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Abstract. The present work presents a general constitutive model formulation and a 
numerical algorithm for automatically selecting the appropriate coupling of damage and 
plasticity as a function of the number of cycles the material has been subjected to, up to the 
moment the strength threshold is reached. The algorithm discriminates between a damage 
model when the variables of interest indicate HCF behaviour, a coupled plastic damage model 
when LCF behaviour is indicated and a plasticity model where ULCF is concerned.

1 INTRODUCTION
The fatigue phenomenon is defined in the ASTM E1823 standard as: “the process of 
permanent, progressive and localized structural change which occurs to a material point 
subjected to strains and stresses of variable amplitudes which produce cracks which lead to 
total failure after a certain number of cycles” [1]. In this definition it is possible to include all 
fatigue ranges, from “Ultra Low Cycle Fatigue” (ULCF), to “Low Cycle Fatigue” (LCF) and 
“High Cycle Fatigue” (HCF).

While in HCF failure generally occurs under cyclic loads that do not surpass the material 
elastic threshold, LCF and ULCF are characterized by levels of stress superior to the elastic 
limit, habitually generating large plastic strains.

Due to the fundamental differences in mechanical behaviour among the three types of fatigue, 
different constitutive models based on the coupling of damage and plasticity have been 
devised in each case. This conditions the use of numerical simulations in real life problems 
where, frequently, the number of cycles to failure is unknown. It is difficult to know 
beforehand if plasticity or damage models are to be used and, when conducting the analysis 
with a model that is not adequate to the behaviour exhibited by the material, either the 
simulation cannot be completed due to erroneous model input data or the results obtained are 
not consistent with the physical behaviour of the material. 
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Current work proposes simulating the material failure due to HCF, LCF and ULCF using a 
material non-linear model. This approach will allow the simulation of regular and non-regular 
cycles, as well as obtaining the post-critical response of the structure when the material has 
failed. 

A material non-linear model is defined by the thermodynamic law that drives the material 
performance and a yield criterion defining the stress level that triggers the non-linear behavior 
([2], [3]). The constitutive law proposed herein is characterized by the combination of 
plasticity and damage. These two material laws have been already coupled by several authors 
proposing different models. These models vary in their complexity, versatility and accuracy. 
Some of them are those of Simo and Ju [4], Lubliner et al. [5], Luccioni et al. [6] and, more 
recently, Armero and Oller [7]. 
The necessity of combining these two laws is based on the following assumption: The plastic 
phenomenon leads to the distortion of metal voids and their coalescence. This effect is 
responsible of the permanent deformations obtained after steel yielding, characteristic of 
plasticity. However, this process does not account for the formation or nucleation of new 
voids, which may reduce the material stiffness [8]. In order to include this effect in the 
material behaviour, a new law complementing plasticity is necessary. An increment of the 
voids in the metal leads to a reduction of the effective area, resulting also in a reduction on the 
material stiffness. This effect will be simulated with a damage law.

2 FATIGUE CONSTITUTIVE MODEL 
The theories of plasticity and/or damage can simulate the material behavior beyond the 

elastic range, taking into account the change in the strength of the material through the 
movement of the yield and/or damage surface (isotropic and kinematic) due to the inelastic 
behavior (plasticity and damage) of each point of the solid. However they are not sensitive to 
cyclic load effects. In this work the standard inelastic theories are modified to introduce the 
fatigue effect coupled with non-fatigue material behavior.  

It is assumed that each point of the solid follows a damage-elasto-plastic constitutive law 
(stiffness hardening/softening) ([5], [6]and [9]) with the stress evolution depending on the free 
strain variable and plastic and damage internal variables. The formulation proposed herein 
studies the phenomenon of stiffness degradation and irreversible strain accumulation through 
the combined effect of damage and plasticity. The number of cycles the material has been 
subjected to is also considered as an internal variable of the model by means of a strength 
reduction function dependent also on the characteristics of the stress state at each material 
point.  

