A Set of Rules for a Constructive Geometric Constraint Solver

Robert Juan-Arinyo and Antoni Soto Departament de Llenguatges i Sistemes Informàtics Universitat Politècnica de Catalunya Av. Diagonal 647, 8a, E–08028 Barcelona

Report LSI–95–19–R

April 1995

Abstract

This paper presents the set of constructive rules used by a twodimensional, variational geometric constraint solver based on a constructive approach. The main goal in defining the rules has been to keep the set of rules as small as possible while being able to yield a useful solver with a large enough domain of solvable constructions.

The rules can be classified according to their functionality as belonging to one of three possible types: creation rules, merging rules, and constructive rules. Creation rules translate the geometric constraints into the appropiate internal representation. Merging rules are used to compute the transitive closure of angle constraints. Construction rules allow to build triangles and they also build some quadrilaterals. The rules can build any triangle defined by a set of three independent relationships given as either distances between two vertices, angles between two sides and altituds. Quadrilateral rules can build three especific, different quadrilaterals.

1 Introduction

Constraints are an important enabling technology for interactive graphics applications. One of such applications where the use of constraints is growing more rapidly is in geometric modelling. The goal is to develop sketching systems based on geometric constraints solvers in which the user defines a rough sketch, annotated with dimensions and constraints, and the system builds an instance that satisfies all constraints.

Several approaches to the geometric constraint solving problem have been reported in the literature. Two main approaches have been addressed in geometric constraints solving: non-linear simultaneous equation solving and constructive approach. In the first approach, constraints are translated to equations. The resulting system of non-linear simultaneous equations is solved using different techniques such as numerical methods, as Newton- Raphson [10] or Relaxation, [2, 8, 15]; symbolic algebraic methods, as Gröbner basis [5] and the Buchberger’s algorithm [4] or Wu-Ritt [6, 18] method; or propagation methods [12, 13, 15]. In the constructive approach, constraints are satisfied constructively, by placing geometric elements in some order. It is based on the fact that most configurations on engineering drawings are solvable by using a rather small set of tools like ruler, compass and protractor. Constructive methods are further classified in graph based methods, [3, 7, 11] and rule based mathods, [1, 14, 16, 17]. A thorough review on geometric constraint solving techniques can be found in [3].

This paper describes the set of constructive rules we have selected for the two-dimensional, variational geometric constraint solver based on a constructive approach that our group is building. Both the data representation and the rules used are based on those reported in [16] and [17], but differ from them in some rather important details. The differences are mainly due to the assumption made in [17] that the distance constraint perpendicular to a segment defined by the user has been translated in a preprocess into distance and angle constraints. We will show that this assumption has major drawbacks. As a result, the data representation given in [17] has been extended to include explicitly a new constraint type that represents the perpendicular distance between a point and a segment. This extension is justified in Section 2. Consistently, new rules have been defined to deal with these new constraints. These rules are based on the construction of triangles with ruler and compass collected in [9]. We also include the construction of the quadrilaterals given in [17]. We demonstrate that each of these quadrilateral rules can be expressed as a sequence of creation rules and construction rules where the angles constraint merging rule is not used.

..........

..... ... .

....

......... ...

.. .. p p

p

p

.. .... . . . . . . . . . . . . . . . . . . . . . . . . .. ... . .......

......

.......

.......

......

.......

.......

.......

.......

.......

.......

..... a b

c

d

A

.... . .. . ...........

.... ... .

.......... ..

p p

p

p

.. .... . . . . . . . . . . . . . . . . . . . . . . . . .. ... .

......

......

.......

.....

.......

......

......

......

......

......

......

.... a b

c

d

B

....

.....

.......................... ... .....

........

.... .......... ..

p p

p

p

.. .... . . . . . . . . . . . . . . . . . . . . . . . . .. ... .

.....

.......

......

......

......

......

......

......

.......

..... .......

.... ..........

.......

.......

.......

.......

.......

......

.......

.......

.......

....... .. a b

c

d

C

.... .. ...

... ......

......

p p

p

p

.. .... . . . . . . . . . . . . . . . . . . . . . . . . .. .... . .......

.......

.......

.......

.......

.......

......

.......

.......

......

.......

.......

......

......

......

......

......

......

...... .......

..... ......

......

.... a b

c

d

E

..........

..... ... .

....

......

.........................

... .... ....... .

. ... .... p p

p

p p p

p

p

.. .... . . . . . . . . . . . . . . . . . . . . . . . . .. .... . .......

.......

......

.......

.......

......

.......

......

.......

......

.......

.......

......

..... ......

......

......

.....

......

..... ......

......

.......

.....

.. .... . . . . . . . . . . . . . . . . . . . . . . . . .. .... .

......

.....

......

.......

.......

......

.....

......

......

......

.....

..... ...........

......

.......

.......

.......

.......

.......

.......

.......

.......

...... ... a c

d

D b

a b

c

d

F

Figure 1: Possible translations of the altitude constraint.

2 Data Representation

We consider two-dimensional geometric models formed from points, seg-

ments, circles and arcs. The user can define consraints by giving relations

of distances, angles, parallelism, incidence, perpendicularity, tangency, etc.

Internally, constraints are represented by relations of distance between two

points, angle between two segments, and perpendicular distance from a point

to a segment. In what follows, a dimensioning scheme will be a set of points

and the set of constraints defined on these points.

The data representation used is based on the representations reported in

[14, 16, 17], but differs from them in some significative details. In [17] it

is assumed that the distance constraint perpendicular to a segment defined

by the user has been translated into distance and angle constraints before

calling the solver. Let us show that this assumption has a major drawback.

Let b be the point and (a, c) the segment on which the distance constraint

perpendicular to a segment from a point has been defined. This constraint

can be represented by means of distance between points and angle between

two segments constraints by translating the three points problem into a four

points problem. All we have to do is to add an extra point d and two new

constraints. The distance between point b and the extra point d must be the

initial distance value. The two new constraints will represent the fact that the extra point d must be incident to the line supporting the segment (a, c). Figure 1 shows all the possible translations of the three points problem to the four points problem. In this figure solid lines represent segments, an arc of circle joining two segments represents an angle constraint, and a dashed line represents the former perpendicular distance from a point to a segment. Note that in cases A, B, and C in Figure 1 although only two out of the three marked angles must be generated by the translation process, the third one is also known by the transitive property of the angle constraints.

Figure 2 shows the different dimensioning schemes that can be defined on three points where one constraint is an altitud of the triangle. Constraints are represented in Figure 2 in the same way than in Figure 1 but now a dashed line represents both the perpendicular distance from a point to a segment and distance between two points.

Theorem 2.1. Among all the possible translations of the distance constraint perpendicular to a segment from a point into distance and angle constraints, there is not a unique translation such that allows to solve all the triangles specified by dimensioning schemes where one or more altitudes are included, applying just the set of rules defined in [17].

Proof. We shall prove the theorem by checking each different possible translation of the three points problem into a four points problem.

