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Abstract. Many real systems can be represented by a graph. Very often the structure of such graphs veri�es certain
properties, for instance, modular structure is often observed both in real graphs and in random graphs. Those modular
structures bear information about the graph that can lead to a better understanding of its behavior, on a local scale
as well as globally. Detecting communities in a graph is consequently an important task that has been studied under
many views. In this work we propose a stochastic approach to this clustering problem. We develop algorithms
implemented with Markov chain Monte Carlo (MCMC) methods, on the assumption that introducing stochasticity
in clustering process will improve the performances on several levels. Indeed �rst by enabling methods not to be
stuck in local minima, it is expected to give higher quality of clustering. Moreover it can have other advantages such
as reducing computational time, showing better scalability or providing a measure of con�dence in the assignment.
We propose two di�erent algorithms implemented with MCMC methods and provide experimentation and discussion
on their performances. The �rst proposed method, called GSMH, is a quite simple heuristic using basic Metropolis
process. The other method is a stochastic version of Louvain's algorithm. We show that the quality of the results
are comparable to other well known methods, and sometimes better. More speci�cally in most cases the methods
outperform similar methods implemented without stochastic process. We also propose a few illustrations of the other
advantages of such methods.
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Part 1

Problem statement



CHAPTER 1

Introduction to graph mining

1. Graph

A graph is a representation of data. It can be all kind of data from biological information ([HHJ03],
[JMBO01]), social indicators ([GDDG+03], [ADDG+04], [New04b], [GD03]) to physical models ([BWD96],
[TB09], [DGM08]) or computer science data ([ESMS03], [EM02], [HM03], [GGA+02], [SEMS04]), etc. A
graph can be de�ned by a set of vertices V and a set of Edges E. Usually we will write G =< V,E >. A graph is
just another way of modeling relations (with E) over a set of entities (represented by V ). It is possible to assign a
weight to the edges in the graph, for instance to specify how strong is the connection between two vertices. In this
case the graph is said to be weighted. Weighted graphs can often be studied with similar methods than unweighted
graphs[New01] by replacing weighted edges by several unweighted ones.
We will call (if not speci�ed otherwise) n the size of the set of vertices, that is the number of nodes in the graph.
Similarly m will denote the number of edges.
When speci�ed, w is an array containing the weights associated to each one of the edges. If the graph is unweighted
all the weights are equal to 1. Then w is an array of size m with ones everywhere. If the Graph is weighted we
will call wi,j the weight assigned to the edge (i, j) such that (i, j) ∈ E. Obviously we could also de�ne an array of
size n2 such that if (i, j) /∈ E, wi,j = 0 (in this case w can be seen as a function from the set of edges V into R).
We will use the notation G = (w, V,E) in the case of a weighted graph.

2. Algebraic de�nitions

A very useful mathematical tool in the study of graphs is the Adjacency matrix. We will usually call it A. It
is an n× n matrix that represents di�erently the relations (given by E) between all pair of vertices. Considering
a weighted graph G = (w, V,E), the adjacency matrix is formally de�ned as follows:

∀(i, j) ∈ V 2, A(i,j) =

{
wi,j if wi,j 6= 0

0 if (i, j) /∈ E

The Laplacian of a Graph is closely related to the Adjacency matrix. it is often used particularly in the case of
spectral analysis. We de�ne the diagonal matrix D containing the degree (also called valency) of each node on the
diagonal. ∀i ∈ V, Dii =

∑
j∈V

Ai,j = ki. All non-diagonal elements of D are equal to zero. then, the Laplacian of a

graph G with adjacency matrix A is de�ned as follows:

L = D −A.
One �rst remark is that the sum of every row and column is equal to zero. Consequently, the vector J = (1, 1, ..., )
of length n is an eigenvector of L associated to the eigenvalue 0. The rank of the Laplacian is at most n − 1. If
the graph is undirected, and A is symmetric, the Laplacian is positive semi-de�nite, and its eigenvalues are all
positive or null. Besides, if the graph is connected there is only one null eigenvalue [DM04]. If it has exactly c
connected components (the graph isn't connected) L is a block diagonal matrix. In this case, it has c degenerate
eigenvectors with eignvalue 0 [DM04]. The blocks on the diagonal are the Laplacians of the corresponding sub-
graphs and therefore their rows and columns still sum to 0. The c degenerate eigenvectors have ones on the
positions corresponding to one speci�c block and zeros otherwise.
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3. BASIC PROPERTIES 3

More generally if the graph contains sub-graphs not fully disconnected but with only a few edges between them
(such sub-graphs will be called communities later on), it is almost block-diagonal and we have some interesting
properties. First of all J is a trivial eigenvector. The other ones are linear combination of previous degenerate
vectors. The associated eigenvalues are slightly positive.
Finally L is a real-symmetric matrix. It has orthogonal eigenvectors. Having the constant vector as �rst eigenvector,
the other ones must sum to zero. This property is used a lot in spectral clustering methods. Indeed, the sign
(positive or negative) of the values on the second eigenvector will be a way of partitioning the vertices.
Newman also proposed [New06b] [New06a] a particular matrix, that he called the Modularity matrix (see next
chapter for a de�nition of the modularity). It is de�ned, for unweighted graphs, as follows:

Q =
1

2m

∑
i,j∈V

[Aij − Pij ] ∗ δ(C(i), C(j))

Where

+ P is the expected number of edges between nodes, if the graph was randomly built with the same degree
distribution.

+ C(i) is the community assigned to vertex i in V .
+ The function δ is de�ned such that

δ(u, v) =

{
1 if u = v
0 otherwise

+ m is the number of edges. It veri�es m = 1
2

∑
(i,j)∈V 2

Aij .

The relation between this Modularity matrix and the Laplacian matrix is that it will also undergo a spectral
analysis. This Modularity matrix is inspired from the Modularity function that we will de�ne in the next chapter.

3. Basic properties

Graphs and networks have been broadly studied [BLM+06], [New03b], [DM02], [AB02] . The study
of graph properties gives insights and knowledge on the dynamics of the network. Indeed the structure impacts
the function, for instance, the topology of a social network a�ects the way information (or disease, etc.) spreads
[Str01]. Most graphs verify some usual properties. Here we give a description of some of those properties:

Small-world: One of the �rst properties that has been been highlighted is the small-world property. This
property is also referred as the sixth degree of separation property because of Milman's famous study
[Mil67]. In his experiments, he asked people to pass a letter to someone of their acquaintance network,
in order to reach a speci�ed target individual (that they do not know necessarily). He has shown that the
maximum distance between two individual in this acquaintance network was 6. This property is veri�ed
in many networks. The diameter of the network, which can be de�ned in di�erent ways but is often set to
be the the maximum geodesic (shortest path) between any two nodes of the network, is often relatively
small. It bares the same notion as the maximum distance between two people in Milman's experiment.
In some cases (for instance when there exists nodes that are not connected) other de�nitions can be
proposed, like the average geodesic of connected nodes, or the harmonic mean [New03b] of geodesics.
The small-world property states that most pair of vertices seem to be connected by a short path, that
is the diameter is signi�cantly smaller than the size of the network. In a model where the number of
nodes within a distance l from a central node grows exponentially (that is often veri�ed in practice), the
diameter will indeed grow as log (n). The small-world property makes sense mathematically and is often
veri�ed in practice. This property a�ects a lot the propagation of information in a network.
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Clustering coe�cient: Another interesting measure in a graph, that particularly concerns social networks,
is the clustering coe�cient [GN02], [New03b] (it is not to be mistaken as the process of clustering, even
if the idea behind is not completely unrelated). Sometimes called transitivity, it is de�ned as:

C =
3 ∗ number of triangles

number of triples

It is actually the probability that two neighbors of a particular vertex will be themselves neighbors of each
other (transitivity in the relationship). This measure can be de�ned globally (as done above) or locally,
with the same ratio computed from one vertex. In this second case the global value would be taken as the
average of local ones. In random graphs, the clustering coe�cient scales as O(n−1) but in real networks
it is usually much smaller (and scales as O(1)). In a social network this corresponds to the idea that a
friend of your friend will be your friend too.

Random graphs: Erd®s-Rényi graphs [ER59] are graphs in which two nodes are linked with a �xed prob-
ability p. ER graphs are rarely observed in practice but they give dynamical and topological knowledge on
graphs. For instance, it has been observed that when the number of edges is small, the graph splits into
many small clusters, but while it increases, the clusters coalesce until a giant component appears (when

m is around
n

2
) [Str01]. ER graphs verify the small-world property. Watts-Strogatz graphs [WS98] are

built in a di�erent process. First nodes are arranged in a kind of ring, where each node is linked to a
certain amount of its closest neighbors (for instance 4 neighbors). Then nodes are re-wired randomly to
any vertex with a �xed probability p. WS random graphs verify the small-world property and are also
highly clustered. Of course both properties can be canceled taking extremes parameters, if p = 0 the

diameter is equal to
n

2
, if p = 1 it is an ER graph. It is known that the diameter quickly decreases when

p increases (a few rewired edges are enough to make a small-world network). On the other hand, the
clustering coe�cient slowly decreases with p (even if some edges are rewired, there is still a quite high
cliquishness). Barábasi [BA99] proposed a model in which new nodes attached preferentially to nodes
with high degree. It was based on the idea that networks expansion is continuous with addition of new
vertices and that new vertices attach preferably to already well connected nodes. But real networks often
fail to verify those two properties. A �rst remark is that real network also grow by adding new edges
between established nodes, which is not translated in the model.

Degree distribution: Special behavior have been observed in the distribution of degrees in graphs. If we
call p(k) the probability that a certain node has degree k, it can be observed that p will often follow
known distributions. Although we have knowledge on degree distribution, it is hard to obtain exact
measures, most of all when degrees become high as tails are often noisy [New03b]. There are ways around
this problem though (using cumulative distribution, or logarithmic scales). The distribution of degrees
in generated random graphs are well known [Luc89], [CL02], [BLM+06]. In ER graphs the degree
distribution follows a bell-shaped Poisson distribution [Str01], or a Binomial distribution [New03b]. For
both ER and WS graphs, the probability that a vertex has very high degree decays exponentially in k
[BA99]. This is not what is usually observed in real networks. In Barábasi networks the probability that
a vertex interacts with k others decays as a power law in k. This is what is called a scale-free network. In
many real-world networks, the tails of distribution follow a power law. This scale-free property explains
the presence of a few nodes with many more connections than the average degree [MSOI+02]. The
fraction of nodes having degree k veri�es p(k) ∼ k−γ , with γ usually small (between 2 and 4) [BLM+06].
Some real-world networks also have degrees that follow exponential distribution, power-law distribution
with an exponential cut-o�, or even Gaussian distribution [Str01], [New03b]. It is of course trickier to
�nd degrees distribution for directed graphs (there is the in-degree and the out-degree) or for bipartite
graphs.

Resilience: The degree distribution is closely related to the resilience properties of a network. The resilience
is the capacity to bare deletion of edges or vertices [DM02], [AB02], [New03b]. When edges are removed,
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the shortest paths between vertices will increase until vertices become disconnected. Those edges can be
removed at random or targeting the important ones. Studies [AJB00] have shown that real networks
are often highly resilient to deletion of vertices. this is a sensible observation as most vertices will have
small degree and therefore lie on a few paths. On the other hand they appear highly vulnerable to attacks
targeting special nodes (like those with highest degree). Resilience properties are used for instance to
model error and attack tolerance, or the spreading of a disease, etc.

Mixing patterns: It can be that there exist di�erent kinds of vertices in a network. In this case, usually,
the way they are related to each other depends on their type. This property is called assortative mixing.
Assortativity (also called homophily) is the fact that adjacent vertices tend to have similar properties
[New03a], [New02]. Social networks tend to be highly assortative, meaning that friends are often similar
and share opinions, occupations, languages, etc.. On the other hand, some networks are disassortative
and vertices show preferences for heterophilous interactions. This is the case for human sexual contact
or partnership networks [HLEK03], for food networks [ERV05], or for the internet network [New03b].
A graph is called bipartite if it contains vertices of two di�erent kinds and if edges only link unlike types
[New03b]. Bipartite graphs are completely disassortative. Assortative mixing impacts the resilience and
the degree distribution of a network.



CHAPTER 2

Community structure

1. De�nition

Most of the networks in nature display a modular structure, revealed by the existence of communities
[LFR08]. Social networks speci�cally show community structure, that is groups of vertices with a high density
of edges within them and a low density of edges between groups [New03b]. Indeed people gather into group
of common interest, age, occupation, social position, etc.. To translate and study this characteristic with graph
theory, we need some de�nitions.

A community or cluster is de�ned as a set of vertices, a subset of V . For a community to be well de�ned,
we would like the vertices it contains to be heavily linked to each other and at the same time loosely related with
the rest of the Network. Many de�nitions of communities have been proposed but they all depict this same idea
[GN02], [BLM+06] [Was94], [FLGC02], [RCC+04], [New06a], [DDGDA05], [BGW03]. The issue tackled
by community detection is to �nd alike elements that will be more densely connected among themselves than with
the rest of the Graph. It follows that we expect a lot of within edges in a community but quite few edges between
distinct communities. The di�cult point here is to set a threshold to de�ne when we can considered that we
reached a lot (or few) edges. A sensible choice would be to look at the di�erence or the ratio between good edges
(within edges) and bad ones (between community edges).

Detecting subgroups in a social network is an important task [FLM04] as sub-communities usually have
their own behave, their own norms, that can even be opposed to the global culture. Besides a sub-community
is one of the principal sources of individual's identity [Sco12]. Modular structure does not only concerns social
networks, many real-world networks show the same patterns (technological or biological networks for instance)
[LFR08]. Detection of communities is not a purely mathematical problem. It has many applications, as we will
see later on. It can be highly useful for understanding better the organization of a network (for instance in social
networks, or organizational networks), or also to modify the structure and therefore the ways of propagation into
a community (such as the propagation of a virus in a society, or in the network of online piracy). Finally it is
highly useful to distinguish types of users and to identify their habits (for instance in customers' studies).

A clustering of the graph G = (w, V,E) is a partition πk of V , where πk = (V1, ..., Vk),

k > 0, k ≤ |V |,
k⋃
i=1

Vi = V and if i 6= j, Vi
⋂
Vj = ∅.

When the value of k is known or speci�ed in advance, we can refer to k-clustering. We call clusters the labels
(c1, ..., ck) associated with the corresponding subsets (V1, ..., Vk) of V . Then it is possible to de�ne C(i), for all i
in V , by the cluster corresponding to the subset Vj ⊂ V such that i ∈ Vj .

Communities have been structurally and topologically studied and some properties have been recognized.
Indeed as the distribution for degrees of nodes, the sizes of communities in a network are not wildly distributed.
Communities sizes show usually a power law distribution, sometimes with a cut-o� after a certain threshold
[PDFV05], [ADDG+04], [GDDG+03]. Speci�cally, when partitioned at the maximum modularity value, the

6
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sizes s of communities has distribution p(s) ∼ s−α [New04a]. Where α is a constant close to 2 [CNM04]. One
question still unresolved is whether this distribution comes from the algorithms designed for community detection,
or whether it is intrinsically related to the sociology, or natural structure, of networks. In some cases, no particular
distribution could be observed [GDDG+03].

2. Measures

To be able to recognize communities and to evaluate the methods of detection of communities, we need
tools to measure how much a network is clustered, that is to measure the modularity. Several measures have been
proposed.

Hamiltonian: The Hamiltonian measure is used in several papers [RB06], [RB04]. If we introduce the
following notations:
+ A is the adjacency matrix. Aij = 1 if and only if (i, j) ∈ E, otherwise Aij = 0.
+ m is the number of edges. It veri�es m = 1

2

∑
(i,j)∈V 2

Aij .

+ (pij)(i,j)∈V 2) is the expected distribution of links in the Graph under a null model. pij is then the
probability that a link exists between nodes i and j, normalized such that

∑
i 6=j

pij = 2m

+ We call σi the community (or the spin state) assigned to vertex i in V .
+ The function δ is de�ned such that

δ(u, v) =

{
1 if u = v
0 otherwise

Then the Hamiltonian can be de�ned as

H({σ}) = −
∑
i 6=j

[Aij − γ ∗ pij ] ∗ δ(σi, σj)

It is therefore comparing the true distribution of links in the graph with the expected distribution of
links in the null model. Several null models can be chosen. In [RB06] the author proposed two di�erent
models.

- constant model: in which every link is equi-probable. ∀(i, j) ∈ V, pij = p.
- degree distribution conservation: that assumes the degree distribution in the null model is the same
as in the real network. Then links are more probable between nodes of high degree. In this model,

∀(i, j) ∈ V, pij =
kikj

2m
.

Modularity: A broadly used measured is the Modularity introduced by Newman et al. [GN02] it has been
reused in many papers and methods [NG04], [New03a], [LN08], [New04a], [CNM04], [New06a]. The
Modularity, usually written Q, is the fraction of all edges that lie within communities minus the expected
value of the same quantity in a graph in which the vertices have the same degrees but edges are placed
at random without regard for the communities [New04b].

Again with the same notations and:
+ ki is the degree of node i in V and is de�ned by ki =

∑
j∈V

Aij .

+ We call C(i) the community assigned to vertex i in V .
The Modularity Q of a graph G =< V,E > with clusters (C(1), ..., C(|V |)) is de�ned as follows

Q =
1

2m

∑
(i,j)∈V 2

[Aij −
kikj
2m

]δ(C(i), C(j))
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We can immediately notice that Q is actually a special case of the Hamiltonian. When γ = 1 and
considering the null model that ensures conservation of degree distribution, we have the following relation
[RB06], [GSPA04]:

Q = −
1

m
∗ H({σ})

The modularity is a function that takes value into [−1, 1] and depends on the current clustering of
the graph, as well as its adjacency. It can be seen as a measure of deviation from randomness. Indeed it
measures the di�erence between the fraction of within community edges in the graph and the same fraction
as we would have expected it from a random graph. If Q is equal to zero we can therefore conclude that
the communities are no more meaningful than if they were built at random. This measure was designed
such that it becomes null in the random case. The values taken by Q are between −1 and 1. Usually 0.3
is considered as a good threshold for meaningful communities [CNM04]. Q rarely passes 0.7 [RB06].
The fact that Q is equal to zero for the null model doesn't means that every random graph has null
modularity. Actually it is possible to observe quite high modularity values in random networks [GHL06].
It has been shown that the modularity increases robustness, �exibility, and stability in a network. It also
improves the adaptability in rapidly changing environments [GA05] , [HHJ03].

Some alternatives to modularity have been proposed. In [New04c] the author made a general formula
that adapts to weighted graphs. In [WS05] they proposed a normalized Q-Laplacian, that is a matrix
carrying the modularity characteristics but used in a Laplacian way to study the spectral properties
of the graph. In [MD05] They de�ned a modularity that forbids self-loops and multiple edges in the
null random model, to �t better their real network. Allowing such edges would indeed disfavor small
communities where the number of edges inside the communities is quite comparable to this number in the
random case - especially when the latter is in�ated by multiple connections and loops. [MRC05] proposed
a localized modularity that gives rise to the identi�cation of more cohesive clusters. The ground idea of
this localized modularity is that real-world networks'nodes are related locally to their close neighborhood.
A global measure is then less adapted to the real structure. They observed that clusters usually attach
to a small fraction of close other clusters, therefore they use values (for instance the number of links)
computed on a certain neighborhood. In the case where all communities are linked with each other, the
modularity and the normalized modularity are the same.

Some limitations of the modularity have also been evoked. [FB07] points out that methodes of com-
munity detection based on modularity optimization easily miss small communities that are embedded in
larger ones. Modularity optimization methods can also become less accurate when the di�erent commu-
nities have highly di�erent sizes [DWRL09]. Finally this measure - as de�ned above - can only handle
positive weights, whereas some networks have negative weights (representing aversion between nodes)
[TB09], [GJA09]. The authors of [TB09] proposed an extended version of the modularity taking into
account both positive and negative weights.

Optimization of the measures: The exact optimization of the Modularity (or the Hamiltonian) is a NP -
hard problem [BDG+06] (where NP stands for Non-deterministic Polynomial time). This means that
those measures cannot be exactly optimized in a polynomial time, unless P = NP . This is veri�ed
for both weighted and unweighted graphs. Indeed an exact optimization would require to evaluate the
number of possible partitions of the graph into communities. This number is equal to the Bell number
and grows at least exponentially in n [Bel34], [GJA09]. Clustering issues are easier to deal with when
the communities are well-de�ned, and the scale of the problem is manageable. That is when the average
node degree is higher, there are fewer connections between communities, and when the graphs are smaller.



CHAPTER 3

State of the art

A lot of di�erent methods have been studied to detect modular structures in a Graph. These methods
are called clustering algorithms or community detection methods [New03b]. We present a short review of some
of them. As we have already evoked, extracting communities from a graph is not an easy task. In most cases,
performances are better when the average node degree is higher, the graph is smaller, and when there are not too
much connections between the communities. There are di�erent ways of classifying the clustering methods.

We can distinguish partitions and clustering problems. A partition will aim at partitioning the set of ver-
tices for instance solving the Min-Cut problem. Clustering will aim at distinguishing homogeneous subgroups of
vertices, that are besides quite di�erent from the rest of the network, and a fortiori from the other subgroups.
In clustering methods, we can also distinguish hierarchical and non-hierarchical methods. In hierarchical methods,
the solutions can be written as a tree, or a dendogram. Indeed at every step, the descendant clusters are entirely
contained in their parent cluster, so if two nodes are separated at one step, they can never be together again by
descending the tree. In non-hierarchical methods, clusters can be rede�ned without constraints at each step. We
could also allow overlapping clustering.
Finally, we can distinguish two types of hierarchical clustering: agglomerative methods and divisive methods.
Agglomerative methods will depart from all vertices forming its own cluster and successively agglomerate clusters
until there is one big cluster left. On the contrary divisive methods depart from one big cluster and successively
separate subgroups until all vertices are in di�erent clusters.

Some reviews already exist [New04b], [LF09], [DM04], [JMF99], [JD+88], [Fjä98], [AK95]. Other
articles have proposed to compare several existing algorithms [DDGDA05], [New06b], [DA05]. None of them
is exhaustive as there exist nowadays an important amount of methods and algorithms, presenting a wide range of
theories, tools and approaches. Nevertheless a few of them are particularly frequently evoked as references. A lot of
classi�cations exist for clustering algorithms (Global/Local methods, partitioning/clustering, sequential/parallel,
hierarchical/non-hierarchical, etc.). As those classi�cations are neither self-contained nor exhaustive, it is quite
di�cult to put every method in a box. Here I will try to present few methods, and I chose to classify them not
necessarily according to all their properties but to the one that I found most noticeable.
I will present �rst local methods, that makes use of local structure and measures, and then global methods.

1. Local methods

1.0.1. Hierarchical clustering. Hierarchical clustering methods [Sco12], [ELL01] iteratively group vertices into
communities based on decreasing measure of similarity. If the similarity measure is well de�ned, those methods
can perform well enough. They are usually good at �nding parts of communities (with highly similar nodes) but
can easily leave nodes unassigned. Especially nodes that play a singular task (like the root of a community for
instance). On a sparse graph the complexity of such algorithm is O(n2 log n).
Hierarchical clustering is usually based on similarity measure or on a distance. In this case there are several
solutions to convert point-to-point distances into cluster-to-cluster distances. To evoke quickly some methods
presented in the literature [New04b], [DM04], we can distinguish:

9
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- single linkage: The distance between two clusters is the minimum possible distance between pairs of nodes
being in di�erent clusters.

- complete linkage: The distance is now the maximum pairwise distance possible.
- centroid clustering : In this case each cluster is represented by its center of mass and the distance is the
distance between those two points.

- group-average clustering : The distance is set to be the average distance between all pairs of nodes.

Usually the two �rst ones are used. The single linkage method is cheap but it can be fooled by a narrow set of
points between two clusters, and will only see one big community. On the other hand, complete linkage tends to
break big clusters into several smaller ones but it often gives better results.

