — Y1601 — Y20o, (1.3)
P =a(u—w), G = —a(0; — 62), (1.4)
p1EW = Brug + Bowg + M0y + MO0y + T por'® (01 — 62), (1.5)
02 5(2) = Y1Ugz + VoWz + M2(1)91 + M2(2)62 + To_lplligl)(gl — 02), (1.6)
QW = K1101 2 + Kq202 4, Q¥ = K2101 2 + Ko202 ;. (1.7)

Functions W@ are given by
W(l) = ,01/<L(21)92’t - p2/€§2)917t, W(2) = ,02/46(12)91’15 — plfigl)egﬂg. (1.8)
If we denote

b = ToMy") + 2007, by = ToMy — prsy) — port?, bs = M{” + 2pary)

and substitute constitutive equations (1.3)—(1.8) into dynamical equations (1.1)—(1.2), we obtain
the following evolution system

P1ULE — A11Uzz — A12Weg + (U — w) + B101 4 + B2bla . = 0 in (0,¢) x (0,7,
P2Wi — A12Ugy — A22Wzz — (U — W) + Y1014 + Y202, = 0 in (0,€) x (0,7,
b101+ + bablay — K1101 g0 — K1202 20 + Bruat + Bowge +a(6y —602) =0 in (0,€) x (0,7),
b201 ¢ + b3l — K2101 g0 — K2202 200 + Y1Ugt + Yowge —a(61 —602) =0 in (0,€) x (0,7),

where, for the sake of simplicity, we assume that ¥y = 1. Therefore the corresponding evolution
system can be written as

RiUy — AUy +oNU +BY, = 0, in (0,¢) x (0,7, (1.9)

RyY; — KYup + aNT +BU,, = 0, in (0,) x (0,T). (1.10)

~(2) (%)

A = (aij)2x2, Ri=(0ipi)2x2, Ra = (b;)axo,

Here
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are symmetric matrices, d;; is the usual Kroneker’s delta, K = (Kjj)ax2, N = (=1)")gxa

and B = (5 1 5 2) € R?*2. In general B is neither symmetrical nor positive definite. We
1 72

supplement our system with the initial conditions

U(z,0) = ( uo > Uy(z, 0) = < u ) T(z,0) = ( O10 ) (1.11)

wo w1y 620

and boundary conditions

U0,t) =U(¢,t) =71(0,t) =Y(¢,t) =0. (1.12)
Alternatively, we can also consider the Dirichlet—Neumann boundary conditions, namely
U(0,t) = U(l,t) = T(0,t) = Yo (4, ) = O (1.13)

We state the general assumptions we impose in the paper:

(H.1) The mass densities are positive numbers, i.e., p; > 0 and pa > 0.
(H.2) The matrices A, Ry and K are positive definite.
(H.3) The constitutive parameters o and a are positive, i. e., « > 0 and a > 0.

The system of field equations is composed of four equations. We will show that the coupling
is generically so strong that the thermal dissipation brings the whole system to an exponential
decay. We will say that the decay of the solutions is exponential if they are exponentially stable
and, if they are not, we will say that the decay of the solutions is slow.

Concerning the terminology, we do not distinguish between the stability of our problem and
its associated solution.

In two recent papers [2,20], the authors proved that, under suitable conditions on the coeffi-
cients of the problem, the solution decays exponentially in the case of one temperature. Here, we
want to continue this line of study and to improve the result under the following point of view.
When two different temperatures are considered, the coupling is so strong that the exponential
decay is guaranteed whenever the vectors which define the coupling are linearly independent.
Consequently, we find a sufficient condition to guarantee that the imaginary axis is contained
in the resolvent, and then the exponential decay of solutions. Some other situations, where the
exponential decay of solutions holds, are presented.

In linear thermoelasticity, the asymptotic behavior of solutions as t — 400 has been studied
by many authors. We refer, e.g., to the book of Liu and Zheng [17] for a general survey on
those topics. For the system (1.9)—(1.12) we can not expect that its solution always decays
exponentially. For instance, in case that 51 + 82 = v1 +72 = 0 and pa(a11 +a12) = p1(ai2 +az2),
we can obtain solutions of the form v = w and 67 = 63 = 0. These solutions are undamped
and do not decay to zero. When 1 = B2 = 71 = 9 = 0, the mechanical and thermal parts are
not coupled and the displacements do not decay. These are very particular cases, but we will
see that there are some other cases where the solutions decay, but the decay is not so fast to
be controlled by an exponential function. By applying also some results obtained recently (see,
e.g., [6]), polynomial decay will be proved in these cases.

Our main aim is to show that the Cyp-semigroup (and thus the solution U(t)) associated with
system (1.9)—(1.12) is exponentially stable if suitable conditions on the coefficients are satisfied.

This paper is organized as follows. In Section 2, we establish the well-posedness of system
(1.9)—(1.12). The exponential stability in a generic case is proved in Section 3. Later in Section 4
we present several cases where the decay is not exponential, and for these cases in Section 5
we obtain the polynomial decay. Finally, Section 6 is devoted to proving the impossibility of
localization of the solutions when we assume that Ko = Ko.

Iwe point out that this boundary condition is not sound from a thermomechanical point of view. Therefore,
our viewpoint with respect this boundary condition is mainly mathematical.
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2. EXISTENCE AND UNIQUENESS OF SOLUTIONS

The aim of this section is to prove existence and uniqueness of solutions for problem (1.9)—
(1.12) or (1.9)—(1.11), (1.13).

We denote by (-,-) and || - || the inner product and the norm defined on L?(0, ), respectively.
In general, for a Banach space X, we let || - || x be the usual norm defined on X. Moreover, for
the sake of simplicity, here and in that follows we will employ the same symbols C and ¢ for
different constants, even in the same formula.

In case of Dirichlet thermal boundary conditions, let us consider the vectorial space

H = [Hy (0,01 x [L*(0, 0] x [L*(0, ).
In case of Neumann thermal boundary conditions we take
Hae = [Hq (0, O x [L*(0,0) x [LZ(0,0))%,

where
L(0,0) = {f € L*(0,0) / f(z)de = o} H0,0) = H*(0,£) N L%(0,¢).