1. Translation A. The dimensioning schemes number 8 and 9 in Figure 2 cannot be solved by translation A, but can be solved by translation B. 2. Translation B. The dimensioning schemes number 7 and 10 in Figure 2 cannot be solved by translation B, but can be solved by translation A. 3. Translation C. The dimensioning schemes number 4, 5, 11, 12, 13, 14 and 15 in Figure 2 cannot be solved by translation C, but can be solved by translations A and B.

4. Translation D. The dimensioning schemes number 1, 2, 3, 4, 5, 9, 10, 11, 12, 13, 14 and 15 in Figure 2 cannot be solved by translation D, but 1, 2, 3, 4, 5, 10, 11, 12, 13, 14 and 15 can be solved by translation A and the scheme number 9 can be solved by translation B. 5. Translation E. The dimensioning schemes number 1, 3, 4, 5, 9, 10, 11, 12, 13, 14 and 15 in Figure 2 cannot be solved by translation E, but 1, 3, 4, 5, 10, 11, 12, 13, 14 and 15 can be solved by translation A and the scheme number 9 can be solved by translation B.

p p

p ...................... ....... ....... ....... ....... ....... ....... ....... .................. ... ............

.... . ... .. .... . ... .. .... .. .. ... ........ .. .... . . . . . . . . . . . . .. .... . a b

c 1^p

p

p

...... ... ... .... . ..... . .... .. .... . .... . ..... . ..... ............

...................... ....... ....... ....... ....... ....... ....... ....... ...................

.. ... . . . . . . . . . . . . .. .... . a b

c 2 . ... ... p p

p ....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... . .. ... . . . . . . . . . . . . .. .... . ...................... ....... ....... ....... ....... ....... ....... ....... ...................

b

a c 4 .... .. . . p p

p

.... .... .... .... ..... ..... .... ..... ..... .... .... .... .... .... ..... ..

.. .... . . . . . . . . . . . . .. .... . ...................... ....... ....... ....... ....... ....... ....... ....... ....................

b

a c 5

.................

p p

p

.. .... . . . . . . . . . . . . .. .... .

.... ..... ..... .... .... .... .... ..... .... ..... .... .... .... ..... .... ... .. .............

.... .. .... . .... .. .... . .... . .. .. ..........

a b

c 9

................

p p

p

.. ... . . . . . . . . . . . . .. .... . ....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .................

.... . ..... . .... . ..... . ..... . .... ............. a b

c 10 ..... .. . p p

p

.. .... . . . . . . . . . . . . .. .... .

.... .... .... .... ..... ..... .... ..... ..... .... .... .... .... .... ..... .. ... .............

.... . .... . .... . .... .. .... .. ... ... .........

a b

c 11 . .. ... p p

p

.. .... . . . . . . . . . . . . .. .... . ... ....

....

....

....

....

....

....

....

....

....

....

....

....

.... .......... . .... .. ..... . ..... . .... .. ..... . ..... . .... .............. . a b

c 12

p p

p

.. .... . . . . . . . . . . . . .. .... . ... .............

.... .. .... . ... .. .... . .... . .. ... ....... .................

.... . ..... . ..... . .... . .... . ..... ............. a b

c 3

.................

p p

p ....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.....

..... .... .... .... ..... .... .... .... ..... .... .... .... ..... .... ..

.. .... . . . . . . . . . . . . .. .... . ...................... ....... ....... ....... ....... ....... ....... ....... ...................

b

a c 6^. . ... .... p p

p

.. .... . . . . . . . . . . . . .. .... . ... .............

.... . .... . .... . .... . .... . ... .. ........

a b

c 7 .... .. . . p p

p

.. .... . . . . . . . . . . . . .. .... .

....... ... .. ..... . ..... . ..... . .... . .... . .... . ..... ........... a b

c 8

................

. ... .... p p

p

.. .... . . . . . . . . . . . . .. .... . ....

....

....

....

....

....

....

....

....

....

....

....

....

....

........

..... .... .... .... .... .... ..... .... ..... ..... ..... .... .... .... . 13 a b

c^.

....

. ...... .. . p p

p

.. .... . . . . . . . . . . . . .. ... . ... ....

....

....

....

....

....

....

....

....

....

....

....

....

.............

..... .... .... .... .... ..... .... ..... .... .... .... ..... .... ... 14 a b

c

................

...... .. .. p p

p

.. .... . . . . . . . . . . . . .. .... . ....

....

....

.... ... ....

....

....

....

....

....

....

....

....

.............

.... .... .... ..... .... ..... .... .... .... ..... .... ..... .... .. 15 a b

c

Figure 2: Possible well constrained dimensioning schemes on three points

with one altitude constraint.

6. Translation F. The dimensioning schemes number 2, 3, 4, 5, 9, 10,

11, 12, 13, 14 and 15 in Figure 2 cannot be solved by translation E,

but 2, 3, 4, 5, 10, 11, 12, 13, 14 and 15 can be solved by translation

A and the scheme number 9 can be solved by translation B.

This means that, in the framework of these constructive rules, the constraint

translation process is context-dependent, i.e. the dimensioning scheme de-

fined by the user should be recognized in order to translate it to a proper

representation. Note that this is equivalent to having available a specific rule

for each situation where the distance constraint perpendicular to a segment

from a point is used. Since this constraint is so often used, we have included

a specific representation for it. Therefore, besades the CD sets and the CA

sets given in [14] and [17], we include the CH sets. These constraints sets

are defined as follows.

A CA set is a pair of oriented segments constrained in angle.

. . .. ... .....

......

.....

.... ... .... ... ....

....

.... ... ....

....

.... ... ....

....

.... ... ....

....

.... .

....... ....... ....... .......

. ....... .. . . . .. . . . .. . . . .. . . . . . .....

...........................

...............................

..............................

...............

.............................

.................

....... ... . .. ....

..........

.....................

..........................................................................................................................................................

...........

.... .. . .. ....

........

.....................

.....................................................................................................................

cd p_3 p_4 p_1

p_2 p^5

p_3 p_1 p_2 p_4

p_2 ch p_3 ca p_1

Figure 3: Representation of CD, CA and CH sets

A CD set is a set of points with mutually constrained distances. A frame of reference is attached to each CD set to which the points in the set are refered to, [14, 17]. It is worth to note that a sketch is solved when all the points in it belong to the same CD set.

A CH set is a point and a segment constrained by the perpendicular distance from the point to the segment.

Note that the CA set definition here is the same than that given in [17], but there is a difference in the role the CA sets will play. In [17] CA sets are initialy created from angle constraints. Then when two CA sets share a segment they are merged, representing then the transitive closure of the angle constraints and the new CA set no longer fulfills the definition. Here we will figure out the transitive closure of angle constraints as a preprocess and a CA set will always fulfill its definition. Keeping the meaning of the CA sets in this way facilitates theoretical reasoning.

In the sequel we will represent graphically a CD set by a closed solid line enclosing the points in the set, a CA set by an arc joining the two segments in the set, and a CH set by a dashed line joining the point an the segment in the set. See Figure 3.