1.0.2. Radicchi et al. A divisive method is the one proposed by Radicchi et al. [RCC+04]. This algorithm is
based on the number of small loops of a given length (usually the length is taken equal to 3 but it can be more).
For every edge, it computes the number of small loops of length 3 that contains this edge. The idea behind this
algorithm is that inter-communities edges are not likely to belong to many short loops. Therefore, at each iteration,
the edge with lowest value is removed. Every time an edge is removed, the measures have to be re-computed (but
it is a quite local measure). On sparse graphs, this algorithm have a complexity that scales in O(n2). One of
the limitations is that the robustness of the algorithm depends on whether the network originally contains many
triangles or not.

1.0.3. Fortunato et al. Another divisive method, this time based on a complex centrality measure, was proposed
in [FLM04]. The model here is similar to the one proposed by Girvan and Newman [NG04] but they do not
measure betweenness (see next paragraph [New04c])of edges but a centrality measure called Information centrality
(developed and studied in [LM07], [LM03]). They �rst de�ne the e�ciency of a graph as the averaged sum of
the inversed shortest paths (or geodesic). Assuming that information travels through those geodesic the e�ciency

is the mean �ow-rate of information. The Information centrality of an edge is then de�ned as the relative loss in
e�ciency when it is removed. The algorithm will iteratively remove the edge with highest Information centrality

until all the edges have been removed. Then it goes back to the solution found, and select the solution that give
the best modularity. It is a very costly algorithm as the information centrality measure has to be recomputed for
every left edge at each iteration. The complexity will be, for sparse graphs, in O(n4). This method gives good
results but it is likely to fail on dense (not sparse) graphs.

1.0.4. Girvan and Newman. The algorithm proposed by Girvan and Newman (GN) [GN02], [NG04], has
become quite a reference in term of performance and quality of the clustering. It has been applied and tested on
di�erent kinds of graphs, such as social data [ADDG+04], [BPSDGA03], biological data [WH04a], [HHJ03],
[HH03], organizational data [TWH05], [GD03], [GDDG+03]. Its performances are often used as a quality
reference. Still it remains quite slow as it runs in O(n3) on sparse graphs. The main idea is to identify the bounds
of communities using a measure on edges called edge betweenness([New04c] [Fre77]). The betweenness of a given
edge is de�ned as the number of shortest paths (also called geodesic) passing through this edge. The assumption
made is that this value will be high for between-cluster edges. Therefore the algorithm iteratively remove the edge
with highest edge betweenness until all edges have been suppressed. The result, that is a hierarchical clustering,
can be represented with a dendogram. Then the best split can be selected afterwards, for instance taking the
one giving the best modularity measure. Every time an edge is removed, it is necessary to recompute all the
edge betweenness'measures as the geodesics have changed. This explains the high complexity of the algorithm. A
fastest version of this algorithm was later proposed for unweighted [New01], [GN02] and also for weighted graphs
[New04c]. This fastest version runs in O(n2 ∗ log n).

1.0.5. Extremal optimization. There are other optimizations methods, like Extremal-Optimization [Boe99].
Here the global variable to optimize is modularity Q. The author of [DA05] also de�ne a local �tness function

that is equal to
kC

ki
− kin C

i , where ki is the degree of node i, kC the degree of cluster C and kin C
i the in-degree
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of node i with respect to cluster C. They split the graph in two parts and then move the node with lowest �tness
to the other cluster. They repeat this operation until no possible improvement is left. Then they suppress all
the between-group edges and proceed recursively on each sub-group to form a hierarchical partition. The method
stops when the modularity cannot be improved anymore. Because of the local optimization, the result is strongly
dependent on the initialization step and can easily be stuck in local extremum. Another possible method to temper
this, called T0-Extremal Optimization, is to select at each step the r worst �tness values and select the ith one with
probability iT0 . This method is less sensitive to initialization and allow to escape from local minima. The method
stops when the last maximum value for Q is not improved in αn steps, where α is a constant. The complexity of
this algorithm is O(n2 ∗ log2 (n)). It can be lowered to O(n2 ∗ log (n)) if heap data structure ([Fie73]) is used.
Extremal Optimization is also used by [BP01] in a bi-partition algorithm that minimizes the cut-size. They de�ne
a �tness function based on the quantities of good edges (within cluster edges) and bad edges (between cluster
edges). This other algorithm runs in O(n ∗ log (n)).

1.0.6. Spin-glass. The approach developed in [RB06] is a physical one. In their model, �nding a clustering
of the graph is equivalent to �nding the ground state of the Potts spin glass. The indices of communities are the
spin of corresponding vertices. The objective is to minimize the energy of the spin-glass which is equivalent to
minimizing the quality function, the Hamiltonian H. Using formulas inspired from physics, they minimize it using
Simulated Annealing. The probability for a spin to be in a state, all other spin states being �xed, is proportional
to exp (β ∗∆H), normalized over all spin states. The value of ∆H is easy to compute. The spin assigned is
the one that gives the largest increase in the Hamiltonian. This is repeated for every spin in the system. This
method is very simple and can be generalized to directed and weighted graphs. It returns a k-partition without
need of specifying the value of k. It can also handle overlapping clusters and has parameters and a model that
makes the results easy to interpret. The locality of this algorithm enables it to evaluate a community structure
without knowing the whole graph structure. This algorithm has been further developed in [TB09] and extended
to graphs with negative weights. To do so the author �rst de�ned an adapted Hamiltonian (that takes into account
negative and positive weights). The Hamiltonian is again minimized with simulated annealing. The idea is still
to compute probabilities for nodes to be in certain states. This process is iterated over all nodes until no further
signi�cant gain is possible. The temperature is progressively decreased (β is increased), forcing the system into
minimal energy position (ground state). The author of [BWD96] also propose a spin approach. They implement
a metropolis relaxation on temperature to optimize the objective function: a distance-based Hamiltonian, which
decrases monotonically with the distance. This enforces the fact that the closer two points are, the more they want
to be in the same cluster (this is implemented using a Gaussian kernel normalized by the average nodes'degree).
This distance-based measure is weighted by spin-spin correlation, which is this time sensitive to the collective
structure of the graph, and work as a similarity index. It is estimated only on neighbor points using Swendsen-
Wang ([SW87], [LF09], [BZ03]) algorithm. The range of adapted temperature is determined by a susceptibility
measure, proportional to the variance of the current magnetization. Finally the clusters are determined by a
threshold on the spin-spin correlation previously computed.

1.0.7. Clique percolation. [BK73] proposed an algorithm that �nds maximal complete sub-graphs in a graph
(the complete sub-graphs that cannot be extended with any node and stay complete). For that they maintain three
di�erent sets (that they call compsup, candidate and not). The algorithm iteratively evaluates possible candidates
to extend the current maximal clique and update the three sets accordingly. This is done in such a way that
when the two other sets (candidate and tnot) are empty, the algorithm terminates. They also proposed a second
method that selects wisely a node in the candidate set. They choose this node by implementing a counter of
disconnections between the candidate and the not set and proceed in such a way that one counter becomes null as
fast as possible. This second method enables to minimize the number of visited edges during the execution. The
authors of [PDFV05] also propose to de�ne community through cliques. Their algorithm retrieve k-cliques in a
graph. k-cliques, as they de�ne it, are union of complete connected components of size k, that shares k− 1 nodes.
With this method a node can belong to di�erent communities. The algorithm �rst locates the k-cliques and then
de�ne communities from overlaps in the clique-clique adjacency matrix. Their method runs in exponential time,
and only works for undirected and un-weighted graphs. Two parameters can be set: the k parameter, and a w∗

parameter that is the minimal weight of an edge (from a weighted graph) for the method to accept this edge (then
the adjacency matrix is made with binary elements). They show that when w∗ increases the communities shrink
and fall apart. Similarly, as k increases, the communities get smaller but at the same time more cohesive.



2. GLOBAL METHODS 12

1.0.8. Other methods. [WH04b] proposed a model based on analogy with electricity. In this model each vertex
is associated with a potential, computed as if there was a unique resistor on each edge. From these potentials they
are able to compute a voltage (as the di�erence of potential of two nodes). Then they choose thee larger central
gap in potential and divide accordingly the nodes into two communities (higher/lower potential). If k is known in
advance, the algorithm can be extended to a k-partition, otherwise bisection can also be repeated. The method
requires the inversion of the Laplacian and sorting the potentials. It gives quite good results if the graph separates
well. They also proposed an extension of their method with a random sampling of few vertices to compute an
approximated voltage. As the method only use local information, it is able to retrieve a single community in which
a speci�ed node belongs, without knowing the whole graph. The method presented in [Cos04] is quite general as
it is adapted for weighted and unweighted graphs, and for directed and undirected ones. It uses hubs (nodes with
high degree) to detect communities'frontier. Taking a certain number of nodes with highest degrees (the hubs),
they de�ne a d-ball centered on those nodes (where d is �xed and corresponds to the maximum path's length).
On these d-balls they propagate labels that de�ne the communities. As a possible modi�cation they proposed to
merge hubs that share a lot of connections to allow for a community to contain more than one hub. This method
needs the number of communities to be speci�ed in advance. It runs in complexity scaling as O(n ∗ log (n)) for
weighted graphs and O(n) for unweighted ones. [Cla05] proposes a local version of the greedy optimization of
modularity. It can retrieve the community of one node without knowing the whole network. First they de�ne a
local modularity measure that is build from sub-matrices of the adjacency matrix. They restrict again this measure
to boundary nodes (nodes that have neighbors outside the community), therefore it is a measure of the sharpness
of community frontier. The idea is to depart from one center node and discover the graph by adjacency steps
that maximize the gain (or minimize the loss) in local modularity. The local modularity is high when the known
subset is dense and has few links towards the unknown part of the graph. It has to be updated at each iteration
but as it is a local measure this can be done easily. This method is very interesting when the known part of the
graph is much smaller than the whole graph. Besides it can handle very large graphs or highly dynamical ones
(like the internet network), as it only needs local information. If we de�ne < k > as the average node degree over
the visited nodes (nvisited), this algorithm scales in O(< k > ∗n2

visited) (if the computational times that dominates
is the time to compute modularity), or in O(< k > ∗nvisited) (if the time that dominates is the time to retrieve
adjacency).

2. Global methods

2.1. Modularity optimization. Modularity can be used to evaluate or select partitions. But as we want a
clustering that gives the highest possible modularity, it can also be used as an objective function to be maximized.
Maximizing modularity is a NP-complete problem (See I.2). To maximize modularity heuristics must be used.
One limitation of those methods is that usually, maximizing modularity makes small communities hard to detect
[FB07].

2.1.1. Greedy methods. Newman [New04a] proposed a greedy approach to optimize modularity. In the initial
step of this method, each vertex is the sole member of its community. The communities are then iteratively joined
until only one community (that contains all vertices) is left. At each step, the merge that leads to the highest
increase (or, if not possible, the lowest decrease) in modularity is applied. The �nal result can be represented
in a dendogram. Then, looking back at the results in this dendogram, the cut that gives the best modularity is
selected. This algorithm can be implemented by storing the adjacency matrix and performing joins directly on its
rows/columns. This methods is usually faster but less accurate than GN [NG04] method. It can run in complexity
O(n2) on sparse graphs.

2.1.2. Fast methods. A fast method has been proposed that is nearly linear, meaning it can run inO(n∗log2 (n)).
This method is presented in [CNM04], and a generalization to weighted graphs is available in [New04c]. The
main idea is to store a sparse matrix of size n×n with the ∆Qij only. ∆Qij being the gain in modularity obtained
by joining communities i and j, it is only relevant if there exists an edge connecting them. They also store the
maximum value for each row and update it according to merges. The output is the exact same as the one from
the Greedy algorithm [New04a] but the data structure is di�erent.
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2.1.3. Simulated Annealing. In [GA05] the authors optimize modularity using simulated annealing. At high
temperatures the system is allowed to make big moves. During the process the temperature is slowly decreased.
At low temperatures the system can only explore low-cost regions. They propose both individual node's changes or

collective movements, which are accepted or rejected according to a probability proportional to exp (
∆Cost

T
), where

the cost function is equal to minus the modularity. In [GSPA04] simulated annealing is used for optimizing a
modularity-like measure: here it is the Hamiltonian, H = −m∗Q.The author investigates properties of modularity
on random graphs by applying the simulated annealing algorithm as described in [KVG83] to di�erent graphs.
This allows them to de�ne some properties on statistical signi�cance for modularity on random graphs.

2.1.4. Spectral methods. In [New06a], [New06b] Newman propose a spectral decomposition of the modularity
matrix (as he de�nes it, see also chapter I.2). This method is called the leading eigenvector method. For a two-
class problem, the algorithm works as follows: Each vertex is assigned a class label (+/ − 1) such that the array
obtained is as close as possible to a parallel of the eigenvector associated to the leading eigenvalue. In this way, the
modularity is nearly optimized. Besides as opposed to other spectral algorithms (that diagonalize the Laplacian
or the Adjacency matrix of the graph) there is no need to specify the sizes of the two classes. Reality of class
distribution is then better �tted. This method can be generalized to a k-class problem, but k must be speci�ed in
advance. To do so the method uses an indicator matrix S of size n× k, such that Sij = 1 iif node i is in cluster j.
The projection of this matrix on the eigenvectors of the modularity matrix must be maximized with the additional
constraint that the rows of S must sum to 1 (or equivalently S must have k − 1 independent columns). This is
why the number of positive eigenvalues should be considered as an upper bound for k − 1 (and gives a bound for
the desirable number of clusters). Once again the solution is to take column vectors as close as possible to parallel
vectors of the eigenvectors of the modularity matrix. One limitation of the method is that k cannot be adapted on
the �ight. One of its advantages is that it is highly adaptable to di�erent problems, it can even handles bipartite
problems by minimizing modularity instead of maximizing it (and therefore using the smallest eigenvalues instead
of the largest ones). The complexity of this method is O(n2) on sparse graphs, but if it needs to compute all the
eigenvectors it becomes O(n3). The author also proposed a re�nement step inspired from Kerninghan-Lin [KL70]:
After the �rst assignment, the system takes randomly one vertex and moves it according to the best gain (or the
smallest loss) in modularity. This is done for every vertex, only once. The re�nement step doesn't impact the
�nal complexity. Another solution to obtain more than two clusters, would be to iterate bi-partition to form a
dendogram and then select the con�guration that gives the maximum modularity. In this case the complexity is
only O(n2 ∗ log (n)). It can be noticed that the elements of the leading eigenvector also measure how �rmly a
vertex is assigned to its community (with small absolute values, the assignment is ambivalent, whereas with high
values, its a central element). In [LN08] the authors propose an adaptation of the previous algorithm to directed
networks, considering this time the sum of the matrix and its transpose (to have a symmetric matrix).
In [WS05] the author present two algorithms that maximize modularity using spectral representation. To ease
the problem they propose to �nd real-values between 0 and 1 for vertices assignment and turn them into hard
assignment in a �nal step. They use the spectral decomposition of what they call the normalized Q-Laplacian

matrix (which is based on the modularity's algebraic expression). Then they �x a maximum value K for the
number of clusters and propose two algorithms that take as input the K �rst eigenvectors of the normalized Q-

Laplacian matrix (and K), and return an optimal number of clusters and the corresponding clustering. Their �rst
algorithm Spectral − 1 gives more accurate results. For all values of k smaller than K it applies a fast clustering
algorithm (like k-means) on the row vectors of the matrix whose columns are the eigenvectors, and keeps in memory
the returned clustering and number of clusters. In the end, it keeps the best results in the K memorized results.
The second algorithm Spectral−2 is faster but less accurate. It is a greedy algorithm that goes from step k to step
k+1 with only few changes. At each step, it takes the current clustering and try to split in two one of the clusters.
If the split leads to an improvement it is kept, otherwise it is discarded. This algorithm builds the solution and
�nds at the same time the number of clusters and the clustering. When using Implicitly Restarted Lanczos Method

(IRLM) [BDD+00] the algorithms can be nearly linear. Indeed, for sparse graph and if K << n the complexity
will be in O(n ∗K2 ∗ number of iterations).

2.1.5. Expectation-maximization. In [NL07] Newman proposes to optimize modularity using mixture models.
Here for every vertex i and every community r we need to estimate the parameter θr,i, the preference of vertices
from group r for node i, that is the probability for vertices in group r to link to vertex i. We also need to know



2. GLOBAL METHODS 14

the fraction of nodes in a group r, given by πr. Finally we want to know the distribution of vertices into groups.
This is done by estimating qir, the probability for vertex i to be in group r. The Expectation-Maximization (EM)
[DLR77] algorithm approximates a solution for this problem in two steps. Using Bayes formula we obtain an
estimation of qir in step E. Then using maximum log-likelihood we obtain an estimation of the parameters πr and
θr,i in step M. In this second step Lagrange multipliers are added to the log-likelihood maximization in order to
enforce normalization constraints. The steps E and M are iteratively repeated until convergence of the values. Here
the output of the algorithm is, for every node i, the value maxr qir. One limitation is that the number of groups
must be speci�ed in advance. An advantage is that it is highly adaptable to problems and work with directed and
undirected networks, assortative and disassortative ones, fuzzy networks, and it is also able to retrieve overlapping
clusters.

2.1.6. Louvain. Louvain's algorithm was �rst designed in [BGLL08]. It is a quite original algorithm that
iterates two steps and makes use of both global and local information. It is also evoked in [NG04], [New04a] and
[WvE13]. At the initial step there are n distinct communities of one vertex each. The �rst phase do the following
for every node i :

- Compute for every neighbor j of i the value ∆Qij . This is the di�erence in modularity obtained by moving
node i to the cluster of j.

- The maximum value of ∆Qij obtained over all neighbors of i, if it is positive, will determine the move for
i.

This procedure is iterated over all nodes until no more improvement is possible. Each node can be visited several
times. This �rst step leads to a local maximum of modularity. It is besides strongly order dependent. The author
have studied variance of returned modularity and they have concluded that even if the initialization step can
impact a lot the computational time required, the �nal value of modularity do not seem to be really a�ected. The
second step of the algorithm will build a second network G′, whose nodes are the clusters obtained in the previous
step, and whose edges are equal to the sum of edges between the communities. The algorithm iterates repetitions
of phase 1 followed by phase 2 - this is called a pass. This algorithm is simple and quite fast (it seems linear
when experimented on real sparse graphs). It is also able to solve the usual problem of modularity optimization
methods that usually cannot retrieve small clusters[FB07], because here the nodes are moved individually. It has
also demonstrated abilities to retrieve unbalanced communities.

2.2. Partitioning Methods.

2.2.1. Kerninghan-Lin. Kerninghan-Lin algorithm [KL70] is originally built to solve a particular Min-Cut
problem on electrical circuits. Given a network, it �nds a partition into �xed-size sub-communities, such that the
weight of inter-groups'edges is minimal. It is a two-phase algorithm. In phase one the algorithm considers all pairs
of edges in di�erent communities and compute the gain obtained by swapping them. The best pair is then swapped.
This is done until all edges in at least one community have been swapped once (an edge is never swapped twice).
In phase 2 the algorithm looks back and �nds the best-partition's con�guration. The measure optimized by the
algorithm is similar to modularity. In the worst case, the algorithm complexity is O(n2). One of the limitations
of this algorithm, in our particular case, is that the sizes of communities must be speci�ed. Originally, this was
made on purpose to respond to the special issue tackled by the author.
An improvement of the Kerninghan-Lin algorithm has been proposed by [BHJL89]. First the author test Simulated
Annealing (SA) and Kerninghan-Lin (KL) methods on several known random graphs. Both methods perform better
when the average degree is higher. KL tends to give better results particularly with a good initial bisection. Then
they propose a compaction method. When there is a maximum matching, the two corrsponding vertices are joined
in a compacted node. A second graph G′ (with higher node degree) is then built. The bisection is done on G
and then the result is un-compacted. They have shown that compacted KL is usually faster than compacted SA,
and that the latter gives more robust results. Besides compaction method reduces signi�cantly the computational
time, especially when the graph becomes bigger and the average degree is small. The compaction also improves
performances on small-degree graphs.
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2.2.2. Spectral partitioning methods. Using spectral properties of a graph [Chu97] can lead to global methods
for detecting communities. The approach is a global one as the graph is taken as a whole to �nd a representation
in another d -dimensional space (by using d -eigen vectors), in which information will be sumarized. This approach
has many advantages. Indeed there are a lot of algebraic properties that can be used to discuss and analyze the
convergence properties of the algorithms. In particular properties about the algebraic connectivity [Fie73], the
second eigenvalue of the Laplacian (the �rst one being zero as the Laplacian matrix is singular), are largely used
in spectral methods. It enables to relate connectivity in the graph with the eigenvectors. Indeed, directly looking
at the sign of the elements of the corresponding eigenvector can give a bi-partition of the graph (the values will be
positive for some vertices and negative for others). For a classi�cation in more than two classes, the methods often
propose to repeat iteratively bi-partitions. This is a limited approach but that has proven successful (particularly
when the graph is well clustered). Other �ner approaches also exist.
The authors of [PSL90] propose a spectral method to partition a graph into two sets of nearly equal size, making
use of the algebraic connectivity. Their solution is an approximation of the optimal solution of the minimum
cover problem, which is equivalent to the maximum matching one. They propose both interpretations to illustrate
their method. In [AY95] the author propose to use several (d) eigenvalues for a bi-partitioning algorithm. Their
algorithm, called MELO algorithm, iteratively build clusters in time O(d ∗ n2). The method is equivalent to
minimizing the clusters'degree by iteratively agglomerating vertices but this time with global information on the
graph (the spectral information). The maximization is only an approximation of the maximum objective function
on the d �rst eigenvectors (and not n for a complete optimization). With d = 2 it is a usual bi-partitioning
algorithm. When d increases the precision obtained becomes better.

Min cut: The authors of [GLS99] propose a di�usion-relaxation model to handle two-phase (or more)
problems. Their method uses the eigenvectors of the Laplacian to partition the graph, but it needs
eigenvectors associated to eigenvalues close to 1. They also study the speed of transition between di�erent
phases using spectral properties. Barnes [Bar82] proposes a k-partition that is an approximation of a
solution of the Min-Cut problem. He represents the data in a matrix with k indicator columns for the
k groups to be found. Then the problem can be expressed in a quadratic form and it is solved by
diagonalizing the adjacency matrix. As the eigenvectors do not verify necessarily the constraints, the
approximation is made by taking vectors as close as possible (with the Euclidian distance) to the found
eigenvectors normalized by the size of the groups. One of the limitations of this method is that the
number of groups must be known in advance. In [DH73] the authors also propose an approximation for
the Min-Cut problem. The number of groups and their sizes must be known in advance. Their method
uses the diagonalization of the Laplacian. The spectral properties allow them to give a bound for the
minimum cut obtained. In [HMV92] the authors use Barnes [Bar82] method to partition a netlist into
k blocks of speci�ed size. Their approach is a physical one (adapted to electrical circuit) and the quantity
minimized is the weight of the edge cut. Following the same method, the authors of[RW95] propose
new bounds from eigenvalues and develop a projection method to represent the graph on an ensemble
characterized by the constraints imposed.

Ratio-cut and other objective function: Other spectral methods are based on optimizing the Ratio-
Cut [WC91] instead of the Min-Cut problem. Then the sizes of partitions are handled in the optimization
problem and there is no more need to specify them. For instance the spectral algorithms EIG1 [HK91]
and EIG1-IG [HK92b] render k-partitions of a netlist, optimizing Ratio-Cut. In [AK94] the author
propose aDR-PR algorithm than can run in O(k∗n2) (where k is the number of clusters) and also optimize
a multi-way Ratio-Cut. Indeed they propose a d-dimensional spectral embedding. Similarly, [CSZ94]
propose a multi-way ratio-cut partitioning approach. For all those methods, the number of classes must
still be known in advance. Other objective functions can also be used, for instance normalized-cut enables
to evaluate similarity within groups and dissimilarity between groups. In [SM00] the authors proposed
a spectral approach (diagonalizing the Laplacian) that optimizes normalized-cut in time O(n2). Their
method is a bi-partition one that can be successively repeated to obtain more subsets. Similarly in
[DHZ+01] the authors propose to optimize a min-max cut objective function that minimizes similarity
between clusters while maximizing similarity within clusters. Their method provides balanced clusters.
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Modularity selection: Doneti and Muñoz [DM04] propose a spectral partitioning approach revisited,
using modularity. Indeed, their method is based on a spectral analysis of the Laplacian of the graph.
The vertices are projected in a space of D eigenvectors. In this D-dimensional space they are able to
de�ne two distances, the Euclidian distance and an angular distance. Both are used to measure similarity
between vertices (the angular distance has shown better results). From the similarity measure chosen
they do a simple hierarchical clustering, using single-linkage and complete-linkage (complete-linkage has
shown better results). They use the modularity to choose where to cut the dendogram obtained. At this
point they plot the curve of modularity against the dimension. If a maximum appears they choose D
accordingly. If modularity keeps increasing, that means that D has to be enlarged. One limitation of
this method is that D is not known in advance, but usually taking a relatively small number from the
beginning will be enough (a maximum is often found at the �rst step). In a following article [DM05] the
same authors have shown that using a normalized Laplacian (by the nodes'degree) leads to better results.
The complexity of this method is O(n3).