Here and in that follows we denote by M the transpose of a matrix M. Putting Y = U, for
any couple of vectors U = (U,Y,T)T, U* = (U*,Y*,T*)T in the phase space H (or H.) we
define the inner product
l
(U, Uy = / (UJAU;; + Y TRY* +aU 'NU* + TTRQT*> dx.
0
It constitutes a squared norm

A
U3, = / <UJAUx +Y "RY + U NU + TTR2T> de.
0

Together with the above defined inner product, the phase space is a Hilbert space. In particular,
there exist two positive constants ¢y and c; such that inequality
col [[O[]] < ([Tl < e[ [U]]]
is satisfied, with
101112 = luall? + [lwall* + [[ol* + [[nll* + 1611 + (162

We now consider the matrix operator

0 I 0
A= | R[TAO? - aR['N 0 -R;'Bo,
0 ~R;'Bo, R,;'Kd? —aR,'N

where here I and 0 are the 2 x 2 identity matrix and the 2 x 2 zero matrix, respectively. Symbols
0, and 02 denote the first and second-order partial derivatives with respect to the spatial variable
x.

Under boundary conditions (1.12) the domain of operator A is

D(A) = [H{(0,6) N H?(0,0)]* x [Hy(0,0)]* x [Hy(0,¢) N H*(0,0)]*.
In case of Dirichlet~Neumann boundary condition (1.13) we have
D(A) = [Hg(0,6) 0 H*(0,0)]” x [Hg(0,€)]” x [HZ(0, )],
where H2(0,0) = {f € H*(0,0):  £.(0) = fu() = 0} N L2(0, 0).
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The domain D(A) is dense in the Hilbert space H. Our initial-boundary value problem
(1.9)-(1.12) or (1.9)—(1.11), (1.13) can be rewritten as the following initial abstract form

4
dt
where Ug = (U(x,0), U(z,0), Y(z,0))" and according to (1.11).

U(t) = AU(¢), U(0) = Uy,

Lemma 2.1. Under hypotheses (H.1)-(H.3), the operator A is the infinitesimal generator of a
Co-semigroup of contractions denoted by S(t) = e, t > 0.

Proof. 1t is enough to show that A4 is a dissipative operator and 0 € p(A) (see, [17], pag. 3,
Theorem 1.2.4).
In fact, because of (H.2)—(H.3),

Re(AU, Uy = — Re / e (TIKT, +aY NT) dz <0. (2.1)
Therefore, the operator A is dissipative. OWe now prove that for A = 0, the resolvent system
iNXU-Y = Iy, (2.2)
iAR1Y — AU, +aNU +BY, = R;Fy, (2.3)
1 AR2T — KT, +aNT + BY, = RofFy. (2.4)

has a unique solution U = (U, V,Y)T in D(A). In fact, from (2.2) and (2.4) (A = 0) we get
KY,, —aNY = —RoFy — BFy,, in [L*(0,0)]* (or [L2(0,0)]?),

which is a well-posed second-order Dirichlet (or Neumann) elliptic PDE for Y. With T known,
we have that (2.3) is a well-posed problem for U. Therefore, there exists only one solution to
the AU = F. Since

U1 < C[[F[l3,

with C' > 0, we conclude that 0 € p(A). O
Consequently, we establish the following result.

Proposition 2.2. For any Uy € H (or H.), there exists a unique solution U = (u, w, ug, wy, 01, 02)
of system (1.9)—(1.12) (or (1.9)—(1.11), (1.13)) satisfying

u,w € C(0,T; H}(0,£)) N CH0,T; L*(0,7)),
61,0 € C(0,T; L%(0,¢)) N L2(0,T; H(0,¢)),

(or

u,w € C(0,T; Hy(0,0)) N CH(0,T; L*(0,0)),
01,02 € C(0,T;L*(0,£)) N L*(0,T; HL(0,0))) .

3. A GENERIC CASE. EXPONENTIAL STABILITY

The asymptotic behavior of solutions is determined by the coupling between the conservative
and the dissipative parts of the system, that is, the parameters 1, 82,71,72. A generic assump-
tion is to assume that the vectors (f1, 32) and (v1,72) are linearly independent. The main aim
of this section is to verify that this is a sufficient condition to guarantee the exponential stability
of the solutions. We also prove the exponential stability in case when these vectors are linearly
dependent.

Because of the result due to J. Priiss [25], it is well-known that the exponential stability
depends on the uniform estimate of the resolvent operator over the imaginary axes. This result
is contained in the following Theorem.
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Theorem 3.1. Let S(t) = et t >0, be a Cy-semigroup of contractions on a Hilbert space.
Then (S(t))t>0 is exponentially stable if and only if iR C p(A) and

T [|(GAZ — A) |z < oo. (3.1)

Note that taking an inner product in 4 with U and using (2.1), we get

l
Re/ (T;KLﬁ—aTTNT) dz < |[U ||| |l (3.2)
0

Let us remind that the one-dimensional thermoelastic model is exponentially stable. From the
mathematical point of view, it means that a one-dimensional hyperbolic equation coupled to
one parabolic equation results in a two by two system which is exponentially stable. Can we
extend this result? That is to say, if we have two hyperbolic systems coupled with two parabolic
system, does the resulting four-by-four system is exponentially stable? It is natural to expect
that the answer will depend on the coupling terms which are determined by the matrix B.

We have three possibilities, if B = 0, the system is conservative. If Rank(B) = 2, we prove
that the system is exponentially stable. Finally, the interesting case is when the Rank(B) = 1,
that is, B can be written as

B = <fﬂ11 T%Z) - <Té> eR2?, f — C) € R? (3.3)

for some real number 7. In what follows, ¥ - Z denotes the scalar product of the vector ¥ and
the column vector Z.
Because of the structure of the system, we have that F -Y is bounded in sense of Lemma 3.4

%
below. To show the exponential stability, we need to find another direction denoted as ( such

_)
that ¢ and 3 is a basis of R? and (¢ -Y is bounded. The next Lemma plays an important role
in the sequel.

_>
Lemma 3.2. Let F and ¢ be two linearly independent vectors. Assume that for every e > 0
there exists a constant C¢ such that the inequality

%
(I - YI2+1C - YI2) < el[Ul, + CIAPIFIE,
or -
(I - Uall? + 1€ - Ual?) < e[ UG+ CAPIF I,
holds for every A € R and p € [0,00). Then we have that
1015 < e APIF|.
Proof. Let us denote
7 —
= (B1,B2), and ( =(C1,C2)

By the assumption, there exist two bounded functions § and & such that F-Y = B1y1+P2 =3
and ¢ -Y = Gy + (oyo = &, which implies that
G — 65 §CG — 65

N BG- B V2T TBG - B

Therefore, each component of Y is bounded. In fact, we can deduce that the inequality
IY11* < e[ Ul[3, + CAPIF |3 (34)
holds for every A € R. Finally, multiplying by U Equation (2.3) and using (2.2), we get

4 4 0 0 0
/ (UQCTAUx—i—aUTNU) d:v:/ YTRlea:—/ UTBdeCII—I-/ UTRlFUd:r+/ FRY dx.
0 0 0 0 0
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Recalling the definition of the norm of ||U||, we get that the above identity implies that

¢ l l ¢ l
HUy?HZQ/ YTRlea:—/ UTBdea;—i—/ TTRgde—i—/ UTRlFUda;+/ FYRY da.
0 0 0 0 0

Using Poincaré’s inequality and the estimate in Equation (3.2), we get

€
IOl < CIVIP+ 1015 + ccll Tall* + Cl Ul [l

A

€
ClIY[I*+ S [U]15, + el Fll3.