3 Rules

In order to deal with the CH sets, we have consistently extended the rules given in [16] and in [17]. According to the functionality of the rules we classify them as creation rules, merging rules or construction rules. Now we shall give a formal definition for each rule.

3.1 Creation Rules Creation rules create elementary CD, CA and CH sets as an interpretation of the dimensioning scheme defined by the user.

Rule C1 When an angle constraint between two directed segments is defined, a CA set is created.

angle((p_1, p_2), (p_3, p_4)) −→ ca^0 where ca^0 = {(p_1, p_2), (p_3, p_4)}

Rule C2 When a distance constraint between two points is given, a CD set is created. distance(p_1, p_2) −→ cd^0 where cd^0 = {p_1, p_2}

Rule C3 Whenever a point, a segment and the perpendicular distance from the point to the segment are given, a CH set is created. pdistance(p_1, (p_2, p_3)) −→ ch^0 where ch^0 = {p_1, (p_2, p_3)}

3.2 Merging Rules There is only one merging rule. This rule allows to compute the transitive closure of the angle constraints.

Rule M

When two different CA sets share one segment a new CA set constraining

the two non-common segments is created.

{ca_1, ca_2} −→ {ca_1, ca_2, ca^0}

where

ca_1 = {(p_1, p_2), (p_3, p_4)}

ca_2 = {(p_1, p_2), (p_5, p_6)}

ca^0 = {(p_3, p_4), (p_5, p_6)}

3.3 Construction Rules

Construction rules merge either CD sets, CH sets or CA sets into larger

CD sets. Basic construction rules merge three constraint sets into a CD set.

Quadrilateral rules merge five constraint sets into a CD set, but, as shown

in [16, 17], these rules can be expressed in terms of the basic construction

rules by adding an extra point and two constraints derived from the initial

set of constraints. We give a description of the set of construction rules

according to the type of the constraints sets they merge.

3.3.1 Rules involving three CD sets

These rules merge three CD sets that pairwise share a point. The general

rule is

{cd_1, cd_2, cd_3} −→ {cd^0}

and there is only one of such rules.

Rule DDD

Three CD sets pairwise share a point. If cd_1 = {p_1, p_2, · · ·}

cd_2 = {p_2, p_3, · · ·}

cd_3 = {p_3, p_1, · · ·}

then

cd^0 = cd_1 ∪ cd_2 ∪ cd_3

...............................

..................

.........

.... ... . .. ... .......

...............

.....................................

...........................................................................................................................................

................

........

.... .. . .. ....

.....

...........

....................

......................................................

............................................................................ ... ... ... ... .. ... ... ... .. .. .. . . .. ....

.........................

....

....

....

.....

.....

....

....

....

....

....

....

....

.... ... ....

.... ... ....

.... ... .... ... ... ... ... ... ... ... ... ... ... ... ... .. .. .. .. . . ... .....

.........................

.....

....

.....

.....

.... .... ....

.... .... ....

.... .... .... .... ... .... .... ... .... ... ... ... ... ... ... ... ...

....

....

....

.....

....

.....

.....

.....

......

.................

.... .. . . .. .. .. .. .. ... ... ... ... ... ... ... ... .... ... ... .... ... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ..... ..... ..... ......

...................

.... .. . . .. .. .. ... ... ... ... ... ... ... ... ... ....

.... ... ....

.... ... ....

....

....

....

....

....

....

....

....

....

....

p_1 p_2 p_3

cd_1 cd_2 cd_3

3.3.2 Rules involving two CD sets and one CA set

These rules merge two CD sets that share a point and that are constrained

by a CA set. The general rule is

{cd_1, cd_2, ca_1} −→ {cd^0}

Since a CA set can constrain two CD sets in three ways there are three

different rules.

Rule DDA1

The points of one segment in the CA set belong to one CD set and the

other segment of the CA set shares each of its points with a different CD

set. If cd_1 = {p, p_1, p_2, p_3, · · ·}

cd_2 = {p, p_4, · · ·}

ca_1 = {(p_1, p_2), (p_3, p_4)}

then

cd^0 = cd_1 ∪ cd_2

.......

..... ... .. . . .. ... ..

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... .... .... . ...........

...........

...........

...........

......

...... .

...... ..

..... .

..... .. ... ...............................

..................

........

..... .. . .. ....

.......

................

...................................

...........................................................................................................................................

.................

........

.... .. . .. ....

......

...........

......................

.........................................................

........................................................................ ... ... ... ... ... .. .. .. .. .. .. . .. ....

.........

..............

.....

.....

.....

....

....

....

....

....

....

....

....

....

....

.... ... .... ... .... ... ... .... ... .... ... ... ... ... ... ... ... ... .. ... .. .. .. .. .. .. . .. ....

...........................

......

.....

.....

....

.... .... ... .... ....

.... .... .... .... .... .... ... .... ... .... ... ... ... ... ... ... ... ..

cd_1 p p_4

p_3 cd_2

p_1 p_2 ca_1

Rule DDA2

The two segments in the CA set have a common point. In addition, this

point is shared by one CD set. The other two points of the segments in the

CA set belong to the other CD set. If cd_1 = {p, p_1, p_2, · · ·}

cd_2 = {p, p_3, · · ·}

ca_1 = {(p_1, p_3), (p_2, p_3)}

then

cd^0 = cd_1 ∪ cd_2

..................

....

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... .... ... ... ... ... ... ... ... ... ... ... .... ... ... ..............................

.................

.........

..... .. . .. ....

........

.................

.........................................

..............................................................................................................................

....................

.........

.... .. . .. ....

......

............

.......................

................................................................................................................................

... ... ... ... .. ... ... ... .. .. .. . .. ... ......

.....................

....

.....

.....

....

....

.....

....

....

.... ... ....

....

....

....

.... ... ....

.... ... .... ... ... ... ... ... ... ... ... ... ... ... ... ... .. .. .. .. .. . .. ....

............................

......

.....

.....

....

.... .... ....

.... ....

.... .... .... .... .... .... ... ... ... ... ... ... .... .... ... ... ... ...

cd_1 p cd_2

p_2 p_1 p_3

ca_1

Rule DDA3

The points of one segment in the CA set belong to one CD set and the

points of the other segment belong to the other CD set. If cd_1 = {p, p_1, p_2, · · ·}

cd_2 = {p, p_3, p_4, · · ·}

ca_1 = {(p_1, p_2), (p_3, p_4)}

then

cd^0 = cd_1 ∪ cd_2

.... . ... .........

..................

...................

..............

....

.....

.....

.....

.....

.....

.....

.....

.....

..... .. ..... . ..... . ..... . ..... . ..... . ..... . .... . .... . ..... . .... . .... . .... . .... . ..

....... ......

....... ......

. ...... ..

...... .......

...... ......

. ....... .

..... .......

...............................

..................

.........

.... ... . .. ... .......

...............

.....................................

...........................................................................................................................................

................

........