Since this work is oriented towards mechanical problems with small elastic strains and 
large inelastic strains, the free energy additively hypothesis is accepted e pΨ = Ψ +Ψ  ([2],
[10]). The elastic eΨ and plastic pΨ parts of the free energy are written in the reference 
configuration for elastic Green strains 𝐸𝐸𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐸𝐸𝑖𝑖𝑖𝑖 − 𝐸𝐸𝑖𝑖𝑖𝑖

𝑝𝑝 ; the last variable operates as a free field
variable [11][2][5][12]. The free energy is thus written as
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Considering the second thermodynamic law (Clausius-Duhem inequality – [10], [13] and 
[14]), the mechanical dissipation can be obtained as [2]:
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The fulfilment of this dissipation condition (Equation 2) demands that the expression of the 
stress should be defined as (Coleman method; see [14]) 
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Also, from the last expressions, the secant constitutive tensor can be obtained as: 
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where om is the material density, p
ijij

e
ij EEE ,, are the elastic, total and plastic strain tensors, 

1inid d≤ ≤ is the internal damage variable enclosed between its initial value inid and its 
maximum value 1, pα is a plastic internal variable, 0Cijkl    and  CS

ijkl are the original and secant 
constitutive tensors and  ijS is the stress tensor for a single material point. 

2.1 Yield and potential plastic functions

The yield function 'PF accounts for the residual strength of the material, which depends on the 
current stress state and the plastic internal variables and, in the formulation proposed herein, it 
is sensitive to the fatigue phenomenon.  

The effects caused by applying an increasing number of loading cycles are taken into 
account by means of a proposed reduction function ),,( max RSNfred . This function is introduced 
in the constitutive formulation in the expression of the plastic threshold surface, ),( p

ij
P SF α ,

proposed by [4], [14] and [15]. The number of cycles N can then be incorporated as a new 
variable. This enables the classical constitutive plasticity formulation to account for fatigue 
phenomena by translating the accumulation of number of cycles into a readjustment and/or 
movement of the threshold function. 
The non-linear behavior caused by fatigue is introduced in this procedure implicitly, by 
incorporating a fatigue state variable ),,( max RSNf red ,  that is irreversible and depends on the 
number of cycles, the maximum value of the equivalent stress in the material maxS , and on the 

factor of reversion of the equivalent stress, 
max

min

S
SR = . This enables the model to account for

nonlinear effects generated by the accumulation of number of cycles of loading ([11], [16],
[17]), apart from the nonlinear effects induced by the level of load applied and the energy 
spent. This in turn shows the potential of the formulation to adjust by itself to the type of 
fatigue involved when one effect takes preponderance over the other ones involved.  

The reduction function affects the residual strength of the material by modifying the plastic 
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threshold, ),,(' NSF p
ij

P α , either on the uniaxial equivalent stress function )( ijij
P Sf η−

(equation 4a), or on the plastic strength threshold ),( p
ij

P SK κ  (equation 4b) ([11], [16], [17]).  

This 'PF function has the following form, taking into account isotropic and kinematic 
plastic hardening (Bauschinger effect [18], [19]):
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where )( ijij
P Sf η− is the uniaxial equivalent stress function depending of the current value of 

the stresses ijS , ijη is the kinematic plastic hardening internal variable, ),( p
ij

P SK κ is the 
plastic strength threshold and pκ is the plastic isotropic hardening internal variable ([5], [6]
and [9]). pα is a symbolic notation for all the plastic variables involved in the process. 

The evolution law for the plastic strain is
ij

P
P
ij S

GE
∂
∂

= λ , being λ  the consistency plastic factor 

and PG the plastic potential.
Kinematic hardening accounts for a translation of the yield function and allows the 

representation of the Bauschinger effect in the case of cyclic loading. This translation is 
driven by the kinematic hardening internal variable ijη which, in a general case, varies 
proportionally to the plastic strain of the material point. One of the laws that define the 
evolution of this parameter is  

P
ijkij Ec  =η ,with kk bc

3
2

= for Von Mises (5)

where kb is a material property to be determined by particular tests for the Prager and Melan 
kinematic hardening [30]. The evolution of isotropic hardening is controlled by the evolution 
of the plastic hardening function PK , which is often defined by an internal variable pκ . The 
rate equation for these two functions may be defined, respectively, by  
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where k denotes scalar and k stands for a tensor function. Depending on the functions 
defined to characterize these two parameters, different solid performances are obtained. 