2.2.3. Cuts. Some algorithms also minimize the cut size with an approach that is not spectral but iterative.
The iterative algorithm presented in [FM82] implements a bi-partition of the graph, that approaches a min-
cut solution in linear time (O(n)).In [WC90] the authors propose a bi-partition method with size constraints.
Their method groups strongly connected components into clusters and re-arranges them into two big groups. The
grouping step reduces the complexity and improves the results. They use Ratio-Cut optimization to iteratively
divide and sub-divide the network into small groups. Then they apply several times the contraction method from
Fiduccia and Mattheyses [FM82], considering their small groups as the new nodes to be clustered. Finally they
re�ne the results by executing a last time the Fiduccia and Mattheyses method from the previous optimal solution.
[Kar93] also proposes a bi-partition solution to the Min-Cut problem in O(n2). The nice feature of this algorithm
is that it can be parallelized (this is what they call the RNC algorithm). The RNC algorithm is much faster as
it runs in O(log2 (n)). The cut is done by a contraction method that creates meta-vertices as the contraction of
two vertices. This procedure is di�erent from merging as the external degrees do not change but it is a process
similar to the suppression of the edge between the two vertices. Their approach is a probabilistic one as vertices
are selected according to an estimated probability. The authors of [WC91] propose to use a di�erent measure,
the Ratio-Cut. The Ratio-Cut is a normalized version of Min-Cut where the objective function is divided by the
sizes of the sub-groups. The cut that gives the minimal ratio corresponds to the one that deviates most from the
optimal cut in a uniformly distributed graph. Using this metric frees from the constraint to prede�ne the size of
sub-communities, as the sizes are now managed with the objective function. The algorithm runs in three steps.
First the initialization step: One node is chosen at random and another one at the other end of a longest path.
Taking one as a seed, each time the best candidate node is merged to a cluster until all vertices are assigned, and
all ratio cuts are saved.The same is done from the other end. Finally the best cut obtained is kept. Then iterative
shifting is applied. It is the same process but from the obtain cut. First it tries right shifting until all nodes are
exhausted, then left shifting is done similarly. In the end the best Ratio Cut is kept. The last step is called group
swapping. At this point no individual move can lower the ratio. Therefore they de�ne a gain for each node as the
decrease in ratio when moving the node to the other group. With lock/unlocked modes they are able to evaluate
the cumulated gain of moving groups of nodes. When all modules are locked, if a swap can give a positive gain
it is done. The complexity is linear (in O(n)). The method proposed in [RDJ94] is a quite e�cient one. It is
called the paraboli method, and it proposes a linear way of partitioning circuit. It is therefore adapted to large
problems. The basic idea is to replace the quadratic objective function by a linear one, based on the norm − 1
distance. To solve the so-formulated problem the authors use the conjugate gradient method. They computed
ratio-cut values to evaluate the performances and show that the returned results were good and sometimes better
than the ones given by usual quadratic methods.
[BCLS87] proposed a di�erent approach. Their method looks for bisections of graphs, but it has the particularity
that it is guaranteed to �nd the exact optimal solution, if it returns a solution. Indeed, the algorithm either has
no output, or it is the best possible one. It is based on �ow analysis. They minimize the cut size by solving the
maximum �ow problem. To �nd maximum �ow between two nodes they replace their neighborhood into in�nite
capacity source and sink. It is a way of contracting modules into neighborhood before computing matching-based
compaction. Their method has some limitations as it can only work on graphs subjected to constraints (small
degrees for nodes, few edges, limited size of the bisection).
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2.2.4. Simulated annealing. The authors of [KVG83] propose to make an analogy between statistical mech-
anism and combinatorial optimization. They use simulated annealing (from analogy with simulated annealing
in solids) in a Metropolis algorithm that approximates numerical simulations. Simulated annealing is actually
an implementation of divide and conquer idea. The system is cooling down and big moves are allowed at high
temperatures while small moves are allowed until low temperatures. They tested this method on several classical
problems : the traveling sales man, wiring problems, placement problems (minimizing propagation time in an
electrical circuit subject to constraints on space), physical design placement (optimization of an Hamiltonian-like
objective function using Monte Carlo Metropolis approach). In this article they treat only bi-partition problems
and reach signi�cant improvements in performances by enabling this adaptive division of the problem. This method
is widely applicable and has complexity scaling in small powers of n.



Part 2

Introducing stochastic process



CHAPTER 4

Markov chains with Monte-Carlo methods

In this case we are interested in introducing a stochastic process in clustering algorithms. To do so we will
focus on the Markov Chain Monte Carlo (MCMC) process and use such chains to build clustering methods. First
of all, we will present some properties and de�nitions on MCMC.

1. De�nitions

In this section we present basic de�nitions and properties of MCMC. Those de�nitions and properties can be
further investigated in the literature, as there exist many presentations, explanations and proofs of these properties.
For instance the reader can refer to [Gey91], [RT08], [IM76], [Has70], [Tie94].

1.1. Markov Chains and Monte Carlo Methods.

Markov chains: AMarkov chain is a discrete-time stochastic process (Xt)t∈N+ taking values in an arbitrary
state space. It has the following properties:
+ The conditional distribution of Xt given the previous X0, X1, ..., Xt−1 is identical to the conditional

distribution of Xt given only Xt−1.
+ This distribution does not depend on the value of t.

We will say that markov chains are memoryless, as it illustrates well those de�nitions. The conditional
distribution of Xt given Xt−1 is called the transition probability. In the particular case where the (Xt)t∈N+

have values in a discrete state space S, this transition probability P can be written

P (x, y) = Pr(Xt = y|Xt−1 = x), (x, y) ∈ S2

In the case where S is a �nite ensemble of possible labels, S = (L1, ...,Ln), the probability pij to take the
labeling Lj from the labeling Li is then

∀(i, j) ∈ {1, ..., n}2, pij = P (Li,Lj) = Pr(Xt = Lj |Xt−1 = Li)

This transition probability veri�es the usual properties of probability distributions such as
+ ∀(x, y) ∈ S2, P (x, y) ≥ 0
+ and ∀x ∈ S

∑
y∈S

P (x, y) = 1.

A squared matrix that satis�es the previous properties is called a stochastic matrix.
P is sometimes also called a kernel density.
More generally, with a general state space S, we can de�ne this kernel density as:

for B a mesurable set of S, x ∈ S, P (x,B) = Pr(Xt ∈ B|Xt−1 = x)

It satis�es the following properties:
+ ∀x ∈ S, the function B → P (x,B) is a probability measure.
+ For B a measurable set in S, the function x→ P (x,B) is a measurable function.

19
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Monte-Carlo methods in Markov chains: Monte Carlo methods are computational methods that rely
on random sampling to obtain numerical approximations. It is just a particular form of numerical inte-
gration, that uses randomness. It exploits the famous law of large numbers. One of the simple problems
that can be resolved by Monte Carlo methods is the evaluation of

Eπ[g] =

∫
g(x)π(x) dx

Where
+ π is a probability density corresponding to a random variable X
+ g is a function.
+ Eπ[g] is the expected value of g(X)

This becomes a problem when the previous expression is untractable. In this case, the value of Eπ[g] must
be approximated. The Monte Carlo approach is the following:
Supposing we can draw a sequence of (Xi)i∈N+ , independent and identically distributed (i.i.d), following
the distribution of X. Then from the law of large numbers we have the following result :

Eπ[g] ≈
1

n

n∑
i=1

g(Xi)

It is possible to use the Central Limit Theorem, provided a few properties (that π admits a �nite variance
for the function g), to obtain a theoretical limit distribution for the error of this approximation.
With MCMC methods, the sequence of the (Xi)i∈N+ is drawn from a Markov chain. In that case, we do
not rely anymore on the i.i.d property but on the numerous properties of convergence of Markov Chains.
The idea is to build a chain of (Xi)i∈N+ that will, in the limit case of large values of i, be almost distributed
followind π law.

1.2. Properties. In this section we present various properties that Markov chains can verify.

Reducibility: A Markov Chain is said to be irreducible if it is possible to go to any state y from any other
state x. More formally,

∀ (x, y) ∈ S2 ∃ t ∈ N+∗, P r(Xt = y|X0 = i) > 0

Periodicity: A state x is said to have period d if any return to state x must occur in a multiple of d steps.
Equivalently that means
(i) P t(x, x) = 0 if and only if there exists a m such that t = m ∗ d

(ii) d is the larger integer verifying (i).
The chain is said to be aperiodic if the greater common divisor of the periods of its nodes is 1. In this
case a return to state x can occur at irregular times. Another condition that is enough for a chain to be
aperiodic is the possibility to always return to a state. That is if ∃t0, ∀t > t0, P r(Xt = x|X0 = x) > 0.

Transience: A state x is said to be transcient if, given that the current state is x, there is a non-zero
probability that the chains will never return to x. We called recurrent states the states that are not
transcient, that is the states for which the return time is �nite with probability 1. The mean recurrence

time of a state is the expected value of the return times to this same state.

Ergodicity: A state is said to be ergodic if it is aperiodic, recurrent, and if its mean recurrence time is
�nite. A chain is ergodic if all its states are ergodic.
A Markov chain that takes values in a �nite state space, that is irreducible and aperiodic, is an ergodic
Markov chain.
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Stationary distribution: If the chain takes values in a �nite space S (for instance S = {1, ..., n}), let's
call P the associated transition matrix. P contains the elements (pij)(i,j)∈S2 . Then, we de�ne P k(i) as

the ith row of P k. It contains the probabilities to visit nodes j, j ∈ {1, ..., n} from node i in k steps. A
stationary distribution π is a distribution that veri�es π × P = π. If G is a non-bipartite graph, for all
i ∈ {1, ..., n}, P k(i) tends to the stationary distribution as k tends to in�nity.
An ergodic chain admits a unique stationary distribution. In this case, we say that the chain converges.

Convergence and spectral analysis: If the P is stochastic, irreducible and aperiodic, with values in a
�nite state S, we can apply the Perron-Frobenius theorem [Per07],[FFFF12]. We know that 1 is an
eigenvalue of P of multiplicity 1. The other eigenvalues have absolute values strictly less than 1. if we
call λ2 the maximum of those absolute values, we have the following property

||Xt − π||2 < a constant ∗ λ2t
2

Therefore the speed of convergence of the chain is at least geometrical [Yca02].
The norm used in the previous equation is the Chi-square norm. It is de�ned as

||Xt − π||2 =
n∑
i=1

(Xt,i − πi)2 =
n∑
i=1

πi ∗ ε2i

Where εi =
Xt,i − πi

πi
. We can notice that with this norm, the relative errors are less penalizing if they

are made on a state that is less probable.

2. Examples

In this section we present some usual MCMC methods.

2.1. Gibbs sampling. The basic idea of Gibbs sampling is to decompose a di�cult multi-dimensional problem
into a collection of smaller dimensional problems that will be more manageable. It was introduced by several authors
such as [GS90], [GG84].If L is the domain of the initial problem with dim (L) = d

L = L1 × ...× Lk; ∀i ∈ {1...k},dim (Li) = di such that
k∑
i=1

di = d

If we have

ω ∈ L, ω = (ω1, ..., ωk);with ∀i ∈ {1...k}, ωi ∈ Li
Then we de�ne ω−i by

ω−i = (ω1, ..., ω
i−1, ωi+1, ..., ωk)

The Gibbs sampler is a partition of the posterior distributions' parameters. Instead of an estimation of the distri-
bution π over L it estimates the successive distributions πi(.|ω−i) over Li.
One of the main limitations of the Gibbs-sampling algorithm is that we need to know the partial posterior distri-
butions πi which is sometimes not the case.
Here are some examples of Gibbs sampling algorithm.
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Algorithm 1 DUGS

Deterministic updating Gibbs sampler (DUGS): choose ω0

for n = 0...Niterations do
for i = 1...k do
sample ωin+1 from πi(.| ωjn+1, j < i, ωjn, j > i)

end for
end for

The associated transition density PGS is de�ned by

PGS(x, y) =

k∏
i=1

πi(yi|y1, ...yi−1, xi+1, ...xk)

Random scan Gibbs sampler (RSGS): In this version of the algorithm, at each iteration, one of the k
components is chosen at random to be updated.

Algorithm 2 RSGS

choose ω0

for n = 0...Niterations do
sample i from U({1...k})
sample ωin+1 from πi(.| ωjn, j 6= i)

∀j 6= i set ωjn+1 ← ωjn
end for

Where U({1...k}) is the uniform distribution in {1...k}.
The associated transition density PRSGS is de�ned by

PRSGS(x, y) =
1

k

k∑
i=1

Pi

2.2. Metropolis-Hasting. Now let's consider π, an un-normalized density on a space L of dimension d.
Assuming that we are able to carry out simulations of a Markov Chain with transition density q(x, .). The function
q does not necessarily need to be related to π, but the choice of q may impact the e�ciency of the algorithm.
The principle is the following: given Xn we generate a candidate transition Yn+1 according to q(Xn, .). This
transition is then accepted with probability α(Xn, Yn+1) where

α(x, y) =

{
min (π(y)q(y,x)

π(x)q(x,y) , 1) if π(x)q(x, y) > 0

1 if π(x)q(x, y) = 0

The algorithm, �rst presented in [Has70], is the following:

Algorithm 3 Metropolis-Hasting

choose X0

for n = 0...Niterations do
sample Un+1 from U [0, 1]
sample Yn+1 from q(Xn, Yn)
if Un+1 < α(Xn, Yn+1) then
Xn+1 ← Yn+1

else
Xn+1 ← Xn

end if
end for
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The associated transition probability p(x, y) is de�ned by

p(x, y) = q(x, y)α(x, y) if y 6= x

.
The probability of remaining at the same point is de�ned by

r(x) = p(x, {x}) =

∫
q(x, y)[1− α(x, y)]dy

A Metropolis-Hasting Chain is reversible w.r.t π, that is π(x)p(x, y) = π(y)p(y, x). Besides the proportion of
accepted moves is eventually optimized.

Independence sampler (IS): : In this special con�guration we set that q is independent of x, that is
q(x, y) = q(y).

Therefore if we de�ne ω(x) = π(x)
q(x) we have that

α(x, y) = min (
ω(y)

ω(x)
, 1)

We can notice that if ω(.) is constant this is equivalent to an i.i.d sampling.

Symmetric random walk metropolis (RWM): In this case q is an even function and q(x, y) = qRW (y − x) =
qRW (x− y).
Therefore

α(x, y) = min (
π(y)

π(x)
, 1)

All uphill moves are accepted (those that increase π) whereas downhill moves can be rejected with a
non-null probability.



CHAPTER 5

Stochastic processes in graph clustering

1. State of the art

There are already several methods that use random processes to detect communities in graph, or that
introduce stochasticity in known algorithms in order to improve performances.

1.0.1. Random walks. Some methods proposed use random walks on the graph to de�ne distances between
nodes. For instance [HK92a] proposed a measure based on cycles in the graph. A similarity between nodes is
computed, based on the cycles the nodes belong to, and the common nodes that can be �nd in those cycles. The
algorithm based on this similarity measure is called RW-ST. Another proposed distance is the ECT distance
[YVW+05]. The ECT distance is based on the average commute time between two nodes (the average length of a
back-and-forth way). It is computed using the Moore-Penrose pseudo inverse of the Laplacian of the graph. With
this distance the algorithm proposed makes use of a k-means-like algorithm. K-means algorithm is a well-known
two step algorithm that iteratively proceeds as follows: �rst it allocates points to de�ned clusters (every point is
assigned to its closest center, called a prototype in this case). Then the prototypes are rede�ned, in this case such
that the within cluster variance (the sum of squared distances between all points in the cluster and the prototype)
is minimized.
Netwalk algorithm proposed in [ZL04] also uses random walks in the graph to de�ne a similarity measure between
nodes. This time the similarity value is the probability to jump from one node to another, weighted by the number
of common nearest neighbors of these two nodes. The algorithm is then an agglomerative algorithm that merges
the nodes in decreasing order of similarity. The result can be described with a dendogram structure and the
measures have to be updated after each merge. To speed up the process the authors suggested computing their
measure using only a random sample of the nearest neighbors of nodes.
Finally the MCL algorithm [VD01] implements a random walk approach. This time the aim of the algorithm is
more to highlight dense �ows existing in a graph than exactly detecting clusters. Still communities can then be
identi�ed in the graph as subsets of nodes that are densely connected. The algorithm starts from the adjacency
matrix and iteratively repeats the expansion (for even steps) and in�ation (for odd steps) operations. It does so
until it converges to a nearly idempotent matrix with respect to both operations (nearly means that a threshold
is �xed under which all values are set to zero). The expansion step is an elevation of the previous-step's result
to a �xed power. The in�ation step is an operator that raises every column elements to a certain power and
normalizes the result (dividing by the sum of all elements in the resulting column). It can be formalized with the
Hadamard-Schur product. Both expansion and in�ation (when parameters selected wisely) pro�t to �ow in dense
regions. That means that the algorithm will strengthen �ow where the current is already strong, and weaken it
where the current is weak. The limit result obtained then reveals the community structure. Indeed the columns
that have similar values can be said to belong to the same cluster. The complexity of the algorithms previously
presented is in O(n3).
Some algorithms have been optimized that run in less than O(n3) on sparse graphs. The walktrap algorithm for
instance, proposed in [PL05] also uses a random walk, with probability to go from a node i to a node j equal

to
Aij

ki
. They also use powers of this transition probability matrix to de�ne a distance between nodes. From this

distance they are able to measure structural similarities between nodes and more largely between communities. This
distance can then be used with a hierarchical clustering algorithm. Besides they provide a spectral interpretation
of the random walk (see also [Chu97]) and propose a method to e�ciently compute the distances. The algorithm
can run in time O(n2 log n) and performs well compared to usual methods. They also show that a power scaling
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as O(log n) should be enough to get consistent results (in practice they never passed the value 8). Similar spectral
properties have been studied in [NLCK05]. The authors propose to use a Gaussian kernel to de�ne a probability
transition in a random walk scheme. The normalized kernel matrix can also be seen as a transition matix in a
random walk. They de�ne a distance, the di�usion distance based on those probabilities. this distance is equivalent
to the Euclidian distance in the associated feature space called the di�usion map. Using spectral decomposition
of the normalized transition matrix, they were able to discuss convergence properties of their algorithm.
In [HK01] the author were also able to reach a lower complexity. They use the same probability transition between
nodes and show that the vectors P k(i), of length n, containing the probabilities that a random walk originating
from i will reach a node after k steps, will converge to a stationary distribution as k goes toward in�nity. And
so regardless of i and as long as the graph is non-bipartite. From this result they de�ne two similarity measures
between nodes. One based on similarity of their neighborhood, the other based on the probabilities of a back-and-
forth random walk. Those measures are used to assign weights to every edges in the graph. Edges with weights
below a given threshold are then said to be separators, that is between-communities'edges, and are suppressed.
They also proposed to use this method as a pre-processing step for an agglomerative clustering algorithm. Using
locality of their measures, they show a complexity nearly linear, in O(n log n).
The author in [TS00] propose a method implemented with Markov Chains, with no assumption on the underlying
distribution of data. Their approach is a pair-wise distance-based clustering method. The distance matrix is
simulated by a Markov process that is a function of the pair-wise distance between nodes. As the chain is an
ergodic process, it admits a single stationary distribution. This means that after some iterations the information
about the initialization is completely lost. This also means that a stable distribution is eventually reached. They use
mutual information index (inspired from Kulback-Liebler divergence [Cov91]), that is a function of the conditional
distributions of variables, as a cost function. It decays monotonically (as the number of iteration grows the
information on the initial position is lost) but the rate of this decay gives information. Indeed it will slow-down
when hitting quasi-stable structure in the graph. There, the transition probability matrix is close to a projector
(it is nearly idempotent). These almost invariant sub-graphs correspond to the clusters. By examining the decay
of mutual information during the relaxation they are able to retrieve these quasi-stable structures after a few
iterations. Then in a second step, these structures are extracted with the bottleneck method ([HB97], [PTL93])
that �nds a representation of a variable that maximizes the mutual information under size constraints.

1.0.2. GN randomized. Sthochasticity can also be introduced in Girvan-Newman (GN) [GN02], [NG04] al-
gorithm. In [WH04a] and [TWH05] the authors propose a fastest but less accurate version of GN algorithm.
Sthochasticity is introduced in two ways. First, in order to speed-up the process they compute only a partial
betweenness using a sample of vertices. Selecting a random subset of vertices, they compute shortest paths to
other vertices and update accordingly a running-value of the betweenness. If this is made for all vertices, the �nal
values are equal to twice the betweenness. Here they stop when at least one running value has passed a �xed
threshold (there is also a hard limit on the number of vertices visited). In the original algorithm, the exact value
of the betweenness doesn't matter, only the ordering of vertices is relevant. The results obtained are quite good
when compared to the original algorithm. This process enables to select an edge with high betweenness but not
necessarily the highest. This edge is then removed, and partial betweenness must be recomputed. The network is
therefore successively split. As stopping criterion, they enforce that communities of size less than 6 can only be
split if one edge betweenness is less than the size of the community minus one (this enforce that a group of �ve
nodes can only be split into two and three nodes). Because of the randomness in the process, executing several
times the same algorithm will give di�erent results. Aggregating those results enable them to compute weights
that render the certainty of the community assignment (or equivalently the robustness of the result) and to retrieve
ambiguous nodes.
In [MD05] the authors try to model a potential energy landscape (PEL). Because the complexity of this problem
is high (the number of minima in energy increases exponentially with the number of atoms in the system) they
sample only a few points and try to obtain a statistically accurate representation of the PEL. To do so they use
Monte Carlo methods that also improve the results. Indeed it enables the process to hop from attraction basin
to others, avoiding being stuck in local minima. First they use spectral representation of the graph and diagonal-
ize the adjacency matrix. Then they maximize modularity using two di�erent algorithms : Greedy optimization
[New04a] and edge betweenness [NG04], in which they introduce stochasticity. They also propose two stochastic
methods: Simulated Annealing or basin-hopping (in this Monte Carlo method several nodes are changed at a time,
making a quenched system). Then they apply a Metropolis Hasting criterion to select moves (with probability
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proportional to exp (β ∗∆Q), where ∆Q is the gain in modularity). The bassin-hopping method is globally slower
than simulated annealing but it gives better results faster. In any cases the method presented here is quite costly.

