
 
 
 

TESINA D’ESPECIALITAT 

 
Títol 

 

Numerical simulation of flexoelectric cantilever 

actuators 

 

 

Autor/a 

Laia Baqués Gallego 

 

Tutor/a 

Irene Arias Vicente 

 

Departament 

Matemàtica Aplicada III 

 

Intensificació 

Numerical Methods 

 

Data 

June 2015 



Laia Baqués Gallego 
 

2 

 

ABSTRACT 

 
Title: Numerical Simulation of Flexoelectric Cantilever Actuators 
 
Autor: BAQUÉS GALLEGO, Laia 
 
Tutor: ARIAS VICENTE, Irene; ABDOLAHI, Amir 
 
Keywords: actuator, flexoelectric, piezoelectric, sensors, cantilever beam, bimorph, 
barium titanate.  

 
 

Piezoelectricity and flexoelectricity are two different properties showed by some 

specific materials. Although piezoelectricity is widely known and studied, flexoelectricity 

is a relatively new subject and not much study has been done in this field.  

 

Piezoelectric materials have the capability of deforming when exposed to an electric 

field. The main purpose of this research project is to study the behavior of these 

materials by also considering flexoelectricity.  

 

Flexoelectricity is a property that forces the material to bend when an electric field is 

applied and it is only observable and has an important effect at micro- and nanoscopic 

scales. In many cases this effect is not quantified because of its unawareness or due to 

the difficulties of doing simulations in the nanoscale.  

 

The flexoelectric term was added with the aim to describe how different materials react 

when we suppose that piezoelectricity and flexoelectricity are taken into account and to 

observe how they work simultaneously. The conditions in which flexoelectric properties 

are shown are not as restrictive as the ones for piezoelectric properties so we cannot 

ignore this phenomenon. In this research we quantify the flexoelectric effect in 

materials which already are piezoelectric and we find the best conditions in which 

piezoelectricity and flexoelectricity work together and not one against the other.  

 

Initial tests were carried out with Barium Titanate material properties, since it is a 

common piezoelectric material and it is widely used over the world.  The simulations 

will include varying the thickness of the beam and also changing the material 

mechanical properties to simulate different piezoelectric materials.  
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We will contrast two different models applied in the cantilever beam. First we will do the 

simulation supposing that we connect the beam plates with a serial model and then we 

will describe the main differences when connecting them with a parallel model. We use 

a Bimorph model which relies in two thin expanding plates bonded to each other 

causing the element to bend when voltage is applied as one plate will expand and the 

other will contract.  

 

Having the flexoelectricity quantified as well as knowing how it works would really help 

us when designing piezoelectric devices which were able to enlarge the piezoelectric 

response with the flexoelectric effect and avoid its deterioration.  

 

The best conditions were found connecting the bimorph beam in a serial model and 

with a thin cantilever beam around 3 μm of thickness. We also could improve it using a 

piezoelectric material with high piezoelectric constants. These would be the best 

conditions a model of a cantilever beam must met in order to get the maximum vertical 

displacement with the same amount of applied voltage.  
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RESUMEN 

 
Título: Numerical Simulation of Flexoelectric Cantilever Actuators 
 
Autor: BAQUÉS GALLEGO, Laia 
 
Tutor: ARIAS VICENTE, Irene; ABDOLAHI, Amir 
 
Palabras clave: actuador, flexoelectricidad, piezoelectricidad, sensores, viga en 
voladizo, bimorph, titanato de bario.  

 
 

La piezoelectricidad y la flexoelectricidad son dos propiedades muy diferentes que 

pueden mostrar algunos materiales muy específicos. Pero mientras que la 

piezoelectricidad es ampliamente conocida y ha sido muy estudiada, la 

flexoelectricidad es relativamente nueva y no disponemos de muchos estudios hechos 

en este campo.  

 

Los materiales piezoeléctricos tienen la capacidad de deformarse cuando están 

expuestos a un campo eléctrico. El principal objetivo de esta investigación es estudiar 

el comportamiento de estos materiales cuando considerando que la flexoelectricidad 

también está actuando.  

 

La flexoelectricidad es una propiedad que fuerza el material a doblarse y solo es 

observable y tiene un efecto importante en la micro y la nanoescala. En muchos casos 

este efecto no está cuantificado ya sea por el desconocimiento de este efecto o por la 

dificultad de hacer simulaciones en la nanoescala.  

 

Se añade éste término con el objetivo de describir como les diferentes materiales 

reaccionan cuando se tienen en cuenta a la vez la piezoelectricidad y la 

flexoelectricidad a la vez que observar cómo trabajan conjuntamente. Las condiciones 

para que las propiedades flexoeléctricas aparezcan no son tan restrictivas como las 

condiciones que tienen que cumplir los materiales para que sean piezoeléctricos, así 

que no podemos ignorar éste fenómeno. En este estudio cuantificaremos el efecto 

flexoeléctrico en materiales que ya son piezoeléctricos y encontraremos las mejores 

condiciones dónde la piezoelectricidad y la flexoelectricidad trabajen conjuntamente y 

no una contra la otra.  

 

Las pruebas iniciales se llevaron a cabo con las propiedades del titanato de bario al 

ser un material piezoeléctrico común y que es ampliamente utilizado por todo el 
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mundo. Las simulaciones incluirán variar el espesor de la viga y cambiar las 

propiedades mecánicas del titanato de bario para simular diferentes materiales 

piezoeléctricos.  

 

Se contrastarán dos modelos diferentes aplicados a una viga en voladizo. En primer 

lugar vamos a hacer la simulación suponiendo que conectamos las dos placas de la 

viga con un modelo en serie y a continuación vamos a describir las principales 

diferencias cuando las conectamos con un modelo en paralelo. Usaremos un modelo 

de Bimorph basado en dos placas finas que se pueden expandir y que están unidas 

una con la otra causando que el elemento se doble cuando aplicamos un voltaje ya 

que una placa se expandirá y la otra se contraerá.   