2.2 Threshold damage function oriented to fatigue analysis 

The damage threshold function, ),,(' NdSF ij
D , has the following form, incorporating the 
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reduction function  either on the equivalent stress function  )( ij
D Sf  ( equation 7a), or on the 

damage strength threshold ),( dSK ij
D (equation 7b) [11][17]: 
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In the above, ),,(/ max
' RSNfff red

DD = , is the reduced equivalent stress function in the 

undamaged space, ),,(' NdSK ij
D is the fatigue damage strength threshold, and dtdd

t

∫=
0

 the 

damage internal variable. 
The evolution of the damage strength threshold is analogous to that of the plastic strength 

threshold, depending on the internal degradation variable dκ
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In equation 8, d
kh is a scalar function with scalar arguments and dhk is a scalar function with 

tensorial arguments as shown by ([5], [6] and [9]).

Figure 1 a: Stress evolution at a single point; b: S-N (Wöhler’s) Curves

The evolution of the damage variable is defined as  

D

D

f
Fd
∂
∂

= µ (9)
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being µ the consistency damage factor, which is equivalent to the consistency plastic factor 
defined in [2]. Consequently, for the isotropic damage case,  

redf
d µ = (10)

2.3 Function of residual strength reduction for fatigue – Wöhler curve definition
Wöhler or “Stress-Num. of cycles” (S-N) curves are experimentally obtained by subjecting 

identical smooth specimens to cyclic harmonic stresses and establishing their life span 
measured in number of cycles. The curves depend on the level of the maximum applied stress 
and the ratio between the lowest and the highest stresses (R=Smin/Smax).  Usually, S-N curves 
are obtained for fully reversed stress (R=Smin/Smax=-1) by rotating bending fatigue tests.

S-N curves are, therefore, fatigue life estimators for a material point with a fixed maximum
stress and a given ratio R.   If, after a number of cycles lower than the cycles to failure, the 
cyclic load stops, a change in the material’s elastic threshold is expected due to accumulation 
of fatigue cycles. Furthermore, if the number of cycles exceeds Nf, being Nf the fatigue life as 
resulting from Figure 2, the material will fail with the consequent reduction of strength and 
stiffness. The change in strength is quantified by the strength reduction function ),,( max RSNfred

, while the change in stiffness is taken into account by means of the damage parameter.  

Figure 2 Schematic representation of the evolution of the residual strength with the applied load and 
number of cycles

In the case of a cyclic load with constant Smax and R throughout the entire life of a material, 
the S-N curve is sufficient for determining fatigue life. However, when dealing with different 
load interactions the main focus resides on the residual strength curve. The curve quantifies 
the loss of strength in the material as the number of cycles accumulates and as load 
characteristics change.

All fatigue numerical simulations are based on the Wöhler curves obtained experimentally. 
These curves are described in an analytical form with the help of material parameters. Their 
expression, as well as the analytical definition of the strength reduction function, is connected 
to the experimental curve and, therefore, subjected to change if the material changes. 
Different analytical definitions can be found in [20], [21] and [22], as well as in [11].  
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3 CONSTITUTIVE MODEL ACTIVATION
The behavior of a material subjected to cyclical loads can be characterized by either an 

accumulation of plastic strain or a reduction of stiffness or different combinations of both
(Figure 3). While ULCF can be described exclusively by plastic models and HCF by damage 
models, LCF should be modelled with coupled plastic damage models. It is often difficult to 
predict at which moment in the material life stiffness reduction begins, since the boundaries 
between these types of fatigue are rather arbitrary. The model this paper proposes aims at 
making a contribution in correctly assessing the constitutive model to be used in a numerical 
simulation from an energetic point of view.  