In view of the estimate (3.4), we have that ||U||2, < c.|A|P|F|3, for € small and |A| large. Then
the first part of our claim follows. Finally, multiplying equation (2.3) by ¢ Rfl, we get
— — — — —
iNC Y — ¢ R{'AU+a¢ R{'NU+ ¢ -R{'BYT, = ( - Fy.
_>
Multiplying the above equation by ¢ - U and using Poincaré’s inequality, we get

— - — e e —
¢ Y2 = —(¢ -R{'AU,, ¢ -U) —(al -R{'NU+ ¢ -R{'BY,, ¢ -U)
— — — —
HCFy, ¢ U)—(C-Y, ¢ Fy)
< el € ULl + ellU 3 + Cel T3
> € z||H z||H el xllH:
So we have that ? -Y is bounded, and using the first part of this Lemma, our claim follows. [
From now on we will consider the dissipative directions,
N=(-1, B=u) B =(Bh).
We assume that the vectors N) and ? are linearly independent. Our goal is to get estimates for
U and Y in the direction of ﬁ, F To this end, we introduce the functions V, W, ¥, & and ©
given by
v=3.U W=N.-U, v =F.Y, d=N.Y, ©6=3-T. (3.5)

From Equation (2.3) we have that

IARLY — AUy + oNW + 96, = Ry Fy, (3.6)
where & = (1,7) is given in (3.3). Therefore,

iI\Y — R;YAU,, + aR;INW + R;1 70, = Fy. (3.7)
Taking the inner product with E, we get
iNB Y - B R'AU, +af RINW+ 7 -Ri1JO, =7 - Fy, (3.8)
=ay =o*
where
X::ﬁi—iz and o ::ﬁi—kﬁ;;. (3.9)

This number will be important to describe the asymptotic behavior of corresponding semigroup.
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Lemma 3.3. Let U satisfy homogeneous Dirichlet boundary conditions. With notations as
above, we find

U= (0)] + [U(0)]* < C (1U]1* + [IY]1?) + ¢ Ulla || |34
In case that Rank(B) =1 and F ?R_lA are linearly dependent, we have

B U +18 - U0 < (I8 - YIP+ W) + e UlulFlse,  (3.10)
I8 Ul < el B ¥+ MZIIWIIQ 1Ol (3.11)

Moreover
T2(OF < oM (10l + 17 0al) + 57 CIFB, (3.12)

Proof Multiplying Equation (2.3) by (x —¢/2)U,, integrating by parts and taking the real part,
r first claim follows.
f Ry LA are linearly dependent, we can write ? Ry 1AZ = "}/03 Z, for any column
vector Z. Hence, from (3.8) , we have

INB Y — 208 Use + axW + %0, = B - Fy, (3.13)

Multiplying Equation (3.13) by (x — ¢/ 2)? - U,, integrating by parts and taking the real part,
we get

B U0+ 8-V <C (I - UalP+ 18- YI2) + W2 + e[ Ullel Pl (3:14)
Multiplying Equation (3.13) by E - U, we obtain

I8 Ul < el B - Y17 + [ IWIP el 8 - Ul + 5Ol Fle. (315)

Here, we used (2.2) and

Re/jWﬂdm - Re/ <ﬁ Y+ 8- FU> dx

Ul F g + el B - Y2,

IN

pEl W+

¢
Re/ @mE-de = Re/ <? Y—i—? FU> dx
0
= Re,/ @wg'Yd:L'—Re_/@ - Fy g, dx
A 0 A 0

Al

c
< IOl + el F -2
From inequalities (3.14) and (3.15), our claim follows for A large enough. Using (2.4), we get
Iael < eN (IT+ 15 - Tall) + CIF . (3.16)
Since
T2(0)] < Cl P g2 < ClTal|Y?[ T2,
we see

(O < Al (Il T+ 1T lIB - Uell) + CUF e V] (3.17)



THERMOELASTIC MIXTURE PROBLEM 9

Therefore, we obtain

1/2 7 7111/2 1 F % 1/2 17 1111/2
WMWSdM@WMUm+WMHWMM?%D+CMWMWWWJWNJ)
Exploiting the arithmetic-geometric mean inequality, we obtain the estimate. O

Lemma 3.4. With the above notations, for any € > 0, there exists Ce > 0 such that
IBY[* < €[[U[j3, + Ce|[F|F- (3.18)

In case that Rank(B) =1 and E, RflﬁA are linearly dependent vectors, with the Neumann
boundary condition for Y , we get

€
u?wﬂsuww%+awww% (3.19)

Instead, for the Dirichlet boundary condition for T, we have
€
5 -YIP < IO+ CAP IR (3.20)

X
Proof. Multiplying Equation (2.4) by / BYds, we get
0

¢ T
IBY > = / (IAR2Y — KTy + aNT — RaFy) </ BYds) dz
0 0

l T 4 T
= / IARSY </ BYds) dx —/ KT,, </ BYds) dx
0 0 0 0
l T J4 r
+/ aNT( BYds) dx/ Ry Fy (/ BYdS> dx
0 0 0

S~

14 x 4
_ / AR, < / BYds> iz — KT, (0) / BY du+8, (3.21)
0 0 0
=J =J1
where
14 L 4 z 4 r
S:/ KTxBde—i-/ alNY </ BYds) dx—/ RoFy (/ BYds) dzx,
0 0 0 0 0
and

1
8] < [ Ull3|[ 2 + 5 IBY |
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by virtue of Equation (3.2). Note that from (2.3)

4 T
J = / iIARLY (/ BYds) dx
0 0
4 x
- — / Ry Y (BR;l / i)\Rles> dx
0 0

¢ T
= —/ RQTBRl_l / (1&USS —aNU - BY, + Rle) dsdx
0 0

¢ l
- _/ RQTBRl_lAUngx—i—/ Ry Y dz BR{'AU,(0)
0 0

0 T
+ / R,TB ( / oR['NUds + R 'BT; — Fyds) dz. (3.22)
0 0
Using Young’s inequality and Lemma 3.3, we get

J < €| U3, + C|F I,

Denote
R = |[Ul||F|l3 + c|[F|3
Lemma 3.3 implies that there exists ¢ > 0 such that

To(OF < A - Usl + AR
On the other hand, using (2.3) and Lemma 3.3, we get
C
< 7 (101l =+ [1F (1) -

¢
/ BY dx ¢

0
Al

SN el + [Uz0)] + [Un ()] + W + [[F|3)
From the two above inequalities, we obtain that J; defined in equality (3.21) is estimated as
(I3, + 1F113,) -

C
A=

Therefore, the right-hand side to Equation (3.21) can be estimated as
IBY[|* < el[Ul3, + celF I3,
for A large enough. Therefore, the first part of this Lemma follows.