.... .. . .. ....

.....

...........

....................

......................................................

............................................................................ ... ... ... ... ... ... ... ... .. .. .. . . .. ....

.........................

....

....

....

.....

.....

....

....

....

....

....

....

....

.... ... ....

.... ... ....

.... ... .... ... ... ... ... ... ... ... ... ... ... ... ... .. .. .. .. . . ... .....

.........................

.....

....

.....

.....

.... .....

....

.... .... ....

.... .... .... .... ... .... ... ... ... ... ... ... ... ... ... ... ...

cd_1 p cd_2

p_1 p_2 p_3 p_4

ca_1

3.3.3 Rules involving two CD sets and one CH set

These rules merge two CD sets that share a point and are constrained by a

CH set. The general rule is

{cd_1, cd_2, ch_1} −→ {cd^0}

A CH set can constrain two CD sets in two ways, hence there are two

different cases.

Rule DDH1

The two points that define the segment in the CH set belong to one CD

set while the point in the CH set is shared by the CH and the other CD

set. If cd_1 = {p, p_1, p_2, · · ·}

cd_2 = {p, p_3, · · ·}

ch_1 = {p_3, (p_1, p_2)}

then

cd^0 = cd_1 ∪ cd_2

.. .... . . . . . . . . . . . . . . . . . . . . .... .. .. ...............................

.................

.........

..... .. . .. ....

.......

................

..................................

............................................................................................................................................

.................

........

.... .. . .. ....

......

...........

.......................

..........................................................

...................................................................... ... ... ... ... .. ... ... ... .. .. .. . .. ... ........

..................

.....

.....

.....

....

.... ... ....

....

....

....

.... ... ....

.... ... ... ....

....

.... ... .... ... .... ... ... ... ... ... ... ... ... ... ... ... ... .. .. .. . . ... .....

.......................

.....

....

.....

.....

.... ... ....

.... ....

.... .... .... .... .... .... ... ... .... ... ... .... ... ... ... ... ... ... .

cd_1 p cd_2 p_3

p_1 p2 ch_1

Rule DDH2

Each point of the segment in the CH set is shared by the CH set and one

of the CD sets. The point in the CH set is shared with one CD set. If cd_1 = {p, p_1, p_2, · · ·}

cd_2 = {p, p_3, · · ·}

ch_1 = {p_1, (p_2, p_3)}

then

cd^0 = cd_1 ∪ cd_2

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... .....

..............

......

......

......

...... .. .....

.........

...............................

.................

........

..... .. . .. ....

........

.................

.......................................

................................................................................................................................

....................

.........

.... .. . .. ....

......

...........

.......................

...............................................................................................................................

... ... .. ... .. ... ... .. .. .. .. . . ... ........

..................

.....

.....

....

.....

.... ... .....

....

....

....

.... ... .... ... ... ... ....

....

.... ... .... ... ... ... ... ... ... ... ... ... ... .. ... ... ... .. .. .. . . ... ......

......................

.....

....

.....

.... .... .... ....

.... ....

.... .... .... .... .... .... ... .... ... ... ... .... ... ... ... ... ... ... ..

cd_1 p cd_2 p_3

p_2 p_1 ch_1

3.3.4 Rules involving one CD set and two CA sets

A point shared by two CA sets is adjoined to the CD set by the rule

{cd_1, ca_1, ca_2} −→ {cd^0}

There are three different cases.

Rule DAA1

Three points from each CA set belong to the CD set. The CA sets share

their fourth point. If cd_1 = {p_1, p_2, p_3, p_4, p_5, p_6, · · ·}

ca_1 = {(p, p_5), (p_1, p_2)}

ca_2 = {(p, p_6), (p_3, p_4)}

then

cd^0 = cd_1 ∪ {p}

.......

..... ... .. .. . .. ... .. .. . . .. ... ....

.....

....

.... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ....

.......

...... .

..... .

..... ..

.... ..

.... ... ..

....

....

....

.....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .

...........

...........

............

.....

.............

............

.............

.....

.......

.......

.... ...........................

...................

..........

..... .. . .. ....

......

.............

..............................

........................................................................................................................................................

...............

......

.... .. . ... .....

......

................

...............................

...............................................................................................................

cd_1 p_5 p_6 p

p_2 p_1 p_3

p_4 ca_2 ca_1

Rule DAA2

One CA set is such that two of its segments share a point and the other

two different points belong to the CD set. The other CA set shares three points with the CD set and shares its fourth point with the common point

in the first CA set. If cd_1 = {p_1, p_2, p_3, p_4, p_5, · · ·}

ca_1 = {(p, p_1), (p_2, p_3)}

ca_2 = {(p, p_4), (p, p_5)}

then

cd^0 = cd_1 ∪ {p} .. . . .. ... ....

......

....

.............. .

....

....

....

....

....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

.....

....

....

....

.... .

.............

............

............

.....

.......

.......

....

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .

.. .. .. . .. .. .. .. .. .. .. .. . . .. .. .. .. . .. .. .. .. .. .. .. .. . ...............................

..................

........

..... .. . .. ....

.......

................

...................................

...........................................................................................................................................

..................

........

.... .. . .. ....

......

...........

......................

.......................................................

..........................................................................

cd_1 p_5 p

p_1 p^2 p_3 ca_1 ca_2

p_4

Rule DAA3

All the segments in the two CA sets share a point which does not belong

to the CD set. The other four points from the CA sets belong to the CD

set. If cd_1 = {p_1, p_2, p_3, p_4, · · ·}

ca_1 = {(p, p_1), (p, p_2)}

ca_2 = {(p, p_3), (p, p_4)}

then

cd^0 = cd_1 ∪ {p}

.............. .. .......

.......

....

....

....

.....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... ... .

.. .. . . .. .. .. .. .. .. .. .. . .. .. .. .. . . .. .. .. .. .. .. .. .. .

.. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ...............................

.................

........

..... .. . .. ....

........

...............

....................................

..........................................................................................................................................

..................

........

.... .. . .. ....

......

.............

.........................

...........................................................................................................................

cd_1 p

p_1 ca_1 ca_2

p_4 p_3 p_2

3.3.5 Rules involving one CD set, one CA set and one CH set

Given a CA set and a CH set with a common point, the rule

{cd_1, ca_1, ch_1} −→ {cd^0}

adjoins this common point to the CD set. There are four different cases.

Rule DAH1

Three points from the CA set and the segment from the CH set belong to

the CD set. The CA set and the CD set have in common the remaining

point.

If cd_1 = {p_1, p_2, p_3, p_4, p_5, · · ·}

ca_1 = {(p, p_5), (p_1, p_2)}

ch_1 = {p, (p_3, p_4)}

then

cd^0 = cd_1 ∪ {p}

........

.... ... .. . . .. ... ..

.... .... ... .... .... .... .... .... ... .... .... .... .... .... .... .... .... .... .... .... .... ... .... .... .... .... ....

....... .

...... ..

..... ..

..... ...

... ...

... .... .

...........

............

