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MORPHISMS AND INVERSE PROBLEMS

FOR DARBOUX INTEGRATING FACTORS

JAUME LLIBRE1, CHARA PANTAZI2 AND SEBASTIAN WALCHER3

Abstract. Polynomial vector fields which admit a prescribed Darboux integrat-
ing factor are quite well-understood when the geometry of the underlying curve is
nondegenerate. In the general setting morphisms of the affine plane may remove
degeneracies of the curve, and thus allow more structural insight. In the present
paper we establish some properties of integrating factors subjected to morphisms,
and we discuss in detail one particular class of morphisms related to finite reflection
groups. The results indicate that degeneracies for the underlying curve generally
impose restrictions on the nontrivial vector fields which admit a given integrating
factor.

1. Introduction and preliminaries

This paper continues, and to some extent concludes, our work on inverse problems
in the Darboux theory of integrability in the affine plane. The inverse problem for
Darboux integrating factors is to characterize and determine all polynomial vector
fields which admit a prescribed integrating factor. The inverse problem for invariant
algebraic curves (which is a part of the former) asks for all polynomial vector fields
which admit a given collection of algebraic curves as invariant sets.

Inverse problems in the Darboux theory of integrability are of interest because their
solution is necessary to identify and classify the vector fields admitting a Darboux inte-
grating factor. Moreover, such inverse problems have useful applications. For instance,
Christopher [1] used an inverse problem to produce polynomial vector fields with alge-
braic limit cycles, and in [6] solutions of inverse problems were employed to determine
vector fields of small degree with a prescribed limit cycle configuration.

In a nondegenerate geometric setting both inverse problems were essentially resolved
in [2] and [3]; see also earlier work in [10], [5], [7]. Moreover, the inverse problem for
curves is quite well-understood and algorithmically accessible; see [2].

The main result of [3] states that the linear space of vector fields admitting a given
integrating factor is finite dimensional modulo a subspace of ”trivial” vector fields,
provided the underlying geometry is nondegenerate. This finiteness result was extended
to arbitrary geometry in [4] with the help of sigma processes.

In the present paper we will consider general morphisms of the affine plane and
discuss the behavior of invariant curves and integrating factors subject to morphisms.
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