1.0.3. MCMC methods. MCMC methods are widely used in model inspired from Physics (spin model, Potts
model,etc.) and also from Biology. Particularly in phylogeny, evolutionary trees can be simulated with MCMC
[HRNB01], [MNL99], [LS99].
In [GRS99] the authors propose a robust hierarchical clustering method. It is based on a new measure of similarity
(or proximity) between nodes that is related to the number of neighbors they have in common. With this metric
they build the clusters hierarchically. The original idea is that they do it only for a random sample of nodes. Then
they assign the rest of the nodes to the cluster with which they have a maximum number of links (normalized by the
expected number of neighbors the considered node has in this cluster). This sampling process improves signi�cantly
the e�ciency of the method. Besides it does not particularly reduce the quality of the result, it even performs a
kind of �ltering for outliers. The complexity of this algorithm scales in O(n2

sample∗ log (nsample)+nsample∗ < k >2),
where < k > is the average nodes'degree, and nsample the number of sampled nodes.
Williams [Wil85] uses MCMC methods that describe random-walks on nodes. He simulated Markov chains on
an Ising model at the critical time and delivered analysis on transition rates. His method uses a decay model by
a Boltzmann law on the Hamiltonian, and implements a parallelized n-spin �ip according to the corresponding
metropolis probabilities.
The authors of [Kal84] studied a spin-Ising model with usual Monte Carlo methods. They proposed a study of
the relaxation time. They also showed that Potts model are equivalent to weighted percolation problems and give
a generalization of Potts model to non-integer values of q.
[Swe83] studied a two-dimensional Potts model using MCMC methods. After randomly selecting an edge, the
algorithm evaluates the change in the cost function by moving it, that de�nes a weight associated to this edge.
The edge is indeed moved with a probability equal to this weight. This is repeated until equilibrium is reached. To
do so they need to evaluate the connectedness between nodes that requires being recomputed after each change.
Therefore they propose a fast algorithm that is able to traverse the graph quickly, just by using data structure
adapted to their measure (they use pointed list and count loops instead of counting paths). This algorithm is
highly e�cient and can reach a linear complexity (or even a logarithmic one under some con�gurations). Indeed
after every iteration, only few updates are required. Besides the algorithm reaches equilibrium very quickly (after
some iteration the memory of initialization is completely lost). As additional advantages the method can handle
non-integer values of q.
The authors of [SW87] propose a very e�cient method based on Monte Carlo simulations, applied to Potts model.
Normally the time needed to compute spin-correlation can grow quadratically in the system size. Their method
bypasses this issue. It starts from a random con�guration and creates bounds with weighted probabilities only if
the spins of the corresponding nodes are similar. Then they assign new random spin values to clusters, according
to a probability that is proportional to an exponential of the di�erences in the Hamiltonian values. As their Monte
carlo algorithm satis�es detailed balance, an equilibrium distribution is reached. Their method has the advantage
that it can manage non-integer values of q.
MrBayes ([HR+01]) algorithm implements Metropolis Coupled MCMC (also called MC3). Multiple chains are
run, and at regular times (after they all have been updated a certain amount of times), they attempt to swap
the states of randomly chosen chains. The swap takes place with a probability that depends on the parameters
of the chains. The point is that the chains are heated di�erently: some can easily cross valleys while others are
more constrained. With the swapping of states, even cold chains can jump to other peaks. The fact that several
chains have to be run increases the execution time but it allows parallelization. The algorithm used resembles a
Metropolis Hasting method. In [RH03] a parallelized programming of MrBayes is proposed.
[FK72] presents a detailed study of Potts model. The authors proposed a random clustering method in which
each edge is characterized with a probability and also a parameter k. According to the values of the parameter,
we are in di�erent con�gurations. For k=0 it is the electrical network model, for k=1 the percolation model, for
k=2 the Ising model, and more generally with k=n it includes the n-coloring and the Ashkin-Teller-Potts model
(with n states per atom). With this general study, they are able to make theoretical analysis of various methods
implementing random cluster model.
In [RB04] the authors proposed to �nd the ground-state of a Potts model implementing Monte Carlo methods
with a heat bath (by simulated annealing). To do so they �rst proposed a modi�ed version of the Hamiltonian
adapted to a q-state Potts model (to be able to render more than two clusters). Then the co-appearances of nodes
are binned in a matrix before reordering rows and columns such that communities appear as diagonal blocks. It is
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also possible to make a parallelized implementation of this method, as they only use local information to update the
spins. Besides their fuzzy methods allow for detection of overlapping communities and for a measure of con�dence
in nodes'assignment.

2. Proposal of new methods and experimental protocols

2.1. The algorithms proposed. In the rest of this work we will present our proposal of stochastic methods
to detect communities in graphs. We tackled the problem in two di�erent ways. First we tried to implement a
simple stochastic algorithm de�ned according to basic MCMC process like Metropolis-Hasting and Gibbs sampler.
We derived two versions of this algorithm. One that returns an optimal clustering along with the corresponding
number of clusters. We also proposed another algorithm that takes as input the desired number of clusters and
return an optimal clustering. We then tested those algorithms both on random graphs and on real graphs. They
showed quite good results in spite of the simplicity of the methods.
The second part of this work is di�erent as it departed from an existing algorithm: Louvain's algorithm, and try
to introduce stochastic processes in it. The idea comes from the limitation of Louvain's algorithm, and other
methods that greedily optimize modularity and can therefore be stuck in local minima. Indeed, as Louvain's
algorithm always choose the best local move, it can never jump from one bassin of attraction to another one.
Besides the returned result is highly dependent on both the initialization step and the ordering in which nodes are
visited. Therefore introducing stochastic process seems a good idea to improve the quality of the clustering and
the robustness of the results.
An extra advantage of introducing stochastic processes using MCMC chains will be to bene�t from the convergence
properties of the chains to bound both errors and computational time before convergence. We could also use those
properties to allow our-selvs to work with only a few sample of nodes without deviating too much from the real
results. Then this would enable us, for instance, to work on much bigger graphs, or to reduce considerably the
computational time needed.
Finally, another possibility given by a randomization of the process is to come-up with a con�dence in clusters'
assignment. Indeed, because of the stochasticity, executing several times the algorithm will return di�erent results
every time. Therefore we can compute the strength of an assignment. We can guess indeed that the assignment
will be quite constant for a vertex obviously classi�ed. On the contrary, for a vertex di�cult to classify, the
return clustering could vary more. This observation gives us a method to measure con�dence in a vertex cluster's
assignation.

2.2. Graph used for testing.

2.2.1. Random graphs. The algorithms will be tested partly on arti�cial graphs, generated for the experimental
purpose, and partly on real graphs.
The algorithms will be tested on small-world random generated graphs. We choose the Watts Strogatz (WS) model
that is known to have a quite high clustering coe�cient, when the rewiring probability is not too high. The Watts
Strogatz model is built as follows:

Algorithm 4 Generation of a WS graph

Rearrange all nodes on a circle
Link every vertex to its nini (= 4) closest neighbors
With probability p rewire each connection to a randomly chosen vertex

As the rewiring probability increases, the graph becomes more and more random. When p increases, we can
observe a slow decrease of the clustering coe�cient and a fast decrease of he diameter of the graph. For instance
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Figure 1. Initial Watts Strogatz graph

with 100 vertices, a rewiring probability p = 0.06 and each vertex being originally connected to four neighbors,
we have the following graph. We will use mostly this graph to test our algorithms. Partly because it is highly
clustered and still veri�es the other properties (such as small-world property).

It is generated using pre-computed R-functions.

1l ibrary ( igraph )

2n .V<−100
3ws<− watts . s t r o ga t z . game(dim=1, s i z e=n .V, ne i= 4 , p=0.06)

4plot (ws )

2.2.2. Real graphs. To test our methods we will also use real graphs as they can have properties di�cult to
reproduce with generated graphs. Besides it is anyway the best way to evaluate how the methods perform on real
data and with concrete issues.

Zachary karate club: One of the interesting things about dealing with a well-known graph is that we
actually have information about the real communities. Indeed, the position of every node of the graph
has been described by the author[Zac77]. This position can be :

- In favor of Mr.Hi, strongly. Those are represented by a big circle in the following plot.
- In favor of Mr.Hi, weakly. Those are represented by a small circle in the following plot.
- In favor of John, strongly. Those are represented by a big square in the following plot.
- In favor of John, weakly. Those are represented by a small square in the following plot.
- Without opinion. Those are represented without any symbol.
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Figure 2. Zachary graph with opinions of the nodes

Lusseau bottlenose dolphins: A second graph studied here is the bottlenose dolphin graph. It is an
undirected social network that describes the frequent associations between a group of 62 dolphins in
a community living o� Doubtful Sound (New Zealand). Those data have been patiently collected and
analysed by Lusseau et al.[LSB+03]. Clustering properties of the graph have also been explored in
[LN04], [NG04]. Heterogeneity, for instance, with respect to the sex of the animals, have been observed
in the small more densely connected sub-communities. After the departure of one individual, the group
has split in two. The two obtained communities can be seen in the following graph.

Figure 3. Bottlenose dolphins of Doubtful Sounds
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In this graph, one of the community is represented with squares and the other with circles. Besides,
the sex of individuals is indicated by the color of the labels (in red for male, in blue for female, and in
grey when this information is not available).

Other real graphs used for testing: In the �nal part of this work we will compare our method with
other well known methods. We will do so on several random graphs and real graphs. We will use the
following real graphs : the Jazz network, the C-elegans network, the E-mail network, Les Misérables

network and the power grid network.
The Jazz network [GD03] is a collaboration network of 198 jazz musicians. Two players are linked

whenever they have played in the same band. The graph contains 2742 edges. This network is a small-
world network and the degree distribution of nodes (and clusters) follows a power law distribution. It is
highly clustered and commonly used to test clustering algorithms.

Figure 4. The Jazz network

The C-elegans network [JTA+00] is a metabolic network of a multicellular organism called nematode

caennorhabditis elegans (C-elegans) with 453 vertices and 4.596 edges. It veri�es several properties, as
most metabolic network. Indeed it is a small-world, scale-free and robust network.



2. PROPOSAL OF NEW METHODS AND EXPERIMENTAL PROTOCOLS 31

Figure 5. The C-elegans network

The E-mail network [GDDG+03] describe E-mail contacts in a university of Tarragona (Spain), the
university Rovira i Virgili. It has 1.133 vertices and 10.903 edges.

Figure 6. The E-mail network

We also used a network proposed in [KKK93] that shows interactions between characters in the novel
Les Misérables from Victor Hugo. There is an edge between two characters whenever thay appear in the
same chapter of the book. This network is quite small with 77 vertices and 254 edges.
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Figure 7. Les Misérables network

Finally the power grid network [WS98] represents a topology of the Western States Power Grid of
the United States. It is undirected and unweighted and contains 4941 vertices and 6594 edges.We do not
provide a plot here as it isn't very readable.

2.3. Evaluation of results. To compare the results we will use two di�erent measures. First the Modularity
of the clustering (Chapter I.2). Indeed the modularity can be seen as a measure of how good the clustering is,
being close to 0 for a random clustering, and equal to 1 when all nodes are in the same cluster (which is the trivial
solution that does not present much interest in our case). We will also use the Rand index [Ran71], [SG02].
This is a similarity measure that is able to compare any two non-overlapping clustering, even if they do not have
the same �nal number of clusters. Indeed, it works by considering pairs of nodes and see if both clustering are
correlated on this pair. We say that the are correlated if both clustering classify the two nodes in the same cluster
or if both clustering classify them in di�erent clusters. The main issue is that the value of the index is not null in
the case of a random clustering. To make up for that, a Corrected Rand Index has been proposed [HA85]. Then
the �nal value of the index will be

R′(Clust1, Clust2) =
R(Clust1, Clust2)−Rexp

Rmax −Rexp
Where

+ R(Clust1, Clust2) is the usual Rand index.
+ Rexp is the expected Rand index for a random clustering (with the same clusters' distribution for Clust1

and Clust2).
+ Rmax is the maximum Rand index we could have obtained.

The values of the corrected Rand index are comprised between 0 and 1. It has been shown [PL05] that the corrected

Rand index can be expressed using the communities (C
(1,2)
i )i∈V of clustering P1 and P2, with the following formula:

R′(P1, P2) =

n2 ∗
∑
(i,j)

|C1
i ∩ C2

j |2 −
∑
i
|C1
i |2 ×

∑
j
|C2
j |2

n2

2
∗
∑
i

(|C1
i |2 +

∑
i
|C2
j |2))−

∑
i
|C1
i |2 ×

∑
j
|C2
j |2
.
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Therefore we just need the intersection of all pairs of clusters and the size of every community.



Part 3

Intuitive algorithms



CHAPTER 6

GSMH

1. Algorithm

General statement of the problem: We consider again an adjacency graph G =< V,E > where
+ V is a set of vertices.
+ E is a set of edges.

We call Iv the attribute of vertex v ∈ V and therefore IVi the attribute of the subset Vi of V .
A k-partition of the graph is denoted πk = (V1, ..., Vk) such that:

+
k⋃
i=1

Vi = V

+ If i 6= j, Vi
⋂
Vj = ∅.

Each subset (Vi)i=1..k is assigned a value ci. The goal is to computeW from the input IV ,W = (k, πk, C
k)

where Ck = (c1, ..., ck). We want to maximize the Bayesian posterior probability

W ∗ = argmax
W∈Ω

(P(I|W ) ∗ P(W ))

Where Ω is the set of all possible values taken by the W , and P a probability distribution on this set.

1.1. Gibbs sampling and Metropolis Hasting. Let's contextualize the notations: Here ci, i ∈ {1...k} is
the label of the cluster associated to the subset Vi of V . We can also write ci = IVi , i ∈ {1...k} as all nodes in Vi
will have the same label ci:

∀v ∈ Vi, C(v) = Iv = IVi = ci

Let's remind that we have a graph G =< V,E > and let's say that n = |V | is the number of nodes in this graph.
For t ∈ N+∗, let's call Xt = (C(1), ...C(n)) the labeling of all nodes in G at iteration t. (Xt)t∈N+∗ is a Markov
Chain taking value in {IV1 , ..., IVk}n.
The modularity Q is dependent on the current clustering at iteration t. This current clustering can be de�ned by
W = (k, πk, C

k) as well as by Xt = (C(1), ...C(n)) = (I1, ..., In).We call Qt this modularity.
The following small algorithm greedily optimizes the modularity. It is an usual simple Gibbs sampler with Me-
tropolis Hasting method.
In this algorithm we try to promote the moves that increase the modularity Q. To do so we set an αt (from
Metropolis Hasting model) equal to min (1, exp (β ∗ ∆Qt)), where Qt is the modularity at current time t, and
β > 0. If simulated annealing is applied, we chose a β0 > 0 and then for all t > 0, we set βt+1 = t ∗ βt.
One of the interesting properties of the modularity is that we can compute quite easily the change in modularity
∆Qi obtained by moving the node i from one community to another one. We will explain this calculus in the next
chapter. For now, let's assume that we can compute it, and that we will aim at maximizing this value at each step.
More speci�cally, as our algorithm is stochastic, we want the best choices for ∆Qi to be associated with higher
probabilities, but we still want to allow the process to locally make a worst choice.

We will set that the distribution of the Markov Chain follows P =
n∏
i=1

πi with πi ∼ exp (β ∗ Qi), and we therefore

have, for t > 0,
πti
πt−1
i

=
exp (β ∗ Qti)

exp (β ∗ Qt−1
i )

= exp (β ∗ ∆Qti)

35
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We use the notations:

+
∑
j∈C1

Aij = kC1
i is the number of nodes in C1 connected to i.

+
∑
j∈C1

kj = deg (C1) is the sum of degrees of all nodes in C1.

+ Xt = (xt1, ..., x
t
n) is the state of the chain at time t.

+ U(S) is the uniform distribution in S.
+ N (i) is the set of neighbors of node i, de�ned as follows:
∀i ∈ V, N (i) = {j|(i, j) ∈ E}.

+ Finally N is the number of iterations and can be chosen by the user

We need the values kCi and deg (C) to compute ∆Q. The algorithm is the following:

Algorithm 5 Gibbs Sampler with Metropolis Hasting

for t in 1..N do
initialize randomly X0

sample i in U({1...n})
sample j in N (i)

compute kC1
i , kC2

i , deg (C1), deg (C2)

compute ∆QC1,C2
i,j , obtained by moving i to the cluster of j

compute ∆QC1,Cnew
i obtained by moving i to a new cluster

if ∆QC1,C2
i,j < ∆QC1,Cnew

i then

∆Q← ∆QC1,Cnew
i

y ← newCluster
else

∆Q← ∆QC1,C2
i,j

y ← xtj
end if
α← 1 ∧ exp (βt ∗ ∆Q)
sample u in U [0, 1]
if (u < α) & (0 < ∆Q) then
xt+1
i ← y

else
xt+1
i ← xti

end if
end for
return XN , Q0, ...QN

We can compute the complexity of the previous algorithm. Initializing and sampling nodes are both done
in constant time. Retrieving the neighbors can also be done in constant time with the adjacency matrix. The
nodes'degree can be computed before the loop, also from the adjacency matrix. This requires n operations. Once
we have the clusters, computing the measures as deg(C) or kCi can be done by operations on sub-matrices of A.
These require operations depending on the number of neighbors of the node. The others operations, like computing
the exponential, or sampling a probability following the uniform distribution in [0, 1], are also linear. Finally, the
total complexity before the loop will scale in n to compute the nodes'degree. The loop will scale in O(N∗ < k >),
where < k > is the average node degree, and N is the number of iterations. On a sparse graph, O(< k >) is a
small constant and the �nal complexity is O(n + N). The worst-case complexity would be in O(N ∗ n) if all the
nodes have n− 1 edges.
This small algorithm was implemented in R and some experiments were done. We present some observed results
in the next section.
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2. Experimental results

2.1. Random graphs. This algorithm is tested on the generated Watts Strogatz (WS) graph that was
presented before. With 300 iterations and a β parameter equal to 7.

1r e s<−GSMH(ws ,N=300 , bet=7, simAnea=F)

2Fina l Modularity : 0 .4386875

(a) Modularity (b) Found Clusters

Figure 1. First game with 23 found clusters

We can see that the modularity globally increases with the number of iteration. In this case we may want
more iterations to reach higher values.

With 3000 iterations and a β parameter equal to 7 we have:

1r e s<−GSMH(ws ,N=3000 , bet=7, simAnea=F)

2Fina l Modularity : 0 .6378937

(a) Modularity (b) Found Clusters

Figure 2. Second game with 10 found clusters
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This time we see that the modularity reached an asymptotic limit value. The curve increases quickly at �rst
and then becomes nearly constant. From this plot we would say that less than 1000 iterations are enough to get
a nearly-optimal value.

Now we try changing the β parameter. With 700 iterations and a β parameter equal to 20, here follows what
we obtained:

1r e s<−GSMH(ws ,N=700 , beta=20, simAnea=F)

2Fina l Modularity : 0 .5831594

(a) Modularity (b) Found Clusters

Figure 3. Third game with 14 found clusters

The impact of the β parameter is not obvious in this case and the results haven't changed much.

Finally we tried using simulated annealing. With 700 iterations, a β parameter equal to 30 and using
simulated annealing, we get the following results:

1r e s<−GSMH(ws ,N=700 , beta=30, simAnea=TRUE)

2Fina l Modularity : 0 .5907406

(a) Modularity (b) Found Clusters

Figure 4. Fourth game with 12 found clusters
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Once again, the impact of simulated annealing is not obvious.

2.2. Real graphs.

2.2.1. Zachary karate club. Here we present the results obtained by our algorithm on a real-world Graph. We
used the famous Zachary Karate club Graph[Zac77] : a social network representing friendship between the 34
members of a karate club.

1G <− graph . famous ( "Zachary" )

2r e s<−GSMH(G,N=700 , beta=10, simAnea=F)

3Fina l Modularity : 0 .3712114

(a) Modularity (b) Found Clusters

Figure 5. Zachary graph with 5 found clusters

The �nal modularity is 0.371 with �ve clusters, which is less than the 0.419 obtained with extremal optimiza-
tion [DA05], the 0.481 obtained with Newman's method exposed in [New04a], the 0.406 obtained byReichardt
and al. [RB04], and the 0.412 obtained by Donnetti and al..

We know that our proposed algorithm is far from optimal. It is a very simple algorithm that implements a
Gibbs Sampler with Metropolis Hasting. It is a bit naive but the main point of the following comparison is just
to see if it reaches a consistent value for the optimal modularity (after a �nite number of iterations) compared
with other well known algorithms. To do so we compare the results obtained with N = 700 and with N = 3000
iterations, with other already-implemented algorithms from the igraph R-pachage[CN06]. As our algorithm is
order-dependent and contains stochastic processes, we executed it ten times and averaged the �nal modularity
obtained. We do the same for all of the algorithms tested on the graph. The averaged results obtained are
presented in a table, along with a short description of the algorithms.
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Algorithm Description Average Modularity
edge
betweenness
community

This algorithm uses edge between-
ness to iteratively build communi-
ties [NG04]

0.4012985

walktrap
community

This algorithm uses random walks
to detect communities [PL05]

0.3532216

fastgreedy
community

This algorithm greedily optimizes
modularity[CNM04]

0.3806706

label
propagation
community

This algorithm initializes labels with
unique ones and then update them
by majority voting on vertices'
neighborhood [RAK07]

0.2959813

optimal
community

This Algorithm explicitly optimize
modularity on all possible partitions
of the graph[BDG+08]

0.4197896

leading
eigenvector
community

This algorithm compute the lead-
ing non-negative eigenvector on the
modularity matrix [New06a]

0.3934089

spinglass
community

This algorithm uses spin-glass model
and simulated annealing [RB06],
[TB09]

0.419691

GSMH
N=700

The proposed algorithm with β = 10
and 700 iterations

0.3712114

GSMH
N=3000

The proposed algorithm with β = 10
and 3000 iterations

0.3652449

Table 1. Comparative table of modularity with implemented R algorithms and GSMH

In this case we can see that on the real graph the results for modularity optimization are fairly reasonable
for this naive implementation. Although those results are encouraging, we have to say that �rst those di�erent
algorithms won't return the same Clustering nor the same �nal number of clusters, therefore it is di�cult to really
compare the �nal modularity. Besides, our implementation is quite slow compared to the algorithms implemented
in igraph but it is also not comparable as we are asking a lot of secondary information (such as a plot of the
modularity evolution at each iteration, the membership array and the �nal number of clusters). It takes times
to compute those results, while those information are not given (and not relevant in this case) by the already-
implemented algorithms.
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Figure 6. Comparison of the averaged modularity obtained for each tested algorithm on Zachary graph

As we could have expected our algorithms do not give the best results. Still both executions return a very
reasonable modularity taking into account to the high simplicity of the implementation.

2.2.2. Lusseau bottlenose dolphins. We applied the algorithm to th Bottlenose Dolphins graph of Doubtful
Sounds. It represents the frequencies of association in a community of 62 bottlenose dolphins. These data have
been collected [LSB+03] o� the Doubtful Sound area, New Zeland.

(a) Modularity (b) Found Clusters

Figure 7. Bottlenose Dolphins with 9 found clusters

1r e s<−GSMH(G,N=700 , beta=3, simAnea=F)

2Fina l Modularity : 0 .5863099

The �nal modularity reached is around 0.59. It is a quite high modularity. We can see it increases following a
logarithmic shape, and stabilizing only toward the last iterations.

We try to see if we can improve the results with more iterations.
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(a) Modularity (b) Found Clusters

Figure 8. Bottlenose Dolphins with 8 found clusters

1r e s<−GSMH(G,N=3000 , beta=3, simAnea=F)

2Fina l Modularity : 0 .578735

Here the �nal modularity reached is around 0.58. It is slightly lower than previous result, showing how
strongly random is the process and therefore the result. Besides, the shape of the modularity curve as a function
of the number of iterations suggests that 3000 iterations weren't necessary to reach this result. Indeed, with 1000
iterations, the modularity was already close to the �nal value.
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k-GSMH

1. Algorithm

To test our algorithm on known partition we slightly change it so that the user can �x the number of clusters.
We call this new algorithm the k-GSMH algorithm. The principle is the following:

Algorithm 6 k -GSMH

for t in 1..N do
initialize randomly X0 such that there are exactly k classes
sample i in U({1...n})
build C1, compute K

C1
i , deg (C1),

retrieve the interesting neighbors of i (those with a different label)
sample j in N (i)

compute KC2
i , deg (C2), ∆QC1,C2

i,j

α← 1 ∧ exp (βt ∗ ∆Q)
sample u in U [0, 1]
if (u < α) & (0 < ∆Q) & (i is not the last vertex of its cluster) then
xt+1
i ← y

else
xt+1
i ← xti

end if
end for
return XN , Q0, ...QN

As explained before, all the operations inside the loop can be done with complexity scaling with the degree
of the sampled node. The complexity for k-GSMH is the same as the complexity of GSMH. Therefore, in the
average case it is O(N∗ < k > +n), which gives O(n + N) on a sparse graph. In the worst-case con�guration, it
could be O(N ∗ n).

2. Experimental results

2.0.3. Zachary karate club. Now that we can set the number of clusters we have a look at the performances of
the k-GSMH algorithm on the previous network. We set k = 2 and try di�erent tuning for the parameters. Here
is what we get with 100 iterations and a β parameter equal to 3:

43
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Figure 1. Two-classes clustering with 100 iterations

We can see that one strong node (the number 15) is misclassi�ed.