Finally, let us suppose that Rank(B) = 1 and F, FRflA are linearly dependent. In this case,
we have that B . Rl_lAZ = ”YOF - Z, for any column vector Z. For

B = ( T% ) , we further have BY = ( 7%1; ) : (3.23)

Therefore, from (3.22) we can write

I < el Tl + el THIW + R

for some positive constant c¢. Using that i\W — & = Fy, with Fyy = N - Fy, we get that
[Tll®] + R. (3.24)

C

Il < ceHTIH2+6||‘1’||2+M|
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An application of Young’s inequality to inequality (3.24) yields

1< el NPIRI+ellF Y IP + Ul

We also get from inequality (3.24)
1< el APIRI + el T Y+ Ul

Therefore, our conclusion follows in case of Neumann boundary condition. Now we consider the
Dirichlet boundary condition, that is our next task is to estimate J;. Because of (3.23), we have

) Scmw'/jﬁ-ms |

From (3.13) we get

4
\)\\’/ 7y ds
0

Using the second part of Lemma 3.3, we get

|)\\‘/Z?-Yds
0

< B - U.0) + | B - Un(®)| +c|W| + R

<c(IF-vlI+Iwl)+r

Therefore, we obtain

])\]‘/e?-Yds
0

for some positive constant C'. Concluding from (3.17)
Ta(O) < NI Tl F - Uull +clA R
and using inequality (3.11), we get
X (O)] < ATl V2B - YIV2 4 e W20 2 4 clA[V2 RV,
It can be written as

T2 ()] < A2 V2F - Y2 +

gc@?ww+&wmm)+a (3.25)

U321 12 + ¢|A[ /2 RV,

’)\|1/2
From (3.25) and the last estimate, we get
1MW) +

1] U121 12| + ¢[A[2 RV2||w|

C
<
- ’)\|1/2 ’)\’1/2

T2 B - Y2 U+ —

ITY2 B - Y| /2RY? +

1/2
1152102 U e+ RY?|[U|y

C
+|)\|1/2 |)\‘3/2 ’/\|1/2
c

1/2 1/2 p1/2
U 2R 4 i B

|)\|1/2 |>\|3/2
Using several times Young’s inequality, we find

| Ji| < el + W4HUHH + e AP[IFI%,
Plugging J and J; into (3.21), we obtain

€
IBY|* < WIIUII%+CeI/\ISHFH%-



12 J.E. MUNOZ RIVERA, M.G. NASO, AND R. QUINTANILLA

Since F and ﬁ are linearly independent, we can write
BRI'A =78 + N, (3.26)
NA-'R, =n 8 +nN. (3.27)

So we have that F and B)RflA are linearly independent if and only if 73 # 0. Moreover, it is
not difficult to see that the spectrum of R™'A is given by

aRTA) = {\, Ao},

where )\Oi are positive eigenvalues, given as

_ _ _ 1\ 2 1 _
a11pq ' G229 e \/(&npl T+ Q2209 1) —4p; 102 ! (anam - a%g)
2

Ay =

_ _ _ —1\2 1 —
aiipq 1y a2209 Lt \/((111/)1 T 2209 1) + 4p; 1p2 1a%2
5 .

Note that
M=)\ < a2=0 and ajip;' —axnp,' =0.

That is, we have eigenvalues of algebraic multiplicity 2 if and only if R™'A is diagonal.

Lemma 3.5. iR C o(.A) if one of the following conditions holds.
(1) The rank of matriz B is 2,
(2) The rank of matriz B is 1, the vectors ﬁ, FRI_IA are linearly independent and
(i): mix >0, or
(ii): 7 <0, or
(iii): v1x < 0 and —%X =+ (kTﬂ)2 for any k € N.
(3) Rank(B) = 1, the vectors B, FRI_IA are linearly dependent (v1 =0), and x # 0.

Proof. Note that the domain of A has a compact embedding into the phase space. So to prove
that the imaginary axes is contained in the resolvent set, it is enough to show that there is
no imaginary eigenvalues. In fact, let us suppose that U is an eigenvector with an imaginary
eigenvalue, then we have

iAU = AU.

Taking the inner product with U and considering the real part as well as using inequality (2.1),
we conclude that ¥ = 0. If the rank of B is equal to 2, then Y, = 0, which implies that
U =Y =0, that is, U = 0 which is a contradiction. Therefore, our first condition holds. Let

us suppose that the rank of B equals to 1. This implies that ? - Y, = 0, so we have that
Y = B -U = 0. From (3.7) we get that

iINB Y — B R7AU, + axW = 0.
So, using (3.26) and that ? Y = ﬁ -U = 0, and recalling the definition of y, we have that the

above equation implies

N Wae + axW =0. (3.28)

Therefore, if y1x > 0, the only solution of the above equation must be W = 0, which implies
that Y = U = 0. So we conclude that there is no imaginary eigenvalues. Similarly, we have that
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AN -ATTR)Y = N Uy +aN - AN W = 0.
~——
=apn

Using iA® = —\2W, we get

—TNW — Wy +ayW = 0.
Multiplying by W the above equation, we conclude that W = 0 provided 71 < 0 (Note that
ay > 0). So, condition (ii) holds. If v1x < 0, from (3.28) the eigenvalues of —(-)y; must be of
the form k%72/I?> with k € N. Therefore, we have no eigenvalues if ay # —y1k*m2/I? for any
k € N. Finally, if 73 = 0, from (3.28), we conclude that W = 0 provided x # 0. Therefore, our
claim follows. O

We can now show our first stability result.

Theorem 3.6. Let us suppose that one of the following assumptions hold true:
(1) The rank of the matriz B is 2,

(2) The rank of the matriz B is 1 and the vectors F, ?RflA are linearly independent and
one of the condition (i), (it), or (iii) of Lemma 3.5 holds.

(8) The rank of the matrix B is 1 and the vectors F, FR;lA are linearly dependent,
T = ﬁAflRl . ?J‘ <0.
Then the operator A generates a semigroup which is exponentially stable.

Proof. If the rank of the matrix B is 2, the result follows immediately from Lemma 3.2 with
p =0 and Lemma 3.4.