 

Al tener la flexoelectricidad cuantificada al igual que conocer cómo funciona nos puede 

ayudar para diseñar dispositivos piezoeléctricos que puedan aumentar la respuesta 

piezoeléctrica mediante el efecto flexoeléctrico y evitar así su degradación.  

 

Las mejores condiciones se encontraron al conectar las vigas con el modelo de 

bimorph en serie y con una viga en voladizo de unos 3 μm de espesor. También 

podríamos mejorar la respuesta piezoeléctrica si usamos un material con unas 

constantes piezoeléctricas elevadas. Éstas serían las mejores condiciones que tendría 

que cumplir un modelo de una viga en voladizo para obtener el máximo 

desplazamiento vertical con un mismo voltaje aplicado.  
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1. INTRODUCTION AND OBJECTIVES 

 

The devices we use are becoming smaller. Every time we are including more 

features in a smaller space, which requires that all devices that are related to 

these applications need to occupy less space. Therefore we have to go to the 

bottom of the material and try to take advantage of smaller units of matter to 

obtain functionalities that were previously achieved with much larger materials. 

 

With piezoelectricity what we get is interconverting mechanical action into an 

electrical response. Or vice versa, applying an electric field to a material, this 

piezoelectric effect gets that this material changes its shape and gives it a 

mechanic deformation.  

 

Most of the sensors that allow us to detect small movements are based on the 

piezoelectric effect, so it is an effect that is behind many of the applications of 

all kinds of technological equipment.  

 

On the other hand, by the flexoelectric effect what we do is to obtain electric 

fields when we bend a material or vice versa, applying an electric field the 

material bends. At the macroscale this effect is very small and is considered 

negligible but if we go to the nanoscale, this effect turns out to be remarkable. 

 

Electromechanical actuators, sensors and energy harvesters typically employ 

piezoelectric materials, and flexoelectricity is increasingly taken more into 

account. That is to say that flexoelectricity is a new field and many different 

investigations could be done in order to find out more physical characteristics of 

this property and improve piezoelectric devices. Having quantified the 

flexoelectric effect we could know which piezoelectric devices are better in order 

to get the maximum displacement with the same given energy. The goal of this 

research it to quantify flexoelectricity and use the results to improve and 

develop flexoelectric technologies so that it would help the progress of 

nanotechnology.  
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The aim of this investigation is to observe the main consequences that happen 

when we ignore flexoelectricity, and how this property can be beneficial for the 

piezoelectric effect.  

 

In the analysis we will focus on actuator models, that is to say, applying an 

electric field we will measure the deformation of the material considering also 

the flexoelectric effect.  
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2. PIEZOELECTRICITY 
 

Piezoelectricity was discovered in 1880 but nowadays we are still studying it 

because we do not know many applications and how it exactly works depending 

on the boundary conditions.  

 

Only some solid materials are piezoelectric which means that they deform when 

voltage is applied. This is a reversible effect, i.e. piezoelectric materials 

exposed to a force or stress will generate an electric field.   

 

Piezoelectic materials such as crystals, ceramics or proteins have the capacity 

to accumulate an electric charge when a mechanical stress is applied.  

 

2.1. HISTORY  

 

In 1880 Jacques and Pierre Curie discovered piezoelectric materials for the first 

time. These two French physicists were studying certain crystals like 

tourmaline, quartz, topaz, cane sugar, and Rochelle salt and they observed an 

interesting property. They saw that when they compressed the quartz the 

electrical charge of matter was reorganizing itself and originating a polarization.  

 

The claim of Curie brothers to explain this behavior was the existence of the 

electrical effects due to temperature change and mechanical stress in a crystal 

as it is explained in [11].  

 

However, Curie brothers did not predict the opposite effect: stress in response 

to applied electric field. This property was observed by Lippmann in 1881 and it 

was immediately confirmed by the Curie brothers. In addition, they obtained 

quantitative proof of the complete reversibility of electric and mechanic 

deformations in piezoelectric crystals. 
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At that point, the first applications of the piezoelectric materials started to 

develop together with the identification of piezoelectric crystals. They presented 

three basic aspects: the asymmetric crystal structure, the reversible exchange 

of electrical and mechanical energy and the usefulness of thermodynamics in 

quantifying complex relationships among mechanical, thermal and electric 

variables.  

 

During World War II, in the U.S, the Soviet Union and Japan, independent 

research groups were working on improved capacitor materials. During this 

research they discovered that some ceramic materials exhibited dielectric 

constants up to 100 times higher than common crystals. That discovery set the 

start of an intense research of piezoelectric devices.  

 

During these years many advances in piezoelectric materials were achieved. 

For instance some materials that were developed during these years include 

barium titanate and lead zirconate titanate. They wanted to know how to 

achieve desired properties such as stiffness by manipulating these crystal 

families with metallic impurities.  

 

All these achievements mainly came from industrial groups in the U.S. who took 

advance with strong patents. On the other hand, due to the post war 

atmosphere, companies that were working in the development of the 

piezoelectric materials used to work confidentially. Hence, they did not share 

their discoveries to the other companies. Another point to justify their behavior 

was that they predicted high profits, and wanted to secure them by both strong 

patents and secret processes. The last reason was that developing nature 

piezoceramic materials is very challenging, but once the process is known they 

are easy to replicate.  

 

Later in 1965 Japanese companies started to create new piezoceramic families 

without patent restrictions. With these materials available, the Japanese 

industry was able to develop new types of piezoceramic signal filters, which 

were useful for the television, radio, and communication equipment markets. 
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The advances in the rest of the world were slow in comparison with the 

advances made in Japan. However, there were still new ideas, methods, device 

inventions and patenting taking place. The success of the Japanese in the 

commercialization of piezoelectric materials got the attention of industry in many 

other countries. The publication rate of articles about piezoelectric materials 

started to increase, being Russia, China and India the countries with the large 

increase in publication rate.  