We try a small increase in the number of iterations. With 300 iterations the classi�cation is already coherent
with the true one.

Figure 2. Two-classes clustering with 300 iterations

In this computation the �nal modularity is 0.3938199. There is no misclassi�ed node.



2. EXPERIMENTAL RESULTS 45

2.0.4. Lusseau Bottlenose Dolphins. We proceed similarly with the Dolphins network. We set again k=2. Here
follows what we get with 700 iterations and a β parameter equal to 3:

(a) Modularity (b) Found Clusters

Figure 3. Bottlenose dolphins graph, two found clusters

With 10000 iterations we cannot retrieve the original partition. The logarithmic shape of modularity let
presume that the �nal level for modularity was already reached with less than 1000 itrations. The �nal partition
isn't a match with the real one, maybe because the way the dolphin community split isn't exactly correlated with
the strength of their links. Or maybe it is because of the limited performances of the k-GSMH algorithm.

The GN algorithm [NG04] has been applied to this community and came up with four found clusters. One
that correspond to the squared nodes, and the second community being divided into three di�erent one. We
therefore try the k-GSMH algorithm with a k equal to 4.

(a) Modularity (b) Found Clusters

Figure 4. Bottlenose dolphins graph, 4 clusters

This time, the modularity graph shows that a few thousands of iterations (3000) give the optimal solution
in this algorithm. The con�guration obtained by GN algorithm is described by the shape of the nodes, while the
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colors match the solution delivered by k-GSMH. One of the group found with GN is characterized by vertices with
small sizes (it is the one that corresponds to one true class). The three other ones are represented with bigger
symbols but of di�erent shapes. We can see that both partition are not the exact same ones. But our partition, as
the one from Girvan and Newman, corresponds to the �rst community in one group, and the second community
being split into three. The only di�erence lies in the three sub-communities found in the second group.
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Stochasticity in Louvain's algorithm



CHAPTER 8

Problem statement

1. Louvain's algorithm

Louvain's Algorithm [BGLL08] uses the modularity measure Q to return a clustering of the graph. It is an
iterative method that greedily optimizes the modularity. The algorithm is made of two phases. One Pass is an
iteration of the two phases.

1.1. Phase 1. The �rst phase of the algorithm greedily reassigns the clusters to every vertex of the graph.
Here it is similar to move a node from one cluster to another or to change the node's label. Therefore when the
algorithm states that node i moves, what it actually does is just reassigning it's label.

Algorithm 7 Louvain Phase− 1

for each node i in V do
for each node j in the neighborhood of i do
evaluate ∆Qi,j the change in modularity obtained by removing i from C(i)
and adding it to C(j)

end for
select the j that maximizes ∆Qi,j
if ∆Qi,jselected > 0 then
remove i from C(i) and add it to C(j)

else
i stays in C(i)

end if
end for
if the algorithm has converged and no more improvement is possible then
terminates

else
loop again

end if

This algorithm stops at a local maximum, that is when no individual move can improve further the modu-
larity. It is also important to point out that the algorithm is order-dependent. It has been shown that the order in
which nodes are explored do not impact so much the �nal modularity but mostly the computation time required
[BGLL08].
The main strength of this algorithm is that ∆Q can be quite easily computed (there is no need to make the
calculations over all vertices at each iteration).
Indeed, by de�nition the ∆Q obtained by removing a node i from it's original cluster C1 is:

∆Q−C1
i = −[

1

2m

∑
j∈C1

Aij −
1

(2m)2
ki
∑
j∈C1

kj ]

Where

48
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+
∑
j∈C1

Aij = kC1
i is the number of nodes in C1 connected to i.

+
∑
j∈C1

kj = deg (C1) is the sum of degrees of all nodes in C1.

Similarly we can compute the ∆Q obtained by adding node i to cluster C2. In this case, we have to bear in
mind that C2 now contains node i.

∆QC2
i =

1

2m

∑
j∈C2

Aij −
1

(2m)2
ki
∑
j∈C2

kj =
1

2m
kC2
i −

1

(2m)2
ki deg (C2)

Then if we call C1 = C(i) and C2 = C(j) we have that

∆Qi,j = ∆QC1,C2
i =

1

m
[kC2
i − k

C1
i ] +

1

2m2
ki[deg (C1)− deg (C2)]

Note. As a particular case of this result we can notice that if a node i, i ∈ V , is removed from it original cluster
C1 and added to a newly created cluster Cnew = {i}, then the values are:

+ kCnewi = Aii.
+ deg (Cnew) = ki.

+ ∆QC1,Cnew
i = 1

m [Aii − kC1
i ] + 1

2m2ki[deg (C1)− ki].

1.2. Phase− 2 and Pass. The second phase of the algorithm uses the result of Phase− 1 and build a new
graph whose nodes are the clusters found with Phase− 1 and whose adjacency matrix veri�es:

+ AnewIJ =
∑
i∈CI
j∈Cj

Aij , which is the sum of edges between the nodes of the two clusters C1 and C2.

+ AnewII =
∑

(i,j)∈C2
I

Aij , which is a weighted self-loop edge.

Then a Pass is an iteration of Phase− 1 + Phase− 2. Passes are iterated until there are no more changes.
The hierarchical structure of the result from passes iterations (made of successive graphs with nodes that are
clusters of nodes from the previous one) can also provide useful information. It can be interesting to keep track of
those passes iterations.
Finally the structure of this algorithm enables it to bypass the well known problem that modularity usually fails
to identify communities smaller than a certain scale.
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2. Introduction of stochasticity

The aims at introducing stochastic process in such an algorithm are multiple. First it will allow us to pass
local minima [DA05]. As the method is able to choose a worst solution at each step, it is not forced to terminates
in a local minima and can, with some time, encounter the global one. Indeed, it will be more likely to accept
bene�cial moves therefore the global behavior will tends toward a minima anyway. Besides, the result of the
algorithm is not determined anymore by the initialization. There is then a wider choice for initialization (even if it
can also impact computational time) and we can run several time the same process and get di�erent results. This
randomness in the result can be seen as a tool. For instance, we can imagine that the result will not vary on parts
of the graph that are obviously clustered. On the other hand, the variation on the results will be high for nodes
that are weakly assigned to communities. Then, by repeating the process, we can obtain a measure of con�dence
in the clustering [TWH05]. This measure can be used in the result (for instance allowing overlapping clusters)
or in its interpretation. Finally the use of a sub-sample of the nodes instead of the whole graph gives interesting
scaling properties in reducing a lot the computational time [ZL04], [Gey91], [TWH05], [WH04a], [WH04b].
Similarly, instead of reducing computational time, we could see sub-sampling as a tool to analyze bigger networks
[Cla05]. For all those ideas, we will use convergences theorem of MCMC processes to maintain the errors and
approximations within a controlled interval. Therefore even if we introduce stochasticity in our methods, we do
not loose control over the convergence process.



CHAPTER 9

Stochastic Louvain

If we remind few notations used to the reader:

+ The graph G = (V,E) is the adjacency graph with vertex set V and edge set E.
+ A is the adjacency matrix associated to G = (V,E). Aij = 1 if and only if (i, j) ∈ E, otherwise Aij = 0.
+ In is the identity matrix.
+ ki is the degree of node i in V and is de�ned by ki =

∑
j∈V

Aij .

+ We call C(i) the community assigned to vertex i in V .
+ We call N (i) the set of neighbors of vertex i.
+ n is the number of nodes or vertices, and we have n = |V |.
+ m is the number of edges. It veri�es m = 1

2

∑
(i,j)∈V 2

Aij .

+ nCclust is the number of clusters in clustering C.
+ nC is the number of nodes in cluster C.
+ The function δ is de�ned such that

δ(u, v) =

{
1 if u = v
0 otherwise

+ Q(C, G) is the modularity. It depends on the Graph G and the current clustering C
+ ∆QC1,C2

i is the change in modularity obtained when moving node i from cluster C1 to the cluster C2.

Then we want a random walk on the space of element in {1...n}n, the cluster label of every node. We will
call Xi the i

th element of such a chain. At every step, X = (C(1), C(2), ...., C(n)).

We would like the probability to assign the cluster of node j to node i to be proportional to
Aij

ki
. In this case it

is obvious that
∑

j pij = 1. But here it is not enough. We also want the probability to assign cluster of node j

to node i to be proportional to exp (β ∗ ∆Q
(C(i),C(j))
i ), β being strictly positive. Moreover, we would prefer that

the probability for a state (a cluster label) to stay as it is, that is the probability that there will be no move, to be
positive. This will gives better properties to the chain. Besides this choice makes more sense as even in Louvain's
algorithm, the labels are not necessarily changed at each step. Therefore we will slightly change the weight and

prefer
Aij + (In)ij

ki + 1
. To ease the reading, we write AI = A+ In.

For node i and j, at step n with clustering C, we then de�ne the probability of assigning cluster C(j) to node i as

pij =
AIij ∗ exp (β ∗ ∆Q

(C(i),C(j))
i )∑

j′∈N (i)A
I
ij′ ∗ exp (β ∗ ∆Q

(C(i),C(j′))
i )

If we de�ne

+ ei the array in Rn with zeros everywhere except at the ith position where there is a one.
+ J the array in Rn with only ones.
+ JC the indicator array of community C, with ones where elements belong to C and zero elsewhere.
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We can notice that then,

∆QC1,C2
i =

1

m
∗ eTi ×AI × (JC(j) − JC(i)) +

1

2 ∗m2
∗ JT ×AI × (JC(i) − JC(j))

or also

∆QC1,C2
i =

1

m
∗ (

1

2 ∗m
∗ J − ei)T ×AI × (JC(i) − JC(j))

1. The algorithm

The algorithm presented here is a modi�cation of Louvain's algorithm, implemented with the MCMC chain
presented before. Not everything from the usual algorithm had to be changed. For instance the Phase 2 process
can be kept exactly as it is.

The �rst phase of the algorithm is the one that introduces the randomness.

Algorithm 8 Stochastic Louvain Phase− 1

for each node i in V do
for each node j in the neighborhood of i do
add i to its neighborhood if it was not the case
evaluate ∆Qi,j the change in modularity obtained by removing i from C(i)
and adding it to C(j)
if Simulated annealing is chosen assign β ← β ∗ (number of iterations)
compute the corresponding array with all the values

AIij ∗ exp (β ∗ ∆Q
(C(i),C(j))
i ) for each one of the neighbors of i

end for
normalize the previous array
sample a node in the neighbors according to the probabilities contained in this array
update accordingly the cluster label of i

end for
if the algorithm has converged or the maximum number of iterations is reached then
terminates

else
loop again

end if

Phase 2 does not have to be changed. The pass step will then uses the stochastic Phase 1 and the usual
Phase 2. It requires slight changes but the process on the whole is similar. This algorithm is also an example of a
Gibbs-Sampling algorithm. From the iterative loop on the vertices, it implements a version of the DUGS process.
This means that the associated transition density PStoLouv will have the form

PStoLouv(x, y) =
n∏
i=1

πi(yi|y1, ...yi−1, xi+1, ...xn)

Where x and y are cluster labels, and πi will be the transition distribution at each iteration from 1 to n.

The chain used veri�es several properties. First its values are into a �nite state: at most {1, ..., n}n. We
can also notice that because of the use of AI instead of A, the probability to stay at the same position at each
iteration is strictly positive. Indeed the values taken by the exponential can only be positive ones therefore it has
no impact on this statement. As the graph studied are connected, we know thet there will be a path from any two
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nodes. Now if considering the weighted sum that de�nes pij , we can again use the fact that the exponential values
are strictly positive to argue that the chain will be reducible. Finally the aperiodicity is given by the non-null
value to stay in the same position. Therefore the chain gently veri�es the properties needed to asses convergence.
This enables us to state that the PStoLouv distribution will converge to a �x distribution after a certain number
of iterations. We do not know this distribution, though, but convergence is an interesting property in itself, that
ensures that we will reach equilibrium.

2. Experimental results

In this section we show some experimental results obtained. In louvain's algorithm the Phase 1 process is
the ones that optimizes modularity at each step. The Phase 2 only rearranges the nodes in a higher-level graph.
Therefore we are particularly interested in the result returned by Phase 1. For all the presented experiments, we
will compare results obtained with the usual Louvain's algorithm and results obtained with Stochastic Louvain.
We will compare results obtained with the complete algorithm but also with Phase 1 process, as a preliminary
observation.
Phase 1 process return a result that has similar structure than the previous results given by the GSMH algorithms.
This is not the case for the complete pass algorithm. Indeed, it returns a hierarchical structure. Therefore the
returned value contains, at each height in the dendogram, the modularity and the number of clusters left. In our
implementation it has the following structure:

1$Mod

2[ 1 ] 0 .5878844 0.5878844

3$N. c l u s t

4[ 1 ] 100 4 4

Here the second line gives the number of nodes at each step. In the initial step, we had 100 nodes. Then a �rst pass
would return a graph with 4 nodes. Then the algorithm terminated as there were no possible improvements (The
last value is always repeated). The �rst line contains the modularity values. We do not compute the modularity
at the initial step as it is of no real interest.

2.1. Random graph.

Results obtained with the usual Louvain's algorithm: First of all we apply the Phase 1 algorithm
to a random graph of type WS with 100 nodes. We obtained a �nal modularity of 0.587884375.
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(a) Modularity (b) Found Clusters

Figure 1. Random Graph clustered with Louvain Phase− 1

We can recognize the usual shape of modularity against the number of iteration. This �rst phase is
the one that maximize the modularity, but the complete algorithm is in two step. We present here the
results obtained with the complete algorithm.

Figure 2. Random Graph clustered with Louvain

The best modularity is found with 4 culsters and has a value of around 0.59.

1$Mod

2[ 1 ] 0 .5878844 0.5878844

3$N. c l u s t

4[ 1 ] 100 4 4
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Results obtained with stochastic Louvain: For the stochastic algorithm, there are some parameters
that can be tuned. We tested the algorithm with the following values: N = 5000 and β = 100. We
obtained a modularity of 0.514321875.

(a) Modularity (b) Found Clusters

Figure 3. Random Graph clustered with Stochastic Phase− 1

Applying this time simulated annealing, with the default values of N = 3000, β = 3 we obtained a
modularity of 0.623240625.

(a) Modularity (b) Found Clusters

Figure 4. Random Graph clustered with Stochastic Phase− 1 with simulated annealing

Simulated annealing shows slightly better results in this case.

We can see that without simulated annealing, the modularity stabilizes much less than with the usual
algorithm, or compared to the same algorithm when using simulated annealing. The Phase1 algorithm
shows the main di�erences between the usual and the stochastic version of the algorithm, but as it is used
in each pass, it is interesting to compare the �nal result of the complete algorithm.

We also tried di�erent parametrization.
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Figure 5. Random Graph clustered with Stochastic Louvain

with N = 5000 and β = 100, the best modularity is found with 4 culsters and has a value of around
0.54.

1$Mod

2[ 1 ] 0 .5352688 0.3513875 0.3513875

3$N. c l u s t

4[ 1 ] 100 4 2 2

With simulated annealing (N = 3000, β = 3), the best modularity is 0.61 and is found with 9 clusters.

Figure 6. Random Graph clustered with Stochastic Louvain and simulated annealing
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1$Mod

2[ 1 ] 0 .6106594 0.3553719 0.3553719

3$N. c l u s t

4[ 1 ] 100 9 2 2

Simulated annealing gives better results than the other iteration.

In these trials we can see that Stochastic Louvain with simulated annealing always gives better results
than the usual algorithm. This is veri�ed when considering only the results of the Phase − 1 algorithm
and also with the �nal pass algorithm. On the other hand the results returned by applying stochastic
Louvain without simulated annealing and with some �xed parameters are worst than the results returned
by the usual method. This may suggest that the choice of parameters is not suited to the problem in this
case. The results are summarized in the following tables.
Results obtained with Phase− 1

Phase− 1 results Usual Louvain Stochastic Louvain
parametrized

Stochastic Louvain
with simulated an-
nealing

returned
modularity

0.588 0.514 0.623

Table 1. Comparative table for results of Phase− 1 algorithm on a random graph

Results obtained with the pass algorithm.

pass results Usual Louvain Stochastic Louvain
parametrized

Stochastic Louvain
with simulated an-
nealing

modularity 0.588 0.535 0.610

Table 2. Comparative table for results of the pass algorithm on a random graph

2.2. Zachary karate graph. Now we test our algorithms on real networks.

Results obtained with the usual Louvain's algorithm: Here follows the results obtained with Phase 1
algorithm on Zachary graph. We obtained a �nal modularity of 0.361357659.

(a) Modularity (b) Found Clusters

Figure 7. Zachary graph clustered with Louvain Phase− 1



2. EXPERIMENTAL RESULTS 58

We present here the results obtained with the complete algorithm.

(a) Clusters in the best found partition (b) Two selected clusters

Figure 8. Zachary graph clustered with Louvain

The best modularity is found with 6 clusters and has a value of around 0.36. The cut in the dendogram
can be chosen such that we keep 2 clusters. In this case the modularity is 0.26 and several nodes are
misclassi�ed.

1$Mod

2[ 1 ] 0 .3613577 0.2642176 0.2642176

3$N. c l u s t

4[ 1 ] 34 6 2 2

Results obtained with stochastic Louvain: We tested the algorithm with the following values: N =
5000 and β = 100. We obtained a modularity of 0.371466141.

(a) Modularity (b) Found Clusters

Figure 9. Zachary graph clustered with stochastic Phase− 1

It returned a two-class clustering classifying perfectly the nodes.
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Applying this time simulated annealing, with the default values of N = 3000, β = 3 we obtained a
modularity of 0.419789612.

(a) Modularity (b) Found Clusters

Figure 10. Zachary graph clustered with Stochastic Phase− 1 with simulated annealing

Simulated annealing shows once again slightly better results in modularity.

Now we present the �nal result of the complete algorithm, with di�erent parameters.
With N = 5000 and β = 100, the best modularity is found with 3 clusters and has a value of around

0.38. Cutting the graph at two clusters leads to a modularity around 0.36.

(a) Result with three clusters (b) Result with two clusters

Figure 11. Zachary graph clustered with stochastic Louvain

The two-class partition made a mistake in assigning node 20's class.

1$Mod

2[ 1 ] 0 .3845332 0.3582347 0.3582347

3$N. c l u s t

4[ 1 ] 34 3 2 2

With simulated annealing (N = 3000, β = 3), the best modularity is 0.42 and is found with 4 clusters.
Cutting the graph at two clusters leads to a modularity around 0.37.
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(a) Result with three clusters (b) Result with two clusters

Figure 12. Zachary Graph clustered with Stochastic Louvain and simulated annealing

The two-class partition is once again a perfect match.

1$Mod

2[ 1 ] 0 .4197896 0.3714661 0.3714661

3$N. c l u s t

4[ 1 ] 34 4 2 2

Simulated annealing gives better results than the other iteration.

On this graph, the results returned by both stochastic runs overpass the results returned by the usual
method. Our method gives better performances when used with simulated annealing. Either when con-
sidering Phase−1 only or the whole pass algorithm, the ranking remains the same. When comparing the
sub-optimal classi�cation in two classes, we also see that the usual method is the worst and the simulated
annealing parametrization gives the best results. Besides, as we know the real classi�cation, we can see
compare the results with the true classi�cation (though we have to bare in mind that the true classi�ca-
tion is not necessarily a bi-partition that has optimal modularity). The usual algorithm makes 5 errors
in classifying the groups, the stochastic algorithm without simulated annealing makes 1 error (besides we
can see it is a weak node). Finally, using simulated annealing, the real classi�cation is correctly retrieved.
Here follows a summary of the results.

Results obtained with Phase− 1 algorithm:

Phase− 1 results Usual Louvain Stochastic Louvain
parametrized

Stochastic Louvain
with simulated an-
nealing

returned
modularity

0.361 0.371 0.420

Table 3. Comparative table for results of Phase− 1 algorithm on Zachary graph

Results obtained with the pass algorithm.
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pass results Usual Louvain Stochastic Louvain
parametrized

Stochastic Louvain
with simulated an-
nealing

modularity 0.361 0.385 0.419
modularity
after cut

0.264 0.358 0.371

number of
misclassi�ed
nodes
after cut

5 (/34) 1(/34) 0(/34)

Table 4. Comparative table for results of the pass algorithm on Zachary graph

2.3. Bottlenose dolphins.

Results obtained with the usual Louvain's algorithm: The Phase 1 algorithm is applied on the bot-
tlenose dolphin network. We obtained a �nal modularity of 0.495213797.

(a) Modularity (b) Found Clusters

Figure 13. Bottlenose dolphins clustered with Louvain Phase− 1

This �rst phase is the one that maximize the modularity, but the complete algorithm is in two step.
We present here the results obtained with the complete algorithm.
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Figure 14. Bottlenose dolphins clustered with Louvain

The best modularity is found with 4 clusters and has a value of around 0.51.

1$Mod

2[ 1 ] 0 .4952138 0.5062498 0.5062498

3$N. c l u s t

4[ 1 ] 62 10 4 4

Results obtained with Stochastic Louvain: We tested the algorithm with the following values: N =
5000 and β = 100. We obtained a modularity of 0.481844073.

(a) Modularity (b) Found Clusters

Figure 15. Bottlenose dolphins graph clustered with stochastic Phase− 1

Once again we can see the modularity stabilizes much less in this case, even after quite many iterations.
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Applying this time simulated annealing, with the default values of N = 3000, β = 3 we obtained a
modularity of 0.522151023.

(a) Modularity (b) Found Clusters

Figure 16. Bottlenose dolphins graph clustered with stochastic Phase− 1 with simulated annealing

Simulated annealing shows once again better results.

Now we present the �nal results of the complete algorithm, with di�erent parameters.
With N = 5000 and β = 300, the best modularity is found with 4 clusters and has a value of around

0.52. Cutting the graph at two clusters leads to a modularity around 0.36.

(a) Result with four clusters (b) Result with two clusters

Figure 17. Bottlenose dolphins graph clustered with stochastic Louvain

1$Mod

2[ 1 ] 0 .5188086 0.3616154 0.3616154

3$N. c l u s t

4[ 1 ] 62 4 2 2

With simulated annealing (N = 3000, β = 50), the best modularity is 0.52 and is found with 6 clusters.
Cutting the graph at two clusters leads to a modularity around 0.38.
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(a) Result with six clusters (b) Result with two clusters

Figure 18. Bottlenose dolphins graph clustered with stochastic Louvain and simulated annealing

1$Mod

2[ 1 ] 0 .5195799 0.3827974 0.3827974

3$N. c l u s t

4[ 1 ] 62 6 2 2

Simulated annealing gives results comparable to the other iteration even if they are slightly better.

With this third graph the results are less homogeneous. When applying only phase − 1 the lowest
modularity is returned by the parametrized stochastic louvain. The usual algorithm performs better but
the best of the three is once again the stochastic algorithm using simulated annealing. On the other hand,
with the pass method, both stochastic implementations are better than the usual one, and simulated
annealing gives again the best result.
In this case, even if we know the true assignments, we cannot really compare the modularity obtained by
cutting the dendogram on a chosen point, as we choose a bi-partition when it was available, and a parti-
tion into 4 classes otherwise. We can still make some comments. For instance, The usual algorithm gives
a partition into 4 classes that contains (with 3 + 1 scheme) the true partition, except for one misclassi�ed
node. The stochastic algorithms were cut at bi-partitions and return results with quite many misclassi�ed
nodes. We know that, for this problem, it is easier to �nd a 3 + 1 partition that contains the true one
than a correct bi-partition. The results are summarized in the two following tables.
Results obtained with Phase− 1

Phase− 1 results Usual Louvain Stochastic Louvain
parametrized

Stochastic Louvain
with simulated an-
nealing

returned
modularity

0.495 0.482 0.522

Table 5. Comparative table for results of Phase− 1 algorithm on the bottlenose dolphin network

Results obtained with the pass algorithm.
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pass results Usual Louvain Stochastic Louvain
parametrized

Stochastic Louvain
with simulated an-
nealing

modularity 0.495 0.519 0.520
modularity
after cut

0.506
(4 classes)

0.362
(2 classes)

0.383
(2 classes)

number of
misclassi�ed
nodes
after cut

1
(4 + 1 clustering)

many many

Table 6. Comparative table for results of the pass algorithm on the bottlenose dolphin network

Globally we can conclude that the stochastic algorithm is able to return clustering with higher modularity.
Indeed the usual algorithm can be stuck in local optima while the stochastic one should be able to jump between
attraction points and �nd the best possible result. We can point out that when using simulated annealing the
results are constantly better, and the improvement can be sometimes remarkable. The conclusion is less clear about
the parametrized execution without simulated annealing. This can means two di�erent things. Either simulated
annealing really improves the method's results, or the parameters are ill-chosen. We therefore should investigate
more the in�uence of the parameters.