Let us suppose that case (2) holds. Since the rank of B is equal to 1, there exists a positive

constant ¢ such that || 5 - Y| < ¢[|BY||. Then Lemma 3.4 implies that for any e there exists C
such that
18- Y1 < Ul + CF I (3.29)
Multiplying Equation (3.8) by RI_IBA U, we get
_ c
IR, HA - Uall® < e Ul B - Y|+ el Ul F ¢ + WHUH%{ + cl|FI3,.

Using (3.29) once more time, we conclude

IRT G A Us? < ecl[UJ, + e [F, (3.30)

for A large enough. Since Ry FA and B are linearly independent according to Lemma 3.2, we
conclude that ||U||3, < C||F||3,, which implies the exponential stability.

Finally, let us assume that condition (3) is satisfied. Multiplying (3.6) by A~! and then by ﬁ
as well recalling the definition of W, we get
AN -AT'R)Y =W +aN-A"'N-W+N-A0, = N- A" 'R, Fy.

Since ? and ﬁ are linearly independent vectors, we have that there exist two real numbers 71
and 7y such that

NA "R, = N+7F3, = NA'R,-Z=nN-Z+78 7 (3.31)
for any column vector Z. Therefore, we have
INL® — Wy +aN -ANW + N AT 0, +iAngl = N - A~'Ry 1 Fy . (3.32)
—_————

= =00 —Fy
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Multiplying equation (3.32) by W and using (3.25) we get
l
c P N N
—71| @[ + | W < W||<D||2 + C/O (1OWo| + [VaWo| + [FyW]) do + C|[F |3

Note that the hypothesis

m(f1+ f2) = NAT'Ry - (B, —f1) = NR A B+ <0
implies that 71 < 0 2. Therefore, we have

—71]| @[> + [[Wa|* < C|[Val* + CI[U[Js|[F I3 + C|[F |3 (3.33)
Since ﬁ and ﬁ are linearly independent vectors, using again Lemma 3.2 with p = 0, we get
U3, < C||F||3,. The proof is now complete. O

4. LACK OF EXPONENTIAL STABILITY

System (1.9)—(1.11) has two different temperatures. In practice, it will have two dissipative
mechanisms only when the rank of B is equal to 2. Otherwise, the behaviour of the system is
similar to the case when only one temperature is present. From now on, we assume that the
rank of B is equal to 1. In this Section, we restrict our attention to the Dirichlet-Neumann case.
We will study the necessary and sufficient conditions on the coefficients to furnish polynomial or
exponential stability. Our starting point is to show that the system is not exponentially stable
in general.

Theorem 4.1. If Rank(B) = 1, the vectors ?, ?RIIA are linearly dependent and Nz .
RlA?L > 0, the system is not exponentially stable.

Proof. To make the calculations easier, we will assume in this section that the interval length is
m. That is, £ = w. Let us consider the case when Fy = Fy = 0. We know that there exists a
real number vy such that

B -RIAZ =82 (4.1)
for any column vector Z. Recalling (3.5), system (2.2)—(2.4) can be written as

NV =9V + W + 000, = ?'Fw
W = AW + 01 W + 010, —diVey = N - Fy,
iAb101 + iXboly — K110140 — K1202,40 — iAV, —a(fy — 601) = 0,
iNb201 + iAb30y — K910150 — K9902,0 — iTAV, +a(2 — 01) = 0.
Taking B - Fy =0 and N Fy = sin(ux), we can look for solutions of the form
V = Asin(ux), W = Bsin(ux), 01 = D cos(pzx), 0 = E cos(px).
Note that ©® = 3101 + $265. The above system is equivalent to

p1A+ apB — oouC =0,
dip? A+ peB — o1 uC =1,
@D+ @E — iduA =0,
@D+ @uFE —iATpuA =0,
2We assume here that 81 + Sz is positive. However, this is not an extra condition because the case when

B1 + B2 < 0 can be transformed to 81 + B2 > 0 by noting that (u(¢ — z,t), w(l — x,t),01(£ — z,t),02(¢ — x,1)) is
the solution of the system obtained by replacing 1, 1, B2 and 2 with —f1, —y1, —B2 and —~2 respectively.
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where C = 1D + 2 F and
pi(N) = =N +y0u®,  pa(N) = =N +dop® + au,
and

q1 = i\ + Ki1p® + a, qo = ibo\ + Ky2p® — a,
q3 = ibg)\+K21M2 —a, qqs = ibg)\+K22,lL2+a.

From the two last equations, we get

DZMMMA E:—ui/\uzﬁl.
4194 — 42493 q1494 — G243
Therefore,
C=BD+ Bl = B1qs — P17q2 — B2q3 +BZTQ1Z')\MA.

4144 — 4243
We can write the above system as

A+ agB — oouC =0,
dip? A+ paB — o1 uC = 1,

—iAA + p3sC =0,

where
4144 — 4243 2
= = O(p”).
Braa — Bi7q2 — B2g3 + B2Tq1 (1)
The matrix associated to system (4.5)—(4.7) is given by

b3

P Qo —Ooop
dip®>  pr —op
—iAu 0 P3
It follows that
p1p3 — idaop?
p1p2ps — diaop®ps + iAp? (o1 — oops)
Now, we take A such that pa(\) = ¢, that is

B =

A\ = CloM2 + a1 — cg,
and we select ¢g to minimize the degree of the following polynomial,

pipaps — dicop®ps = p3 (copr — dioop®)

= p3[co (-2 +y0p?) — diagp?]

= p3[co (—dop® — a1 + co + yop®) — dioop’]
= p3{co [— (do —0) p* — a1 + co] — draop®}

= D3 [—Co (do —0) ,u2 —coop + c% — dlaouz] .

Taking ¢y such that (dy — v0)co = —d1ap, we get

d%a% a1d1a0
(do—70)?  do—"0

p1paps — dioop’ps = cops,  where ¢y =

15

(4.4)
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Therefore, B can be rewritten as
_ p1p3 — idoou®
cops + i (apor — oop2)
In particular, we have B = O(pu) for A large. Which implies that

o U2 > /\2/ B sin(ua)2dz = OO2B2) = O(\) at least. (4.8)
0

So ||U||3, = co when A — co. Therefore, there is no exponential stability.

5. POLYNOMIAL DECAY

In this section we prove that solution decays polynomially to zero if Rank(B) = 1, the vectors
F, FRflA are linearly dependent and 7 = ﬁ . RflA(ﬁg, —f1) > 0. Here, we assume that

b1+ B2 # 0 and F, ﬁ are linearly independent. Our argument is based on the following
theorem (see [6, Theorem 2.4]).

Theorem 5.1. Let (S()),>q be a bounded Co-semigroup on a Hilbert space H with the generator
A such that iR C o(A). Then, for a fized o > 0,

IGA = A) M egy =0 (N, A=oo = [SHA ay =0 (%), o0
The main result of this section is the following theorem.

