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Abstract

We introduce here a family of mixed coalitional values. Tle&tend the binomial semi-
values to games endowed with a coalition structure, sattigfyproperty of symmetry in

the quotient game and the quotient game property, generdil& symmetric coalitional
Banzhaf value introduced by Alonso and Fiestras and linkraatge the Shapley value
and the binomial semivalues. A computational procedurerims of the multilinear ex-

tension of the original game is also provided and an apjicab political science is

sketched.
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1 Introduction

The parallel axiomatic characterization stated by Felix§?8] shows that the only difference
between the Shapley value (Shapley [50]) and the Banzhaé\@wen [40]), as allocation
rules for all cooperative games, is that the former satigfiftsiency whereas the latter satis-
fies the total power property. Differences of this kind beeamportant when one is facing
a group decision and negotiation problem and wishes to ehaasiitable allocation rule for
solving the problem. The properties of a value should alvieeya main argument for either
selecting it or rejecting it in each particular case.

In the framework of cooperative games with a coalition stices other essential differ-
ences also arise between the Owen value (Owen [41]) and tlifietbBanzhaf value or
Owen-Banzhaf value (Owen [43]). The Owen—Banzhaf valds faisatisfy the property of
symmetry in the quotient game and the quotient game prgopehtigh are satisfied by the
Owen value.
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Alonso and Fiestras [4] suggested a modification of the OBanzhaf value that satisfies
these two properties and can therefore be compared withwlem®alue in terms analogous
to Feltkamp [28]. Our aim here is to introduce the notion dli@nal binomial semivalue as
a wide generalization of the Alonso—Fiestras value (egntp € [0, 1] instead ofp=1/2)
in order to get the family ofymmetric coalitional binomial semivaludsat still satisfy the
property of symmetry in the quotient game and the quotiemteggroperty, so that they differ
from the Owen value just in satisfying a total power propérsgead of efficiency. These new
values are especially suited for the study of cooperativesgavhere the players show some
(common) tendency as to the size of the coalitions they wagtée to form. This tendency
is defined by parametgx. Let us include a motivating example.

Example 1.1 In Section 5 we apply this family of values to the analysis ofireresting
political problem: the Catalonia Parliament during Leagfiste 2003—2007, prematurely fin-
ished in 2006. Curiously, the analysis remains still vadidlifegislature 2006—2010 since, in
spite of the modification of the seat distribution issuedrfrihe elections held in November
1, 2006, the strategic possibilities are exactly the same.
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Fig. 1. Political positions in the Catalonia Parliament 2003—2007

In Catalonia, politics is based on two main axes: the clas$ift—to—right axis and a
crossed one going from Spanish centralism to Catalanisial@enationalism) (see Fig. 1).
Thus, in 2003 Esquerra Republicana de Catalunya (ERC),ieatahtionalist and left—-wing



party, was faced to the dilemma of choosing among either al&w@st majority coalition with
Convergencia i Uni6 (CiU) or a left—wing majority coatiti with the Partit dels Socialistes
de Catalunya (PSC) and Iniciativa per Catalunya—Verds JJ@Nich was finally formed in
2003 and has been repeated in 2006.

A classical approach to study the problem would consist ingusither (a) the Shapley
value and the Owen value or, alternatively, (b) the Banzladfierand the Owen—Banzhaf
value, in order to evaluate the strategic possibilitiesamfheparty in both setups. The results
are given in Table 1, where (NO) means no coalition format{@) means that CiU + ERC
forms, and (LW) means that PSC + ERC + ICV forms.

Table 1. Classical measures of power in the Catalonia Parliamerg-221n7

@ (b)
NO)  (© MWW | NO)  (€) (W)
CiU | 04000 0.5000 0.0000 0.6250 0.5000  0.000(
PSC | 0.2333 0.0000 0.3889 0.3750 0.0000 0.375(
ERC | 0.2333 0.5000 0.3889 0.3750 0.5000 0.375(
PPC | 0.0667 0.0000 0.0000 0.1250 0.0000 0.000(
ICV | 0.0667 0.0000 0.2222 0.1250 0.0000 0.125(

According to the Shapley and Owen values used in (a), ERCahsttittly prefer joining
CiU instead of PSC and ICV. The same conclusion is obtainedrding to the Banzhaf and
Owen-Banzhaf values used in (b). In both cases, the resiillt® forovide a mathematical
explanation of ERC'’s actual decision (to join PSC and ICV).

Instead, by using binomial semivalues, and symmetric toadl binomial semivalues
whenever a coalition structure exists, the conclusion efttieoretical analysis is that ERC,
the crucial agent in this scenario, was not necessarilyefbto participate in the left—-wing
tripartite government but would have got more political pown joining CiU depending on
the tendency of the parties. The reader is referred to Exatflfor a detailed analysis.

The organization of the paper is as follows. In Section 2, aimim of preliminaries
is provided. Section 3 is devoted to define and study the syiov@palitional binomial
semivalue, and it includes an axiomatic characterizatia parallels Owen [41] for the
Owen value. In Section 4 we present a computation procedutaé symmetric coalitional
binomial semivalue. Section 5 contains a remark on simpiesgeand two detailed examples
and, finally, we have included in Section 6 a historical note.

2 Preliminaries

2.1 Games and semivalues

LetN be afinite set oplayersand 2 be the set of itsoalitions(subsets oN). A cooperative
gameonN is a functionv: 2V — R, that assigns a real numb&s) to each coalitior8 C N,
with v(0) = 0. A gamev is monotoniaf v(S) < v(T) whenevelSC T C N. A playeri € N
is adummyin v if v(SU{i}) = v(S) +v({i}) for all SC N\{i}, andnull in v if, moreover,



v({i}) = 0. Two players, j € N aresymmetricin v if v(SU{i}) = v(SU{j}) for all SC
N\{i, j}.

Endowed with the natural operations for real-valued fumstji.e. v+ Vv andAv for all
A € R, the set of all cooperative games bhis a vector spaceé. For every nonempty
coalition T C N, the unanimity game # is defined byur(S) =1 if T C Sandur(S) =0
otherwise, and it is easily checked that the set of all undapigames is a basis fogy.
Finally, every permutatiof of N induces a linear automorphism gf given by (6v)(S) =
v(6~1S) for all SC N and allv.

By avalueon Gy we will mean a magf : Gy — RN, that assigns to every gamea vector
f[v] with componentd;[v] for all i € N.

Following Weber's [58] axiomatic descriptioty,: Gy — RN is asemivaluéff it satisfies
the following properties:

(i) linearity: Y[v+ V] = Q[v] + Y[v] (additivity) andp[Av] = Ag]v] for all v,V € Gy and
AeR;

(i) anonymity Wei[Bv] = ;[v] forall @ onN, i € N, andv € Gy;

(iii) positivity: if vis monotonic, them[v] > 0

(iv) dummy player propertyif i € N is a dummy in game, then;[v] = v({i}).