 

2.2. HOW PIEZOELECTRIC MATERIALS WORK 

 

In this chapter we will explain why these materials behave this way and how 

they work. First of all, the polarization of the crystals could be explained by the 

principle of non-symmetry.  

 

Figure 1: principle of non-symmetry 

 

 

 

Figure 2: principle of non-symmetry inducing a deformation 
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We can consider a crystal with ionic components and a structure as it is shown 

in figure 1. Before any pressure is applied there are three dipole moments with 

vectors that cancel each other if we consider the vector field.  

 

On the other hand, if we induce some elastic deformation as it is shown in figure 

2, the symmetry is broken and the three dipole moments do not longer cancel 

each other. As a result, this modification causes a polarization induced by 

mechanical deformation. This happens due to the reconfiguration of the dipoles 

and also for the reorientation of the molecular dipole moments under the 

influence of the external forces.  

 

However, if we consider the opposite method, i.e. the application of a high 

electric field or a high stress in a material that previously has no voltage as it is 

shown in figure 3, the dipoles of different domains align themselves with the 

principal direction of the applied field or stress, which produce the polarization 

of the piezoelectric material and resulting an entire deformation as it is shown in 

figure 4 and figure 5.  

 

The direction of deformation depends on the applied potential, and the extent of 

the shear strain depends on the magnitude of the applied potential. The 

opposite electric field polarity produces an identical strain, but in the opposite 

direction. 

 

 

Figure 3: Material with no voltage 
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Figure 4: Poling process when voltage is applied 

 

 

Figure 5: Generated force 

 

 

Piezoelectricity may then manifest in a variation of its direction or a variation of 

its polarization strength depending on:  

 

1- The orientation of P (dipole density) within the crystal 

2- The crystal symmetry 

3- The applied mechanical stress 
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As it is explained in [12] when the applied stress is removed, the domains tend 

to regain their initial polarization state, but this reversal is generally not 

complete and, as a result, it remains a certain polarization. 

 

Once piezoelectric materials are poled, the application of an electric field can 

produce mechanical strains. This phenomenon enables piezoelectric materials 

to be used in electromechanical actuation applications. 

 

Furthermore, since the application of a mechanical force produces an electric 

charge, these materials have also been used in mechanical sensing 

applications. 

 

We realize then that the symmetry is important because if we suppose that we 

deform the crystal in the perpendicular direction to the drawing plane, nothing 

with respect to polarization would happen. Piezoelectricity can be pronounced 

in some materials if they are deformed in the right direction or if they have non-

symmetry or as a consequence, they do not have any center of symmetry.  

 

We consider every dipole as a vector and so the dipole density P is a vector 

field. When an electric field is applied across the material the dipoles respond 

alienating themselves using the process of poling.  

 

If we take a closer look to this, it comes out that the crystal symmetry must meet 

certain conditions such as the condition of not having an inversion center of 

symmetry. So piezoelectricity is restricted to crystals with relatively low 

symmetry.  

 

 

 

 

.  
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2.3. TECHNICAL USES 

 

Some technical uses piezoelectric materials are:  

 

2.3.1. QUARTZ OSCILLATORS 

 

The quartz oscillators are small pieces consisting in single crystals of quartz. 

Their piezoelectric effect can be very strong if they are given a very precise 

resonance frequency. When polarized by an electrical field of the right 

frequency they will strongly vibrate. Otherwise when applying other frequencies 

they will not respond. This can be used to control frequencies at a very high 

level of precision.  

 

Some device that uses this phenomenon is the piezoelectric oscillator in the 

form of a tuning fork. As it is developed in [1] it is used as a time standard for 

time keeping devices, for example for small watches such as wrist watches. 

 

In these cases, since watches need to be small then tuning forks need to be 

small as well. In addition, when watches are carried or worn they are subject to 

shock and therefore the frequency of oscillation of the tuning fork could be 

affected by external factors.  

 

2.3.2. FUEL INJECTORS 

 

Piezomaterials are also used in fuel injectors for advanced diesel or gasoline 

engines, in order to open the fuel-injector and precisely apply fuel into the 

engine. When the injection is complete, the voltage stops and the piezo stack 

shrinks causing the closing of the pintle as it is explained in [13]. In figure 6 we 

can observe its structure. The advantages of this type of injectors are that they 

open and close much faster than conventional injectors, which improves the 

precision with the control of the injection interval determining how much fuel is 

applied into the engine. This translates into more efficient and cleaner fuel 

engines. 

 



Numerical simulation of flexoelectric cantilever actuators 
 

19 

 

In addition, they are able to react and compensate for small fluctuations in the 

operation. For example, if the engine-control computer needs a determined 

opening time and the injector response shows that it opened for a smaller 

interval of time, the computer can add a tiny bit of time to the next injection 

cycle to compensate. This improved combustion results in a better fuel 

economy and reduced emission. The material of choice for this application is 

PZT (Lead Zirconate Titanate).  

 

 

Figure 6: fuel injector (courtesy of Kyocera Industrial Ceramics Corporation) 

 

 

2.3.3. PIEZOELECTRIC MICROPHONE 

 

Piezoelectric microphones are useful in order to identify the noise sources with 

the aim of reduce the emitted noises. This kind of microphone does not need 

any external source of power which is a key advantage. The transducer 

transforms the input energy, the sound waves produced by a voice or 

instrument, to output energy, the electrical signal in the form of amplified sound.  

