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Abstract. This work presents a consistent numerical approach in the framework of analyzing 
the localization process in a slope stability problem. An already existing model, embedded in 
Mechanics of multiphase porous media, is enhanced with local and non-local elasto-
viscoplastic constitutive models to obtain regularized numerical solutions. The initiation and 
the propagation of the shear band are effectively described by means of FEM analysis, 
regardless of the mesh size adopted. The strain localization process realistically occurs within 
the shear band failure mode and its size is governed by the internal length variable, which can 
be directly estimated by experimental approaches.

1 INTRODUCTION 

As it is well known, in the context of the numerical simulation of strain localization with 
standard finite elements, the shear band width strongly depends on the adopted mesh and in 
particular equals to the size of the element for each mesh refinement. This fact causes loss of 
objectivity of the computational results and due to the importance of strain localization 
especially regarding slope stability, there is a need of regularizing the numerical solution to 
make predictions of practical value. To this end, suitable constitutive models that induces a 
characteristic length related to the observed shear band width can be found in the literature, 
e.g. rate-dependent constitutive models [1-4], gradient plasticity models [5]. Alternatively, 
kinematics has to be enhanced, e.g. with micropolar continuum [6]. 

The present contribution deals with the elimination of mesh sensitivity problem in strain 
localization simulation of multiphase geomaterials for geotechnical applications. A non-local 
model of integral-type is used in conjunction with viscosity as an extension of an already 
available viscoplastic Drucker-Prager model with non-associated flow rule [7]. This coupling 
allows for eliminating mesh dependency in strain localization even in case of weakly rate-
sensitive materials (i.e. dense sand) for which viscoplasticity is not sufficient to suit numerical 
requirement of mesh independency [8]. Following the approach proposed in [9], the viscous 
nucleus is replaced by an average viscous nucleus (non–local counterpart) over the volume of 
the structure. When the so-called internal length approaches zero, the local viscoplastic model 
is regained. The model has been implemented in the finite element code Comes-geo [16-20] 
allowing for non-local extension to more sophisticated yield criteria only by minor 
modifications. The efficiency of the models in terms of regularized performance is illustrated 
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using a benchmark numerical example of a slope failure. 
The present study is structured as follows: Section 2 includes the mathematical framework, 

the main assumptions and features of the model for porous media along with a synopsis of the 
particular characteristics of viscoplasticity and non-local theories.  In Section 3 the numerical 
results coming out from the simulation of a slope failure problem using local and non-local 
viscoplasticity are presented, followed by the main conclusions in Section 4. 

2 MATHEMATICAL AND NUMERICAL MODEL – A GENERAL DESCRIPTION 
In the present work we make use of a mathematic model for non-isothermal variably 

saturated porous media developed within the Hybrid Mixture Theory [10,11] following [12-
15]. For the sake of brevity only a general description of the mathematical framework of the 
model with its basic assumptions will be presented hereafter and more details regarding its 
numerical implementation, for the interested reader, is refereed to [16,19].  

In the framework of realistic description of natural geomaterials it is necessary to proceed 
from an unsaturated soil based on a multiphase model. Therefore, the variably saturated 
porous medium, such as a slope, is treated as a multiphase system consisting of a solid 
skeleton with open pores filled with liquid water and gas. The gas phase is modelled as an 
ideal gas composed of dry air (non-condensable gas) and water vapour (condensable gas), 
which are considered as two miscible species. Phase changes of water (evaporation and 
condensation) as well as heat transfer through conduction and convection are considered. 
Furthermore, the non-polar solid is deformable, resulting in a coupling of the fluid, the solid 
and the thermal fields.  All fluid phases are in contact with the solid phase. In the partially 
saturated zones the liquid water is separated from its vapour by a concave meniscus (capillary 
water). Due to the curvature of this meniscus, the sorption equilibrium equation [12] gives the 
relationship, pc=pg-pw between the capillary pressure pc (also known as matrix suction), gas 
pressure pg and liquid water pressure pw. 