Theorem 5.2. Under the hypothesis of Theorem 4.1, the solution U(t) = eMUy decays polyno-
mially as

c
U (#)[l3p < mHUOHD(A)
in case of the Dirichlet boundary condition. For the Neumann boundary condition, we have that

Cc
WO lren < 17 1U0lpea)-

Provided T # pa/p1, in case of A being diagonal and T # paf2/p1P1 otherwise, where T is defined
in (3.8). Moreover, in this later case, the rate of decay is optimal.

Proof. From (3.8) and hypothesis (4.1) we have

INB Y — Vo + W + 070, = B - Fy, (5.1)
where y and o* are defined in (3.9). Multiplying Equation (5.1) by W, we get
OéXHWH%ﬂ = <\:[176> _70<V1‘7W1‘> _J*<9$7W>+R*7 (52)

where R* is such that |R*| < ¢||U||% ||F||3. Multiplying (3.32) by V, we get that

(Wa V) = 10(®,T) +a0(W. V) + 00(, V) +70l| [+ (Fo, V) 4@, F - Fy) +70(¥, B - Fy).
Plugging that into (5.2), we get

ax|[W]? = (1 = m70){¥, ®) — r000(W, V) = 1000(0s, V) — 0*(82, W) — 107%0]|¥|” + R*. (5.3)
Multiplying with A%, we obtain
9[> < A1 + e A Ol + AUl |[F [l + el AP(IF13,.
Using Lemma 3.4, we get
9[> < el U3, + Al F 3
Analogously, applying Lemma 3.4, we find that ||¥||? is bounded. Finally, from Lemma 3.2, our
claim follows in case of Dirichlet boundary condition.
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Now let us consider the case of Neumann boundary condition. In view of the hypothesis,
Equation (2.4) can be written as

IARyY — KT + aNT + 0 U, = RyFy.
Multiplying the above equation by K~! and taking a scalar product with ?, we get
A K 'RyY -0 +af8 K 'NT+ 3 K 'J U, = 3 -K 'RoFr.
— ~~

3223"1‘ ::ﬁ4-T =r

Therefore, we have that

i)\ﬁ3~T—@mg+ﬁ4-T+T\px=F@.

Integrating over the interval [0, z|, we obtain
€T xX xT
i)\/ ﬁg-rds—@ﬁ/ &-Tdswqf:/ Fo ds.
0 0 0
Multiplying it by ®, we get

(U, ®) = —(iX /Oz (ﬁgr + Z,l)\ﬁﬂ) ds, ®) +(0,, ®) + R*. (5.4)

=J*

So we have that

Tt = </Dx<ﬁ3-r+;ﬁ4-r) ds,iA®)

= 1</ <33-T+;ﬁ4m> ds, (Wie — agW — 00O — iAoV + Fy))
0

1

_ 1<<33-Tx+.1§4-n> ds,W>—O‘°</OI (ﬁs'T+7;1)\§4‘T> W)

+TO</: (ﬁg T %E . T) ds,iNg) + R. (5.5)

Since

ds, (70Vez — oW — 000, + Fy))

+ao(<ﬁg-r+;/\ﬁ4-r> ,0) + R,
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we see that

Plugging this inequality into (5.5), we get
|5 < CIL[[[VIF+ ClIT W + ClO 3] [F|- (5.6)
Using (5.4) into (5.3), we find

1-7 —
ax|[w? = — %0, T + G, (5.7)

r
where

1—7 N V4 Vv * w :
G = TWOJ —2000(W, V) =2000(02, V) — 0(0, W) — 1070[|¥[|* + R".

Our next step to estimate W in (5.7), is first to estimate G and (0, ®). In fact, using (5.6) we
get

C x
Gl < CHTIHHVH+C||Toc||”W”+C”U”HHFHH+WH‘I)HH‘1JH+CH\I]H2+R'

Therefore, we have that
APIG < CIAIYT T+ CINITL @ + CIAP U |33 + Cll@ |l
+OP (] + ¢ FI3,
ax
C!/\IQHUHHHFIIHJr7||<1>|!2+CI/\|2||‘I’||2+CHFII%,

IA

where we used
IAPIC W< XNl + Fwll < AT + el Ul Fll2 + cllF I3,

To estimate (O, ®), we consider two cases. First, we suppose that the matrix RI_IA has an
eigenvalue of multiplicity 2. This case happens only in case that the matrix A is diagonal.
Therefore, we will have that Rl_lA = 7olI. This means that

iINY — 7Uss + aRTINW + R719O, = Ry Fy.
Therefore, multiplying with ﬁ, we get
iIND — g Wae + N -RTNW + N Ry WO, = N - Ry Fy
Further, multiplying the above expression by ® and taking the real part, we have that
!

N R;lﬁ/ 0,3 dr = R™. (5.8)

N~——J0

=p7 —rp5

Note that from hypotheses N R; ' # 0, and R* is such that | R**|| < ||U||3|F||3. Therefore,
in case of RflA = 7pl, we have that

(€2, )| < C||U|3l[F 3. (5.9)

Therefore, we can assume that Rl_lA # Yol. Let us take the imaginary part of identity (5.3)
to get

(1 — 11790) Im(¥, @) = yoo Im(W, V) + 7900 Im(O,, V) + 0* Im(O,, W) — Im R*,
Multiplying the above identity by A € R, we get
(1 — 71790) Im AU, @) = —ygap Re(®, V) + Y900 Re(O,, ¥) — 0* Re(O,, ) — Im R*,
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where we used Im z = — Reiz and that Im z = Re¢z. Therefore, we have
d*Re(O,, @) +(1 — 7190) Im A(V, D) = —ypap Re(P, V) + v900 Re(O,, ¥) —Im R*.  (5.10)
.7X .73} .7H

Multiplying Equation (3.32) by ® and taking real part, we get
o9 Re(0,, @) +10 Im \(¥, ) = R*. (5.11)

:X ;:y

We can consider system (5.10)—(5.11) as a system in X and ), which can be solved in terms of
the right-hand side if and only if

0¥t — 09 + ooT1Y0 # 0. (5.12)

From (3.31) we get
NA™ = n NR + 7 AR

NA'Y = NR7V + AR

Recalling the definition of oy and ¢*, we have

og = TlﬁRfly + 0™,

Therefore, we obtain

Plugging this into (5.12), we find
000 # ﬁRflﬁ, or ’yON)Aflg> # ﬁRflg.