There is an interesting characterization of semivaluesmy&gns ofveighting coefficients
due to Dubey, Neyman and Weber [26]. ®et [N|. Then: (a) for everyeighting vector

{Pctie such thatz P (" ) =1 andpg > 0 for all k, the expression

Wilv] = Z ps[v(SU{i}) —v(S)] forallie Nandallve G,
SEN\{i}

wheres = |5, defines a semivalug; (b) conversely, every semivalue can be obtained in this
way; (c) the correspondence given {:ka}ﬂ;cl) — U is bijective.

Thus, the payoff that a semivalue allocates to every playany game is a weighted sum
of his marginal contributions in the game. (df is interpreted as the probability that a given
playeri joins a coalition of sizek, provided that all the coalitions of a common size have
the same probability of being joined, thexiv] is the expected marginal contribution of that
player to a random coalition he joins.

Well known examples of semivalues are tBleapley valug (Shapley [50]), for which

Pk = 1/n(”*l) and theBanzhaf valugd (Owen [40]), for whichpy = 21". The Shapley
value¢ is the onlyefficientsemivalue, in the sense thgtq) [v] = v(N) for everyv € Gn.

Notice that these values are defined for ealchThe same happens with thsgnomial
semivaluesintroduced by Puente [48] as follows. Lt [0,1] andpy = pX(1— p)" 1 for
k=0,1,....,n—1. Then{ pk}k—o is a weighting vector and defines a semivalue that will be
denoted aspp and called thegp-binomial semivalue Using the convention that’0= 1, the
definition makes sense also fpr= 0 andp = 1, where we respectively get tlictatorial
indexy® and themarginal indexy?, introduced by Owen [42] and such thgd[v] = v({i})
andyv] = v(N) —v(N\{i}) foralli € N and allv€ Gn. Of coursep =1/2 glvequl/2 B
—the Banzhaf value.

In fact, semivalues are defined on cardinalities rather traspecific player sets: this
means that a weighting vectépg} g defines a semivalugs on all N such thatn = |N|.
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When necessary, we shall wrig" for a semivalue on cardinalityand pl((") for its weighting
coefficients. A semivalug™ induces semivalueg® for all cardinalitiest < n, recurrently

defined by the Pascal triangle (inverse) formula given bygBrg23]:

pf(t) _ pi((t+1) + pi((tjll) for 0<k<t.

A seriesy = {™M}* . of semivalues, one for each cardinality, israltisemivalugf it
satisfies Dragan’s recurrence formula. Thus, the ShapBanzhaf values and all binomial
semivalues are multisemivalues.

2.2 Games with coalition structure

Let us consider a finite set, say,= {1,2,...,n}. We will denote byP(N) the set of all
partitions ofN. EachP € P(N) is called acoalition structureor system of unionsnN. The
so—calledrivial coalition structuresareP™ = {{1},{2},...,{n}} (individual coalitions) and
PN = {N} (grand coalition). Acooperative game with a coalition structuea pair[v; P],
wherev € Gy andP € P(N) for a givenN. Each partitiorP gives a pattern of cooperation
among players. We denote lgi¢® the set of all cooperative games with a coalition structure
and player se.

If [v;P] € G& andP = {Py,P,,...,Pn}, the quotient game ¥ is the cooperative game
played by the unions, or, rather, by the 8&t= {1,2,...,m} of their representatives, as
follows:

V(R =v(|JR) forallRCM.
reR
UnionsP,, Ps are said to beymmetridn [v; P] if r,s are symmetric players wf .

By acoalitional valueon G5 we will mean a mag : G5 — RN, which assigns to every
pair [v; P] a vectorg|v; P] with components [v; P] for eachi € N.

TheOwen valugOwen [41]) is the coalitional valu® defined by

11 1
reffm g Ty ™A (M) (P

for alli € N and|v;P] € G5°, whereR € P is the union such thate Pk andQ= U P. It
rer
was axiomatically characterized by Owen [41] as the onlyitoaal value that satisfies the

following properties: the natural extensions to this framk of

o efficiency

e additivity

e the dummy player property
and also

e symmetry within unionsf i, j € B are symmetric irv then

i[v;P] = MQUT U{i}) —v(QUT)]

®i[v;P| = ®j[v; P|



e symmetry in the quotient gamié P, Ps € P are symmetric irfv; P] then

di[v;P] = ®;[v;P].

ieP j<Ps

The Owen value is aoalitional value of the Shapley valgein the sense thab[v; P"] =
®[v] for all ve Gn. Besides®p[v; PN] = ¢[v]. Finally, as® is defined for any, the following
property makes sense and is also satisfied:

e quotient game propertyor all [v; P] € G5,

@i [v; P] = DV, P™  for all P € P.

i€

The Owen value can be viewed as a two—step allocation rulgt, Each unio® receives
its payoff in the quotient game according to the Shapleye/ahen, eacPk splits this amount
among its players by applying the Shapley value to a gamegla as follows: the worth
of each subcoalitiom of P is the Shapley value that would get in a “pseudoquotient
game” played byl and the remaining unions on the assumption BygT leaves the game,
i.e. the quotient game after replacifgwith T. This is the way to bargain within the union:
each subcoalitioff claims the payoff it would obtain when dealing with the otharons in
absence of its partners .

The Owen—-Banzhaf valug(Owen [43]) follows a similar scheme. The resulting formula
parallels that of the Owen value with the sole change of aefft /mp (™ %) (P ") by
21-m21-px  This value, which is @oalitional value of the Banzhaf valf does not satisfy
efficiency, but neither symmetry in the quotient game norghetient game property. The
bargaining interpretation is the same as in the case of then@alue by replacing everywhere
the Shapley value with the Banzhaf value.

Alonso and Fiestras [4] introduced a modification of the Owiggmzhaf value. In this
case, the coefficient of each marginal contribution is regdiawith 2—™/ pk(pkt’l). This
symmetric coalitional Banzhaf valli¢ satisfies the same properties as the Owen value, with
the sole exception of efficiency —replaced by a total powepprty—, as well as the quotient
game property, and it is a coalitional value of the Banzhafeia

Example 2.1 (Alonso and Fiestras [4]) Let us take= 5 and consider the unanimity game
un and the coalition structuf@ = {P1, P>} whereP; = {1,2,3} andP, = {4,5}. Notice that
the quotient game iaf = uy, whereM = {1,2}. Itis not difficult to obtain the following
values:
Blu] = (1/2,1/2),
Blun;P]=1(1/8,1/8,1/8,1/4,1/4).

As P; andP, are symmetric ifuy;P], it follows that the Owen—Banzhaf valifails to
satisfy the property of symmetry in the quotient game. Ngithe quotient game property is
fulfilled by B in this instance. Instead

Miun;P] = (1/6,1/6,1/6,1/4,1/4)



so that both properties are satisfied by the Alonso—Fiegtdagl (here and elsewhere).

