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Abstract. The steady growth of commercial codes in recent years has fostered ap-
plications of phenomenological approaches to plasticity modelling in industrial settings.
Furthermore, metal forming operations involving large plastic deformations are subject to
mechanical degradation thereby recommending use of damage models to failure predict.
The present work is inserted within this framework in which identification of material
parameters for a Gurson-type is discussed for a low alloy carbon steel.

1 INTRODUCTION

Development of constitutive models has been the key to successful predictions of mate-
rial behaviour in realistic metal forming scenarios. Since the pioneering works of Tresca,
Huber, von Mises and Hencky [1] on devising criteria to inelastic deformation, researchers
have been devoted to design models able to describe a wide range of material behaviours,
such as metals, polymers, composites and geothechnical materials amongst many others.
The challenge is completed when attempting to determine the corresponding parameters
of the model. In this regard, for many years parameter identification was based solely on
mechanical tests assuming uniform stress states. This strategy has still been successfully
used these days for convenient applications. On the other hand, complex constitutive
models or applications which fall outside the range of calibration for uniform stress states
have pose new challenges. In recent years, parameter identification based upon optimiza-
tion techniques has been proposed in an attempt to overcome such difficulties. The present
study-case is inserted within this framework in which a global-local hybrid optimization
technique is used to identification of a Gurson-type material model. Two aspects are
highlighted in this investigation, i.e., the optimization technique and the ability of the
constitutive model to appropriately describe the material behaviour of a low alloy, low
carbon steel.
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2 MATERIAL MODELLING

The literature shows a growing number of material models able to account for me-
chanical degradation. In general, such models, known as damaged materials, include new
internal variables and evolution laws which are fully coupled to the underlying plasticity
problem. The great advantage of damaged materials is the possibility to predict fail-
ure onset in actual metal forming operations without pre-defined cracks. Availability of
damage models in commercial codes has instigated further investigations on robust and
efficient parameter identification strategies. The present work addresses a Gurson-type
material model, as briefly described in the next session.

2.1 Gurson-type damage model

Gurson’s model [2] was one of the first micromechanical modelling approaches to dam-
age based on porous materials. The original formulation assumes that, for a perfectly
plastic material, an interaction between the metal matrix and growth of a single spherical
void takes place.

The damage formulation establishes a yield criterion which includes the effects of the
hydrostatic stress, being founded on the evolution of the volumetric void fraction, f =
Vv/V , where Vv is the volume of voids in a small representative volume V . The present
damage-plasticity problem is formulated by the yield function [3],
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and hardening and void fraction evolution laws,
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and

ḟ =




0 if ε̄p < εDp

ḟN + ḟG if ε̄p ≥ εDp

, (4)

in which s = σ−σHI is the deviatoric stress tensor, σ is the stress tensor, σH = 1/3tr [σ]

is the hydrostatic stress, I is the second-order identity tensor, σY is the yield stress, �Dp
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is the plastic deformation rate in the spatial configuration, r is the hardening variable, ε̄p
is the equivalent plastic strain, εDp is the damage threshold, γ̇ is the plastic consistency
parameter (subjected to the loading and unloading conditions, γ̇ ≥ 0, Φ ≤ 0 and γ̇Φ = 0),
and ḟN and ḟG are the void nucleation rate [4] and void growth rate, defined, respectively,
as
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)]
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where fN is the volumetric fraction of void nucleating particles, εN is the mean nucleating
equivalent plastic strain, sN is the standard deviation associated to the distribution of void
nucleation, ˙̄εp and ε̇vp are, respectively, the equivalent plastic strain rate and volumetric
plastic strain rate,

˙̄εp =

√
2

3

��� �Dp
��� = γ̇

����2

3

{
s : s +

1

3

[
q1q2fσY sinh

(
q2
3

2

σH

σY

)]2}
and (6)

ε̇vp = tr
[ �Dp

]
= γ̇q1q2fσY sinh

(
q2
3

2

σH

σY

)
. (7)

in which ∥·∥ and tr [·] denote the norm and trace of a tensor.
Parameters q1, q2 and q3 were introduced to improve description of the interaction

between neighbouring voids with recommended values q1 = 1.5, q2 = 1.0 and q3 = 2.25
[5]. Noticeably, Gurson’s original formulation is recovered for q1 = q2 = q3 = 1, whereas
the classical von Mises material is obtained when q1 = q2 = q3 = 0.