Piezoelectric transduction leads to a durable, high sensitivity and a low noise 

device that requires no external power to operate as it is described in [14].  
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2.3.4. HYDROPHONES 

 

Hydrophones are devices that convert changes in water pressure into an 

electric signal output. These electroacoustic transducers convert the electrical 

charges produced by some form of solid materials into energy. An early 

application of them was found with the use of sonar as it is explained in [2]. 

These devices use echoes to detect the presence of navigating ships. In 

ultrasonic submarines they dispose of a signal emitter which consisted of a 

transducer made of thin quartz crystals, and a hydrophone which could detect 

the returned echo. Firstly the transducer emitted a high frequency chirp. 

Secondly, measuring the amount of time it takes to hear an echo from the 

sound waves bouncing off an object they were able to calculate the distance to 

that object.  

 

2.3.5. ELECTRONIC PHONOGRAPHS 

 

Electronic phonographs used a piezoelectric crystal and a stylus to pick up 

acoustic waves. The mechanical movement of the stylus in the groove 

generates proportional electrical voltage by generating stress in the 

piezoelectric crystal. Their advantages are that crystal pickups are relatively 

robust and when they produce a substantial signal level it only requires a 

modest amount of further amplification as it is exposed in [15]. 
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2.4. SOME EXAMPLES OF PIEZOELECTRIC MATERIALS  

 

Originally, crystals made from quartz were used as a material for piezoelectric 

transducers. In the 1950s, piezoelectric ceramic began to replace quartz 

crystals as the primary transducer material. The ceramic’s ability to be 

manufactured in a wide variety of shapes and sizes is just one of the 

advantages offered by ceramic transducers when compared to other materials.  

Another advantages of this material is the capability of operating efficiently at 

low voltage, and its ability to function at temperatures up to 300ºC as it is 

illustrated in [16].  

Many industrial companies took advantage of the piezoelectric materials 

capability to be manufactured in numerous sizes and shapes and as a result 

ceramic transducers can be easily adapted to a wide variety of industrial 

applications. Consequently, they could fit every customer’s specific needs. 

Today, the most commonly used ceramic transducer manufacturing materials 

are lead zirconate titanate compositions.  

 

2.4.1. QUARZ CRISTALS 

 

Quartz crystals have been around for many years and this material is very 

useful for timing devices. The type and the frequency of the crystal needs to be 

chosen carefully, but the main difficulty remains in the selection of the 

integrated circuit technology that would function at sufficiently low power as it is 

explained in [17].  

Quartz crystals were used for radio transmitters, radio receivers and computers. 

Quartz consists in silicon dioxide and when it is compressed or bent, it 

generates a charge or voltage on its surface caused by its piezoelectric nature.  
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2.4.2 ROCHELLE SALT 

 

The name of The Rochelle Salt came from an old port city of La Rochelle, 

France. Rochelle salt is a potassium sodium tartrate and it was first prepared in 

1675 by an apothecary called Pierre Seignette. As a result the salt was called 

Seignette's salt or Rochelle salt. Rochelle salt was one of the first materials 

discovered to have piezoelectricity properties and it was used for gramophone 

pick-ups and microphones as it is explained in [18].  

 

Its molecular formula is KNaC4H4O6·4H2O and it is slightly soluble in alcohol but 

more completely soluble in water. It has a specific gravity of about 1,79 and a 

melting point of approximately 75 °C. 

2.4.3 BARIUM TITANATE  

 

Wainer and Salomon, members of the Titanium Allow Manufacturing Company, 

discovered the properties exhibited by the barium titanate. They claimed 

anomalous polarization effects in barium titanate while observing numerous 

Titania ceramics. 

As it is explained in [3] BaTiO3 has excellent dielectric properties. This makes it 

the most important compound used in the composition of ceramic capacitors. 

2.4.4 LEAD ZIRCONATE TITANATE 

 

Lead Zirconate Titanate or PZT was developed at 1952 by scientists from the 

Tokyo Insitute of Technology. It is a piezoelectric material based on a metallic 

oxide. In comparison to the previously discovered metallic oxide Barium 

Titanate (BaTiO3), PZT materials exhibit greater sensitivity, as it is remarked in 

[19].  

PZT, or lead zirconate titanate, is one of the world’s most widely used 

piezoelectric ceramic materials and the most common piezo-ceramic used 

today. In fact, piezo-ceramics are the predilect choice because they are 

physically strong and relatively inexpensive to manufacture. In addition, PZT is 
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very adaptive and it can fit the requirements of a specific purpose. PZT ceramic 

has a greater sensitivity and higher operating temperature than other piezo 

ceramics. 

PZT ceramic is used in a wide variety of applications, with sensors being one of 

them. Its material characteristics include a large dielectric constant, a strong 

coupling, high charge sensitivity, high density and a noise-free frequency 

response. 
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3. FLEXOELECTRICITY   
 

When piezoelectricity was discovered, the effect of flexoelectricity was not 

noticed because it is only observable in nanoscales. While flexoelectricity is size 

dependent, piezoelectricity is not and this is why flexoelectricity starts to be 

important as we decrease the observation scale.  

 

If we consider a piezoelectric material shaped like a plate and then we bend the 

top and bottom surfaces, the strain gradient of each surface is no longer 

equivalent to the other. Therefore we have induced a polarization as it is 

represented in figure 7.  

 

The strain gradient does break centrosymmetry as it is exposed in [20]. By 

contrast if the material is centrosymmetric and we apply a homogeneous 

deformation, the material will continue to be centrosymmetric as the sense of 

direction for the polarization vector has not changed.  

 

 

Figure 7: representation of the center of symmetry (courtesy of [20]) 

 

In contrast to piezoelectricity, the flexoelectric effect is allowed in materials of 

any symmetry. As we explained, piezoelectricity is allowed only in materials that 

that do not have any center of symmetry.  