The mathematical model consists of four kind of balance equations (mass of dry air, mass 
of water species, enthalpy of the whole medium and equilibrium equation of the multiphase
medium), as well as appropriate constitutive equations for fluids and solid phases. The 
balance equations were developed in geometrically linear framework and are written in this 
paper at the macroscopic level considering quasi-static loading conditions. The chosen 
macroscopic primary variables are: gas pressure, capillary pressure, temperature and 
displacements, correspond to real measurable quantities directly linked to laboratory practice. 
This is an important aspect when selecting the appropriate constitutive equations. 

The governing equations are discretized in space by means of the standard finite element 
method (Bubnov-Galerkin method), in time by a fully implicit finite difference scheme 
(backward difference) and are solved by means of Newton-Raphson type procedure. Further 
particulars and general references on the numerical treatment can be found in [16,19].  

In the following, direct notation will be adopted. Boldface letters will denote vector or 
tensors and lightface italic letters will be used for scalar quantities. 

2.1 Equilibrium equation 
The equilibrium equation of the mixture in terms of generalized effective Cauchy’s stress 

tensor σ′(x, t) [10,21] assumes the form:
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 div 0g c
wp S p ρ      1 gσ (1)

where ρ = [1-n]ρs+nSwρw+nSgρg is the mass density of the overall medium, n(x, t) is the
porosity, Sw(x, t) and Sg(x, t) are respectively the water and gas degree of saturation, g is the 
gravity acceleration vector and 1 is the second order identity tensor. The form of Eq. (1)
assumes the solid grain incompressible, which is common in soil mechanics.  In order to 
consider compressible grains, the Biot coefficient should be present in front of the solid 
pressure (this becomes important when dealing with rock and concrete). 

2.2 Mass balance equations 
The mass conservation equation for the mixture of solid skeleton, liquid water and its 

vapour is: 
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where k(x, t) = k(x, t)1 is the intrinsic permeability tensor of the porous matrix in π-fluid 
saturated condition [m2], which is assumed to be isotropic, kr(x,t) is the fluid relative 
permeability parameter and (x, t) is the dynamic viscosity of the fluid [Pa·s], with π= w, g.

gw
gD is the effective diffusivity tensor of water vapour in the gas phase contained within the 

pore space, βswg = βs(1-n)·(Sg ρgw+ ρwSw) and Mα, Mw and Mg(x,t) are the molar mass of dry
air, liquid water and gas mixture, respectively.

Similarly, the mass balance equation for the dry air is: 
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2.3 Enthalpy balance equation 
The enthalpy balance equation of the mixture has the following form: 
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where, ρ(Cp)eff is the effective thermal capacity of the porous medium,  ,w
pC tx  and  ,g

pC tx
are the specific heat of the water and gas mixture respectively, and χeff(x, t) is the effective 
thermal conductivity of the porous medium. The right hand side term of Eq. (4) considers the 
contribution of the evaporation and condensation. 

2.4 Constitutive equations 

To complete the description of the mechanical behaviour, constitutive equations have to be 
specified. For the gas phase which is assumed to be a perfect mixture of two ideal gases, the 
state equation of a perfect gas (Clapeyron’s equation) and Dalton’s law are applied to dry air
(gα), water vapour (gw) and moist air (g). In the partially saturated zones, the water vapour 
pressure pgw(x, t) is obtained from the Kelvin-Laplace equation. The saturation Sπ(x, t) and the
relative permeability krπ(x,t) are experimentally determined functions of the capillary pressure
pc and the temperature T.

The behaviour of the solid skeleton is described within the framework of elasto-
viscoplasticity theory for geometrically linear problems. The generalized effective stress state 
is limited by the Drucker-Prager yield surface with isotropic linear hardening and non-
associated plastic flow as a first approximation:

  vp
0

2
, , q 3α β c Hξ

3f ff p p        s s
(5)

In Eq. (5) p' = (1/3)trσ' is the mean effective Cauchy pressure, ||s'|| is the norm of the 
deviator effective Cauchy stress tensor σ', c0 is the apparent cohesion, αf and βf are two 
material parameters related to the friction angle φ of the soil defined by Eq. (6), H is the 
hardening/softening modulus and ξvp is the equivalent viscoplastic strain. The flow rule is of 
non-associated type, with the plastic potential function given by Eq. (5) but with the dilatancy 
angle ψ substituting the friction angle in Eq. (6).