Since the Banzhaf valu@ is a particularp—binomial semivalueg = 1/2), this exam-
ple also shows that theoalitional p—binomial semivaluesvhich can be obtained from the
work by Albizuri and Zarzuelo [3] or Amer and Giménez [8] bypdying Owen’s scheme to
any p—binomial semivalue, satisfy, in general, none of both prtps. That's why we will
generalize Alonso and Fiestras’ procedure.

3 The symmetric coalitional binomial semivalue

In this section we define and study a “coalitional versionéathp-binomial semivalue for
games with coalition structure. This includes, besidegkpdicit formula, an axiomatic char-
acterization and an interpretation in terms of a two—stegdiaing process, among unions,
first, and among players within each union later. We begindglidg with binomial semi-
values. We recall thapP denotes, for each € [0, 1], the p—binomial semivalue acting on a
fixed Gn.

Definition 3.1 Let p € [0,1]. A value f on Gy satisfies thep—binomial total power property

if
% fi[v] = Z{J pS(1—p)" S Yv(Su{i}) —v(S)] forallve Gy.
ic ieENSCN\{i}

Lemma 3.2 Let0 # SC N, s=|S and i€ N. ThenyPus| = p>tifi € S, andpP[ug] =0
otherwise.

Proof: Leti € S. By the definition of the weighting coefficients ¢f we have
qup[uS] — (nBS) psfl(l— p)n—s+ (nIS) pS(l_ p)nfsfl_‘_ e (2:2) pn—l —
=p*H(p+(A-pI"o=pt.

If i ¢ S the dummy player property yields’[us] =0. [

Proposition 3.3 The unique semivalue df\ that satisfies the p—binomial total power prop-
erty is the p—binomial semivalug®.
In other words,3 ey Wi[V] = Sien W[V for all v € Gy impliesy = P.

Proof: (a) Itis obvious that the—binomial semivalug satisfies thg—binomial total power
property.

(b) Using linearity and the fact that the unanimity gamesTfarbasis ol it suffices to
prove that any semivalui satisfying thep—binomial total power property coincides wigl?
on each unanimity game. Lag be such a game for son®&C N. From the dummy player
property we gethi[us| = 0= WP [ug] for all i ¢ S. From thep-binomial total power property
it follows that 5 Wifug] = sp® 1. Using anonymitywi[us] = pS~* for eachi € S, and this

ieS

allocation coincides witlP[us] according to Lemma 3.2. O



In particular, settingp = 1/2 we obtain that the Banzhaf val@eis the only semivalue
that satisfies the classidaital power property

i; filv] = 2n—{1 i;gg%{i}[v(SU {i})—v(S)] forallve gn.

The Owen (resp., Owen—Banzhaf) value is a natural extertdfidhe Shapley (resp.,
Banzhaf) value to games with a coalition structure. We gairerthis idea.

Definition 3.4 Given a valuef on Gn, acoalitional value of fis a coalitional valug on G°
such thag|v; P"] = f[v] for all v € Gn.

Let g be a coalitional value of the—binomial semivalug)P defined for allN, and assume
thatg satisfies the quotient game property. Then, for a gNend any[v; P] € G,

ie}Ngi v;P] = kezm gi[v;P] = k;ﬂ ok[V7; P = k;ﬂ PRV =
=ZM > p'(1-p)™ VP (RULKE) —VP(R)].
KEM RCMY {k}

This motivates the next definition, that is an adaptatioheft-binomial total power property
to games with a coalition structure.

Definition 3.5 Letp € [0,1]. A coalitional valugg on G§® satisfies theoalitional p—binomial
total power propertyf, for all [v;P] € G,

D GilviP] = ZA p'(1—-p)™ "V (RU{K}) —VP(R)].
i€ KEM RCMT (K}

The next statement defines and axiomatically charactefi@esachp € [0, 1], thesym-
metric coalitional p—binomial semivalyehich will be denoted aQP.

Theorem 3.6 Let pe [0, 1]. Forany N there is a unique coalitional value gi§° that satisfies
additivity, the dummy player property, symmetry withinamsi, symmetry in the quotient
game, and the coalitional p—binomial total power properiven [v;P] € G°, this value
allocates to each playerd N the real number

Qip[V; P] _ Z Z pr(l_ p)mfr—l

st V(QUTU{i}) —v(QUT)],
RCMT {k} TSR (i} Pe(P )

where R € P is the union such thatd B, and Q= U P.
reR
Moreover,QP is a coalitional value of the p—binomial semivaly® and satisfies the

quotient game property.

Proof: (a) (Existence) It suffices to show that the coalitionalreeRP given by the above
formula satisfies the five properties enumerated in theratzié
1. Additivity. It merely follows from the expression 61 [v; P).



2. Dummy player property. Lete N be a dummy player in game and P be any
coalition structure. Assumies P.. Thenv(QUTU{i}) —v(QUT) = v({i}) for all RandT.
As, moreover,

1
r m-r—1__ _
p'(1—p) =1 and pkt*]-) =1,

RCMY{k} TR} Pk (

we conclude tha®P[v;P] = v({i}).

3. Symmetry within unions. Ldt j € B € P be symmetric players in ganve For each
RC M\{k} andT C R\{i,j}, letA(R,T,h) =v(QUT uU{h}) —v(QUT) for h=i,j. Then,
by the symmetric position df j in v,

f(RT)=ART,i)—ART,j)=0 and
g(RvT) A(RvTU{j}vi)_A(RvTU{i}vj):Oa

so that

QPP - QPP = S pl(1—p)m fRT) g(R’U]_
RCMT{K}

TCAT(LI) [pk(pktl) (%)

4. Coalitionalp-binomial total power property. Lé¥; P] € G5 Fixingk € M, for every
RC M\{k} we consider the gamg € Gp, defined by

VR(T) =v(QUT)—-v(Q) forall T C R

The Shapley value gives, for each B,

ilve] = plkl) MQUT Ui} —v(QUT)L

Teha iy P(

Using the efficiency ob, we get

9ilVR] = VR(R) = V(QUR) —v(Q) = V"(RU {k}) —V*(R).

i€

Hence
SoPwPl= T pa-p™ I RUK) - V(R = (P V]
i€ CM\ {k}
and, finally,
_ZQQF[V:PF > Y Pa-pm IV RUK) V(R
i€ keM RCM\ {k}

5. Symmetry in the quotient game. It readily follows from teétionship

3 Ol =WV

le

3



stated in the previous point, and the anonymity (whence sgtrynof thep—binomial semi-
valueyP.

(b) (Uniqueness) Leg be a coalitional value o satisfying the five properties. Using
additivity and the fact that the unanimity games form a bekigy, it suffices to show thajis
completely determined by its action on any pair of the foknrs; P], whereA e R, 0 £ SCN
andP € P(N).