 

Moreover, in piezoelectrics, the polarization occurs due to the low symmetry of 

the material rather than caused by a breaking effect of the symmetry.  
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As we could see, the symmetry and the electromechanical properties are very 

important as it depends on them if the materials could exhibit piezoelectricity or 

flexoelectricity. 

 

It has not been long since we started to talk about flexoelectricity although it is 

clear that taking flexoelectricity into account would help us to develop better 

piezoelectric devices.   

 

One powerful reason to study flexoelectricity is that materials exhibiting this 

property can have any symmetry and that enlarge the choice of material that 

can be used for electromechanical actuators.  

 

Another reason that involves the importance of flexoelectricity is that in the 

nanoscale this effect turns out to be as significant that it can be competitive with 

piezoelectricity or have important effects over it.  
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4. INTERACTION BETWEEN PIEZOELECTRICITY 
AND FLEXOELECTRICITY 

 

We summarize now the equations involved in the interaction of these 

phenomenon.  As it is developed in refs. [4-5] the electrical enthalpy density of 

a linear dielectric solid possessing piezoelectricity and flexoelectricity can be 

written as 

 

Η (εij , Ei , ε jk , l ,E i , j )=
1
2

C ijkl εij εkl−eikl E i εkl+f ijkl E i ε jk , l+dijkl Ei , j ε kl−
1
2
κ ij ,E i E j (1) 

 

Where ii φ=E  is the electric field, where φ is the electric potential. The first 

energy term represents the elastic potential. The second term is the 

piezoelectric coupling between the strain and electric field. The third and fourth 

terms define the flexoelectric behavior of the material. The last energy term 

represents the dielectric contribution.  

 

As it is justified in [6] the flexoelectric energy terms can be expressed by only 

one term with one material tensor μ . Then the electrical enthalpy density Eq. (1) 

can be written as 

 

Η (εij , Ei ,ε jk , l ,E i , j )=
1
2

C ijkl εij εkl−eikl E i εkl+μijkl Ei ε jk ,l−
1
2
κ ij ,E i E j   (2) 

 

Where ijkliklyijkl fd=μ  . Then we have to define the usual stress and electric 

displacements 

 

ij

ij
ε

H
=



̂   

i

i
E

H
=D




ˆ        (3) 

 

The higher-order stress and electric displacements arising from flexoelectricity 

as 
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kij,

ijk
ε

H
=σ


~   
ji,

i
E

H
=D






~
       (4) 

 

Assuming that the material properties are uniform we can define the physical 

stresses σ and the physical electric displacements D  

 

kl,lijkkkijklijklkijk,ijij Eμ+EeεC=σσ=σ  ~ˆ       (5) 

 

ljk,ijkljijklikljij,ii εμ+Eκ+εe=DD=D
~ˆ        (6) 

 

The last term in Eq. (5) the mechanical stress induced by gradients of the 

electric field, while the last term in Eq. (6) is the induced polarization due to 

flexoelectricity.  

 

The total electrical enthalpy can be finally written as:  

 

   

D
Γ

t
Γ

ii

Ω

iikij,ijkijij ωφdS+dSutdΩEDεσ+εσ=H ˆ~ˆ
2

1
    (7) 

 

Where E is the boundary traction and ω is the boundary electric charge. The 

Dirichlet boundary conditions are (8) for the electric potential and (9) for the 

displacement.  

 

φ=φ             (8) 

ii u=u           (9) 
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5. CASE OF A CANTILEVER BEAM 
 

5.1. BIMORPH 

 

The Bimorphs model relies in two thin expanding plates bonded to each other. 

Due to the polarization of the plates when a voltage is applied to the electrodes 

one plate will expand and the other one will contract, causing the element to 

bend.  

 

The reason why it is better to simulate the experiment using these two thin 

layers instead of just one is for the electric field that is created in every layer 

because this action causes the beam to bend. Whereas if there was just one 

thin layer the voltage wouldn’t bend the beam.  

 

Also, the Bimorph simulation can be applied if the element is mechanically 

bended developing a voltage between the electrodes.  

 

5.2. PRACTICAL APPLICATIONS 

 

5.2.1. ONE PRACTICAL APPLICATION OF THE MODEL FOR 
COOLING FANS 

 

Most of the cooling fans in computers and other high power electronic devices 

are of the rotary type. One important drawback is that in many applications, the 

electromagnetic noise produced by the motor is annoying. An alternative is to 

use piezoelectric bimorph-type fans, which can generate airflow and efficiently 

control wind velocity with relatively simple structures. Some advantages of 

these bimorph-type fans are that they make no noise, their lifetime is longer and 

they consume less energy in comparison with the electromagnetic rotary type 

as it is said in [21].   
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5.2.2. ONE PRACTICAL APPLICATION IN THE FIELD OF MINIMALLY 
INVASIVE SURGERY 

 

Minimally invasive surgeries such as laparoscopy and endoscopy employ 

various miniature tools such as forceps, graspers, scissors, staples, needle 

holders, etc.  

 

Generally, such tools are designed as small and rigid so they can be improved 

using the bimorph effect. We could enhance these devices making them more 

sophisticated and specialized, since delicate tissues are involved and they may 

be damaged if we do not be careful.  

 

Balazs and coworkers [7] studied the design of an entirely new grasping tool. 

They call this instrument the elastic jaws grasping forceps. The new design has 

a simple structure and do not have the drawbacks of conventional laparoscopic 

instruments. It was designed to be suitable and useful for minor-access surgery 

using a pair of optimized bimorph actuators as a simple grasping device.  

 

These tools are generally single-piece, flexible and have important advantages 

over their rigid-link counterparts such as:  

 

a) An ease of manufacturing due to their single-piece nature  

b) They do not have the complication of the millimeter length-scale assembly 

c) The elimination of cleaning of the hard-to-reach hinge areas 

d) An ease of integration with smart materials such as high power-density and 

fast-response-time piezoelectric ceramics. 