2.4. In�uence of the parameters. As we have seen from the results of the experiments, the parameters
impact a lot the results obtained with the stochastic algorithm. In this section we propose to evaluate the evolution
of the best obtained modularity by the Stochastic Louvain algorithm, when the parameters change. To present
more robust results, we will evaluate the modularity as the averaged value returned over ten successive executions
of the algorithm. Indeed, as it is highly random, the performances would otherwise be quite uncertain. We tested
our results on a random WS graph with 500 nodes, p = 0.6 and each nodes being initially connected to its four
closest neighbors. Here is the followed protocol:

Algorithm 9 Test of the parameters

for each parameter tested do
for i from 1 to 10 do
execute the stochastic algorithm with the corresponding parameter
save the returned modularity at each step

end for
compute the averaged modularity
compute the variance of the results

end for

We are also interested in the variability of the 10 results for di�erent values of the parameters. Indeed, even
if our algorithm is stochastic, we would rather have a certain con�dence in the results it returns, particularly after
a certain number of iterations.

2.4.1. In�uence of β. We selected a quite broad range of β values. The trials we have made suggested that the
algorithm performs better for high values of β (around several hundreds). To verify this we tried several values for
β �xing N to 5000.
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Figure 19. In�uence of the β parameter on modularity

We can see that indeed the performance increases quickly at the beginning, reaching a maximum for β values
around 3 000. Then it slightly decreases but it stays close to the maximum. We would then infer that high values
of β leads to beter performances.

We would also like to know how the β parameter will impact the robustness of the results. To do so we have
a look at the variance of the results when β changes.
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Figure 20. In�uence of the β parameter on the variability

When β increases, the variability quickly decreases at �rst and then stabilizes more or less. We actually
know that the curve do not pass a certain threshold even for higher values of β (that are not on the plot but that
have been tested experimentally). Besides we can notice that the y-scale is quite small on this plot.

2.4.2. In�uence of the number of iterations. Now we evaluate the impact of the maximum number of iterations,
called N . We �x the other parameter β = 3000
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Figure 21. In�uence of the number of iterations on modularity

Here we can see that the modularity also increases with the number of iterations allowed. This times the
curve seems to increase monotonically, even if it also increases quickly at the beginning and then becomes close
to a constant. The shape looks a bit logarithmic. This shows that too small values for the number of iterations
would give bad results, but there is no need to take too high values for N , as reasonable ones would already give
a nearly optimal result. In this case we would say that values around 5 000 are good values for N .

We now look at the behavior of the variance against the number of iterations.
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Figure 22. In�uence of the number of iterations on the variability

We can see that the variability quickly decreases with N which is very nice. With less than 5000 iterations
we can have a strong con�dence in the results returned. On the other hand with too few iterations the results
obtained are highly variable. This was expected and the point of iterating the process is to reach a state where
the memory of initialization is lost.

2.4.3. In�uence of simulated annealing. We re-do the same process but this time using simulated annealing.
The �rst thing observed is that high values for β make the algorithm return errors. Indeed, as the β parameter is
increased by the heating process, there is no need to take too high values from the beginning. We �x the other
parameter N to be equal to 5000.

(a) Shape of the curve on a wide range of values (b) Shape of the curve on a more focused range of values

Figure 23. In�uence of the β parameter on modularity when using simulated annealing
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We can see that the modularity increases much faster with β when simulated annealing is used. Indeed, it
is nearly optimal at around β = 10. The shape would be quite similar to the previous one: it reaches a maximum
and then decreases slowly. But this time and in spite of the fact we use averaged values, the results appear more
chaotic and the curve is less smooth. It seems that values of β higher than a 100 gives less robust results. We
would think that it is better to choose values smaller than 50.

To asses this assumption we have a look at the variability of results

Figure 24. In�uence of β on the variability when using simulated annealing

The �rst thing we can notice is that the scale of the variance is very small. Then we can also see that the
curve is highly unstable for small values of β. The variability will be minimal for values between 10 and 50. After
that it increases again but it still stay below an asymptotic line.

Finally we evaluate the in�uence of N when using simulated annealing, �xing β = 15.
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Figure 25. In�uence of the number of iterations on modularity when using simulated annealing

We can see that once again the performances increases much faster with N when using simulated annealing.
In this case we reach a nearly optimal result with less than 1 000 iterations. We can observe that simulated
annealing allows to obtain comparable results with less e�orts and much faster.

On variability, the impact of the number of iterations appears clearly.

Figure 26. In�uence of the number of iterations on the variability when using simulated annealing
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Again the variance in the values of modularity returned decreases quickly to stay at a low level. To have
good con�dence in the results, a thousand iterations would be enough.

To conclude on the in�uence of the parameters we can �rst say that simulated annealing enables the algorithm
to converge faster and gives similar performances with less complexity (fewer iterations and a smaller β).
The performance increases along with the number of iterations, as it was expected. But this increase is at �rst quick
and then the slope becomes smoother. Therefore we could set a relatively small N and still reach near-optimal
performances, by investigating the point where the slope start slowing down. The number of iterations also has
an impact on the variability of the results. We have observed that the variance decreases quite quickly with N ,
consequently the main challenge would be on performances more than on stability.
In this case increasing β towards in�nity leads to a greedy optimization of modularity (like in Louvain's method)
only allowing local moves. Whereas letting β tends towards zero is equivalent to a basic random walk in the graph
with transition probabilities equal to the adjacency links (normalized by the degree of the nodes). A cold chain is
therefore closer to Louvain's algorithm. When simulated annealing is used, the chain will cool down slowly towards
a greedy optimization of modularity. Nevertheless, as in the �rst step the chain is still quite heated, the method
will be less dependent on the initialization step than the usual Louvain. When β is small, the variance in the
result is quite high, but it stabilizes quickly when β increases. Using simulated annealing allow to bene�t from
both characteristics. Indeed at �rst the chain will be able to make big jumps and exit a basin of attraction. Then
it will slowly stabilize and incline toward local optimization.

2.5. Con�dence measure in the assignment of class. We would like to take advantage of our random
algorithm to measure new information. We are interested in the con�dence one can have in assignment of com-
munities to nodes. Indeed, vertices can have ambiguous assigned clusters. For instance in Zachary graph, some of
the nodes are close to the frontier between clusters. Those nodes represent people that were no too much into the
dispute that divided the group, and that kept links with both sub-communities. The deterministic algorithm will
either assign them in a right way, or in a wrong way, but there will be no possibility to measure the con�dence
in those assignments. With a random process, this is di�erent. We can run several time the algorithm and look
at the frequencies in cluster assignment for each node. This is exactly what we did on Zachary graph with our
stochastic algorithm.
To evaluate the con�dence, we �rst compute an error measure in each assignment. Those values are computed as
follows: for a node i, ei = C(i)− fi.
Then we will set ci = 1− ei, where

+ ei is the error in made for node i.
+ ci is the con�dence in cluster assignation for node i.
+ C(i) is the �nal assignation of cluster for node i. It is obtained by majority vote.
+ fi is the frequency at which node i was assigned to a cluster.

We remind that in this case, we only have two groups. Therefore fi can be computed as the average values of class
assignation. It will gives the probability for each node to be in the cluster labeled 1. In this case, the majority-vote
cluster is simply the round value of this measure. Then, the error measures the di�erence between the two. It is a
kind of evaluation of the lost information in the process of assigning an integer label, averaged over all iterations.
To translate the results obtained we have made two plots.
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Figure 27. Con�dence in group assignment on Zachary graph

In this �rst image we have plotted the values of con�dence (in %) one can have in the assignment. This is
somehow the percentage of information represented in the binary clustering obtained. In the plot, the y-axis gives
the con�dence value. The higher a point is, the more con�dence we have in its assignation. Then the color of the
points represent their majority class. Finally, the symbols used for the points represent the true labels. The crosses
represent people that were not assigned to any group by the author of [Zac77]. It is not necessarily because their
position in the graph is ambiguous.
From our plot, we can see that nodes 9 and 31 are the less robust ones. We can also notice that one group may be
less homogeneous than the other as the red points are below the blue ones.
To have a more visual result, we plot those frequencies in assignation directly on the graph. To help interpretation
we add the graph with real classi�cation.

(a) True communities (b) Frequencies of assignation of cluster

Figure 28. Clustering of Zachary graph

We remind that the two classes labels are H and J. A capital letter W was added when the attachment to
a community was quali�ed as weak in [Zac77]. In the graph that represents the true communities (the left one),
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the small vertices are those weak nodes. This is not the case in the left plot. As we want to be able to read the
pie in this second graph, bigger nodes are on the contrary the weakest ones.
We can see that node 9 is indeed a weak node, but node 31 is not. Nevertheless the algorithm has di�culties to
classify it correctly. The third nodes that has a non too con�dent assignation is the node 10, which is not classi�ed
in the true classi�cation. The other weak nodes are quite well assigned, but as we can see in the plot (for instance
having a look at node 13) they may have been quali�ed as weak because they have few links to other members of
the club, but they do not appear to be at the frontier between the two classes.

3. Comparison with other methods

In this section we propose to evaluate the performances of the proposed algorithms on several graphs, and
to compare the obtained results to those obtained with well known algorithms. We will compare our results with
the same algorithms as those tested in Chapter.6, namely

Algorithms Descriptions
Edge betweenness
community

This algorithm uses edge betweenness to iteratively
build communities [NG04]

Walktrap community This algorithm uses random walks to detect commu-
nities [PL05]

Fastgreedy community This algorithm greedily optimizes
modularity[CNM04]

Label propagation
community

This algorithm initializes labels with unique ones and
then update them by majority voting on vertices'
neighborhood [RAK07]

Optimal community This Algorithm explicitly optimize modularity on all
possible partitions of the graph[BDG+08]

Leading eigenvector
community

This algorithm compute the leading non-negative
eigenvector on the modularity matrix [New06a]

Spinglass community This algorithm uses spin-glass model and simulated
annealing [RB06], [TB09]

Louvain The usual Louvain algorithm [BGLL08]
GSMH The simple GSMH algorithm, with parameters N =

3000 and β = 3
The Stochastic Louvain Stochastic implementation of Louvain's algorithm with

the parameters �xed to N = 5000 and β = 3000
Stochastic Louvain with
simulated annealing

The stochastic Louvain with simulated annealing and
the parameters �xed to N = 2000 and β = 15

Table 7. Di�erent algorithms used for a comparative study of the results

Once again, to present more robust results, we will average the best modularity returned by the stochastic
algorithms over 10 iterations.
To compare the algorithms we have two di�erent measures. First the Modularity which is directly optimized and
returned by all the algorithms. Then we also have the Rand Index measure. As this measure is a comparison of
two clustering, we need a reference clustering to evaluate the methods. We will choose this reference depending
on the situations. When we know a true clustering of the data, we will use this clustering as the reference. When
the optimal algorithm returns a result, we will also use its clustering as a possible reference. Here we can already
make a few comments. First it is not because the data are clustered in a way in real life (for instance in a social
network) that the modularity given by this clustering is the best one. It is not even sure that it will correspond to
strength of connection between nodes, as in real life illogical behaviors can occur. Therefore as the methods all aim
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at optimizing the modularity it is in a certain way biased to compare clustering to the real one. Of course, those
algorithms are created to obtain model of real networks therefore it still makes sense to evaluate their accuracy
with respect to real distribution of nodes. A second remark is on an opposite line. Indeed, the optimal algorithm
returns the exact maximum of modularity, but the associated clustering could be far from reality. Therefore it has
also limitations to compute the Rand Index with the optimal solution. Once we have said that, we can remind
that the modularity is a measure developed to �t natural clustering of data, therefore we can give some con�dence
in both results.
Finally, in the cases where we cannot compute the optimal solution (it happens quickly as it is a highly expensive
method) and we don't know any true clustering of data, we will use as reference the clustering of the best method.
The graphs used for testing are the ones used before. We will test the methods on random graphs generated
following Watts-Strogatz method [WS98], with 50 nodes, 500 nodes and 5000 nodes. Then we will use several
real-world networks. The results are presented below. On the plotted results, we will usually highlight some values.
For instance the methods proposed will be in red, while the optimal result (when it exists) will be in green.

3.1. Comparison on random graphs. We �rst test the algorithm on WS random graph, with di�erent
number of nodes to try to evaluate the scalability of the methods.

3.1.1. Watts-Strogatz model with 50 nodes. Here follows the plot of the obtained Modularity values.

Figure 29. Comparison of returned modularity on a random graph with 50 nodes

We can see that the methods are quite broadly distributed. Of course the optimal value is the best one. The
usual Louvain method also converges to the optimal solution in this case. Then follows the stochastic Louvain,
without simulated annealing. Spin-glass methods and walktrap methods return better results than the stochastic
louvain method wit simulated annealing but the method is still in the good ones. The same can be said about
GSMH which comes after.
Here are presented the Rand Index values, using as reference the optimal solution.
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Figure 30. Comparison of Rand index wrt optimal solution on a random graph with 50 nodes

We can see that the results are a bit di�erent than modularity values. Even the rank of the methods can
change. But we can globally draw the same conclusions. The stochastic louvain without simulated annealing
performs well on this graph. It has the best Rand Index value, along with the usual Louvain method (of course
the Rand Index of the optimal solution is 1). Then the results di�er a little. The next method is now GSMH

method, with a high Rand Index. The Stochastic Louvain is once again behind two usual methods but this time
it is the Greedy algorithm and the Spin-Glass method.

3.1.2. Watts-Strogatz model with 500 nodes. In this second section, we tackle a slightly more challenging prob-
lem, as we generate a WS graph with 500 nodes. It is still a very reasonable value, but the exact optimization of
modularity is already not possible (as an indication the value of exp (500) is of the order of 10217).
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Figure 31. Comparison of returned modularity on a random graph with 500 nodes

This time we can see that both stochastic Louvain methods return quite good values. They are close to
the best obtained results. Three methods returned a higher modularity (Walktrap method, edge betweeness (GN)
method, and Spin-glass method). On the other hand GSMH method performed quite poorly on this graph.

As there is no real clustering, nor optimal one available, we use the best method to compute Rand Indexes.
In this case it is the Spin-Glass method.

Figure 32. Comparison of Rand index wrt Spin-glass on a random graph with 500 nodes
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According to this index, the best methods are the two stochastic Louvain (except for Spin-Glass which has
an index of 1). Therefore, even if the modularity obtained were not a maximal one, the way they clustered the
data is closed to the best possible clustering (from the algorithms tested here). the GSMH method is still lagging
behind. It may be because its scales poorly, or because the parameters chosen are not �tted to this problem.

3.1.3. Watts-Strogatz model with 5000 nodes. In this part we try the methods on a much bigger graph. We
draw a random WS graph with 5000 nodes. Of course an exact optimization of modularity will not be possible.
In both our algorithms, the number of iteration should grow with the number of nodes in the Graph. Indeed,
for instance in GSMH method, at each iteration one node is sampled at random, and its label is changed or not
according to the probability. Therefore if we choose a number of iteration smaller than the n all nodes won't be
visited, even at least one. Intuitively we should choose a value of N at least linear in n. For GSMH we will
set N = 30.000 and β = 3. Similarly, in the stochastic Louvain algorithm the N parameter �xes the number of
iterations that will be done inside the loop in Phase − 1 algorithm. That means that to traverse the graph at
least once, we have to set N > n. In the usual Louvain the loop is made over all nodes, and again, and again
until the modularity converges. Therefore the whole Graph is visited several times. Similarly it would be unfair
for our method to set a N smaller than n. In this case we will choose N = 100.000, β = 3.000 for the test without
simulated annealing, and N = 20.000 and β = 15 for the test with simulated annealing. We know therefore that
the computational time is linear in n (as the graph is a sparse one).

Figure 33. Comparison of returned modularity on a random graph with 5.000 nodes

The best method in this case is the Edge Betweenness method, it was also the most slowly when executed.
The stochastic Louvain with simulated annealing returns a modularity close to the best one. As the complexity is
linear, it is a very good result. We could even expect an improvement in the results by selecting the best possible
parameters. This result is quite encouraging. The GSMH and the parametrized Stochastic Louvain give quite low
results. We could expect better results with a higher number of iterations, or we can say that they both scales
badly to bigger graphs.

The edge betweenness gives the best result therefore we use this method as comparison base for the Rand
index.
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Figure 34. Comparison of Rand index wrt Edge-betweenness on a random graph with 5.000 nodes

According to this index, the best methods is the stochastic Louvain with simulated annealing (apart from the
reference clustering). Once again we can observe that the Stochastic Louvain with simulated annealing clustering
has a structure very close to the one of the method with best (or optimal) modularity. For know we would need
more tests to really draw conclusions about that but it would be interesting to try to �nd an explanation for those
results. The other two methods are still lagging behind. Maybe because the parameters chosen are not �tted to
this problem.

3.2. Comparison on real graphs.

3.2.1. Comparison on Zachary graph. We follow the same process as in the previous section but this time
with Zachary Graph [Zac77]. As it is a small graph, we will be able to compute the exact optimization. Besides
we know the real distribution of clusters, and will also be able to compare the obtained results with these real
distributions.
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Figure 35. Comparison of returned modularity on Zachary graph

Once again the Spin-glass method gives very good results. Then follows GN method, the Label propagation
method and the Leading eigenvalue method. As the graph is quite simple and quite well-separated, this can explain
why label-propagation method performs so well. Our methods show quite low modularity values. One important
thing we can notice despite that is the fact that stochastic Louvain performs better than the usual one, which
was the purpose of our methods. On this graph GSMH gives results quite comparable with the other stochastic
methods. That may suggest that GSMH will work better on small graphs.

In this case we are able to compute two rand-Indexes. One against the true classi�cation and one against
the optimal method.

(a) computed wrt optimal solution (b) computed wrt real classi�cation

Figure 36. Comparison of Rand index on Zachary graph
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When compared to the optimal solution the stochastic Louvain with simulated annealing shows very good
results. Once again this suggests that even if the modularity is not the best one, the clustering obtained is close
to it. Then the GSMH methods also performs honorably and has a reasonable Rand index. Finally the stochastic
method without simulated annealing presents a very low index, which is a bit di�cult to interpret, as its modularity
was comparable to the one with simulated annealing. It can be because the clustered returned, even if they make
sense in terms of modularity, are somehow far from the usual ones (for instance the splitting could be approximately
orthogonal in the plane). When compared to the real solution, the results are very similar. The optimal solution
has a Rand Index of 1, which means that it returned the same clustering as the real one, and that in this problem
the real underlying distribution do match well the optimal modularity situation.

3.2.2. Comparison on Dolphin graph. Here we present the results obtained with Bottlenose Dolphins Graph
[LSB+03]. The graph is also quite small and we are able to optimize exactly the modularity. We also know the
real distribution of clusters as a two-group partition of the graph.

Figure 37. Comparison of returned Modularity on Dolphins graph

The best methods are Spin-glass method, the GN algorithm and label propagation method. Our methods
do not perform so well. What is worst is that both stochastic Louvain's implementation return worst results than
the usual algorithm. We can also point out that the result from GSMH is very comparable to the results from our
other methods. As this graph is still a small one, it is not a contradiction to our previous observations.

We present here the two computed Rand indexes. One against the optimal method and the other one against
the true known classi�cation .
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(a) Computed wrt optimal solution (b) Computed wrt real classi�cation

Figure 38. Comparison of Rand index on Dolphins graph

In this case too, it seems that strangely the stochastic Louvain without simulated annealing �nds somehow
an o�-way of clustering the data. Its modularity was nevertheless close to the method with simulated annealing.
Besides there should be no particular geometrical consequences on the use of simulated annealing. The index for
GSMH is a medium one. Finally we can see that stochastic Louvain with simulated annealing is quite close to
the optimal solution. If we now look at the indexes obtained with the true classes, we can see that they are very
di�erent from the optimal solution. We had already observed that the real bi-partition was not easy to retrieve
with clustering algorithms, so this can give a hint for an explanation. The optimal solution has a quite low Rand
Index, and the Stochastic Louvain's method an index even lower. The method that best �ts the true distribution
is the GN algorithm. We have already seen in previous section that indeed its 3 + 1 clustering is a sub-partition
of the real clusters.

3.2.3. Comparison on Jazz graph. Here we present the results obtained with the social graph of Jazz players
[GD03]. The graph has a reasonable size with n = 198 vertices but the optimal solution couldn't converge.

Figure 39. Comparison of returned modularity on Jazz graph
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On this graph we can see that both stochastic Louvain's run give very good results. They are very close to
the best modularity which is obtained with the Spin-Glass method. The di�erence in modularity is of the order
of 10−4 therefore it is a very slight di�erence. The performance of the GSMH method is also quite good. On this
graph the three proposed methods performs very well.

We present here the Rand indexes calculated with respect to the best method which is Spin-Glass method.

Figure 40. Comparison of Rand index wrt Spin-glass method on Jazz graph

The Rand-Index of our the stochastic methods are not too high in this case. While the modularity values
were very close to the best one, the rand indexes are good enough but not in the best ones. This means that a
similar modularity was reached with di�erent clustering. In any case the Rand Index are higher than 0.8 which
seems reasonable enough. Besides we do not know if the clustering given by Spin-Glass was meaningful from a
social or a musical point of view. The Rand Index of GSMH is comparable to the ones of the other stochastic
methods. On this graph GSMH performs nearly as well as the stochastic Louvain.

3.2.4. Comparison on C-elegans graph. We test the methods on a metabolic network, the C-elegans network
[JTA+00]. The graph is a weighted one therefore the Fast-Greedy method couldn't be applied. We tested the
other methods (except from the optimal solution that could not converge).
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Figure 41. Comparison of returned modularity on C-elegans graph

When tested on this graph, the best method is the Stochastic Louvain when implemented with simulated
annealing. The second best is the stochastic Louvain without simulated annealing. Those results are quite good
and encouraging. We can once again point out that we haven't optimized the parameters. Therefore even better
performances could be expected with a more re�ned parametrization. We can also remark that Spin-Glass method
which usually performs very well has a quite low modularity on this example. If our methods give stable results
on a di�erent range of graphs this would be also a valuable advantage. The GSMH method also performs well in
spite of the fact that the graph is not so small (with 453 vertices). Maybe stochastic methods are well adapted to
the modular structure of this particular graph.

We present here the Rand indexes calculated with respect to the best method, which is in this case the
Stochastic Method when using Simulated Annealing.
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Figure 42. Comparison of Rand index wrt stochastic Louvain method on C-elegans graph

Of course this plot has a limited interest as we want to evaluate our methods in this study and not evaluate
well known methods compared to ours. Besides until now the stochastic Louvain with simulated annealing has
shown the best and more constant results therefore it is the one that interests us most. In any case we can make
some comments on this graph. First of all all methods have quite low Rand indexes which isn't a good notice as this
means that the clustering given by stochastic Louvain with simulated annealing is quite di�erent from the other
ones. It would be interesting in this case to asses the relevance of these clustering with real modular structures.
We can also notice that both GSMH and stochastic Louvain without simulated annealing perform comparably to
other methods. As they both also had a high enough modularity this is an encouraging result too.

3.2.5. Comparison on E-mail graph. Here we present the results obtained with E-mail network [GDDG+03].
As this network is bigger than the other ones, with 1.133 vertices, we will change the parameters of our methods
so that they can traverse the network at least a few times. We will set for the GSMH method N = 30.000 and
β = 3. For the Stochastic Louvain without simulated annealing we set N = 15.000 and β = 3.000. Finally for the
Sochastic Louvain with simulated annealing we set again N = 15.000 and β = 15. This time again, the optimal
solution couldn't converge, and as the graph is a weighted one, we have no results for the Fast Greedy method.
The other methods give the following results:
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Figure 43. Comparison of returned modularity on E-mail graph

The best method is the Edge Betweenness method. The stochastic Louvain performs also very well and is
not far behind. All three stochastic methods show good results, but the best one is this time the stochastic method
without simulated annealing. Stochastic implementation of Louvain shows better results than the usual algorithm
and the GSMH method is slightly behind this latter.