By the dummy player propertgi[Aus; P] =0 if i ¢ S. This leaves us with playeis S.

Let S = {ke M :SNP # 0} and, for evenk € S, S, = SNP. Itis easy to see that
(Aus)® = Aug. From the coalitionap—binomial total power property, and applying Lemma
3.2, we have

gusPl= 5 (WP)"Aus] = T (WP)" Aug] =AspS
ic keM keS

Now, from symmetry in the quotient gamekiE S then

Y glusPl= S gilusP] =Ap* !
IS4 i€
and, finally, using symmetry within unions,
S —1
gi[Aus; P = )\pq( foranyi € S..

As S= Uycg S.. this concludes the proof thgtis univocally determined.
(c) QP is a coalitional value of the—binomial semivaluepP. Indeed, forP = P" the
explicit formula of QP reduces to

QVP= Y PL-p™ T VMRU{}) - V(R)] =M.
RCEN\{i}

Finally, the quotient game property: as we have seen whewisgadhe symmetry in the
quotient game in part (a) of this proof, and using the prewggioperty forGs:,

QPP = (WP ] = QRSP O

i€

Remark 3.7 (a) The symmetric coalitiongb—binomial semivalue is a natural (and wide)
generalization of Alonso and Fiestras’ symmetric coatiéibtBanzhaf value, sind@%/2 = 1.

(b) QP relates not only to the—binomial semivalugP (of which it is a coalitional value)
but also to the Shapley valge as

QP[v;PN]=¢[v] foranyve Gy.

Thus, in some manne®P establishes a “coalitional path” that linksandP.

(c) From Theorem 3.6 it follows that the only axiomatic diface between the Owen
value® and the symmetric coalitiong-binomial semivalu€P® is that the former satisfies
efficiency whereas the latter satisfies the coalitigmabinomial total power property, in a
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way that parallels the distinction between the Shapleyasland thep—binomial semivalue
wP.

(d) It is worth mentioning that in the parallel axiomatizats of the Owen value and the
symmetric coalitionap—binomial semivalue, additivity might be replaced withdarity, and
the dummy player property with the null player property. Vedichosen the first possibility
in each case (additivity and dummy player property).

(e) The symmetric coalitiong—binomial semivalue also merges the Shapley value and
the p—binomial semivalue. It is the result of a two—step bargajmrocedure similar to that
of the Owen value. In our case, the unions play the quotiemegamong themselves and
each one receives the payoff given by frebinomial semivalue)P, and then this payoff is
efficiently shared within the union according to the Shapigyed.

4 A computation procedure

Themultilinear extensiorfOwen [39]) of a game € Gy is the real-valued function defined
onRN by
f(X1,X2,...,Xn) = X [1(1—x;)v(9).
&L

As is well known, both the Shapley and Banzhaf values of anyegacan be easily
obtained from its multilinear extension. Indedgly] can be calculated by integrating the
partial derivatives of the multilinear extension of the gaaiong the main diagonah =
Xp = --- = X Of the cubg0, 1]N (Owen [39]), while the partial derivatives of that multisiar
extension evaluated at poiftt/2,1/2,...,1/2) give B[v] (Owen [40]. This latter procedure
extends well to anp—binomial semivalue (see Puente [48], Freixas and Puefij®fZ2Amer
and Giménez [8]) by evaluating the derivatives at poémmp, ..., p).

In the context of games with a coalition structure, the rfinéiar extension technique has
been also applied to computing the Owen vatu¢Owen and Winter [45]), as well as the
Owen-Banzhaf valuB (Carreras and Magafia [18]) and the symmetric coalitiorzalzBaf
valuell (Alonso, Carreras and Fiestras [5]). In this section wegarea method to compute
the symmetric coalitiongb—binomial semivalu€P by means of the multilinear extension of
the game.

Theorem 4.1 Let pe [0,1] and [v;P] € G§° be a cooperative game with a coalition struc-
ture. Then the following steps lead to the symmetric coal#ti p—binomial semivalue of any
playerie B in [v; P].

1. Obtain the multilinear extension(, xz, ..., xn) of game v.

2. For every r# k and all he R, replace the variable xwith y;. This yields a new
function of x for j € Bcand y for r € M\ {k}.

3. In this function, reduce to 1 all higher exponents, i.@laee with y each ¥ such that
q> 1. This gives a new multilinear function that we denote @gigjep,, (Yr)rem\ (k})-
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4. In the function obtained in step 3, substitute eagdhyyp. This provides a new function
ak((Xj)jen,) defined by

ak((X))jer) = 9((X))jcp,  (Premfky)-

5. Finally, the symmetric coalitional p—binomial semivalaf player ic P in [v;P] is
given by
1 0ok

QPP = o %

(zz...,2dz

Proof: Steps 1-3 have already been used by Owen and Winter [45k1@amnd Magafa
[18] and Alonso, Carreras and Fiestras [5] in dealing with@®wen value, the Owen—Banzhaf
value and the symmetric coalitional Banzhaf value, respagt It will be useful to recall
their common argument here.

By the second and third steps, we get a multilinear functibang all terms corresponding
to coalitionsSsuch thaSN P, # 0 and(N\S) NP # 0 for somer € M\{k} vanish. Indeed,
in step 2, the terms corresponding to these coalitions decxpressions likeyf™ (1 — y; )%,
with q1,02 € N, and in step 3 these terms turn oy, — y;) thus getting zero.

Hence, the only coalitionS for which the corresponding term of the (initial) multilisue
extension may not vanish after steps 2 and 3 are those of tineSe- QU T, whereT C P

andQ = |J P, for someR C M\ {k}. The function arising from step 3 is therefore
rerR

9((X))jere> (Yr)rem\{k}) =

Xi 1—X; \ 11—y )v(QUT).
TgH,RgMZ\{k}jDr Jjelﬂ_(LT( J)rEL r¢l|?:|{k}( M )

Substituting eacly; by p (step 4) gives

Vic — . 1—x)p'(1— m—r—1 .
ak((Xj)jen) TgkagM {k}jDrXJjel;lT( X))p (1= p)™ T V(QUT)

By differentiating functioro((xj)jer,) With respect tog;

%‘((XJ)J@):

S oS [ [] @-p e T MUT UL —vQUT)
TCRMIFREM\{K} JET  jeRA(TU{i})

Finally, by step 5,
AL
0 0%

PP MQUT U ~v(QUT) [ 2127t Tz

(zz...,2dz=

TCRA{i} REM\{k}
pr(l_ p)m—rflt! (pk—t-—1)!

(i) Z{k} P! MQUTU{i})—v(QUT)]=0Qf[v;P]. O
TCR\{i}RCM I
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5 Aremark and two examples

Simple games form an especially interesting class of cadpergames. Not only as a test
bed for many cooperative concepts, but also for the varietigair interpretations, often far
from game theory. In particular, they are frequently appleedescribe and analyze collective
decision—making mechanisms —weighted majority gamesataycial role here—, and the
notion of voting power is closely attached to them.