............

.....

. ........ .. . .. . .. . .. . .. .. .. . .. . .. . .. . .. .. ... .. .................

..................

..................

....

..............................

.................

.........

..... .. . .. ....

........

..................

.........................................

..............................................................................................................................

....................

.........

..... ... . .. ....

......

............

.......................

................................................................................................................................

cd_1 p_5 p

p_2 ca_1 ch_1

p_1 p_3 p_4

Rule DAH2

Two segments in the CA set end in the CH set point. The CD set has a

segment in common with the CH set and two different points with the CA

set. If cd_1 = {p_1, p_2, p_3, p_4, · · ·}

ca_1 = {(p, p_3), (p, p_4)}

ch_1 = {p, (p_1, p_2)}

then

cd^0 = cd_1 ∪ {p}

.............. .

.... .... .... .... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... ... .... .... .... .... ...

.. .. .. .. .. .. .. .. . .. .. .. .. . . .. .. .. .. .. .. .. .. . .. .. .. .. .................................... ..................................... .

. ....... .. . . . . . .. . .. . . . . . .. . .. . . . .....

..............................

.................

.........

..... .. . .. ....

.......

................

..................................

............................................................................................................................................

.................

........

.... .. . .. ....

......

...........

.......................

...........................................................

.....................................................................

cd_1 p

p_4 p_3 p_1 p_2 ch_1 ca_1

Rule DAH3

The segment in the CH set and one segment in the CA set have a point in

common that is not shared by the CD set. The remaining points in both

the CH set and CA set belong to the CD set. If cd_1 = {p_1, p_2, p_3, p_4, p_5, · · ·}

ca_1 = {(p, p_5), (p_1, p_2)}

ch_1 = {p_4, (p_3, p)}

then

cd^0 = cd_1 ∪ {p}

.......

..... ... .. . . .. ... ..

.... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... .... ....

.......

...... .

..... .

..... ..

.... ..

.... ... ..

...........

...........

............

.....

... ... .... ... ... ... .... ... ... .... .... ... ... ... .... ... ... .... ....

.... ... .... ... ... ... .... .... .... ... ... .............. ......

......

......

...... ..............

...............................

..................

........

..... .. . .. ....

........

...............

....................................

..........................................................................................................................................

..................

........

.... .. . .. ....

......

.............

.........................

...........................................................................................................................

cd_1 p_5 p

p_2 ca_1 ch_1

p_1 p_3 p^4

Rule DAH4

The segment in the CH set and the two segments in the CA set have a

point in common that is not shared by the CD set. The remaining points

in both the CH set and CA set belong to the CD set. If cd_1 = {p_1, p_2, p_3, p_4, · · ·}

ca_1 = {(p, p_3), (p, p_4)}

ch_1 = {p_2, (p_1, p)}

then

cd^0 = cd_1 ∪ {p}

.............. ..

.... .... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... .... .... ... .... .... .... .... .... .... ....

.. .. .. .. .. .. .. .. . . .. .. .. .. . .. .. .. .. .. .. .. .. . . . .. ..

....

.... ....

.... ....

.... ....

.... .... ....

.... ....

.... ....

.... .... ... ....

.... .... ....

.... ....

.... ....

.... ....

.... ....

.....................

.......

......

......

........ ........... . ..............................

.................

.........

..... .. . .. ....

........

..................

.........................................

..............................................................................................................................

....................

.........

.... .. . .. ....

......

............

.......................

................................................................................................................................

cd_1 p

p_4 p_3 p_1 p_2 ch_1 ca_1

3.3.6 Rules involving one CD set and two CH sets

A point that two CH sets have in common is adjoined to the CD set. The

general rule is

{cd_1, ch_1, ch_2} −→ {cd^0}

and there are three possible cases.

Rule DHH1

The point in each CH set is the common point. The segments in each CH

set belong to the CD set. If cd_1 = {p_1, p_2, p_3, p_4, · · ·}

ch_1 = {p, (p_3, p_4)}

ch_2 = {p, (p_1, p_2)}

then

cd^0 = cd_1 ∪ {p}

......................

....................

......................

..........

...............

..............

..............

.............. ..

. ..... ... .. . .. . ... . ... .. .. . ... . .. .. .. .. ... .. .. . . . ......

... .. . .. . .. . .. . .. . . . .. . .. .. .. . .. . . . .. ...... . ...............................

.................

........

..... .. . .. ....

........

.................

........................................

...............................................................................................................................

....................

.........

.... .. . .. ....

......

............

.......................

................................................................................................................................

cd_1 p

p_3 p_1 p2 p_4 ch_1 ch_2

Rule DHH2

The segment from one CH set ends in the point from the other CH set.

The remaining points in both CH sets belong to the CD set.

If cd_1 = {p_1, p_2, p_3, p_4, · · ·}

ch_1 = {p, (p_3, p_4)}

ch_2 = {p_1, (p_2, p)}

then

cd^0 = cd_1 ∪ {p}

..............

...............

...............

.............. ..

. ..... ... .. . .. .. .. . ... .. .. . ... . .. . .. . .. .. .. .. . . ......

.... .... ... .... .... .... .... .... .... .... .... .... .... ... .... .... .... ... .... .... .... .... .... .... .... ... .... ....

....

........ ...... .......

......

......

..... ..............

..............................

.................

.........

..... .. . .. ....

........

..................

.........................................

..............................................................................................................................

....................

.........

..... ... . .. ....

......

............

.......................

................................................................................................................................

cd_1 p

p_3 p2 p_4 p^1 ch_1 ch_2

Rule DHH3

The segments in the CH sets have a point in common which does not belong

to the CD set. The remaining points in the CH sets belong to the CD set. If cd_1 = {p_1, p_2, p_3, p_4, · · ·}

ch_1 = {p_4, (p_3, p)}

ch_2 = {p_2, (p_1, p)}

then

cd^0 = cd_1 ∪ {p}

.... ... .... .... .... ... .... .... .... .... .... .... .... ... .... .... .... ... .... .... .... .... .... .... .... .... .... ....

....

........ ...... .......

......

......

..... .............. ... ....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .

...................

.......

.......

......

...................

..............................

.................

.........

..... .. . .. ....

........

..................

.........................................

..............................................................................................................................

....................

.........

..... .. . .. ... .....

..........

.....................

...........................................

...........................................................................................

cd_1 p

p_3 ch_1 ch_2

p_4 p_2 p^1

3.3.7 Rules involving two CA sets and one CH set

These rules create a new CD set with three points that are constrained by

two CA sets and one CH set. The general rule is

{ca_1, ca_2, ch_1} −→ {cd^0}

and there is only one case.

Rule AAH If ca_1 = {(p_1, p_2), (p_2, p_3)}

ca_2 = {(p_2, p_3), (p_1, p_3)}

ch_1 = {p_1, (p_2, p_3)}

then

cd^0 = {p_1, p_2, p_3}

....................

...... ... . . ....

....

....

....

....

.....

....

....

....

....

....

....

....