 

The potential of flexible piezoelectric bimorphs in applications such as the 

suture-needle holder for minimally invasive surgery has been investigated 

numerically by Frecker and co-workers [8-10] using a model based on an 

optimization approach. Their work especially focuses on the design and 

optimization methodology aspects.  
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5.3. SERIAL AND PARALLEL BIMORPH 

 

Bimorph can be polarized for either series or parallel operation but the models 

are not interchangeable because of the difference in polarization.  

 

First of all we consider the serial model, where the two plates must be polarized 

in different directions with respect to the center vane. We consider then, the 

model represented in figure 8.  

 

Figure 8: Bimorph model 

 

The electrical connections to the serial type are made to the two outer 

electrodes with no connection to the center whereas for the parallel type one 

lead goes to the center vane and the other lead to both outer electrodes. This is 

respectively represented in figure 9 and figure 10 for the serial models and in 

figure 11 and figure 12 for the parallel models.  

 

 

Figure 9: serial Bimorph model, head to head design 
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Figure 10: serial Bimorph model, tail to tail model 

 

 

Figure 11: parallel Bimorph model, positive polarization 

 

 

 

Figure 12: parallel Bimorph model, negative polarization  

 

 

Series and parallel Bimorphs are energy equivalent, otherwise they show very 

different behaviors when we connect them to the electric field.  
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Deflection per applied voltage is greater by a factor of two for the parallel type 

because the full driving voltage is applied to each plate, but the capacitance is 

four times greater than the series type. As a voltage generator, the open circuit 

sensitivity of the series type is twice that of the parallel, but the capacitance is 

one-fourth.  
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6. ACTUATOR SIMULATION 
 

6.1 SERIAL MODEL  

 

First of all, we will quantify the effect of the voltage when we have a closed 

serial circuit as shown in figure 13.  

 

First, we will suppose that the polarization sense is negative for the top layer 

and positive for the lower layer obtaining a head to head design.  

 

 

Figure 13: serial head to head design 

 

Because of the voltage, the plates start to be polarized and the upper layer 

contracts while the bottom layer is expanding resulting in a bending beam as it 

is shown in figure 14.  

 

 

Figure 14: design of the beam 
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By using the computational model, we are able to calculate the interaction 

between flexoelectricity and piezoelectricity, and we are able to obtain the 

vertical displacement depending on the flexoelectricity coefficient that we 

impose. In these simulations we will use the mechanical properties of the 

Barium Titanate. The results are shown in the table 1.  

 

µu (µC/m) 0 10 20 30 40 50 

Vertical 

displacement (µm) 
2,65E-001 3,56E-001 4,42E-001 5,29E-001 6,17E-001 7,05E-001 

µu (µC/m) 60 70 80 90 100 110 

Vertical 

displacement (µm) 
7,95E-001 8,85E-001 9,77E-001 1,07E+000 1,16E+000 1,25E+000 

µu (µC/m) 120 130 140 150 160 170 

Vertical 

displacement (µm) 
1,35E+000 1,44E+000 1,54E+000 1,63E+000 1,73E+000 1,82E+000 

µu (µC/m) 180 190 200 

 Vertical 

displacement (µm) 
1,92E+000 2,01E+000 2,11E+000 

Table 1: serial vertical displacements as a function of the flexoelectric coefficients; 

head to head model 

 

As we can observe from table 1, the vertical displacement increases as it does 

the flexoelectricity coefficient, with a scaling of around 0.095 μm for every 10 

μC/m.  

 

We could do the same simulations but supposing now that we have a tail to tail 

model, as it is shown in figure 15.  

 

Figure 15: serial tail to tail design 
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The table 2 shows the vertical displacement depending on the flexoelectricity 

coefficient that we impose in the serial tail to tail design.  

 

µu (µC/m) 0 10 20 30 40 50 

Vertical 

displacement (µm) 
-2,65E-001 -1,66E-001 -6,66E-002 3,27E-002 1,32E-001 2,31E-001 

µu (µC/m) 60 70 80 90 100 110 

Vertical 

displacement (µm) 
3,29E-001 4,28E-001 5,26E-001 6,25E-001 7,23E-001 8,21E-001 

µu (µC/m) 120 130 140 150 160 170 

Vertical 

displacement (µm) 
9,18E-001 1,02E+000 1,11E+000 1,21E+000 1,31E+000 1,41E+000 

µu (µC/m) 180 190 200 

 Vertical 

displacement (µm) 
1,50E+000 1,60E+000 1,70E+000 

Table 2: serial vertical displacements as a function of the flexoelectric coefficients;   

tail to tail model 

 

Once we have the results for both models we could represent the vertical 

displacement as a function of the flexoelectric coefficient as it is shown in figure 

16. We could observe that for both models, head to head or tail to tail, the 

vertical displacements follow a similar scheme despite its initial value is not the 

same.   

 

For the tail to tail model the cantilever beam begins to curve downward and it is 

not until the flexoelectricity coefficient is 30 μC/m that it starts bending up such 

as the head to head model.  
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Figure 16: vertical displacement as a function of the flexoelectric coefficient 

 

To express it more clearly we could represent the vertical displacement 

depending on the thickness of the beam using the formula: 

 

h=
e

33

μ
11

· h '           (10) 

 

Where e33 is the piezoelectric coefficient, µ11 is the flexoelectric coefficient and 

h’ is the thickness of the beam.  