The present Gurson-type formulation assumes that porosity also affects the elastic
response of the material, so that, in addition to the expected influence on plasticity
evolution, micro-voids impose also an effect upon the macroscopic elastic parameters [6]
as

G (f) =
G0 (1− f)

1 +
6K0 + 12G0

9K0 + 8G0

f
and K (f) =

4K0G0 (1− f)

4G0 + 3K0f
,

(8)

where K0 and G0 are bulk and shear moduli of the virgin material, respectively.
The present Gurson-type constitutive model requires, therefore, identification of dam-

age, pg, and hardening, ph, parameters, so that the design vector can be generally
represented as p = pg ∪ ph. The former comprises the damage parameters, pg ={
fN , sN , εN , εDp

}
, whereas the latter will be established later by the hardening law.
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3 PARAMETER IDENTIFICATION AND THE OPTIMIZATION PROB-
LEM

Parameter identification is a class of inverse problems which determines material or
system parameters from a known response. The present problem is formulated using
unconstrained optimization as

Minimise g(p) p ∈ Rnd

Such that pinfi ≤ pi ≤ psupi i = 1, . . . , nd

, (9)

where g(p) is the objective function (fitness), p = [p1 p2 · · · pi · · · pnd
]T is the design

vector containing nd material parameters pi, and psupi and pinfi are lateral constraints.
The objective function, g(p), represents a quadratic relative error measure between the
experimental, RExp, and corresponding computed forming load, R (p)Num,
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where N is the number of experimental points.
The optimization technique used in this work is based on a global-local hybrid strategy.

The global stage has the objective to determine the global minimum basin of attraction,
whereas the local stage aims at increasing the exploitation capacity at reduced compu-
tational cost. The present study follows the successful application to parameter identi-
fication of a classical von Mises material based on a deep drawing operation [7]. The
strategy combines Particle Swarm Optimization (PSO) [8] as a global search algorithm
(owing to its robustness to identification of inelastic parameters [9]) and the Nelder-Mead
(NM) [10] downhill simplex algorithm as a local search scheme (due to its efficiency in
obtaining a minimum in general engineering problems [11]). Please, see reference [7] for
further details on the optimization strategy.

4 NUMERICAL EXAMPLES AND DISCUSSIONS

The tensile tests were performed according to the Brazilian ABNT NBR ISO 6892
standard [12] under displacement control with crosshead speed vc = 1 mm/min up to
macroscopic failure. The low alloy, low carbon steel specimens were designed with a
gauge section diameter d0 = 10 mm, initial gauge length l0 = 50 mm (measurements
performed by a strain gauge), total gauge section L = l0 + 2d0 = 70 mm, and shoulder
diameter and length, ds = 18 mm and ls = 45 mm, respectively, with a transitional radius
rt = 15 mm between the gauge section and shoulder. Figure 1 illustrates the initial and
fractured specimen. The geometrical model, also presented in Figure 1, accounted for
axisymmetry around the rotation axis Z − Z ′ and symmetry about the R − R′ axis, so
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that only 1/4 of the specimen was modelled. A structured, eight-nodded quadrilateral
finite element mesh with 200 elements and 661 nodes with progressive refinement towards
the specimen R − R′ axis was adopted. The Young modulus and Poisson’s ratio used in
the simulations are E = 200 GPa and ν = 0.3, respectively. The Swift [13] hardening
curve,

σY (r) = K (ε0 + r)n , (11)

was used in this work, in which r is the hardening variable obtained from Equation (3),
and K, ε0 and n are hardening parameters, so that ph = {K , ε0 , n}.

U5 mm

25 mm 
R

R’

Z’Z

Figure 1: Initial finite element mesh, and undeformed and final failed specimens.

4.1 The identification process

Identification of hardening parameters based on the individual application of the PSO
technique was described in greater detail by Vaz Jr. et al. [9]. The authors indicated that
success was achieved when using inertia weight 0.4 < w < 0.8 and cognitive and social
control parameters φ1 = φ2 ∈ [0.8, 1.8]. In the present simulations the PSO parameters
w = 0.5 and φ1 = φ2 = 1.0 were used. In addition, the population size, np, was also found
to play an important role in the dynamics of the optimization process, i.e. the number
of design variables (inelastic parameters) allied to the complexity of the direct problem
ultimately recommend the population size. It was observed that smaller sizes lead to
spurious minima and, despite greater robustness, large populations are costly and do not
improve the rate of convergence [9]. In the present work, a population size np = 300
was adopted. The lower and upper bounds used by the PSO algorithm, shown in Table
1, allow a wide variation of the hardening and damage parameters. It is noteworthy
that, in the present PSO-NM global-local scheme, the PSO (global) stage provides an
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initial estimate to the NM algorithm without the requirement to achieve final convergence.
Bearing in mind that particles cluster together as the optimization process advances,
PSO→NM transition was defined by the relative difference between the maximum and
minimum values of the objective function of ns = np/2 best particles, ϕg = [g(p

(k)
ns ) −

g(p
(k)
gb )] / [g(p

(0)
ns )− g(p

(0)
gb )] ≤ 10−1, where (k) denotes the PSO iteration step.

Table 1: Lateral constraints for the hardening and damage parameters.