....

.....

....

....

....

....

.....

....

....

....

....

.....

....

....

...........

.... .... ..... .... ..... .... .... .... .... .... .... .... ..... .... ..... .... .... .... .... .... ..... .... ..... .... .... ....

....

...............

..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . .....

.............

p_1 p_2 p_3

ca_1

ch_1

ca_2

3.3.8 Rules involving one CA set and two CH sets

These rules create a new CD set with three points that are constrained by

one CA set and two CH sets. The general rule is

{ca_1, ch_1, ch_2} −→ {cd^0}

and there are two different cases.

Rule AHH1 If ca_1 = {(p_2, p_3), (p_1, p_3)}

ch_1 = {p_1, (p_2, p_3)}

ch_2 = {p_2, (p_1, p_3)}

then

cd^0 = {p_1, p_2, p_3}

....................

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

.....

....

....

....

..... .... ..... .... .... .... .... .... ..... .... ..... .... ..... .... .... .... .... .... ..... .... ..... .... .... .... .... ..... .... ....

....

...............

..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ....

.........

............ .......

......

.......

.......

......

.......

.......

......

.......

.......

......

........

............

p_1 p_2 p_3

ch_1 ca_1

ch_2

Rule AHH2 If ca_1 = {(p_1, p_2), (p_2, p_3)}

ch_1 = {p_1, (p_2, p_3)}

ch_2 = {p_2, (p_1, p_3)}

then

cd^0 = {p_1, p_2, p_3}

...... ... . .. ....

....

....

....

....

.....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

.....

....

....

....

..... .... ..... .... .... .... .... .... ..... .... ..... .... ..... .... .... .... .... .... ..... .... ..... .... .... .... .... ..... .... ....

....

...............

..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ..... . ....

.........

............ .......

......

.......

.......

......

.......

.......

......

.......

.......

......

........

............

p_1 p_2 p_3

ch_1 ch_2

ca_1

3.3.9 Rules involving three CH sets

A new CD set is created when three points are constrained by three CH

sets. The rule is

{ch_1, ch_2, ch_3} −→ {cd^0}

and there is just one case.

Rule HHH If ch_1 = {p_1, (p_2, p_3)}

ch_2 = {p_2, (p_1, p_3)}

ch_3 = {p_3, (p_1, p_2)}

then

cd^0 = {p_1, p_2, p_3}

....

....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

..... .... .... .... ..... .... ..... .... .... .... .... .... .... .... ..... .... ..... .... .... .... .... ..... .... ..... .... .... .... ... ....

................

.......

......

......

......

.......

.......

.......

.......

......

......

......

..............

............ .......

......

.......

.......

......

.......

.......

......

.......

.......

......

.......

............

.. .... . . . . . . . . . . . . . . . . . . . . . .. ... . p_1 p_2 p_3

ch_1 ch_2

ch_3

3.3.10 Quadrilateral Rules

Three quadrilateral rules were described in [16] and [17]. For each quadrilat-

eral problem first we will give the general rule. Then we will show that the

quadrilateral problem can be transformed into an appropiate sequence of

triangular problems by adding an extra point and some constraints derived

from those constraints already defined in the dimensioning scheme.

Rule Q1

Four CD sets with a pairwise common point and with two non-adjacent CD

sets constrained by a CA set can be merged into one CD set. The general

rule is

{cd_1, cd_2, cd_3, cd_4, ca_1} −→ {cd^0}

If cd_1 = {p_1, p_4, p_5, p_6, · · ·}

cd_2 = {p_1, p_2, · · ·}

cd_3 = {p_2, p_3, p_7, p_8, · · ·}

cd_4 = {p_3, p_4, · · ·}

ca_1 = {(p_5, p_6), (p_7, p_8)}

then

cd^0 = cd_1 ∪ cd_2 ∪ cd_3 ∪ cd_4

...... ... .. . ... .

..........

.........

.........

.........

.........

..........

..........

.......... ..

... ... ... ... ... ... ... ... ... ... ... ..

......

......

......

......

......

......

.....

... .. .... .. ... .. ... .. ... . ... .. ... . ... .. ...............................

..................

.........

.... ... . ... ... .......

...............

....................................

...........................................................................................................................................................

.................................

.................

....... ... . .. ....

........

...................

.......................................

..............................................................................................................................................

... ... ... .. ... .. .. .. .. .. .. . . ... .....

......................

.....

....

....

....

.... ... ....

....

....

....

.... ... .... ... .... ... .... ... .... ... .... ... .... ... ... .... ... ... ... ... ... ... ... .. .. .. .. .. . . .. .....

.........................

.....

....

.....

.... .....

.... ....

.... .... ....

.... .... .... .... ... .... .... ... .... ... ... ... ... .... ... ... ... .

...............................

...................

.... ... . . ... .... ......

......

.......

.........

.........

...........

............

.............

..............

...................

.......................................... ... .. . .. ....

.....

......

......

.......

.......

.........

...........

...........

................

.................... ..

.... .. .. . . . . . . . .. .. . .. .. .. .. .. . .. .. .. .. .. .. .. ... ... .... ......

................. ... .. . . . . . . . . . . . . . .. .. .. .. .. .. .. .. .. .. ... ... ... ... ... .....

............. ..

p_1

cd_1 cd_2 cd_3

cd_4 p_3 p_2

p_4 p_5 p^6 p_7

p_8

ca_1

Let us show how this quadrilateral problem is transformed into a sequence of

triangular problems. Assume that the CD sets defined by cd_1 = {p_1, p_4} and

cd_3 = {p_2, p_3} are constrained in angle by the CA set ca_1 = {(p_3, p_2), (p_4, p_1)}

as shown in the Figure below. Draw a segment (p_1, p^0) that is parallel to and has the same orientation and length as segment (p_2, p_3). Note

that the segments (p_1, p^0), (p_1, p_4) make the same angle as the segments

(p_3, p_2), (p_4, p_1). Furthermore, segment (p_1, p_2) and segment (p^0, p_3) are

parallel and congruent. Hence first we can built three new constraint sets

cd^0 = {p_1, p^0}, ca^0 = {(p_1, p^0), (p_1, p_4)} and cd^{00}{p^0, p_3}. Now, the quadrilat-

eral problem is solved by the following sequence of construction rules:

{cd^0, cd_1, ca^0} DDA^3−→ {cd^1}

{cd^1, cd_4, cd^{00}} DDD−→ {cd^2}

{cd^2, cd_2, cd_3} DDA^3−→ {cd^3} ...^{........} ..

..... ... . . ... .....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

.....

....

....

.................

........

........

.......

........

........

.......

.......

.......

.......

.......

....... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... .

......

.....

.....

.....

......

......

......

.....

.....

.....

....... ....... ....... ....... ....... .......

.......

.......

.......

.......

........

........

.......

.......

........

........

.......

.......

..............

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.... .

............. ... . . .. ... ... ... ... .... ... ... .... .... .... ....

.... .... .... .... ....

.... .... .... ....

.... ....