 

Therefore, we could represent the vertical displacement as a function of 

thickness as it is shown in figure 17.  The numerical results are shown in table 3 

and 4.  
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Figure 17: vertical displacement as a function of the thickness 

 

Thickness (µm) 46,50 23,25 15,50 11,63 9,30 7,75 

Vertical 

displacement (µm) 
3,56E-001 4,42E-001 5,29E-001 6,17E-001 7,05E-001 7,95E-001 

Thickness (µm) 6,64 5,81 5,17 4,65 4,23 3,88 

Vertical 

displacement (µm) 
8,85E-001 9,77E-001 1,07E+000 1,16E+000 1,25E+000 1,35E+000 

Thickness (µm) 3,58 3,32 3,10 2,91 2,74 2,58 

Vertical 

displacement (µm) 
1,44E+000 1,54E+000 1,63E+000 1,73E+000 1,82E+000 1,92E+000 

Thickness (µm) 2,45 2,33  

 Vertical 

displacement (µm) 
2,01E+000 2,11E+000  

Table 3: serial vertical displacements as a function of thickness; head to head model 
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Thickness (µm) 46,50 23,25 15,50 11,63 9,30 7,75 

Vertical 

displacement (µm) 
-1,66E-001 -6,66E-002 3,27E-002 1,32E-001 2,31E-001 3,29E-001 

Thickness (µm) 6,64 5,81 5,17 4,65 4,23 3,88 

Vertical 

displacement (µm) 
4,28E-001 5,26E-001 6,25E-001 7,23E-001 8,21E-001 9,18E-001 

Thickness (µm) 3,58 3,32 3,10 2,91 2,74 2,58 

Vertical 

displacement (µm) 
1,02E+000 1,11E+000 1,21E+000 1,31E+000 1,41E+000 1,50E+000 

Thickness (µm) 2,45 2,33  

 Vertical 

displacement (µm) 
1,60E+000 1,70E+000  

Table 4: serial vertical displacements as a function of thickness; tail to tail model 

 

As we can observe, the thinner the film is, the larger it is the displacement. 

Thus, making the piezoelectric material thinner, we would obtain more 

displacement.  
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6.2 PARALLEL MODEL  

 

Another system to analyze the vertical displacement would be to connect it in 

parallel with a positive polarization as it is presented in figure 18. Now, the 

electric charge is different and the field direction is not the same. 

 

Figure 18: parallel design with a positive polarization 

 

The upper plate would contract as well and the bottom plate would expand as it 

happened in the serial mechanism. The results are shown in the table 5.  

 

µu (µC/m) 0 10 20 30 40 50 

Vertical 

displacement (µm) 
2,43E-001 2,51E-001 2,56E-001 2,58E-001 2,59E-001 2,59E-001 

µu (µC/m) 60 70 80 90 100 110 

Vertical 

displacement (µm) 
2,59E-001 2,59E-001 2,58E-001 2,58E-001 2,57E-001 2,57E-001 

µu (µC/m) 120 130 140 150 160 170 

Vertical 

displacement (µm) 
2,56E-001 2,56E-001 2,55E-001 2,55E-001 2,54E-001 2,54E-001 

µu (µC/m) 180 190 200 

 Vertical 

displacement (µm) 
2,53E-001 2,52E-001 2,52E-001 

Table 5: parallel vertical displacements; negative polarization model 

 

The parallel model with a negative polarization could be represented as:  
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Figure 19: parallel design with a negative polarization 

 

The results are shown in table 6 and figure 20 where PP stands for the positive 

polarization and the NP stands for the negative polarization.  

 

µu (µC/m) 0 10 20 30 40 50 

Vertical 

displacement (µm) 
-2,43E-001 -2,52E-001 -2,58E-001 -2,61E-001 -2,62E-001 -2,64E-001 

µu (µC/m) 60 70 80 90 100 110 

Vertical 

displacement (µm) 
-2,64E-001 -2,65E-001 -2,65E-001 -2,66E-001 -2,66E-001 -2,66E-001 

µu (µC/m) 120 130 140 150 160 170 

Vertical 

displacement (µm) 
-2,67E-001 -2,67E-001 -2,67E-001 -2,67E-001 -2,68E-001 -2,68E-001 

µu (µC/m) 180 190 200 

 Vertical 

displacement (µm) 
-2,68E-001 -2,68E-001 -2,68E-001 

Table 6: parallel vertical displacements; positive polarization model 
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Figure 20: vertical displacement as a function of the flexoelectric coefficient 

 

And to see it clearly and more touchable we could represent it as a function of 

the thickness.  

 

 

Figure 21: vertical displacement as a function of the thickness 

 

We could observe that the displacement increases for the first flexoelectric 

coefficients but once the flexoelectricity coefficient is 30 μC/m it seems that the 

vertical displacement remains constant.  
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6.3 COMPARISON SERIAL-PARALLEL 

Reached this point, we could compare the results obtained in the serial model 

with the results obtained in the parallel model. We could appreciate that the 

results were significantly different.   

 

 

Figure 22: vertical displacement as a function of the flexoelectric coefficient 

 

We can get the same conclusions if we analyze it as a function of the thickness.  

 

 

Figure 23: vertical displacement as function of the thickness 
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The vertical displacement increases considerably with the serial model. 

However in the parallel model it seems there is no bending although it is slightly 

bending.  

 

And the comparison between both models depending on the thickness helps to 

visualize what we have demonstrated before.  

 

Again, comparing the serial and the parallel model, we obtain that with a parallel 

model we don’t obtain significant vertical displacements when we consider 

flexoelectricity.  

 

The difference between the results obtained in serial compared to the parallel 

model can be explained due to the electric field.  

 

In the parallel model we dispose of two electric fields, where one is positive and 

the other one has the same value but it is negative. Hence, we can discompose 

the strain as it follows:  

 

eEE
h

E
h


















 21 ··


         (11) 

 

Where E = E1 = -E2 

 

Supposing this decomposition, the first two terms compensate themselves and 

the only term that we can suppose that remains is the third one, the 

piezoelectric term, which remains constant.   

 

Therefore, we get that eE .  

 

From both graphs we notice that serial models are better if we consider 

flexoelectricity. 