We compute the Rand index with respect to the Edge Betweenness method.

Figure 44. Comparison of Rand index wrt Edge betweenness on E-mail graph
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As in the previous case there is a high jump between the best method and the other ones. This may be
because all methods give quite di�erent clustering with many clusters (indeed the graph is big enough for allowing
several tens of clusters), and any con�guration will lead to bounded values for Rand indexes. Here most methods
are between 0.4 and 0.6 which is still reasonable. Our three methods are in the top pack of methods therefore we
can say that they performed well on this graph in spite of the fact that it has a bigger size.

3.2.6. Comparison on Les Misérables graph. Here we present the results obtained with Les Misérables network
[KKK93]. This network is very small and we will be able to compute results for all methods. The optimal
modularity is around 0.56 so it has indeed a modular structure but it is not a very high value.

Figure 45. Comparison of returned modularity on Les Misérables graph

In this case the best method is Spin-Glass method, quite ahead (along with the optimal method) from all
other methods. Then comes our three stochastic methods. They all perform quite well on this small graph.

We computed the Rand index with respect to the optimal solution.



3. COMPARISON WITH OTHER METHODS 88

Figure 46. Comparison of Rand index wrt optimal solution on Les Misérables graph

In this case the method, in our three proposed methods, that has a higher Rand Index is theGSMH. Its index
is the second best of all methods which is quite good. The other two stochastic methods have indexes comparable
to other methods. Actually the Stochastic Louvain with simulated annealing is ranked just after GSMH but the
di�erence is relatively important (around 0.1). In any case we can conclude the performances of our methods are
good, besides, the clustering of the optimal methods isn't necessarily very meaningful.

3.2.7. Comparison on Power-grid graph. Here we present the results obtained with Power-Grid network [WS98].
This network is quite big, with 4.941 vertices. We will change the parameters of our methods and set for theGSMH

method N = 20.000 and β = 3. For the Stochastic Louvain without simulated annealing we set N = 20.000 and
β = 3.000. Finally for the Sochastic Louvain with simulated annealing we set again N = 20.000 and β = 15. The
graph is highly clustered and modularity values are very close to 1.
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Figure 47. Comparison of returned modularity on Power-grid graph

As we can see the modularity of the six �rst methods are high, this network is very modular. Both imple-
mentations of stochastic Louvain (with or without simulated annealing) give good results and are close to the best
method. Besides they are again above the usual Louvain method. On the contrary the GSMH method performs
badly on this graph.

The Rand index is calculated with respect to the best method which is the fast greedy method in this case.

Figure 48. Comparison of Rand index wrt Fast greedy on Power-grid graph
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Similarly we can see that stochastic Louvain with and without simulated annealing rank well compared to
other methods. This times, the stochastic Louvain without simulated annealing is better than with simulated
annealing (this was not the case for the modularity ranking). In any case they both show good results and perform
better than the usual Louvain. The GSMH method is still lagging behind for this network's clustering.

3.2.8. Conclusion. To conclude we can say that our methods perform quite well. In many cases they give a
very reasonable value for modularity, that is either comparable or even better than the values obtained with usual
methods. The GSMH method usually shows lower performances than the stochastic Louvain's method. This
was expected as this former method is much simpler. The stochastic Louvain on the other hand shows very good
results. With nearly all tested graphs it outperformed the usual Louvain'salgorithm. There is still a challenge
about the optimization of parameters, but when simulated annealing is used, the performances often become very
good, showing near-optimal results and sometimes outperforming all the other tested methods.

3.3. Optimization of the parameters. In this section we take one of the previous results as ground base
and try to reach better values by changing the parameters. The �nal idea would be to do this optimizing step
every time we use our algorithm, but as it is quite costly on a computation point of view, we haven't done it in
the previous part, and we chose instead �xed parameters that we estimated as adapted ones.
We will optimize the parameters β and N with simulated annealing (as it enables faster convergence and has
shown better performances). We will test this process on the Zachary graph, mainly because on this graph, the
Stochastic Louvain with simulated annealing did not show very good results. We will try to obtain better results.
We test 14 di�erent values for β and also 14 for N . Then for each possible pair of parameters, we run our algorithm
ten times to obtain averaged values. This means that we run it in the end 10 ∗ 14 ∗ 14 = 1960 times. The results
obtained are reported in tables.
For each run, we save the modularity and the computed Rand index with respect to the real clustering of data.
We also save the variances on those measures for the 10 iterations made for each pair of parameters.

3.3.1. Modularity. First we give below the modularity values. The red one is the best value obtained. As
a reminder the best modularity found in Zachary graph was obtained with Edge Betweenness (apart from the
optimal solution that we cannot challenge). It was equal to 0.4012985. In the following table the values higher
than this threshold are highlighted in grey.

HH
HHβ
N

100 300 400 600 800 1.000 1.500 2.500 5.000 7.500 10.000 15.000 20.000 30.000

10 0.336 0.399 0.401 0.400 0.397 0.395 0.404 0.405
0.415

0.406 0.396 0.403 0.409 0.413

35 0.370 0.408 0.409 0.413 0.415 0.409 0.408 0.403 0.401 0.403 0.401 0.403 0.402 0.406

70 0.380 0.393 0.392 0.389 0.403 0.403 0.399 0.408 0.402 0.409 0.402 0.392 0.397 0.406

100 0.363 0.390 0.395 0.389 0.387 0.402 0.402 0.399 0.397 0.402 0.397 0.397 0.387 0.402

200 0.375 0.393 0.390 0.401 0.395 0.396 0.397 0.400 0.393 0.402 0.381 0.394 0.387 0.396

300 0.388 0.396 0.396 0.389 0.392 0.408 0.389 0.390 0.400 0.388 0.387 0.397 0.388 0.397

500 0.369 0.392 0.392 0.399 0.396 0.395 0.384 0.392 0.385 0.386 0.392 0.399 0.397 0.396

800 0.349 0.397 0.395 0.388 0.390 0.390 0.386 0.397 0.379 0.397 0.386 0.392 0.384 0.381

1.000 0.368 0.378 0.403 0.387 0.386 0.383 0.392 0.378 0.378 0.384 0.379 0.393 0.385 0.384

1.500 0.348 0.376 0.391 0.387 0.393 0.384 0.378 0.391 0.391 0.384 0.377 0.388 0.380 0.375

3.000 0.371 0.369 0.379 0.388 0.374 0.394 0.384 0.383 0.388 0.385 0.371 0.391 0.394 0.384

5.000 0.373 0.379 0.397 0.376 0.381 0.369 0.368 0.379 0.377 0.375 0.384 0.371 0.386 0.375

7.000 0.379 0.390 0.380 0.385 0.369 0.379 0.374 0.376 0.380 0.374 0.376 0.386 0.384 0.380

10.000 0.373 0.376 0.379 0.380 0.385 0.380 0.372 0.384 0.384 0.371 0.371 0.389 0.382 0.384

Table 8. Modularity with di�erent parameters settings on Zachary graph

The best results are obtained mostly with quite small values of β and large values for N . In particular,
we would advise to choose a β such that β < 200, and a number of iteration N verifying N > 1.500. The best
modularity is obtained with N = 5.000 and β = 10. These values are quite close to the ones we chose in the
previous section. Finally we can point out that in quite many runs our method returned a modularity better than
the best obtained when several methods were tried. This is quite encouraging and suggests that our stochastic
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Louvain is really a competitive method.

Now we give the results obtained for the variance in modularity. To have more readable results, as the vari-
ances obtained were quite low, we multiplied the values by 1.000.

H
HHHβ
N

100 300 400 600 800 1.000 1.500 2.500 5.000 7.500 10.000 15.000 20.000 30.000

10 0.615 0.222 0.400 0.128 0.140 0.553 0.174 0.409 0.123 0.305 0.264 0.254 0.207 0.118

35 0.845 0.190 0.168
0.080

0.159 0.100 0.182 0.609 0.489 0.263 0.484 0.270 0.321 0.183

70 0.434 0.312 0.688 0.517 0.151 0.449 0.422 0.288 0.251 0.174 0.283 0.404 0.313 0.205

100 0.611 0.478 0.366 0.549 0.262 0.314 0.336 0.229 0.276 0.328 0.429 0.310 0.516 0.262

200 1.096 0.403 0.316 0.462 0.365 0.185 0.522 0.159 0.307 0.391 0.227 0.337 0.406 0.364

300 0.454 0.254 0.446 0.593 0.637 0.114 0.274 0.568 0.201 0.271 0.244 0.288 0.291 0.167

500 1.164 0.342 0.431 0.428 0.476 0.406 0.178 0.487 0.914 0.912 0.324 0.377 0.402 0.180

800 1.471 0.162 0.374 0.472 0.309 0.324 0.621 0.266 0.266 0.219 1.184 0.350 0.505 0.357

1.000 0.922 0.480 0.142 0.373 0.362 0.439 0.274 0.535 0.316 0.249 0.322 0.558 0.259 0.224

1.500 1.501 0.535 0.213 0.414 0.104 0.309 0.359 0.281 0.456 0.197 0.378 0.338 1.045 0.372

3.000 0.148 0.290 0.139 0.508 0.409 0.381 0.312 0.681 0.347 0.371 0.188 0.290 0.368 1.273

5.000 0.344 0.280 0.335 0.532 0.382 0.327 0.644 0.375 0.546 0.370 0.619 0.563 0.506 0.200

7.000 0.427 0.290 0.189 0.701 0.785 0.635 0.447 0.549 0.117 0.111 0.406 0.515 0.133 0.200

10.000 0.389 0.446 0.433 0.171 0.532 0.387 0.451 0.481 0.287 0.142 0.166 0.553 0.265 0.525

Table 9. Variance (∗103) on modularity values with di�erent parameters settings on Zachary graph

The variances are quite low (they are in 10−3 in the table above). Therefore we can say that the results
are stable enough. Here we highlighted the variances greater than the mean. We can see that the results are a
bit less stable with extreme values of parameters. Particularly with small values for N . This is quite normal as
the chain doesn't have time to reach the equilibrium state. On the other hand the smallest value is obtained with
N = 600 and β = 35 but we shouldn't give too much importance to this result. Indeed would we re-do the exact
same process, we would certainly obtain di�erent values. Therefore what is really relevant in this case is the global
behave of the algorithm.

In this case we can conclude that the results in modularity can be very good. In quite many runs we outper-
form the result obtained with Edge-betweenness method. Our best result for modularity is 0.4145381 which is a
very good value compared to the optimal modularity (0.4197896). Besides we can a�rm that our results are quite
robust and therefore that the method will often return very good results, in particular better results than all other
tested methods in the previous section.

3.3.2. Rand index. In this section we give similar results obtained with Rand index.

H
HHHβ
N

100 300 400 600 800 1.000 1.500 2.500 5.000 7.500 10.000 15.000 20.000 30.000

10 0.476 0.574 0.510 0.570 0.611 0.563 0.542 0.551 0.541 0.509 0.573 0.569 0.561 0.544

35 0.490 0.504 0.545 0.523 0.519 0.493 0.539 0.577 0.535 0.513 0.499 0.545 0.497 0.508

70 0.538 0.484 0.545 0.513 0.473 0.506 0.492 0.552 0.480 0.494 0.541 0.480 0.562 0.544

100 0.461 0.502 0.499 0.474 0.521 0.497 0.476 0.464 0.480 0.546 0.485 0.517 0.524 0.473

200 0.451 0.458 0.504 0.526 0.533 0.495 0.575 0.464 0.488 0.501 0.500 0.472 0.534 0.460

300 0.520 0.520 0.474 0.508 0.451 0.496 0.508 0.475 0.492 0.510 0.480 0.522 0.454 0.489

500 0.421 0.537 0.494 0.482 0.500 0.496 0.494 0.508 0.482 0.551 0.505 0.489 0.478 0.495

800 0.389 0.453 0.476 0.506 0.516 0.445 0.452 0.508 0.535 0.490 0.460 0.492 0.504 0.466

1.000 0.505 0.433 0.500 0.521 0.465 0.473 0.541 0.488 0.498 0.547 0.438 0.471 0.440 0.525

1.500 0.383 0.430 0.499 0.512 0.475 0.433 0.462 0.571 0.521 0.504 0.496 0.500 0.483 0.421

3.000 0.592 0.498 0.483 0.566 0.446 0.524 0.548 0.495 0.458 0.498 0.585 0.496 0.520 0.462

5.000 0.449 0.573 0.542 0.493 0.469 0.485 0.465 0.462 0.493 0.484 0.468 0.480 0.502 0.512

7.000 0.476 0.487 0.504 0.426 0.448 0.472 0.490 0.532 0.479 0.417 0.428 0.486 0.527 0.418

10.000 0.432 0.440 0.536 0.546 0.465 0.504 0.428 0.470 0.425 0.462 0.481 0.459 0.518 0.498

Table 10. Rand index w.r.t real clustering with di�erent parameters settings on Zachary graph

In this case we highlighted the values greater than 0.5. Once again we can notice that the results are better
when choosing smaller values of β. The global behavior with respect to N is less obvious here.
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H
HHHβ
N

100 300 400 600 800 1.000 1.500 2.500 5.000 7.500 10.000 15.000 20.000 30.000

10 10.650 15.817 2.530 8.183 12.231 20.300 6.216 12.739 2.341 1.788 18.598 6.402 7.359 4.898

35 27.538 1.308 3.496 5.468 0.652 0.541 8.124 11.518 3.957 3.831 10.110 7.773 4.612 3.767

70 13.448 8.572 17.455 10.841 1.333 1.422 9.712 12.462 1.414 1.342 8.274 5.434 15.958 5.984

100 12.679 11.274 2.193 10.283 19.305 3.376 0.904 2.330 3.006 10.407 2.349 15.753 16.896 1.970

200 5.106 3.537 11.261 14.484 13.842 10.334 19.502 2.390 9.172 1.171 7.736 3.316 17.074 1.704

300 32.267 5.686 4.275 13.784 3.626 2.308 17.940 6.310 2.302 7.787 8.111 6.666 6.569 5.650

500 4.581 20.551 10.761 1.054 5.566 10.761 13.912 8.574 11.460 17.159 16.398 8.716 1.955 5.195

800 9.197 1.568 6.915 9.105 6.783 2.765 6.156 3.949 18.975 6.921 9.415 5.701 5.867 6.089

1.000 26.070 2.263 2.018 14.628 14.502 8.400 17.883 11.929 32.742 28.517 6.503 6.309 1.298 21.298

1.500 7.408 3.285 14.824 10.349 4.399 2.836 8.872 12.168 8.496 12.892 14.284 15.682 7.808 5.673

3.000 29.939 32.836 14.885 22.876 6.807 3.741 15.642 22.097 3.005 14.052 44.496 8.179 12.753 5.073

5.000 12.875 28.265 17.534 13.159 7.786 20.402 9.317 5.019 18.356 21.161 10.226 19.086 23.286 10.138

7.000 11.040 5.458 19.603 5.558 14.673 13.856 17.133 26.230 4.684 1.207 2.117 12.399 24.997 2.411

10.000 11.520 8.009 26.335 19.641 11.318 19.035 11.927 16.783 2.253 20.306 14.267 2.455 26.869 23.985

Table 11. Variance (∗103) on Rand indexes w.r.t real clustering with di�erent parameters settings on

Zachary graph

Looking at the variances we can say that they are much higher for the Rand index than for the modularity.
Indeed, if the modularity converges, the structure of the clustering can be more variable. Therefore averaging the
values over many iterations undermine a bit the returned index. In spite of that we can see that the averaged
results in Rand index are not so bad, and were often found to be higher than 0.5. Here the variance appears often
smaller for higher values of N and smaller values of β. This is coherent with what was found with modularity
values.



Part 5

Conclusion and future work



We proposed two di�erent methods of clustering implemented using MCMC methods. The �rst one is a
basic method using a simple Metropolis process. The second one is a method that adds stochasticity in Louvain's
algorithm. We tested the performances and behaviors of those methods, both on real graphs and on random
graphs. We compared those methods with well known methods, using di�erent comparative metrics. In conclusion
we have observed that the performances of our algorithms are comparable to the other methods' performances. It
seems that the simple algorithm performs better on smaller graphs than on bigger ones. The stochastic Louvain
algorithm outperforms the usual Louvain method in most cases. Especially when using simulated annealing, which
often improves signi�cantly the results obtained. The obtained modularity is sometimes very close to the optimal
one. Besides, the method converges much faster when using simulated annealing.
We have also observed experimentally the performances of the methods with respect to the parameters. We can
say that the performance against the number of iteration takes a logarithmic shape, increasing quickly and then
much more slowly. This suggests that we can get a near-optimal solution with not so many iterations. The tuning
of the β parameter (that corresponds to the inverse of the Temperature in a Boltzmann-like model) shows that the
quality of the result also increases with β. That means that the chains converge faster when the system is quite
cold. We can infer from those remarks that β parameter and the number of iteration allowed are quite related.
Indeed, if the chain is more heated, it will need more iterations to reach an equilibrium state. In future work, it
would be interesting to evaluate this dependency and to try to come-up with good estimations of the parameters
better �tted to speci�c problems. Otherwise the presence of parameters makes our methods more manageable as
they can adapt to di�erent problems, if the parameters are chosen wisely.
Indeed when we optimized those parameters on a particular problem, we have been able to reach repeatedly very
good modularity values. Those values were not only good but we have shown that the method was robust. With
several settings our method outperformed all the other tested methods. We can therefore conclude that our method
is a competitive one and that by optimizing wisely the parameters, the performances can be quite improved.
In a future work it will be interesting to push forward the study of the in�uence of parameters, to have a better
understanding of the behavior of those stochastic methods. Of course experiments on a wider range of di�erent
graphs would also give us a better knowledge about these methods. Another possible extension of this work is
the introduction of sub-sampling in the loops, computing only partial modularity for instance. This would make
the algorithms much more scalable and suitable for bigger graph clustering problems. As modularity measure has
been broadly studied and discussed, we could also propose to use modi�ed versions of the modularity that already
exist to adapt our methods to directed graphs, or graphs with negative edges. Pushing this idea further, we could
try our methods on bipartite graphs, this time minimizing the modularity as suggested in [New06a], simply by
taking negative values for β.



APPENDIX A

Written R functions

1. Function to plot the graphs along with the clusters

Here we give the function used to plot the graphs with the clusters found by our algorithms. As the object
returned by this algorithm is a speci�c one, the function is adapted to this object.

1require ( graphics )

2

3plot . graph .mod<−function (G, res , bool=TRUE, div=2, groups=FALSE, s i z e s=NULL, shape=NULL){

4##'groups ' opt ion to put c i r c l e s around group o f nodes

5## s i z e s i s the array o f s i z e s o f v e r t i c e s

6## shape i s the array o f shapes

7## div : to s e t number o f l i n e s to put in the legend

8col<−r e s$memb

9for ( i in 1 : length (unique ( r e s$memb) ) ) {

10col [ r e s$memb == unique ( r e s$memb) [ i ] ]<−i
11}

12V(G)$ c o l o r<−rainbow ( length (unique ( r e s$memb) ) ) [ col ] #Color the edges

13i f ( groups ){

14L . mark<−NULL
15for ( i in 1 : length (unique ( r e s$memb) ) ) {

16ver t<−which( col==i )

17L . mark<−c (L . mark , l i s t ( ve r t ) )

18}

19plot (G, mark . groups=L .mark , main='Graph with the  found c l u s t e r s ' , ve r tex . s i z e=s i z e s , ve r tex . shape=shape )

20} else {

21plot (G, main='Graph with the  found c l u s t e r s ' , ve r tex . s i z e=s i z e s , ve r tex . shape=shape )

22}

23legend ( ' bot tomle f t ' , cex =0.6 , i n s e t =−0.05 , ho r i z=bool ,

24ncol=f loor ( length (unique ( r e s$memb) )/div ) ,

25legend=as . character ( seq (1 , length (unique ( r e s$memb) ) ) ) ,

26pch=16, col=unique (V(G)$ c o l o r ) )

27}

2. Function to compute the corrected Rand index between two clustering

Here we give the function used to compute the corrected rand index for two clustering of the same graph.

1co r r . rand . index<−function ( res1 , r e s2 ){

2N<−length ( r e s1$memb)

3i f ( length ( r e s2$memb)==N){

4S<−0
5memb1<−membership ( r e s1 )

6memb2<−membership ( r e s2 )

7for ( i in 1 : r e s1$n . Clust ){

8for ( j in 1 : r e s2$n . Clust ){

9C1<−which(memb1==i )

10C2<−which(memb2==j )

95
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11S<−( length ( intersect (C1 ,C2)))^2+S

12}

13}

14S1<−0
15for ( i in 1 : r e s1$n . Clust ){

16S1<−S1+sum( (memb1==i )*1)^2

17}

18S2<−0
19for ( j in 1 : r e s2$n . Clust ){

20S2<−S2+sum( (memb2==j )*1)^2

21}

22S .max<−S1+S2
23S . rand<−S1*S2
24R<−(N^2*S−S . rand )/ ( (N^2)/2*S .max−S . rand )
25} else {

26cat ( 'The number o f  nodes  i s  not c on s i s t e n t ' )

27R<−(−1)
28}

29return (R)

30}

With the function membership that re-assigns right numbers to di�erent communities. It makes those numbers
be: 1, ..., number of clusters.

1membership<−function ( r e s ){

2c l u s t . name<−unique ( r e s$memb)

3membership<−r e s$memb

4for ( i in 1 : r e s$n . Clust ){

5membership [ r e s$memb==c l u s t . name [ i ] ]<−i
6}

7return (membership )

8}

3. Function GSMH

This function returns a clustering of the graph. The idea behind is quite naive and the MCMC chain used
is a simple one.