By contradiction, let us suppose

fyoﬁA_lﬁ = ﬁRflﬁ.
This implies that

0=N (7l - R71A)A1 T, (5.13)
and this means that (yoI — RflA)A_ly must be orthogonal to N = (1,—1). In case of
(oI — Rl_lA)A—lﬁ = (0, we have two possibilities. First, that oI — Rl_lA = 0, but for
this case we already prove that (5.9) holds. Second, that A_ly = ’)/3?. This implies that

Rl_ly = VgRl_lAé’ = ’}/3’)/0?. Therefore, we have that
(1,7)= = 7370R1?, = 1= /)27[32
P15

But this is not possible due to our hypotheses on 7.

So, we can assume that (oI — RflA)A_lg # 0. Therefore, from (5.13) there exist a # 0
such that

(7ol - R{TA)A™1Y = (a,a)

Note that 79 € o(R;'A) where o(R;*A) denotes the spectrum. The above problem has a
solution (infinitely many) if and only if (a,a) € [Ker(yoI — Ry 'A)]*. But this is not possible,
because

(Br.62) = B € Ker(yol ~Ry'A), (1. 2) - (a.0) = a(By + B) # 0.
Therefore, we have that system (5.11) and (5.12) is a well-posed system, so we have
ToH — (1 —7170)R”
o*19 — 09 + goT170 '

X = Re(0,,®) =

Hence, we can estimate

Re(0;, @) < ClQ[[[[V[| + CIUl5[IF[l2 + CllO= ][],



20 J.E. MUNOZ RIVERA, M.G. NASO, AND R. QUINTANILLA
and then we have that
A Re(@z, @) < €| @|” + CIA|[U]|]|F |3
Multiplying (5.7) by A2, we conclude that
2] < CIAPIU[|[Fll3 + ClIF 1%
Hence,
9[> < el U3, + A IF -
Using similar arguments as above, we conclude that
1Ol < e AP [F 5,

which implies that the solution decays polynomially as ¢t ~1/2. Using inequality (4.8), we conclude
that the rate of decay is optimal. Otherwise, if there exists a better decay rate as t~2/(2=9) we
would conclude that |A|?>~¢||U||3 must be bounded. But this is contradictory to inequality

(4.8). O

6. IMPOSSIBILITY OF LOCALIZATION. CASE K3 = Ko

The aim of this section is to prove the impossibility of localization of solutions in the particular
case that K19 = Ko;. To this end it will be sufficient to prove the uniqueness of solutions for
the backward in time problem which is determined by the system of equations

P1ULE — A11Uzz — A12Weg + (U — w) + B101 4 + B2bl2 . = 0 in (0,¢) x (0,7,
P2Wi — A12Ugy — A22Wzz — (U — W) + Y1014 + Y202, = 0 in (0,€) x (0,7, (6.1)
b101¢ + baboy + Ki1161 22 + K1202 20 — Prtier — Power +a(f2 —01) =0 in (0,€) x (0,7),
bob1,¢ + b3l + K201 zz + K202 20 — YUzt — YoWar — a(f2 — 01) =0 in (0,€) x (0,7")

with the initial and boundary conditions posed at (1.11), (1.13). To prove the uniqueness of
solutions, it will be sufficient to prove that the only solution for the null initial and boundary
conditions is the null solution.

The first relation we need is the energy conservation law, which states that

1 0
Wi (t) =5 /O (UxTAUw +Y RY +aU'NU + TTRQT) dz

t pl
- / / (TIKTz—i—aTTNT) dz ds. (6.2)
0 JO

Multiply our first equation by u;, the second by w;, the third by —6; and the last one by —6,,
we obtain

1 4
Wa(t) =5 /0 <UJAU9E +YTR,Y + U TNU — TTR2T> dz

t b t pl
— / / (TIKTx—i—aTTNT) dz ds — / / °Y TBTY, du ds. (6.3)
0 JO 0o JO
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The third identity we need follows from the Lagrange identity argument and it could be deduced
with the help of [9,28]. For a fixed ¢, we consider the identities

O (ovis)i(at )] = prii(s)i(2t — ) — prifs)i(2t — 5), (6.4)
L (o) (21 — 5)] = pribs)us(21 — 5) — prei(s)ib(21 — 5), (6.5)

885 {[b161(s) + b2a(s)] 01 (2t — 5)} = by [él(s)el(zt —8) — 61 (s)fr (2t — 5)}

+ by [9'2(3)91(% —8) — Ba(s)01 (2t — s)} . (6.6)

aas {[b201(s) + bab3(s)] 02(2t — 5)} = b3 [9'2<s)92(2t — 5) — Oy(s)0(2t — s)}

+ by [91(5)92(% — ) — 01 (s)Ba(2t — s)} (6.7

In view of the system of equations as well as the null initial and boundary conditions, we obtain
l l
/ (YTRY =T TRyY)dz = / (U AU, + aU 'NU) dz. (6.8)
0 0

From (6.3) and (6.8) it follows that

J4
Wa(t) = / (UJAU, + U NU) dx
0

t ol t b
- / / (TIKLC +aTTNT) dx ds — / / 2Y 'BY, dzds. (6.9)
0 JoO 0 JoO

Let € be a small positive constant. We consider Ws(t) = Wh(t) + eWi(t). We note that

l Y4
Wi(t) = ;/0 (YTR1Y+aUTNU+TTR2T)dm+(1+;)/0 (UT AU, +aUTNU) dz, (6.10)

is a positive function which defines a squared norm on the solutions. Taking into account

t pl t rl
Ws(t) = —(1 — e)/ / (TJKY, +aY NTY)dzds —/ / 20Y 'BY,) dx ds,
0 Jo 0 JO

we have
dVWs C T T €T
0 0
As
0 ¢ ¢
—/ 2(Y'BY,)dx < Kl/ YR, Y dx + 61/ (TSKY, +aY NT)dz
0 0 0

where ¢ is sufficiently small, with K; depending only on the constitutive constants and €;, we
obtain the estimate
dWs(t)
dt
for every t > 0, where C* is a computable positive constant. Consequently Ws(t) < Ws5(0) exp(C*t),
for every t > 0. Since we assume the null initial conditions, we see that Ws(t) vanishes for every
t and the the solution must be the null solution.

S C*W3(t)7

Remark 6.1. The analysis proposed in this section can be extended without difficulties to the
three-dimensional and for inhomogeneous case, but we did not developed it here to be consistent
with the other sections.



22 J.E. MUNOZ RIVERA, M.G. NASO, AND R. QUINTANILLA

7. ACKNOWLEDGEMENT

The authors thankfully acknowledge the comments and suggestions of the referees to improve
the article. The work of the first author (J.R.) was supported by Brazilian - CNPq grant
308837/2014-2. The work of the third author (R.Q.) was supported by the project ” Analisis
Matemadtico de las Ecuaciones en Derivadas Parciales de la Termomecanica” (MTM2013-42004-
P) of the Spanish Ministry of Economy and Competitiveness.