Shapley and Shubik [52] were the first to adapt a cooperainlet-the Shapley value—
to simple games, using it as a measure of power. Shapley {&tEjdsa series of arguments
inviting to a self-contained treatment of this class of ganad Dubey [24] initiated this
line when providing an axiomatic characterization of thedby—Shubik power index as a
solution concept on the class of simple games, for which tredaced theransfer property
in order to replace the useless additivity property.

A cooperative gameon N is simpleif it is monotonic and/(S) = 0 or 1 for everySC N.

A coalition SC N iswinning in vif v(S) = 1 (otherwise it is calletbsing), andW(v) denotes
the set of winning coalitions in. Due to monotonicity, the s&/™(v) of all minimalwinning
coalitions determine®/(v) and hence the game. A simple gam& aweighted majority
gameif there are nonnegativeeights w,wo, ..., w, allocated to the players and a positive
quota gsuch that

v(S§ =1 iff .Zgwi >q.

We then writev = [q; w1, Wo, ..., Wy]. (For additional details on simple games, we refer the
interested reader @.g.Carreras and Freixas [14], Taylor and Zwicker [54] or Carsdf2].)

Let SG) denote the set of all simple games on a given playeNsef power index
onS$gGy is a functionf : SG\ — RN. All properties stated for values in this paper —with
the sole exception of additivity and linearity— make sensepower indices. ASS Gy is
a lattice under the standard composition laws giver(\oy v')(S) = max{v(S),v(S)} and
(VAV)(S) =min{v(9),V ()}, we will say that a power indek satisfies théransfer property
if

flvvv]=f[v]+ f[V]— flvaV] forallvV e SGy.

Carreras, Freixas and Puente [20] gave an axiomatic cleaization and a combinatorial
description in terms of weighting coefficients for (the rigsions of) semivalues as power
indices, which parallel the corresponding ones for semasbn general cooperative games.

Let SG§ be the set of all simple games with a coalition structuréNonA coalitional
power indexon S G is a functiong : SGF° — RN. All properties stated for coalitional values
in this paper —excluding again additivity and linearity—s,\aell as the natural extension of
the transfer property, make sense for coalitional powecesl Vazquez, van den Nouweland
and Garcia—Jurado [56] carried out an axiomatic charnaetésn of the (restricted) Owen
value as a coalitional power index by means of efficiencytthesfer property, the dummy
player property, symmetry within unions and symmetry indqhetient game.

In a similar way, we have found a “parallel” axiomatic chdeasization of the symmetric
coalitional binomial semivalues as power indices (thatesfricted ta$Gy;) that we state
without proof because it is very similar to that of Theore. 3.
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Corollary 5.1 Let pe [0,1]. For any N there is a unique coalitional power index Gy}
that satisfies the coalitional p—binomial total power pragethe transfer property, the dummy
player property, symmetry within unions and symmetry irgiingtient game. It is the restric-
tion of the symmetric coalitional p—binomial semivald®to S G

Besides, this index satisfies the quotient game propertyexhates to the (restricted) p—
binomial semivalug® when P= P" and to the Shapley—Shubik power ingewhen P= PN,
O

Example 5.2 Let us consider the 5—person weighted majority game
v=[68;4642,23,15,9
and the coalition structuré = {{1,4},{2,5},{3}}. We will computelP[v] andQP|v; P] for
anyp € [0,1].
The set of minimal winning coalitions of the game is
Wm(v) = {{17 2}7 {17 3}7 {1747 5}7 {27 374}a {27 3, 5}}
and the multilinear extension ofis

f(X1,X2,X3,X4,X5) = X1 X2 + X1X3 — X1X2X3 + X1XaX5 + X2X3X4 + X2X3X5 —
— X1X2X3X4 — X1 X2X3X5 — X1 X2X4X5 — X1X3X4X5 — X2X3XaXs5 + 2X1 XoX3X4X5.

Taking into account that players 2 and 3, on one hand, aneégayand 5 on the other,
are symmetric irnv, the computation method for binomial semivalues stated umnke [48]
(see also Amer and Giménez [8]) gives

Yol = g—)fl(p, P.p.p, p) = P(1— p)(2+2p— 2p?),
WEN = W3l = g—;z(p, P.P. P, p) = P(1 - p)(1+2p— 2p?),
WEN = Wil = %(p, P.p.p, p) = p(1 - p)(2p— 2p?).
In order to comput®P[v] we use Theorem 4.1. Ad = {1,2,3}, steps 1-3 give

01(X1,Xa,Y2,Y3) = Yoy3+ X1(y2 + Y3 — 2y2y3),
92(Y1,X2,%5,Y3) = Y1Y3 + X2(Y1 — Y1¥3) + X5(Y1 — Y1Y3) + XoXs5(Y3 — Y1),
93(Y1,Y2,X3) = Y1y2 + X3(Y1 + Y2 — 2y1Y2),

and step 4 leads to

01 (X1, Xa) = G1(X1, Xa, P, p) = P? +x1(2p — 2p?),
02(X2,X5) = G2( P, X2, X5, P) = P* +Xo(p— p?) +Xs(p— p?),
as(xa) = g3(p, P,Xs) = p* +X3(2p — 2p?).
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Step 5 concludes the procedure and gives

QE[V:F’]:/1

A aXl(z,z)dz_Zp 2p°, ,[v;P| = 5 ax4(z,z)dz_0,

"1 oa "1 oa
QBviP = [ Flegdz=p-p  olwPl= [ TEezdz=p-p?

1
Qf[v;P| :/o %(z)dz: 2p— 2p°.

Thus
QPv;P] = (2p—2p?, p— p?,2p—2p%,0, p— p?).

In the following example, we shall apply some values anditoahl values (mainlypP
andQP) to the analysis of an interesting political structure: @aalonia Parliament 2003—
2007. All values have been computed using the multilineteresion technique, as illustrated
in the preceding example.

In the papers by Straffin [53], Laruelle [34] and Laruelle &atenciano [35], the Banzhaf
valuef is suggested as a power measure more suitable than the pkafie. The natural
generalization to semivalues has been argued by Laruell&alenciano [36], Carreras and
Freixas [17], and Carreras, Freixas and Puente [20]. Byideriag here binomial semi-
values, we look at the Banzhaf value in perspective, as wilstoown by the results of our
analysis.