2 sinφ 6cosφ3α 2   ,      β 2
3 sinφ 3 sinφf f 
 

(6)

The viscoplastic constitutive relationships employed to model the soil behaviour are briefly 
outlined in the following section. 

2.5 Viscoplasticity (local and non-local) – A synopsis 
The total strain rate in an elasto-viscoplastic material is additively decomposed into an 

elastic and a viscoplastic strain rate: 
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e vp ε ε ε (7)

where the superimposed dot denotes time derivative. Considering linear elasticity, the stress 
rate is related to the strain rate via the following constitutive relation: 

 e vp: σ D ε ε (8)

where De is the fourth-order elastic tensor and double dots “:” denote the doubly contracted 
tensor product. 

Two commonly used models, the Perzyna model [22] and Duvaut-Lions model [23] belong 
to this category.  The difference between these two models is based on the different choice of 
the viscoplastic strain rate. Herein the first model will be treated. 

In the viscoplastic model proposed by Perzyna (which from this point on will be referred 
as local to distinguish from non-local), the viscoplastic strain rate is directly linked to the 
yield function through the viscous nucleus: 
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with f being the yield function, f0 introduced as a reference fixed value making the viscous 
nucleous dimensionless, γ is a “fluidity” parameter which depends on the viscosity η of the 
material (γ=1/η) and can be constant or a function of the stress or strain rate, N is a calibration 
parameter (N ≥ 1) and g is the viscoplastic potential function. Associative flow is invoked by 
g= f.

In Eq. (9), “<·>” are the McCauley brackets, such that:

     
 

Φ x   if   Φ x 0
Φ x =

0    if   Φ x < 0





(10)

Non-local approach is introduced next because in case of weakly rate-sensitive materials 
(such as dense sand) artificial viscosities have to be chosen to obtain objective finite element 
results. To ensure a regularized numerical solution physically based and following [9], the 
local viscoplastic model of Perzyna is expanded with respect to another regularization 
technique, namely the non-local approach. 

Briefly speaking, the non-local theory is based on the idea that the response of the material 
at a point is determined not only by the state at that point but also by the state of its 
neighbouring points (Fig. 1).

According to Jirásek [24] in non-local approach a certain variable, f, is substituted with its 
non-local counterpart, f̂ , obtained by weighted averaging over a spatial neighbourhood
(distributing points located at ξ) of each point under consideration (located at x): 

v
ˆ (x) = α(x, ξ) (ξ)dξf f (11)

Key points for the formulation and implementation of a non-local approach are the chosen 
weighting function for averaging and as non-locality is introduced into the constitutive 
equations.  
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Figure 1: Area where the average is calculated. 

The weight function contains at least one parameter with the dimension of length which 
incorporates information about the microstructure and controls the size of the localized plastic 
zone [25]. Herein, inspired by [9], the yield function is chosen to be the non-local variable and 
a Gaussian weighting function with a bounded support is selected (Eq.12 and Fig. 2).
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 Choosing yield function as the non-local variable, the viscous nucleus and consequently 
the viscoplastic flow rule are modified: 
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The non-local yield function is evaluated using Gauss quadrature [26]:
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in which i is the integration point under consideration, j is the jth Gauss point of element e; el
is the total number of elements inside the interaction volume defined by a sphere centered at x 
with radius R (Fig. 1), n is the number of Gauss points of this element inside the interaction 
volume; ω and J are, respectively, the weight and Jacobian matrix at Gauss point j of element
e.
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Figure 2: 1-D example of Gaussian weighting function for different values of the internal length scale l (l=0.02, 
0.04, 0.08m).  The influence of the weighting function increases with increasing values of the internal length 

scale. 