Laia Baqués Gallego 
 

44 

 

7. MATERIAL PROPERTIES 
 

Once we have studied how flexoelectricity affects the beam displacement, we 

could analyze also how the material properties affect this displacement. Our 

original material was Barium Titanate (BaTiO3) and their piezoelectric 

coefficients were:  

 

 P2: original piezoelectric coefficients 

 

e31 (C/m2) e33 (C/m2) e15 (C/m2) 

 -11.0 46.5 29.0 

Table 7: piezoelectric coefficients of the Barium Titanate  

 

The values from table 7 represent a magnitude which affects the displacement 

of the material in each direction.  

 

The first coefficient represented by e31 influences the material’s displacement in 

the horizontal direction and the second coefficient e33 goes for the material’s 

displacement in the vertical direction as we could see represented in figure 24.  

 

 

Figure 24: representation of the piezoelectric coefficients e33 and e31  

 

The last coefficient e51 influences the shear as we could see in figure 25.  
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Figure 25: representation of the piezoelectric coefficient e51 

 

Changing these values we could simulate different piezoelectric materials.  

 

For our next simulation we would like to consider we have different piezoelectric 

materials since we predict that another piezoelectric material with different 

mechanical properties will not manifest the same behavior. Therefore we would 

change every parameter, first doubling its value and then we would do the same 

simulation but supposing that these numerical material properties were half of 

the Barium Titanate. For the head to head model we have:  

 

 P1: doubling the piezoelectric coefficients 

 

e31 (C/m2) e33 (C/m2) e15 (C/m2) 

 -22.0 93.0 58.0 

Table 8: double of the piezoelectric coefficients  

 

 P3: half the piezoelectric coefficients 

 

e31 (C/m2) e33 (C/m2) e15 (C/m2) 

-5.5 23.25 14.5 
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Table 9: half of the piezoelectric coefficients  

 

Also we would do the simulation for both the serial and the parallel model. The 

results are presented in figure 26 where P1 is the simulation when we have 

doubled the material’s properties. P2 is the original properties that we have and 

P3 is when we divide these original properties by 2.  

 

Changing the model into a tail to tail simulation we should find similar results, as 

it occurred previously when we analyzed the vertical displacement with the 

Barium Titanate.  

 

 P2: original piezoelectric coefficients:  

 

e31 (C/m2) e33 (C/m2) e15 (C/m2) 

 11.0 -46.5 -29.0 

Table 10: piezoelectric coefficients of Barium Titanate  

 

We changed it doubling them and dividing them by 2, resulting in:  

 

 P1: doubling the piezoelectric coefficients 

 

e31 (C/m2) e33 (C/m2) e15 (C/m2) 

 22.0 -93.0 -58.0 

Table 11: double of the piezoelectric coefficients  

 

 P3: half the piezoelectric coefficients 

 

e31 (C/m2) e33 (C/m2) e15 (C/m2) 

5.5 -23.25 -14.5 

Table 12: half of the piezoelectric coefficients 
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 Serial model 

 

 

Figure 26: Vertical displacement as a function of the flexoelectric coefficient for 

different material properties 

 

In figure 26 we have represented the vertical displacement as a function of the 

flexoelectric coefficient and in figure 27 we have represented the vertical 

displacement as a function of the thickness. From both graphs we observe that 

increasing the value of the material properties we obtain a larger vertical 

displacement.   
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Figure 27: Vertical displacement as a function of the thickness for different material 

properties 

 

The same simulation has been made for the parallel model. The values for the 

positive polarization model are the ones in table 7, table 8 and table 9. The 

values for the negative polarization are the ones in the table 10, table 11 and 

table 12. PP stands for positive polarization and NP stands for negative 

polarization.  

 

 Parallel model 

 

 

Figure 28: Vertical displacement as a function of the flexoelectric coefficient for 

different material properties 
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Figure 29: Vertical displacement as a function of the thickness for different material 

properties 

 

It is shown clearly that for bigger piezoelectric coefficients the vertical 

displacement also increases. This proves that if we choose a material with 

higher piezoelectric coefficients than the barium titanate we are able to increase 

the vertical displacement significantly. As we observed before, it would be 

always better to connect the beam in serial as we would obtain a larger 

mechanical effort.  
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8. CONCLUSIONS 
 

In this work we have presented the analysis of a cantilever beam when it is 

affected by piezoelectric properties and also by flexoelectric properties, 

supposing that we are in the nanoscale. We have studied both serial and 

parallel models and we have searched for the most significant vertical 

displacements of the beam.  

 

We concluded that these significant vertical displacements were found when 

connecting the Bimorph scheme in serial, since if we connect it in parallel it 

seems that the beam is not moving at all (although it is slightly 

bending).Moreover, it is better to connect it in a head to head model rather than 

a tail to tail mode.  With a tail to tail model the flexoelectricity begins to work 

against the piezoelectricity and they only start to work together as the beam’s 

thickness is decreased. However, even in this situation it reaches a smaller 

displacement compared to the head to head model.  

 

We observe that we do not control and we cannot fix a flexoelectricity coefficient 

in view of the fact that it is not a tangible effect. However we are able to modify 

and choose the desired vertical displacement varying the thickness of the plates 

that compose the beam. The narrower the beam is, the larger it is the 

displacement we obtain.  

 

In addition, when measuring this effect we have also assumed that the 

piezoelectric material is not Barium Titanate. For this reason we have 

performed the same simulations but for different piezoelectric materials in order 

to observe which kind of piezoelectric material would produce a larger 

displacement. We concluded that the best kind of piezoelectric materials are the 

ones with the largest piezoelectric coefficients.  

 

We also concluded that neglecting flexoelectricity will prevent us to develop 

better piezoelectric devices, whereas taking flexoelectricity into account will 

produce an improvement making them more efficient.  
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