.... .... .... .... ..... ....

..... ..... .... ..... ......

..................... .. . .. .. ... ... ... ... ... ... ... ... ... ....

....

....

....

....

.... ... ... ....

....

....

....

....

....

....

....

....

....

.....

....

....

.....

....

.......

..... ....... .. .. ... .... ......

......

.......

........

.......

.........

.......

.........

.........

..........

..........

...............

............................ ... . .. ... .....

......

......

........

.........

.........

...........

...........

...........

............

............

................

....................

..... ... . . ... .......

......................

.......................................................................................................................................................................................................................................................

.................

...... .. . .. ... .....

.........................

........................................................................................................................................................................................................................................................

............ .

.................. ... .. . .. .. ... ... ... ... ... ... ... ... .... ... .... ... ... ... ... ... ....

.... .... .... .... ....

.... ....

.... ....

.... .....

.... .... .... ..... ......

.................. ... .. . .. ... ... ... ... ... ... ....

.... ... ... .... ... ... .... ... ... .... ... ... .... ... ....

....

....

....

....

....

....

....

....

....

....

.....

.......

......... ... . .. ... .... ......

......

......

.......

......

........

........

........

........

.........

.........

..........

............

.................

...........................

.... .. . ... .....

......

......

.......

.......

........

........

.......

........

........

.........

.........

...........

.............

...............

...................

... .......

...............

.... .... .... ... ... ... ... .. ... ... ... .. .. .. .. .. .. .. .. .. . . . ......

..................

......

.... ... ... ... ... ... ... .. .. ... ... ... .. .. .. .. .. .. .. . . .. .

p_1 p_3 p_2

p^0 p_4

cd_1 cd^{00} cd_2 cd_3

ca^0 cd_4

cd^0 ca_1

Rule Q2

Assume that three CD sets, cd_1, cd_2, cd_3, and two CA sets ca_1, ca_2, are

given. These constraints sets are such that cd_1 and cd_2 share a point and so

do cd_2 and cd_3; ca_1 and ca_2 share a segment; ca_1 shares with cd_1 its segment

different from the one it has in common with ca_2; and ca_2 shares with cd_2 its

segment different from that it has in common with ca_1. See Figure below.

Then, the three CD sets can be merged into one CD set. The general rule is {cd_1, cd_2, cd_3, ca_1, ca_2} −→ {cd^0}

If cd_1 = {p_1, p_4, p_5, p_6, · · ·}

cd_2 = {p_2, p_3, p_7, p_8, · · ·}

cd_3 = {p_3, p_4, · · ·}

ca_1 = {(p_1, p_2), (p_5, p_7)}

ca_2 = {(p_1, p_2), (p_7, p_8)}

then

cd^0 = cd_1 ∪ cd_2 ∪ cd_3

.... .. .. .....

.........

.......

......... ... . .. .

............

............

............

...........

............

...........

............

.......

................

...............

................

............... ..

...... ..

..... ....

.... .....

. ......

....... ..

..........

...........

...........

.........

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... .

...............................

..................

.........

.... ... . .. ... .......

...............

.....................................

.......................................................................................................................................................

..................................

..................

....... ... . .. ... .......

................

...................................

......................................................................................................................................................

............................

......................

.... ... . . ... .... ......

.....

.......

........

..........

...........

............

.............

..............

....................

..................................... ... .. . .. ... ....

.....

.....

......

........

........

.........

...........

..............

..................

.........

.... .. .. . . . . . . . . .. . . . . . .. .. .. .. .. .. .. .. ... ... ... ....

.......

.............. ... .. . . . . . . . . . . . .. . . .. .. .. .. .. .. .. .. .. .. ... ... ... ....

.................

cd_1 p_3

p_4 cd_3 cd_2

p_5 p_6 p_8 p_7

p_1 p_2

ca_1 ca_2

Assume that the CD sets are given by cd_1 = {p_1, p_4}, cd_2 = {p_2, p_3}, cd_3 =

{p_4, p_3}, and that the angle constraints are ca_1 = {(p_1, p_4), (p_1, p_2)} and ca_2 = {(p_2, p_1), (p_2, p_3)}, as shown in the Figure below. Draw a segment

(p_1, p^0) that is parallel to and has the same orientation and length as segment

(p_2, p_3). First note that the segments (p^0, p_3), (p_1, p_4) make the same angle

as the segments (p_1, p_4), (p_1, p_2). Also note that the angle between segments

(p_1, p^0), (p_1, p_4) is 180 − (ca_1 +ca_2). Hence we can built three new constraint

sets: cd^0 = {p_1, p^0}, ca^0 = {(p_1, p_4), (p^0, p_3)} and ca^{00} = {(p_1, p^0), (p_1, p_4)}.

Now, the quadrilateral problem is solved by the following sequence of con-

struction rules:

{cd^0, cd_1, ca^0} DDA^3−→ {cd^1}

{cd^1, cd_3, ca^{00}} DDA^1−→ {cd^2}

{cd^2, cd_3, ca_1} DDA^1−→ {cd^3}

..................... .. .

...... ... . .. ... .. . .. ... .......

.... .. . .. ... ......

....

....

....

....

....

....

....

....

.....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

.......

........

.......

.......

........

........

.......

.......

.......

.......

.......

........

........ ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... . .......

.......

........

........

........

.......

.......

.......

........

.......

.......

.......

.............

....

....

....

....

....

....

....

....

....

....

....

....

....

....

.....

....

....

....

.....

....

....

....

....

....

....

.... .

....... .. .. ... .... .....

.....

......

........

........

........

........

.........

........

...........

...........

..............

................................ .. . .. ....

.....

.......

......

........

.........

.........

...........

..........

............

.............

...............

....................

...........

.... ... .. . ... .......

........................

.......................................................................................................................................................................................................................................................

.................

...... .. . . ... ......

..................

...................................................................................................................................................................................................................................................................

.......... ......

.... .. ... .... ......

.....

.....

.......

......

.......

........

........

.........

.........

.........

..........

............

..............

..................................

.... .. .. ....

......

......

......

........

......

........

.........

........

........

.........

.........

.........

..........

...........

.................

.................

... .........................

.... ... ... ... ... ... .. ... ... ... ... .. .. .. .. .. .. .. . . . . .... .......................

.....

.... ... ... ... ... ... .. ... ... .. .. .. .. .. .. .. .. .. . . . ..

p_1 p_3 p_2

p^0 p_4

cd_1

cd^0 cd_3 cd_2

ca_2

ca_1 ca^{00} ca^0

Rule Q3

This rule merges into one CD set the points in two CD sets constrained by

three CA sets. Then, the general rule is

{cd_1, cd_2, ca_1, ca_2, ca_3} −→ {cd^0}

If cd_1 = {p_1, p_4, p_5, p_6, p_9, p_{10}, · · ·}

cd_2 = {p_2, p_3, p_7, p_8, · · ·}

ca_1 = {(p_1, p_2), (p_5, p_6)}

ca_2 = {(p_1, p_2), (p_7, p_8)}

ca_3 = {(p_3, p_4), (p_9, p_{10})}

then

cd^0 = cd_1 ∪ cd_2

.... .. .. .....