The non-local model is implemented in Comes-geo code in such a manner that the non-
local extension to more sophisticated yield criteria is straightforward only by minor 
modifications in the local model [25]. This feature stems from the fact that the factors

 ω , , αe e e
j j i jJ x ξ of Eq. (14) depend on the finite element mesh itself and not on the

material model considered. Therefore, these factors are computed only once at the beginning 
of the analysis and their values are used in the subsequent iterations, reducing in this way the 
computational burden. A flowchart of the implementation of the non-local approach is 
presented in Fig. 3. 

Figure 3: Flowchart of the non-local implementation in Comes-geo code. 
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3 SLOPE STABILITY TEST 

A benchmark slope stability problem, inspired by Regueiro and Borja [28], is now 
presented to demonstrate the effectiveness of adopting the regularization techniques 
developed in this work. The dimensions and boundary conditions of the problem are shown in 
Fig. 4 whereas the soil parameters considered in the analysis are indicated in Table 1. The 
initial stress field is given by geostatic stress state and as a first approximation fully drained 
conditions are imposed. Next, a downward displacement with a constant rate of 10-3 m/s is 
applied on a portion of 4m on the top slope surface (Fig. 4). Two meshes with 400 and 1600 
eight node quadrilateral isoparametric elements are used to analyze the problem. The analyses 
are performed using: the elastoplastic model, the local elasto-viscoplastic model of Perzyna 
with viscosity η=100 s and the non-local elasto-viscoplastic model with an internal length of 
l=0.8 m. The results from these models are compared in Fig. 5 in terms of equivalent 
(visco)plastic strain and in Fig. 6 with the force-displacement plots.

Table 1: List of soil parameters for the slope stability problem. 

E [MPa] ν γ [kΝ/m3] c0 [kPa] φ [°] ψ [°] h [kPa] n k [m2]
10 0.4 20 40 10 3 -10 0.3 1Ε-10

Figure 4: Slope stability problem. Geometry and boundary conditions. 

The failure initiates in the element just to the right of the applied force and propagates in a 
manner depended on the angle of friction. When the elastoplastic constitutive model is used to 
solve this boundary value problem, a classical mesh dependent numerical solution is observed 
with the model being unable to simulate the failure process of the slope when the mesh is 
refined (Fig. 5d). As is shown in Fig. 6b when the elasto-viscoplastic formulation of Perzyna 
is adopted, even if the number of elements is increased, the shear band formation and the 
force-displacement relationship are not affected by the element size. However, the peak value 
of the viscoplastic strain field depends on the element size of the mesh (Fig. 5e). Finally, the 
non-local elasto-viscoplastic model is able to predict a clearly defined shear band (up to the 
end of the shear band evolution) and the slope’s strain-softening response (Fig. 6c) 
independently of the mesh adopted (Fig. 5f).
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Figure 5: Equivalent (visco)plastic strain contours as calculated using the elastoplastic model (a,d), the local 
elasto-viscoplastic model (b,e) and the non-local elasto-viscoplastic model (c,f) for a mesh consisting of 400 

elements (a), (b) and (c) and for a mesh consisting of 1600 elements (d), (e) and (f), respectively.

Figure 6: Force-displacement plots for (a) the elastoplastic model, (b) the local elasto-viscoplastic model and 
(c) the non-local elasto-viscoplastic model, for the two meshes.
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4 CONCLUSIONS 

In this work the mesh sensitivity problem in strain localization simulation of multiphase 
geomaterials are overcomed by means of viscoplasticity and nonlocal theories. These 
formulations are implemented in an existing finite element code for multiphase porous media. 
Both methods introduce a characteristic length scale (implicitly and explicitly) which prevents 
strains from localizing into infinitely narrow bands when the mesh is refined. The efficiency 
of the models in terms of regularized performance is illustrated using a benchmark numerical 
example of a slope failure problem. The numerical results indicate that only by using the 
applied regularization techniques the location and the propagation of the shear zone is reliably 
simulated in a mesh independent manner.   
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