1##########################################

2# Gibbs sampling and metropo l i s ha s t ing #

3##########################################

4GSMH<−function (G, N=300 , bet=3, simAnea=F, should . plot=FALSE){

5###

6#G a graph

7#N the number o f i t e r a t i o n s

8#be t the s l ope o f the exponen t i a l d i s t r i b u t i o n

9#simAnea : a boolean to s e t i f we want to use s imula ted annea l ing on ' bet '

10#should . p l o t : a boolean to s e t i f we want to p l o t the e vo l u t i on o f modular i ty at each i t e r a t i o n

11###

12beta . t<−bet
13# Get Graph c a r a c t e r i s t i c s

14n .V<−vcount (G) # number o f v e r t e x e s

15k . array<−degree (G,mode=' a l l ' ) #degree o f each ve r t e x

16A<−as .matrix (get . adjacency (G) ) #Adjacency Matrix

17m<−ecount (G) #sum( colSums (A))/2

18# I n i t i a l i z e the Chain

19X0<−sample (n .V, n .V, replace=TRUE) #Random i n i t i a l i z a t i o n

20Q<−array (NA,N+1)

21Q[ 1 ]<−modular ity (G, membership=X0)

22n<−1
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23

24while (n<=N){

25i<−sample (n .V, 1 ) # take uni formly one node at random

26Neigh<−neighborhood (G, order=1, nodes=i ) [ [ 1 ] ] # f ind N( i ) ( ne ighbors o f i ) c a r e f u l i t

27# i s a l i s t o f array we only want the f i r s t −degree ne ighbors

28Neigh<−Neigh [−1] #The f i r s t e lement i s the node i t s e l f , we don ' t want i t in the l i s t

29##C1

30# bu i l d C1 : the s e t o f a l l nodes with the same l a b e l as i

31C1<−i
32for ( ind .C1 in 1 : n .V){

33i f ( (X0 [ ind .C1]==X0 [ i ] )&( ind .C1 !=i ) ) C1<−c (C1 , ind .C1)

34}

35#compute deg . c1

36deg .C1<−0 # degree o f c l u s t e r 1 = sum of a l l i n c i d en t edges to C1

37for ( ve r t in C1){

38deg .C1<−deg .C1+k . array [ v e r t ]

39}

40#compute degI .C1

41degI .C1<−sum(A[ i ,C1 ] ) #degree o f node I on C1 = sum of a l l nodes o f C1 connected to i

42

43

44##Neighbors o f i

45Neigh_u t i l<−NULL
46for ( j_ind in Neigh ){

47i f (X0 [ i ] != X0 [ j_ind ] ) Neigh_u t i l<−c ( Neigh_u t i l , j_ind )

48}

49i f ( length ( Neigh_u t i l )>0){

50j<−sample ( Neigh_u t i l , 1 ) #take uni formly one neighbor at random

51} else {

52j<−i
53}

54i f ( j !=i ){

55##C2

56#bu i l d C2 : the s e t o f a l l nodes with the same l a b e l as j

57C2<−j
58for ( ind .C2 in 1 : n .V){

59i f ( (X0 [ ind .C2]==X0 [ j ] )&( ind .C2 !=j ) ) C2<−c (C2 , ind .C2)

60}

61C2<−c ( i ,C2) #I f node i was moved in to C2

62#compute deg . c2

63deg .C2<−0 #degree o f c l u s t e r 2 = sum of a l l i n c i d en t edges to C2

64for ( ve r t in C2){

65deg .C2<−deg .C2+k . array [ v e r t ]

66}

67#compute degI .C2

68degI .C2<−sum(A[ i ,C2 ] ) #degree o f node I on C2 = sum of a l l nodes o f C2 connected to i

69

70##Compute d e l t a .Q

71de l t a .Q<−1/m* ( degI .C2−degI .C1)+1/(2*m^2)*k . array [ i ]* ( deg .C1−deg .C2)
72new . c l u s t<−FALSE
73

74} else {

75de l t a .Q<−0
76}

77

78# i f there i s l e s s than n .V c l u s t e r s we can a l s o crea t e a new one

79i f ( length ( setd i f f ( seq (1 , n .V,by=1) ,X0))>0){

80de l t a .Q2<−1/m* (A[ i , i ]−degI .C1)+1/(2*m^2)*k . array [ i ]* ( deg .C1−k . array [ i ] )

81i f ( d e l t a .Q2>de l t a .Q) { # i f i t i s b e t t e r to c rea t e a new c l u s t e r do i t

82de l t a .Q<−de l t a .Q2

83new . c l u s t<−TRUE
84}

85}

86#choose to keep Y or not :

87i f ( simAnea ) beta . t<−bet*n
88alpha<−min(1 , exp(beta . t*de l t a .Q) )
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89u<−runif (1 )
90X1<−X0
91Q[ n+1]<−Q[ n ]

92i f ( ( u<alpha ) & ( d e l t a .Q>0)){ #IF NOT REJECTED MOVE

93i f (new . c l u s t ) {# i f was eva lua t ed b e t t e r to c rea t e a new c l u s t e r

94X1 [ i ]<−setd i f f ( seq (1 , n .V,by=1) ,X0 ) [ 1 ]

95} else {# otherwi se swich c l u s t e r o f i to C2

96X1 [ i ]<−X0 [ j ]
97}

98Q[ n+1]<−Q[ n+1]+de l t a .Q

99} #IF REJECTED DO NOT CHANGE CLUSTERS

100#i t e r a t e

101X0<−X1
102n<−n+1

103}

104L<−l i s t (mod=Q,memb=X1 , n . Clust=length (unique (X1 ) ) )

105i f ( should . plot ) {plot (Q, type=' o ' , x lab=' I t e r a t i o n ' ,

106main=' evo lu t i on  o f  Modularity  at  each step ' )}

107return (L)

108}

4. Function k-GSMH

This function �nds a k-clustering of the graph using a Metropolis Hasting with Gibbs sampler naive imple-
mentation.

1k .GSMH<−function (G,N=300 , bet=3,k=2, simAnea=F, should . plot=FALSE){

2###

3#G a graph

4#N the number o f i t e r a t i o n s

5#be t the s l ope o f the exponen t i a l d i s t r i b u t i o n

6#k the number o f c l u s t e r s we want to have

7#simAnea : a boolean to s e t i f we want to use s imula ted annea l ing on ' bet '

8#should . p l o t : a boolean to s e t i f we want to p l o t the e vo l u t i on o f modular i ty at each i t e r a t i o n

9###

10beta . t<−bet
11# Get Graph c a r a c t e r i s t i c s

12n .V<−vcount (G) #number o f v e r t e x e s

13k . array<−degree (G,mode=' a l l ' ) #degree o f each ve r t e x

14A<−as .matrix (get . adjacency (G) )

15m<−ecount (G) # sum( colSums (A))/2

16# I n i t i a l i z e the Chain

17X0<−rep(−1 ,n .V)

18X0 [ sample (n .V, k , replace=FALSE) ]<−seq (1 , k ,by=1) #X0 i s i n i t i a l i z e d at random

19X0 [X0==(−1)]<−sample (k , n .V−k , replace=TRUE) #but we need a l l c l a s s e s to be presen t

20Q<−array (NA,N+1)

21Q[ 1 ]<−modular ity (G, membership=X0)

22n<−1
23

24while (n<=N){

25i<−sample (n .V, 1 ) #take uni formly one node at random

26Neigh<−neighborhood (G, order=1, nodes=i ) [ [ 1 ] ] # f ind N( i ) ( ne ighbors o f i )

27Neigh<−Neigh [−1]
28l a s t . one<−FALSE
29i f (sum(X0 [ i ]==X0[− i ])==0) l a s t . one<−TRUE
30i f ( ! l a s t . one ){

31##C1

32# bu i l d C1

33C1<−i
34for ( ind .C1 in 1 : n .V){

35i f ( (X0 [ ind .C1]==X0 [ i ] )& ( ind .C1 !=i ) ) C1<−c (C1 , ind .C1)

36}
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37#compute deg . c1

38deg .C1<−0 #degree o f c l u s t e r 1 = sum of a l l i n c i d en t edges to C1

39for ( ve r t in C1){

40deg .C1<−deg .C1+k . array [ v e r t ]

41}

42#compute degI .C1

43degI .C1<−sum(A[ i ,C1 ] ) #degree o f node I on C1 = sum of a l l nodes o f C1 connected to i

44

45

46##Neighbors o f i

47Neigh_u t i l<−NULL
48for ( j_ind in Neigh ){

49i f (X0 [ i ] != X0 [ j_ind ] ) Neigh_u t i l<−c ( Neigh_u t i l , j_ind )

50}

51i f ( length ( Neigh_u t i l )>0){

52j<−sample ( Neigh_u t i l , 1 ) #take uni formly one ne ighbors at random

53} else {

54j<−i
55}

56

57i f ( j !=i ){

58##C2

59#bu i l d C2

60C2<−j
61for ( ind .C2 in 1 : n .V){

62i f ( (X0 [ ind .C2]==X0 [ j ] )&( ind .C2 !=j ) ) C2<−c (C2 , ind .C2)

63}

64C2<−c ( i ,C2) #I f i was added in to C2

65#compute deg . c2

66deg .C2<−0 #degree o f c l u s t e r 2 = sum of a l l i n c i d en t edges to C2

67for ( ve r t in C2){

68deg .C2<−deg .C2+k . array [ v e r t ]

69}

70

71#compute degI .C2

72degI .C2<−sum(A[ i ,C2 ] ) #degree o f node I on C2 = sum of a l l nodes o f C2 connected to i

73

74##Compute d e l t a .Q

75de l t a .Q<−1/m* ( degI .C2−degI .C1)+1/(2*m^2)*k . array [ i ]* ( deg .C1−deg .C2)
76} else {

77de l t a .Q<−0
78}

79

80#choose to keep Y or not :

81i f ( simAnea ) beta . t<−bet*n
82alpha<−min(1 , exp(beta . t*de l t a .Q) )

83u<−runif (1 )
84X1<−X0
85Q[ n+1] <− Q[ n ]

86i f ( ( u<alpha ) & ( d e l t a .Q>0)){ #IF NOT REJECTED MOVE

87X1 [ i ]<−X0 [ j ]
88Q[ n+1]<−Q[ n+1]+de l t a .Q

89}

90X0<−X1
91} else {

92X1<−X0 #I f i was the l a s t member o f i t s c l u s t e r we cannot change i t

93Q[ n+1] <− Q[ n ]

94}

95#i t e r a t e

96n<−n+1

97}

98L<−l i s t (mod=Q, memb=X1 , n . Clust=k)

99i f ( should . plot ) {plot (Q, type=' o ' ,main=' evo lu t i on  o f  Modularity  at  each step ' )}

100return (L)

101}
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5. Function to implement the usual Louvain algorithm

This function implements Louvain's algorithm. The Phase 1 algorithm:

1### Usual Louvain a lgor i thm

2usua l . l ouva in . 1<−function (G, should . plot=FALSE){

3###

4#G a graph

5#should . p l o t must be s e t to TRUE i f we want to p l o t the e vo l u t i on o f modular i ty

6###

7

8# Get Graph c a r a c t e r i s t i c s

9n .V<−vcount (G) #number o f v e r t i c e s

10k . array<−degree (G,mode=' a l l ' ) #degree o f each ve r t e x

11A<−as .matrix (get . adjacency (G) ) #Adjacency matrix

12m<−ecount (G) #number o f edges

13

14# I n i t i a l i z a t i o n

15X0<−seq (1 , n .V, by=1)

16

17Q<−c ( modular ity (G, membership=X0) )

18

19terminate<−FALSE
20while ( ! terminate ){

21for ( i in 1 : n .V){

22Neigh<−neighborhood (G, order=1, nodes=i ) [ [ 1 ] ] # f ind N( i ) ( ne ighbors o f i )

23Neigh<−Neigh [−1] # The f i r s t e lement i s the node i t s e l f ,

24 # we don ' t want i t in the l i s t

25

26##C1

27# bu i l d C1 : the s e t o f a l l nodes with the same l a b e l as i

28C1<−which(X0==X0 [ i ] )
29#compute deg . c1

30deg .C1<−sum( k . array [ C1 ] ) #degree o f c l u s t e r 1 = sum of a l l i n c i d en t edges to C1

31#compute degI .C1

32degI .C1<−sum(A[ i ,C1 ] ) #degree o f node I on C1 = sum of a l l nodes o f C1 connected to i

33

34##Neighbors o f i

35de l t a .Q<−rep (0 , length ( Neigh ) )

36for ( j in 1 : length ( Neigh ) ){

37i f (X0 [ i ] == X0 [ Neigh [ j ] ] ) {

38de l t a .Q[ j ]<−0
39} else {

40##C2

41#bu i l d C2 : the s e t o f a l l nodes with the same l a b e l as j

42C2<−which(X0==X0 [ Neigh [ j ] ] )

43C2<−c ( i ,C2)
44#compute deg . c2

45deg .C2<−sum( k . array [ C2 ] ) #degree o f c l u s t e r 2 = sum of a l l i n c i d en t edges to C2

46#compute degI .C2

47degI .C2<−sum(A[ i ,C2 ] ) #degree o f node i on C2 = sum of a l l nodes o f C2 connected to i

48

49##Compute d e l t a .Q

50de l t a .Q[ j ]<−1/m* ( degI .C2−degI .C1)+1/(2*m^2)*k . array [ i ]* ( deg .C1−deg .C2)
51}

52}

53# Is there a good move?

54l .Q<−length (Q)

55i f (max( d e l t a .Q)>0){

56best . ne ighbor_i<−which( d e l t a .Q==max( d e l t a .Q) ) [ 1 ]

57X0 [ i ]<−X0 [ Neigh [ bes t . ne ighbor_i ] ]

58Q.new<−Q[ l .Q]+ de l t a .Q[ bes t . ne ighbor_i ]

59Q<−c (Q,Q.new)

60} else {

61Q<−c (Q,Q[ l .Q] )
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62}

63}

64#Terminates the loop

65# N. i t e i s the t o t a l number o f

66N. i t e<−length (Q) # l i t t l e i t e r a t i o n in s i d e the loop ( a f t e r one pass , i t i s equa l to n .V)

67i f ( (Q[N. i t e ]−Q[N. i t e−n .V])<10^(−3)) terminate<−TRUE #I f hasn ' t change in the whole loop

68}

69

70L<−l i s t (mod=Q, memb=X0 , n . Clust=length (unique (X0 ) ) )

71i f ( should . plot ) plot (Q, type=' o ' , x lab=' I t e r a t i o n ' ,

72main=' evo lu t i on  o f  Modularity  at  each step ' )

73return (L)

74}

The Phase 2 algorithm:

1usua l . l ouva in . 2<−function (G, r e s . 1 ) {

2n .V<−vcount (G) #number o f v e r t e x in the i n i t i a l graph

3A<−as .matrix (get . adjacency (G) ) #Adjacency matrix o f the i n i t i a l graph

4new . n<−r e s . 1$n . Clust #number o f c l u s t e r s

5memb<−membership ( r e s . 1 )

6new .A<−matrix (0 , nrow=new . n , ncol=new . n ) #Adjacency matrix in new graph

7

8C1<−which(memb==1) #re t r i e v e c l u s t e r 1

9new .A[ 1 , 1 ]<−sum(A[C1 ,C1 ] ) #complete f i r s t d iagona l element

10for ( i in 2 :new . n ){

11C1<−which(memb==i ) #re t r i e v e c l u s t e r i

12new .A[ i , i ]<−sum(A[C1 ,C1 ] )

13for ( j in 1 : ( i −1)){
14C2<−which(memb==j ) #re t r i e v e c l u s t e r j

15new .A[ i , j ]<−sum(A[C1 ,C2 ] ) #update new .A

16new .A[ j , i ]<− new .A[ i , j ] #update new .A

17}

18}

19new .G<−graph . adjacency (new .A, mode="undi rec ted " , weighted=TRUE) #Build the new graph

20L<−l i s t ( graph=new .G, nodes . in . c l u s t=memb)

21return (L)

22}

The Pass algorithm :

1usua l . l ouva in . pass<−function (G){

2r e s . 1<−usua l . l ouva in . 1 (G) #$mod, memb, n . Clus t

3r e s . 2<−usua l . l ouva in . 2 (G, r e s . 1 ) #$graph , $nodes . in . c l u s t

4Mod<−c ( r e s . 1$mod [ length ( r e s . 1$mod ) ] ) #array o f modular i ty at each he i gh t

5ver tex . l e f t<−r e s . 1$n . Clust

6L<−t (as .matrix ( r e s . 2$nodes . in . c l u s t ) ) #Membership array at each he i gh t

7convergence<−FALSE
8N. c l u s t<−c ( vcount (G) , ver tex . l e f t )

9while ( ( ver tex . l e f t >1) & ( ! convergence ) ) { #While the second graph has s e v e r a l

10#nodes and the modular i ty can be improved

11r e s1 . i t e<−usua l . l ouva in . 1 ( r e s . 2$graph )

12r e s2 . i t e<−usua l . l ouva in . 2 ( r e s . 2$graph , r e s1 . i t e ) #i t e r a t e the two phases

13ver tex . l e f t<−r e s1 . i t e $n . Clust

14N. c l u s t<−c (N. c lu s t , ve r tex . l e f t )

15new . c l u s t e r i n g<−L [dim(L ) [ 1 ] , ]

16for ( i in 1 : ver tex . l e f t ){

17grp<−which( r e s2 . i t e $nodes . in . c l u s t == i )

18for ( j in 1 : length ( grp ) ){ #bu i l d the new membership array

19new . c l u s t e r i n g [L [dim(L) [1 ] , ]== grp [ j ] ]<−i #from b i g nodes to smal l ones

20}

21}

22Mod. i t e<−modular ity (G, membership=new . c l u s t e r i n g )#This i s the modular i ty o f the complete graph :

23Mod<−c (Mod, Mod. i t e ) # not with b i g aggrega ted nodes but with the corresponding c l u s t e r s
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24L<−rbind (L ,new . c l u s t e r i n g )

25r e s . 1<− r e s1 . i t e

26r e s . 2<−r e s2 . i t e

27i f (sum(L [dim(L)[1]−1 , ]−new . c l u s t e r i n g ) == 0) convergence<−TRUE
28}

29r e s u l t a t<−l i s t ( c l u s t=L , Mod=Mod, N. c l u s t=N. c l u s t )

30return ( r e s u l t a t )

31}

Finally here follows a small function to convert the result returned resultat into another more manageable
form (like the results of the other functions : res). Besides it allows the user to choose a cut, or not, in the pass
algorithm (by default it chooses the best cut).

1make . r e s<−function ( r e s u l t a t , cut=0){

2i f ( cut==0) ind<−which( r e s u l t a t $Mod==max( r e s u l t a t $Mod) ) [ 1 ] #Find the b e s t cut

3else ind<−cut #excep t i f cut imposed

4L<−l i s t (mod=r e s u l t a t $Mod[ ind ] , memb=r e s u l t a t $ c l u s t [ ind , ] ,

5n . Clust=r e s u l t a t $N. c l u s t [ ind +1]) #Return a usua l r e s u l t

6return (L)

7}

6. Function implementing the stochastic Louvain algorithm

This function implements a stochastic version of the Phase 1 of Louvain algorithm.

1s to . l ouva in . 1<−function (G, N=3000 , bet=3, simAnea=F, should . plot=FALSE){

2###

3#G a graph

4#N the maximum number o f i t e r a t i o n s

5#be t the s l ope o f the exponen t i a l d i s t r i b u t i o n

6#simAnea to s e t to TRUE to use s imula ted annea l ing on ' bet '

7#should . p l o t to p l o t the e vo l u t i on o f modular i ty at each s t ep

8###

9

10# Get Graph c a r a c t e r i s t i c s

11n .V<−vcount (G) #number o f v e r t i c e s

12k . array<−degree (G,mode=' a l l ' ) #degree o f each ve r t e x

13A<−as .matrix (get . adjacency (G) ) #Adjacency matrix

14P<−A+diag (1 , n .V) #We want to a l l ow s e l f−l oops
15m<−ecount (G) #number o f edges

16beta . t<−bet
17

18# I n i t i a l i z a t i o n o f the Chain

19X0<−seq (1 , n .V, by=1)

20N. i t e<−1
21

22Q<−c ( modular ity (G, membership=X0) )

23

24terminate<−FALSE
25while ( ! terminate ){

26for ( i in 1 : n .V){

27Neigh<−neighborhood (G, order=1, nodes=i ) [ [ 1 ] ] # f ind N( i ) ( ne ighbors o f i )

28Neigh<−Neigh [−1] # The f i r s t e lement i s the node i t s e l f , we don ' t want i t in the l i s t

29

30##C1

31# bu i l d C1 : the s e t o f a l l nodes with the same l a b e l as i

32C1<−which(X0==X0 [ i ] )
33#compute deg . c1

34deg .C1<−sum( k . array [ C1 ] ) # degree o f c l u s t e r 1 = sum of a l l i n c i d en t edges to C1

35#compute degI .C1
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36degI .C1<−sum(A[ i ,C1 ] ) #degree o f node I on C1 = sum of a l l nodes o f C1 connected to i

37

38##Neighbors o f i

39de l t a .Q<−rep (0 , length ( Neigh ) )

40for ( j in 1 : length ( Neigh ) ){

41i f (X0 [ i ] == X0 [ Neigh [ j ] ] ) {

42de l t a .Q[ j ]<−0
43} else {

44##C2

45#bu i l d C2 : the s e t o f a l l nodes with the same l a b e l as j

46C2<−which(X0==X0 [ Neigh [ j ] ] )

47C2<−c ( i ,C2)
48#compute deg . c2

49deg .C2<−sum( k . array [ C2 ] ) # degree o f c l u s t e r 2 = sum of a l l i n c i d en t edges to C2

50#compute degI .C2

51degI .C2<−sum(A[ i ,C2 ] ) #degree o f node i on C2 = sum of a l l nodes o f C2 connected to i

52

53##Compute d e l t a .Q

54de l t a .Q[ j ]<−1/m* ( degI .C2−degI .C1)+1/(2*m^2)*k . array [ i ]* ( deg .C1−deg .C2)
55}

56}

57de l t a .Q<−c (0 , d e l t a .Q)

58Neigh<−c ( i , Neigh )

59# Se l e c t the move

60l .Q<−length (Q)

61i f ( simAnea ) {beta . t<−bet*N. i t e } # In case s imula ted annea l ing i s chosen

62alpha . v<−exp(beta . t*de l t a .Q)*P[ i , Neigh ]

63alpha . v<−alpha . v/sum( alpha . v ) #Compute p r o b a b i l i t i e s f o r a l l ne ighbors

64best . ne ighbor_i<−sample ( length ( Neigh ) , s i z e =1, prob=alpha . v ) #give the sampled index in Neigh

65X0 [ i ]<−X0 [ Neigh [ bes t . ne ighbor_i ] ]

66Q.new<−Q[ l .Q]+ de l t a .Q[ bes t . ne ighbor_i ]

67Q<−c (Q, Q.new)

68}

69#Terminates the loop

70#The number o f i t e r a t i o n once again i s the

71N. i t e<−length (Q) # t o t a l number o f smal l i t e r a t i o n (>n .V)

72i f ( (abs ( sum(Q[ (N. i t e−n .V) :N. i t e ] ) /n .V )<10^(−4)) | (N. i t e >N) ) terminate<−TRUE
73}

74

75L<−l i s t (mod=Q, memb=X0 , n . Clust=length (unique (X0 ) ) )

76i f ( should . plot ) plot (Q, type=' o ' , x lab=' I t e r a t i o n ' , main=' evo lu t i on  o f  Modularity  at  each step ' )

77return (L)

78}

The following function implements the pass in the Stochastic Louvain algorithm. There is no need to modify
the Phase 2 part.

1s to . l ouva in . pass<−function (G, N=3000 , bet=3, simAnea=F){

2r e s . 1<−s to . l ouva in . 1 (G, N, bet , simAnea ) #$mod, memb, n . Clus t

3ver tex . l e f t<−r e s . 1$n . Clust

4i f ( ver tex . l e f t ==1){

5return ( r e s . 1 )

6} else {

7r e s . 2<−usua l . l ouva in . 2 (G, r e s . 1 ) #$graph , $nodes . in . c l u s t

8Mod<−c ( r e s . 1$mod [ length ( r e s . 1$mod ) ] ) #array o f modular i ty at each he i g h t

9L<−t (as .matrix ( r e s . 2$nodes . in . c l u s t ) ) #Membership array at each he i g h t

10

11convergence<−FALSE
12new . c l u s t e r i n g<−L [dim(L ) [ 1 ] , ]

13r e s1 . i t e<− r e s . 1

14r e s2 . i t e<−r e s . 2
15N. c l u s t<−c ( vcount (G) , ver tex . l e f t )

16

17while ( ( ver tex . l e f t >1) & ( ! convergence ) ) { #While the second graph has s e v e r a l nodes

18#and the modular i ty can be improved
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19r e s1 . i t e<−s to . l ouva in . 1 ( r e s . 2$graph , N, bet , simAnea ) #i t e r a t e phase 1

20ver tex . l e f t<−r e s1 . i t e $n . Clust

21N. c l u s t<−c (N. c lu s t , ve r tex . l e f t )

22new . c l u s t e r i n g<−L [dim(L ) [ 1 ] , ]

23i f ( ver tex . l e f t ==1){

24new . c l u s t e r i n g<−r e s1 . i t e $memb # i f one c l u s t e r l e f t terminate

25convergence<−TRUE
26Mod. i t e<−1
27} else {

28r e s2 . i t e<−usua l . l ouva in . 2 ( r e s . 2$graph , r e s1 . i t e ) # e l s e i t e r a t e phase two

29for ( v in 1 : ver tex . l e f t ){

30grp<−which( r e s2 . i t e $nodes . in . c l u s t == v)

31for ( j in 1 : length ( grp ) ){

32new . c l u s t e r i n g [L [dim(L) [1 ] , ]== grp [ j ] ]<−v # bu i l d the corresponding membership array

33}

34}

35r e s . 1<− r e s1 . i t e

36r e s . 2<−r e s2 . i t e

37Mod. i t e<−modular ity (G, membership=new . c l u s t e r i n g )

38}

39Mod<−c (Mod, Mod. i t e )

40L<−rbind (L ,new . c l u s t e r i n g )

41i f (sum(L [dim(L)[1]−1 , ]−new . c l u s t e r i n g ) == 0) convergence<−TRUE # I f converged , terminate

42}

43r e s u l t a t<−l i s t ( c l u s t=L , Mod=Mod, N. c l u s t=N. c l u s t )

44return ( r e s u l t a t )

45}

46}
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