Figure 3. Experimental stress-strain curve for X52 steel [23]

The hardening function defines the stress of the material when it is in the non-linear range. 
There are many possible definitions that can be used to fulfil the rate equations (6) for the 
plastic strength threshold. 

The monotonic material behavior proposed in terms of uniaxial stress state is the one 
shown in Figure 4.  

Figure 4. Evolution of the equivalent plastic stress

This equivalent stress state shown in Figure 4 has been defined to match the uniaxial stress 
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evolution described by most metallic materials. This curve is divided into three different 
regions.  

The hardening internal variable, pκ , accounts for the evolution of the plastic hardening 
function, K . In current formulation pκ is defined as a normalized scalar parameter that takes 
into account the amount of volumetric fracture energy dissipated by the material in the actual 
strain-stress state. This is:

dtES
g

t

t

p

f

p ∫
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=
0

:1 κ (11)

Using the definition of the hardening internal variable defined in equation (11), it is 
possible to define the expression of the hardening function as: 

)( peqSK κ=  (12)

It can be easily proven that the hardening function and internal variable defined in 
equations (11) and (12) fulfil the rate equations (6). And the kh and kh functions defined in 
this expression become: 
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The exact numerical expressions used to define the new hardening law can be found in 
[24].  

When considering cyclic loads the constitutive model to be used at the beginning of the 
simulation is the plasticity formulation described above and in [24] and [25]. At the same 
time, with each cycle of loading applied the reduction coefficient is computed and the stress 
state is affected as shown in equation (4a). If the cyclic load induces levels of stress above the 
elastic limit from the first cycles, the dissipated energy per cycle is recorded so that the 
number of cycles at which the energy of region 1 and 2 is spent (Figure 4), can be known. If 
the cyclic load changes the dissipated energy per cycle is updated accordingly at the same 
time that the S-N curve and the strength reduction curve dynamically adjust.  

Several case scenarios can then occur depending on the type of fatigue involved. When the 
energy available for regions 1 and 2 in Figure 4 is dissipated in less than 100 cycles 
approximately we are in the ULCF case. The strength reduction coefficient for this fatigue life 
can be neglected as its influence is extremely low. In this case Region 3 will be simulated 
with a plasticity constitutive model.

When the energy available for regions 1 and 2 is dissipated in more than 100 cycles but 
less than 100000 cycles, the type of fatigue involved is a LCF one, where the strength 
reduction factor also contributes to the nonlinear processes occurring in the material. This 
happens due to the fact that the stress level generated in the material is increased due to the 
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effect of this coefficient (see equation 4a) and additional energy is dissipated due to its 
influence. The hardening law proposed in Figure 4 marks as the onset of softening the level of 
equivalent plastic strain inputted by user. Softening will be simulated with a plasticity model 
until the number of cycles reaches the one indicated by the S-N curve. This is the triggering 
point for the plastic damage model to activate itself. At this point the total energy dissipated 
by the plasticity model has been quantified and, by subtracting it from the total fracture 
energy of the material, the energy available for the plastic damage model is obtained.

The integration of the constitutive equations is done simultaneously using the integration 
scheme proposed in [6] and [26]. 

This is justified by the physical implications behind the damage phenomenon, as damage 
induces porosity that leads to stress relaxation. This implies that regions 1 and 2 in Figure 4
are governed by plasticity ensuring that only the cyclical loads that last a long enough number 
of cycles get to experience damage effects. This is important as the formulation is meant to 
guarantee that, for a material life clearly in the ULCF range (dozens of cycles or less), the 
constitutive equations governing should be those of plasticity. By regulating the extension of 
regions 1 and 2 with respect to region 3, discrimination is made between materials that exhibit 
more sensitivity to ULCF with respect to LCF or the opposite.  