Parameter pi Lower limit pinfi Upper limit psupi

K 300 MPa 1500 MPa
Hardening ε0 5.0× 10−4 1.0× 10−1

n 0.005 0.5

fN 0.0 0.1
Damage sN 0.1 4.0

εN 0.0 0.2
εDp 0.0 0.9

The success of the Nelder-Mead scheme is associated not only with the initial estimate,
but also with the size of the initial simplex. The effect of the initial estimate is obvious
due to the nature of the NM optimization technique. The size of the initial simplex was
also found to affect the accuracy of the final solution: the present identification problem
has shown that a large simplex can be easily trapped by local minima. On the other
hand, an excessively small simplex is affected by the dynamics of the non-linear solution
of the direct problem leading to spurious minima. Therefore, the parametrized edge of
the initial simplex (with respect to the lateral constraints) for the present example is
h = 0.004. The original NM control coefficients were used in the simulations: reflection
ρ = 1.0, expansion γ = 2.0, contraction β = 0.5, and shrinkage σ = 0.5.

The progress of the identification process is presented in Figure 2 featuring the objective
function. Noticeably, PSO reduces rapidly the objective function in the first steps, fol-
lowed by a slow decrease of g(p) as the optimization advances. The PSO→NM transition
takes place at the 9th PSO iteration step when the convergence index reaches ϕg ≤ 10−1,
corresponding to 3000 fitness computations. The NM (local) stage evolves at a substan-
tially higher convergence rate, approximating the minimum after 770 NM fitness com-
putations, as depicted also in Figure 2. The final convergence was assumed when the
4th significant digit of g(p) remains unaltered in the subsequent NM iterations. Table 2
shows the PSO transition particle and final NM parameters.

4.2 Damage and loading evolution

The loading curve and evolution of the void fraction (at the specimen centre) with
respect to the elongation, e = ∆l/l0, are presented in Figure 3. The simulation shows a
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Figure 2: Evolution of the identification process.

sharp increase of f towards the end of the loading process, i.e. very small displacement
increments, ∆U , prompt a large increase of the void fraction and material softening,
leading, ultimately, to a catastrophic failure. The hardening and damage constitutive
parameters determined in the previous section make possible a good agreement between
the numerical loading curve and experimental data. Notwithstanding, it can be observed
differences close to the maximum experimental load, which subsequently decrease towards
the end of the loading process. It is also interesting to note that deformation follows the
classical von Mises material model until the equivalent plastic strain reaches the damage
threshold (elongation e ≈ 0.146).

Table 2: Gurson-type model: PSO transition and final NM parameters.

Parameter pi PSO transition p
(k)
gb Final p

K 635.49 MPa 643.22 MPa
ph ε0 4.9415 ×10−3 7.2417 ×10−3

n 0.13483 0.14454

fN 5.4883 ×10−2 9.9765 ×10−2

pg sN 1.2565 2.2025
εN 0.18186 0.12334
εDp 0.79970 0.13316

g(p) 1.9691 ×10−2 1.3640 ×10−2
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In addition to necking, mechanical degradation causes the load bearing capacity to
decrease, leading to further reduction of the tensile load after a substantial region of
the specimen is affected by micro-void nucleation, growth and coalescence. The damage
effect is further evinced when comparing the loading curve obtained using the classical
von Mises material. In such case, necking alone is not sufficient to promote the necessary
reduction in tensile loading to provide an acceptable approximation to the experimental
data. Please, observe the solid (Gurson material) and dashed (von Mises material) lines
in Figure 3.

← →

Figure 3: Loading curve.

5 CONCLUSIONS

The growing demand for software able to simulate realistic metal forming operations
has instigated research on both material modelling and identification of constitutive pa-
rameters. Investigations on the latter has been important in order to ensure accurate
numerical predictions, especially when involving large plastic deformations under triaxial
stress states. The present study is inserted within this framework, which addresses iden-
tification of constitutive parameters of a Gurson-type damage model using a global-local
hybrid optimization scheme.

In addition to the non-linear character of the plasticity problem, material softening
imposed by the damage model gives rise to a non-convex optimization problem, thereby
hampering straightforward application of gradient-based optimization methods. Despite
of a lower rate of convergence, gradient-free optimization techniques have been suggested
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to this class of problems owing to their potential capacity to finding the global minimum.
In order to reduce the computational cost without loosing accuracy, a PSO-NM global-
local identification approach was adopted. Particle Swarm Optimization was employed
until a transitional criterion is reached, followed by application of the Nelder-Mead al-
gorithm. This strategy does not require an initial estimate in the vicinity of the global
minimum since the PSO method naturally reduces the search space, making possible the
NM scheme to obtaining the final parameters at a higher rate of convergence.

The simulations have shown that the Gurson-type model presented a somewhat ear-
lier damage onset, being very sensitive to the applied displacements towards the end of
the loading process, prompting a high growth rate of the void fraction immediately prior
to the catastrophic failure. The results also indicate that necking alone was not suffi-
cient to reduce the tensile load, clearly indicating the necessity to account for mechanical
degradation.
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