Therefore, our study of alliances will be based on the baiggiprocess corresponding
to the symmetric coalitional binomial semivalu@s: first, a power notion is shared among
unions in the quotient game by means of the Banzhaf value ararial semivalue; then,
the power so got by each union is shared among its membersify e Shapley value.
This will reflect that both bargaining steps are of differeature. Indeed, notice that, once
an alliance is formed —and, especially, if it supports aitioal government—, cabinet min-
istries, parliamentary and institutional positions, beisgand other political responsibilities
have to be distributedfficientlyamong the parties of the coalition, hence in a way as closely
as possible to the one suggested by the Shapley value. Atdhig the quotient game prop-
erty and symmetry in the quotient game become very relevaepties. In fact, they are
connected because if a coalitional value satisfies the guiogiame property (as is the case
for all QP) and it is a coalitional value of the Banzhaf value (gr-dinomial semivalue) then
symmetry in the quotient game follows from the anonymitBdbr of gP).

Which is the reason for letting range from 0 to 1? Notice that a reasonable regularity
assumption on players’ behavior is that the probabilitytorf coalitions follows a monotonic
(increasing or decreasing) behavior. Then, it is not diffitusee that the only semivalues
such thatpy 1 = Apk for all k (maybe the simplest form of monotonicity) are precisely the
p—binomial semivalues, in which ca3e= %) for any p € [0,1]. For examplep = 0.1
means that the players are very reticent to form coalitiot&reasp = 0.8 means that great
coalitions are likelier. The neutral cape= 0.5 corresponds to the Banzhaf value. Table 2
shows, fom = 5, the weighting coefficients afi® for several values gp.
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Table 2. Weighting coefficients of somp-binomial semivalueg forn=5

p=01| p=04| p=05 | p=08
(Banzhaf)
po=(1-p)* 0.6561 | 0.1296 | 0.0625 | 0.0016
pr=p(1-p)® | 0.0729 | 0.0864 | 0.0625 | 0.0064
p2=p?(1-p)? | 0.0081 | 0.0576 | 0.0625 | 0.0256
ps=p3(1—p) | 0.0009 | 0.0384 | 0.0625 | 0.1024
ps=p* 0.0001 | 0.0256 | 0.0625 | 0.4096

As we will see, almost all allocations’[v] and coalitional allocation®@P[v; P] will show
factorsp(1— p); the sole exceptions are the cases wliésen dictator or veto player (if we
were dealing with improper games, we should add winner psatygethis short list). Further-
more, the maximum or the minimum of all these allocationsefach player will be attained
in casep = 0.5, that respectively correspond to the Banzhaf v@luey?/2 or to the Alonso—
Fiestras coalitional valud = Q/2. These properties would not have been discovered if only
the casep = 0.5 were considered.

Example 5.3 (The Catalonia Parliament, Legislature 2003—-206#e parties elected mem-
bers to the Catalonia Parliament (135 seats) in the electi@id on November 16, 2003,
giving rise to a seat distribution that can be representetidyeighted majority game

v=[68;464223 15,9].
Let us briefly describe ideologically the agents in this game

1: CiU (Convergéncia i Unio), Catalan nationalist mideté-the—road coalition of two
federated parties.

2: PSC (Partit dels Socialistes de Catalunya), moderdtenafg socialist party, federated
to the Partido Socialista Obrero Espafiol.

3: ERC (Esquerra Republicana de Catalunya), radical Gateldonalist left—wing party.

4: PPC (Partit Popular de Catalunya), conservative pastglén delegation of the Partido
Popular.

5: ICV (Iniciativa per Catalunya—\Verds), coalition of Clataeurocommunist parties, fed-
erated to Izquierda Unida, and ecologist groups (“Verds”).

Notice that, as pointed out in Example 5.2,
W™Mv) = {{1,2},{1,3},{1,4,5},{2,3,4},{2,3,5}},

so that players 2 and 3 on one hand, and 4 and 5 on the otheynanesgric inv.
We show in Table 3 the evaluation wfgiven by several binomial semivalug®. The
total power istP[v] = 3 WP[v.
ieN
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Table 3. Initial power distribution in the Catalonia Parliament 362007

WPV p=01 p=04 p=05 p=08
1.CiU  p(1-p)(2+2p—2p?) 0.1962 0.5952 0.6250 0.3712
2.PSC  p(1-p)(1+2p—2p?) 0.1062 0.3552 0.3750 0.2112
3.ERC p(1—p)(1+2p—2p?) 0.1062 0.3552 0.3750 0.2112
4.PPC  p(1—p)(2p—2p?) 0.0162 0.1152 0.1250 0.0512
( (
(

5.1CV  p(1-p)(2p—2p?) 0.0162 0.1152 0.1250  0.0512
V] p(1—p)(4+10p—10p?) 0.4410 15360 1.6250 0.8960

It is easy to see that the allocations found foand 1— p would coincide because the

game isdecisive(proper and strong). Notice that the proportions betweeratlocations to
the players decrease papproaches 0.5 from any of the extreme possibilities (0 0Alo
notice that the maximum allocation (power) for any playes #rve maximum total power are
got for p = 0.5 (Banzhaf value).

Next we are interested in the study and comparison of seseadition structures. In each

case, we have computed the coalitional vafefor all p € [0,1] and alsdl (for p=1/2)
and the coalitionap-binomial total powefl P[v;P] = 3 QP[v;P]. The cases and results are

ieN

as follows:

e The left—wing alliance PSC+ICV, as a previous step. Theasponding coalition struc-
ture isP = {{2,5},{1},{3}, {4} }, and the coalitional values are:
niv;P|=(1/2,3/8,1/2,0,1/8),
QP[v;P] = (2p—2p?%, 1.5p— 1.5p?, 2p— 2p>,0,0.5p — 0.5p?),
TPv;P] = 6p(1—p).
The simultaneous alliances CiU+PPC and PSC+ICV, as amatiee previous step.

The corresponding coalition structureRs= {{1,4},{2,5},{3}}, and the coalitional

values are:
Mlv,P] = (1/2,1/4,1/2,0,1/4),

QPv;P] = (2p—2p?, p— p?,2p— 2p%,0,p— p?),
TP[v;P] = 6p(1- p).

The left—-wing majority alliance PSC+ERC+ICV. The corresgimg coalition structure
isP={{2,3,5},{1},{4}}, and the coalitional values are:

Mv;P] = (0,5/12,5/12,0,2/12),

—n2 _p? _ 2
orlvip] = (0, 75 TEEER o 22202 )

TPlv;P] = 1.

Notice thatQP[v; P] > @P[v] for all p € [0,1] andi = 2,3,5, and also thap = 0.5 gives
the maximum ofQP|v; P] for PSC and ERC but, at the same time, the minimum of
QP|v; P] for ICV.
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Incidentally, in this casB|v; P] = (0,3/8,3/8,0,1/8), so thaB fails to satisfy the quo-
tient game property and the sharing of the dictatorial pas/by no means convincing
because of its inefficiency.

e The catalanist majority alliance CiU+ERC. The correspagdioalition structure is
P ={{1,3},{2},{4},{5}}, and the coalitional values are:

Mniv;P] = (5/8,0,3/8,0,0),

_n2 _ 2
@l = (T 0225 00).