REFERENCES

[1] M. S. Alves, B. M. R. Calsavara, J. E. Mufioz Rivera, M. Sepilveda, and O. V. Villagran, Analyticity and
smoothing effect for the coupled system of equations of Korteweg-de Vries type with a single point singularity,
Acta Appl. Math. 113 (2011), no. 1, 75-100.

[2] M. S. Alves, J. E. Munoz Rivera, and R. Quintanilla, Ezponential decay in a thermoelastic mizture of solids,
Internat. J. Solids Structures 46 (2009), no. 7-8, 1659-1666.

[3] M. S. Alves, J. E. Mufoz Rivera, M. Septilveda, and O. V. Villagrdn, Ezponential stability in thermovis-
coelastic miztures of solids, Internat. J. Solids Structures 46 (2009), no. 24, 4151-4162.

[4] R. J. Atkin and R. E. Craine, Continuum theories of miztures: basic theory and historical development,
Quart. J. Mech. Appl. Math. 29 (1976), no. 2, 209-244.

[5] A. Bedford and D. S. Drumbheller, Theories of immiscible and structured miztures, Internat. J. Engrg. Sci.
21 (1983), no. 8, 863-960.

[6] A. Borichev and Y. Tomilov, Optimal polynomial decay of functions and operator semigroups, Math. Ann.
347 (2010), no. 2, 455-478.

[7] R. M. Bowen, Continuum physics, vol. III, ch. Theory of mixtures, pp. 1-127, Academic Press [Harcourt
Brace Jovanovich Publishers], New York, 1976, Mixtures and EM field theories.

[8] R. M. Bowen and J. C. Wiese, Diffusion in miztures of elastic materials, Internat. J. Engrg. Sci. 7 (1969),
no. 7, 689-722.

[9] L. Brun, Méthodes énergétiques dans les systémes évolutifs linéaires. II. Théorémes d’unicité, J. Mécanique
8 (1969), 167-192.

[10] G. Capriz, Continua with microstructure, Springer Tracts in Natural Philosophy, vol. 35, Springer-Verlag,
New York, 1989.

[11] A. C. Eringen, Microcontinuum field theories. I. Foundations and solids, Springer-Verlag, New York, 1999.

[12] A. E. Green and P. M. Naghdi, A dynamical theory of interacting continua, Internat. J. Engrg. Sci. 3 (1965),
231-241.

[13] , A note on miztures, International Journal of Engineering Science 6 (1968), no. 11, 631 — 635.

[14] D. Iesan, A theory of miztures with different constituent temperatures, J. Thermal Stresses 20 (1997), no. 2,
147-167.

, Thermoelastic models of continua, Solid Mechanics and its Applications, vol. 118, Kluwer Academic
Publishers Group, Dordrecht, 2004.

[16] D.Iesan and R. Quintanilla, Ezistence and continuous dependence results in the theory of interacting continua,
J. Elasticity 36 (1994), no. 1, 85-98.

[17] Z. Liu and S. Zheng, Semigroups associated with dissipative systems, Chapman & Hall/CRC Research Notes
in Mathematics, vol. 398, Chapman & Hall/CRC, Boca Raton, FL, 1999.

[18] A. Magafia and R. Quintanilla, On the uniqueness and analyticity of solutions in micropolar thermoviscoelas-
ticity, J. Math. Anal. Appl. 412 (2014), no. 1, 109-120.

[19] F. Martinez and R. Quintanilla, Some qualitative results for the linear theory of binary miztures of thermoe-
lastic solids, Collect. Math. 46 (1995), no. 3, 263-277.

[20] J. E. Munoz Rivera, M. G. Naso, and R. Quintanilla, Decay of solutions for a mizture of thermoelastic one
dimensional solids, Comput. Math. Appl. 66 (2013), no. 1, 41-55.

[21] W. Nowacki, Theory of asymmetric elasticity, Pergamon Press, Oxford, 1986, Translated from the Polish by
H. Zorski.

[22] P. X. Pamplona, J. E. Mutioz Rivera, and R. Quintanilla, Stabilization in elastic solids with voids, J. Math.
Anal. Appl. 350 (2009), no. 1, 37-49.

[15]

[23] , On the decay of solutions for porous-elastic systems with history, J. Math. Anal. Appl. 379 (2011),
no. 2, 682-705.

[24] , Analyticity in porous-thermoelasticity with microtemperatures, J. Math. Anal. Appl. 394 (2012),
no. 2, 645-655.

[25] J. Priiss, On the spectrum of Co-semigroups, Trans. Amer. Math. Soc. 284 (1984), no. 2, 847-857. MR 743749
(85f:47044)



THERMOELASTIC MIXTURE PROBLEM 23

[26] R. Quintanilla, Ezistence and exponential decay in the linear theory of viscoelastic miztures, Eur. J. Mech. A

27]

Solids 24 (2005), no. 2, 311-324.
, Exponential decay in miztures with localized dissipative term, Appl. Math. Lett. 18 (2005), no. 12,
1381-1388.

[28] R. Quintanilla and B. Straughan, Growth and uniqueness in thermoelasticity, R. Soc. Lond. Proc. Ser. A

Math. Phys. Eng. Sci. 456 (2000), no. 1998, 1419-1429.

[29] K. R. Rajagopal and L. Tao, Mechanics of miztures, Series on Advances in Mathematics for Applied Sciences,

vol. 35, World Scientific Publishing Co. Inc., River Edge, NJ, 1995.

[30] C. Truesdell and R. Toupin, The classical field theories, Handbuch der Physik, Bd. I111/1, Springer, Berlin,

1960, With an appendix on tensor fields by J. L. Ericksen, pp. 226—793; appendix, pp. 794-858.

NATIONAL LABORATORY FOR SCIENTIFIC COMPUTATION

RUA GETULIO VARGAS 333, QUITADINHA-PETROPOLIS 25651-070,
R10 DE JANEIRO, RJ, BRASIL,

AND

INSTITUTO DE MATEMATICA - UFRJ

Av. HorRAc10 MACEDO, CENTRO DE TECNOLOGIA,

CIDADE UNIVERSITARIA - ILHA DO FUNDAO 21941-972,

R1o0 DE JANEIRO, RJ, BRASIL.

E-mail address: rivera@lncc.br

DICATAM, UNIVERSITA DEGLI STUDI DI BRESCIA
Via VALOTTI 9, 25133 BRESCIA, ITALY.
E-mail address: mariagrazia.nasoQunibs.it

DEPARTAMENT DE MATEMATIQUES, UPC C. CoLON 11, 08222 TERRASSA, BARCELONA, SPAIN.
E-mail address: ramon.quintanilla®@upc.edu