The HCF case can be activated thru two different mechanisms. If in each loading cycle the 
maximum stress induced is higher than the elastic limit then dissipation occurs thru a small 
amount of plastic strain. At the same time the reduction factor is computed and applied to the 
equivalent stress function at each material point. Since the energy dissipated per cycle is 
small, the main influence in the behavior comes from the reduction function. The additional 
dissipation that occurs when ),,( max RSNf red affects the equivalent stress function is much 
higher than the dissipation per cycle obtained only by considering the load induced stress 
state. The energy of regions 1 and 2 is habitually spent in more than 100000 cycles in this
case. The influence of the strength reduction coefficient is therefore dominant and only the 
damage model is used for the softening region with no additional plastic strain accumulating 
after softening has begun.  

A different scenario for activating the HCF case occurs when the maximum load applied is 
below the elastic threshold. In this case, before having reached the fatigue life indicated by the 
S-N curve, dissipation occurs only due to the effect of the reduction coefficient on the 
equivalent stress function. After that, same as before, only the damage model is active in 
softening. 

The next issue to be addressed is then: how much energy goes to the plasticity model and 
how much to the damage model? The following law is proposed in order to assess this issue, 
where N is the number of cycles the material has been subjected to, up until the S-N curve 
has been reached, ULCFlim is the limit between the ULCF domain and the LCF one and HCFlim
is the limit between the LCF domain and the HCF one (Figure 5): 

100
)lim(lim

)lim(% ×
−

−
=

ULCFHCF

ULCF
dam

Np (14)

The percentage of energy allocated to plasticity is the complementary part, 
damplast pp %100% −= .By multiplying these percentages to the energy available for the softening 
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process after the S-N curve has been reached , NbeforeSsoft
f

hard
ff

NpostSsoft
f GGGG −− −−= ,, , the 

nominal energy for each process is obtained: plast
NpostSsoft

f
plastNpostSsoft

f pGG %,,, ×= −− and 

dam
NpostSsoft

f
damNpostSsoft

f pGG %,,, ×= −− .

Figure 5: Schematic representation of the energy distribution law in softening after the S-N curve, over 
the entire fatigue domain (X axis not scaled).

If at the onset of softening the number of cycles recorded is lower than the ULCFlim , then 
the 0% =damp and 1% =plastp , thus marking the behavior as completely governed by plasticity. 
When the number of cycles is greater than the limit between LCF and HCF then the entire 
energy available for the softening part goes to damage. 

Although the energy distribution law is formulated in a straightforward and simple manner, 
the main difficulty lies in correctly assessing the number of cycles considered as a limit in 
between ULCF and LCF, and LCF and HCF. These limits can be derived statistically if an 
experimental program is available for small scale specimens. 

These limits are material dependent, as each material exhibits a different behavior in terms 
of the vulnerability to ULCF or HCF conditions.  

4 CONCLUSIONS
This document has presented a general constitutive formulation used to characterize the 

mechanical performance of steel under cyclic loading, which is capable of taking into account 
isotropic and kinematic hardening effects. The main tools the formulation uses are an energy-
based hardening-softening law and the S-N curves. 

The effect of the load being cyclic is accounted for by counting the dissipated energy each 
cycle and counting the number of cycles therefore necessary to reach softening in the 
constitutive law. At the same time, the cycle counting enables the computation of a strength 
reduction factor that also affects the constitutive law and increases the dissipation per cycle. 
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The constitutive formulation takes the form of a hardening-softening plasticity model when 
failure occurs in less than a few hundreds of cycles both from the constitutive law and from 
the S-N curve. No stiffness reduction is present in this case.  

When material life is higher than hundreds of cycles, but failure still occurs below a few 
several hundreds of thousands of cycles, in softening damage and plasticity equations are 
integrated simultaneously.  A linear law for the distribution of energy between the two 
processes has been proposed for this fatigue domain. This distribution is made once the S-N
curve is reached. Stiffness and plastic strain accumulation are contemplated simultaneously in 
this case.

Finally, when material failure occurs at over several hundreds of thousands of cycles, the 
material behavior post S-N curve is simulated only by means of a damage model. Pre S-N
curve plastic strain accumulation occurs, while post S-N curve only the stiffness reduction is 
active.
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