TPlv;P] =1.

In this casd;[v; P] = Bi[v] but QP[v;P] > wP[v] for all p € [0,1] andi = 1,3 (unless
p = 0.5, where the equality holds). Hepe= 0.5 gives the maximum of2P|v; P] for
CiU and the minimum for ERC.

A most convenient way to analyze this set of evaluations efttalitional behavior will
consist in considering different values pf and we will take 0.1, 0.4, 0.5 (this givés)
and 0.8. Tables 4-7 show all these particular allocationsveuprefer the following order:
p=0.5,p=04,p=08andp=0.1.

Table 4. Evaluation according tgP andQP for p=0.5

scenario value Ciu PSC ERC PPC ICV
initial (no alliance) B 0.6250 0.3750 0.3750 0.1250 0.1250
PSC+ICV B=I 05000 0.3750 0.5000 0 0.1250
PSC+ICV and CiU+PPC B=T 0.5000 0.2500 0.5000 0 0.2500
PSC+ERC+ICV B 0 0.3750 0.3750 0 0.1250
PSC+ERC+ICV Mn 0 0.4167 0.4167 0 0.1667
CiU+ERC B=MN 0.6250 0 0.3750 0 0

In Table 4, we find that precoalition PSC+ICV does not incedhs power of their mem-
bers, but it damages the strategic position of CiU and ergstie strategic possibilities of
ERC. The alternative (simultaneous precoalitions PSC+#0¥ CiU+PPC) does not make
better off CiU and PPC but, instead, damages PSC, increlasgsotver of ICV and gives
the same position to ERC. Of course, PPC loses its small pewet in joining CiU (its
only natural partner in this situation) because once PSE-+#$Qormed PPC becomes a null
player.

An important point arises when considering the majoritynfation. According to the
Owen—-Banzhaf valuB, forming a winning coalition does not change the power ofritsn-
bers with regard to the initial distribution, although irges to reduce the outside parties to
a null position. Instead, from the viewpoint of the symnetroalitional Banzhaf valu#l,
coalition PSC+ERC+ICYV clearly increases the power of eawhaf its members, and hence
it suggests to ERC the convenience to choose this coalitibich also satisfies its partners,
PSC and ICV) instead of CIU+ERC.
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Therefore, we have to point out here that after a short parfategotiations, precisely
concerning these two options, alliance PSC+ERC+ICV wasadlgtformed and got the re-
gional government of Catalonia, ending 23 years of CiU gor@nts headed by Jordi Pujol
(under absolute majority of this party or with the parliar@ep support of PPC). The actual
sharing of positions gave the presidency of the governnodPasqual Maragall (PSC) but the
presidency of the Parliament and the “Conseller en cap’tiposfa sort of vice—presidency
of the government) to Ernest Benach and Josep Lluis Carodr&@woth ERC), respec-
tively. The remaining cabinet positions (“conselleriegi@re distributed in the proportion
8:5:2 among the three parties.

Table 5. Evaluation according tgP andQP for p=0.4

scenario Ciu PSC ERC PPC ICV
initial (no alliance) 0.5952 0.3552 0.3552 0.1152 0.1152
PSC+ICV 0.4800 0.3600 0.4800 0 0.1200
PSC+ICV and CiU+PPC  0.4800 0.2400 0.4800 0 0.2400
PSC+ERC+ICV 0 0.4133 0.4133 0 0.1733
CiU+ERC 0.6200 0 0.3800 0 0

We recall that the allocations on this (decisive) game foivargp are the same as for
1— p, so that our comments on Table 5 0.4) are the same as they would be fo 0.6,
and the analogue holds for Tables 6 and 7.

By comparing the results given in Table 4 with those of TahlevBere it is assumed
that players are not indifferent to join a coalition of angesbut, rather, they prefer not too
big coalitions (ag = 0.4), we notice that forming precoalition PSC+ICV increasédt éhe
power of its members. Its effects on the outside parties, elsag those of the alternative
(simultaneous formation of CiU+PPC) are the same as in Hable

As to the formation of majorities, here, not only in the caB®8C+ERC+ICV but also
in the case of CiIU+ERC, every party entering such a coalitiearly increases its power.
However, from ERC’s viewpoint, coalition PSC+ERC+ICV givagain the best fraction of
coalitional power.

Table 6. Evaluation according tgP andQP for p=0.8

scenario Ciu PSC ERC PPC IcvV
initial (no alliance) 0.3712 0.2112 0.2112 0.0512 0.0512
PSC+ICV 0.3200 0.2400 0.3200 0 0.0800
PSC+ICV and CiU+PPC  0.3200 0.1600 0.3200 0 0.1600
PSC+ERC+ICV 0 0.3867 0.3867 0 0.2267
CiU+ERC 0.5800 0 0.4200 0 0

Itis worth mentioning that almost all (initial or coalitiaf) power allocations given in Ta-
ble 6 are lower than in the previous cases. The only excepéimfor ICV in PSC+ERC+ICV
and ERC in CiU+ERC. Nevertheless, the variations underdpnéhe initial allocations
when the precoalitions form are similar to those found inldd The new feature here
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is that, in these circumstanceg £ 0.8), ERC would clearly prefer CIU+ERC instead of
PSC+ERC+ICV.

Table 7. Evaluation according tgP andQP for p=0.1

scenario Ciu PSC ERC PPC ICV
initial (no alliance) 0.1962 0.1062 0.1062 0.0162 0.0162
PSC+ICV 0.1800 0.1350 0.1800 0 0.0450
PSC+ICV and CiU+PPC  0.1800 0.0900 0.1800 0 0.0900
PSC+ERC+ICV 0 0.3633 0.3633 0 0.2733
CiU+ERC 0.5450 0 0.4550 0 0

Finally, Table 7 exhibits the same trends as Table 6 but tregzen strengthened. Again,
ERC would prefer CiIU+ERC, and notice that the increase gbdaser in agreeing to form
this coalition would be greater than in the previous case.

Itis not difficult to see that ERC would prefer option PSC+BERCYV instead of CIU+ERC

if, and only if, p € (5*1—5@, 5+1—5@), would remain indifferent ifp = 5i1—5/§ and would prefer

CIU+ERC if p ¢ [352, 20Y5].

As a conclusion of our analysis, we find that the evaluatiogarhes and games with
a coalition structure by means of binomial semivalues amdnsgtric coalitional binomial
semivalues provides a new approach to the study of the immelltbargaining. Some general
properties sketched only on the basis of this instance dhirderve further attention. And,
finally, the extension of the coalitional theory to probait values might be, in the near

future, an interesting research field.