........

................... . .. .

.........

.... .. . ... ..

...........

...........

...........

...........

..........

..............

................

................

................ ...

...... .

..... ...

.... .....

.. .....

. ....... ..

...........

..........

..........

.........

... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... .

.. .. .. .. .. .. .. .. . .. .. . .. .. . .. .. . .. .. .. .. .. .. .. .. . ......

.......

.......

.......

......

.......

.......

.....

......

......

......

...... .

...............................

..................

.........

.... ... . ... ... .......

...............

....................................

..........................................................................................................................................................

..................................

.................

....... ... . .. ... .......

.................

....................................

....................................................................................................................................................

...............................

...................

.... ... . . ... .... ......

......

.......

.........

.........

...........

............

.............

..............

...................

.......................................... ... .. . .. ....

....

.....

......

......

.........

.........

..........

............

...............

..................

.....

cd_1 cd_2

p_5 p_8 p_7

p_1 p_2

p_3

p_4 p_6

p_9 p_{10} ca_1 ca_2

ca_3

The quadrilateral problem is transformed into a sequence of triangular prob-

lems in the same way we did it for the Q2 rule. The sequence of construction

rules is now:

{cd^0, cd_1, ca^0} DDA^3−→ {cd^1}

{cd^1, ca_3, ca^{00}} DDA^1−→ {cd^2}

{cd^2, cd_2, ca_1} DDA^1−→ {cd^3}

..................... .. .

..... ... . .. ... .. . .. ....

........ ..

.. . .. ....

.....

.. .......... ... . . ... ....

....

....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

.......

.......

........

........

.......

.......

.......

.......

.......

.......

.......

.......

...... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... . .......

.......

.......

........

........

.......

........

........

........

.......

.......

.......

.............

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

....

....

.....

....

....

....

....

....

....

....

.... .

....... .. .. ... .... .....

......

.......

........

........

........

........

........

..........

...........

...........

..............

............................. .. . .. ... .....

......

.......

........

.........

.........

..........

..........

...........

............

.............

.................

...................

.....

.... . . ....

......

..........................

...........................................................................................................................................................................................................................................

...................

...... ... .. . ... .....

.................

......................................................................................................................................................................................................................................................................

.......... ......

.... . .. ... ..... ......

......

......

.......

.......

........

........

........

........

.........

.........

.........

............

................

...........................

..... .. . ....

.....

......

......

........

........

........

........

........

.........

.........

........

.........

..........

............

..................

................

p_1 p_3 p_2

p^0 p_4

cd_1

cd^0 cd_2

ca_2

ca_1 ca_3 ca^{00} ca^0

3.4 General Form of the Constructive Rules

Let →R be the set of the rules given above. Then by transforming the

quadrilateral rules we have proved the theorem

Theorem 3.1. Each problem solved by a quadrilateral rule in →R is equiv-

alent to a problem derived from the original one by adding an extra point

and two more constraints taken from the original dimensioning scheme. Fur-

thermore, each quadrilateral rule in →R can be defined as a sequence of rules

where the quadrilateral rules themselves and the CA merging rule are not

involved.

and the corollary

Corollary 3.1. The general form of the constructive rules in →R is

{CX_1, CX_2, CX_3} −→ {CD}

where CXi is either a CD set or a CA set or a CH set for 1 ≤ i ≤ 3.

4 Conclusion

We have defined the set of constructive rules used by a two-dimensional, vari-

ational geometric constraint solver based on a constructive approach. Each

rule performs a simple geometric construction. The rules build any triangle

defined by side lengths, angles and altitudes, and some quadrilaterals.

Experiments carried out with the solver built on these rules show that the

solver domain; e.i, the set of geometric constructions solvable by the set

of rules used, is rather large. Work towards a fully characterization of the

domain is currently under development.

References

[1] B. Aldelfeld. Variation of geometric based on a geometric-reasoning method. Computer-Aided Design, 20(3):117–126, April 1988.

[2] A.H. Borning. The programming language aspects of ThingLab, a constrained oriented simulation laboratory. ACM Trans. on Prog. Lang. and Systems, 3(4):353–387, October 1981.

[3] W. Bouma, O. Fudos, C. Hoffmann, J. Cai, and R. Paige. A geometric constraint solver. Technical report, CSD-TR-93-054, Purdue University, 1993.

[4] B. Buchberger. Gröbner Bases: An Algorithmic Method in Polynomial Ideal Theory. In N. K. Bose, editor, Multidimensional Systems Theory, pages 184–232. D. Reidel Publishing Co., 1985.

[5] B. Buchberger, G. Collins, and B. Kutzler. Algebraic methods for geometric reasoning. Annual Reviews in Computer Science, 3:85–120, 1988.

[6] C.-S. Chou. Mechanical Theorem Proving. D. Reidel Publishing, Dordrecht, 1987.

[7] I. Fudos and C.M. Hoffmann. Correctness proof of a geometric constraint solver. Technical Report CSD 93-076, Computer Sciences Department, Purdue University, December 1993.

[8] J. Gosling. Algebraic constraints. Technical Report CMU-CS-83-132, Carnegie Mellon University, 1983.

[9] R. Juan-Arinyo. Triangles, ruler and compass. Technical Report LSI- 95-6-R, Universitat Politècnica de Catalunya, LiSI, 1995.

[10] G. Nelson. Juno, a constraint-based graphics system. SIGGRAPH, pages 235–243, San Francisco, July 22–26 1985.

[11] J.C. Owen. Algebraic solution for geometry from dimensional constraints. In ACM Symp Foundations of Solid Modeling, pages 397–407, Austin, TX, 1991.

[12] Pro/ENGINEER. Modeling Users Guide: 2D Sketcher. Parametric Technologies. Release 8.0.

[13] G.L. Steele and G.L. Sussman. Constraints - a language for expressing almost-hierarchical descriptions. Artificial Intelligence, pages 1–39, January 1980.

[14] G. Sunde. A CAD system with declarative specification of shape. Eurographics Workshop on Intelligent CAD Systems, pages 90–105, April 1987.

[15] I. Sutherland. Sketchpad, a man-machine graphical communication system. In Proc. of the Spring Joint Comp. Conference, pages 329–345. IFIPS, 1963.

[16] A. Verroust. Etude de Problèmes Liés à la Définition, la Visualisation et l’Animation d’Objects Complexes en Informatique Graphique. PhD thesis, Universite de Paris-Sud, Centre d’Orsay, 1990. (Written in French).

[17] A. Verroust, F. Schonek, and D. Roller. Rule-oriented method for parameterized computer-aided design. Computer Aided Design, 24(10):531–540, October 1992.

[18] Wu Wen-Tsün. Basic principles of mechanical theorem proving in geometries. J. of Systems Sciences and Mathematical Sciences, 4:207–235, 1986.