6 A historical note

Shapley [50] (see also Roth [49] and Owen [44]) initiated thkie theory for cooperative
games. Th&hapley valuapplies without restrictions and provides, for every gamsin-
gle payoff vector to the players. The restriction of the edioi simple games gives rise to the
Shapley—Shubik [52] power index, that was axiomatized blggj[24] introducing the trans-
fer property. As a sort of reaction, Banzhaf [11] proposedffer@nt power index (see also
Coleman [21], and even Penrose [47]), that Owen [40] exténode dummy—independent
and somehow “normalizedBanzhaf valudor all cooperative games. A nice almost com-
mon characterization of the Shapley and Banzhaf valuesdioeilgiven by Feltkamp [28],
and a sound interpretative and comparative analysis hasdaeged out by Laruelle and Va-
lenciano [35]. See also Owen [42], Dubey and Shapley [25hr&e[38], Dragan [22] and
Carreras [13].

Dubey, Neyman and Weber [26] axiomatically introduced tbéam of semivaluethat
encompasses both the Shapley and Banzhaf values (see diso [#/€ and Einy [27]). We-
ber [58] gave an alternative characterization for semasand introduced thgrobabilistic
valuesby dropping anonymity.

Many authors have been working on semivalues. We will refdy ¢o the most re-
lated to the present paper. Carreras and Freixas [15] aféhitéducedregular semivalues.
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Puente [48] devoted much of her Ph.D. thesis to semivalugmaoduceddinomial semival-
uesas a natural generalization of the Banzhaf value (see atsgdsrand Puente [29], where
differentways are provided to evaluate the importance@ttimponents in a given reliability
system based on semivalues and probabilistic values)ellarand Valenciano [36] and Car-
reras, Freixas and Puente [20] investigated semivaluesvesrpndices, that is, by restricting
them to simple games. Finally, Carreras and Freixas [17¢astgd several applications of
semivalues based on their versatility.

Games with acoalition structurewere introduced by Aumann and Dréze [10], who ex-
tended the Shapley value to this new framework in such a nmrdhaethe game really splits
into subgames played by the unions isolatedly from eactraihd every player receives the
payoff allocated by the restriction of the Shapley valueht® subgame he is playing within
his union. A second approach was used by Owen [41], whendatiog and axiomatically
characterizing his coalitional valu®©gen valug In this case, the unions playcuotient
gameamong themselves, and each one receives a payoff whichyninisushared among its
players in an internal game. Both payoffs, in the quotiemh@dor unions and within each
union for its players, are given by applying the Shapley ®akurther axiomatizations of the
Owen value have been given byg. Hart and Kurz [33], Peleg [46], Winter [59], Amer and
Carreras [6] and [7], Vazquez, van den Nouweland and @adcirado [56], Vazquez [55],
Hamiache [31] and [32], Albizuri and Zarzuelo [3] and Albiz[2].

By applying a similar procedure to the Banzhaf value, Oweh §bt themodified Banzhaf
valueor Owen—Banzhaf valuer games with a coalition structure. In this case the payaff
both levels, that of the unions in the quotient game and thidsoplayers within each union,
are given by the Banzhaf value. This modified value was aximally characterized only
recently, by Albizuri [1] and [2] and, independently, by Am€arreras and Giménez [9].
Interesting interpretations of this value as a power indegmwestricted to simple games can
be found in Laruelle and Valenciano [37].

The natural generalization of semivalues for games witlitbmastructure has been car-
ried out by Albizuri and Zarzuelo [3]. These authors provadématic characterizations in
both cases: theomogeneousne, when a common semivalue is used by unions in the quo-
tient game and by players within each one of them (see als@@m[30] and Amer and
Giménez [8] for this case), and tleterogeneousne, where different semivalues apply in
the quotient game and (uniformly) within all unions.

Alonso and Fiestras [4] realized that the Owen—Banzhafevdils to satisfy two inter-
esting properties of the Owen value: symmetry in the qubtiame and the quotient game
property. Then they suggested to modify the two—step allmeacheme and use the Banzhaf
value for sharing in the quotient game and the Shapley valtlénawnions. This gave rise
to a new, heterogeneous coalitional value that can be cadpaith the Owen value and
satisfies the above properties.

In fact, heterogeneous coalitional values are a particalse of mixed coalitional values.
Mixed coalitional values were already suggested by Carreras aaghfa [19] in a more
general setup (see also Alonso, Carreras and Fiestras TBB. idea is that unions might
use any value in the quotient game and, then, the playerschbf @wsion might use a value
different from that of the unions and from those used withimeo unions. Notice that the
unions are, in general, of a different nature from the odgisingle players, and even from
each other, and the quotient game may well possess featotrésumd in the initial game.
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The question is not, therefore, “why will the unions folloag entities, a way different from
players’ one?” but, rather, “why not?” After all, freedomaisiuman aspiration that we should
take into account in our mathematical modeling of the réaldehavior, and the contract for
forming each union could (in fact, it should) perfectly sipethe way to share profits among
its members.

Then, a formal notation will help us to better distinguisé feveral coalitional evaluation
criteria that can arise. Let be the semivalue used by unions gomdpa,..., pm be the
semivalues respectively used by each union. We denote thpaund rule as

0pP1,P2,---,Pm-

With this notation, a first level of homogeneity is achievedaseop, p, . ..,p = p™ for some
commonp. Thus, Alonso and Fiestras’ [4] symmetric coalitional Baafzvalue id1 = B¢™,
whereas the symmetric coalitional binomial semivalueoidticed in this paper @P = @P¢™,
where P is the binomial semivalue defined by number A further homogeneity level is
finally found in the case wher®= p, like in Owen'’s classical extensions: the Owen value is
® = $¢™ and the Owen-Banzhaf valueBs= Bp™.

Great attention has also been paid to the computation oésalusually in terms of the
multilinear extensiorfOwen [39]) of the original game. Thus, Owen [39] refers te 8hap-
ley value¢, Owen [40] to the Banzhaf valyg and Owen and Winter [45] to the Owen value
®. Carreras and Magafia [18] have applied the same proceslthe Owen—Banzhaf value
B, and Carreras and Magafia [19] have studied the multiliee@nsion of the quotient game.

More recently, Alonso, Carreras and Fiestras [5] apply théilimear extension method
to the Alonso—Fiestras valué, and also to a “counterpart” valld = ¢p™ introduced by
Amer, Carreras and Giménez [9]. In Puente [48] it is shovat the binomial semivalues
can be computed in a way very close to that of the Banzhaf vaiménez [30] and Amer
and Giménez [8] prove that (a) any other semivalue requisisy a geometrical reference
system of the semivalue simplex, given by angifferent binomial semivalues, and a linear
map whose matrix depends on (the partial derivatives of th#ilmear extension of) the
game and the reference system —it also applies, of coursiee t8hapley value, with no in-
tegration step—, and (b) the homogeneous coalitional sdu@g can be computed by means
of a bilinear form whose matrix depends, again, on the gandettam reference system. It
is worthy mentioning here that in the case of coalitionabbiial semivalues Carreras and
Magafa’s [18] procedure applies as well.
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