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This work considers the learning of algorithmic tasks by mere observation of input-
output pairs. Rather than studying this as a black-box discrete regression problem
with no assumption whatsoever on the input-output mapping, we concentrate on
tasks that are amenable to the principle of divide and conquer, and study what are its
implications in terms of learning.

This principle creates a powerful inductive bias that we exploit with neural archi-
tectures that are defined recursively and dynamically, by learning two scale-invariant
atomic operations: how to split a given input into smaller sets, and how to merge two
partially solved tasks into a larger partial solution. The resulting model is naturally
divided in two phases: a discrete splitting phase that returns a binary tree over input
elements, and a merge phase consisting in a differentiable routing mechanism. Our
model can be trained in weakly supervised environments, namely by just observing
input-output pairs, and in even weaker environments, using a non-differentiable re-
ward signal. Moreover, thanks to the dynamic aspect of our architecture, we can
incorporate the computational complexity as a regularization term that can be opti-
mized by backpropagation.

We demonstrate the flexibility and efficiency of the Divide-and-Conquer Net-
work on three combinatorial and geometric tasks: sorting, clustering and convex
hulls. Thanks to the dynamic programming nature of our model, we show signifi-
cant improvements in terms of generalization error and computational complexity.
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Chapter 1

Introduction

Algorithmic tasks can be described as discrete input-output mappings defined over
variable-sized inputs, but this “black-box" vision hides all the fundamental ques-
tions that explain how the task can be optimally solved and generalized to arbitrary
inputs. A powerful framework that breaks into this vision is the principle that many
tasks have some degree of scale invariance or self-similarity, meaning that the abil-
ity to solve the task for a certain input size is essentially all that is needed in order
to solve it for larger sizes. This principle is the basis of recursive solutions and dy-
namic programming, and is ubiquitous in most areas of discrete mathematics, from
geometry to graph theory. In the case of images and audio signals, invariance princi-
ples are also critical for success: CNNs 2.2.4 exploit both translation invariance and
scale separation with multilayer, localized convolutional operators, which breaks
the curse of dimensionality and brings the essential inductive bias explaining the
success of CNNs. In our scenario of discrete algorithmic tasks, we build our model
on the principle of divide and conquer, which provides us with a form of parameter
sharing across scales.

While neural networks have been successful so far at providing flexible models
for discrete regression and prediction tasks, mostly in Computer Vision (Krizhevsky,
Sutskever, and Hinton, 2012), Natural Language Processing (Sutskever, Vinyals, and
Le, 2014) and discrete Reinforcement Learning (Mnih et al., 2015), they are typi-
cally agnostic to complexity questions. Whereas some models are trained and tested
at a fixed input/output scale (such as regression problems with generic fully con-
nected neural networks), authors have explored ways to make training and testing
less dependent of the input scale. The most prominent examples are Convolutional
architectures, that exploit translation invariance to accept variable size inputs by
averaging their predictions at the last layer; and Recurrent neural networks, that
operate in an auto-regressive fashion to summarize any variable sized-input into a
fixed-dimensional embedding. These two examples are paradigms of models whose
complexity scales linearly with the input size.

Whereas CNN and RNN models define algorithms with linear complexity, at-
tention mechanisms (Bahdanau, Cho, and Bengio, 2014) generally correspond to
quadratic complexity, with notable exceptions (Andrychowicz and Kurach, 2016).
This can result in a mismatch between the intrinsic complexity required to solve a
given task and the complexity that is given to the neural network to solve it, which
may impact its generalization performance. Our motivation is that learning cannot
be ‘complete’ until these complexities match, and we start this quest by first focusing
on problems for which the intrinsic complexity is well known and understood.

Following this lines, in this project we study these limitations and introduce a
dynamic model that address the aforementioned issues.

The project is divided into three main blocks. The first one is a brief introduction
to machine learning for those readers without background on this field. We explain
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the theoretical foundations of classical machine learning in the supervised setting
2.1 and introduce important concepts such as model generalization by providing the
main popular techniques to address it. We also go through the recently popularized
and exciting machine learning sub-field called Deep Learning . We provide examples
of its main empirical successes and introduce the two more prominent architectures,
namely, Convolutional Neural Networks (CNNs) (LeCun et al., 1989) and Recurrent
Neural Networks (RNNs). Although CNNs are the main responsible architectures
for the current deep learning hype among society, we focus on recurrent architec-
tures because they are the ones that will come up later as a part of our developed
model.

The next section introduces the designed Divide-and-Conquer Network (DCN)
to the reader. In a nutshell, DCNs contain two modules: a split phase that is ap-
plied recursively and dynamically to the input in a coarse-to-fine way to create a
hierarchical partition encoded as a binary tree; and a merge phase that traces back
that binary tree in a fine-to-coarse way by progressively combining partial solutions
3.1. Each of these phases is parametrized by a single neural network, both variants
of the sequence-to-sequence model introduced at the first section of this work. We
also illustrate the versatility of the model by providing different ways of training it;
differentiable standard training loss and non-differentiable rewards.

The last section is devoted to experimental results of the DCNs on algorithmic
and geometric tasks with some degree of scale self-similarity: sorting, clustering
and planar convex-hull. We show experimentally how the model is able to factorize
problems in a recursive manner with minimal supervision and not only optimizing
for the training accuracy but also for the overall runnning complexity.

Summary of Contributions:

• We introduce a new dynamic architecture that incorporates the inductive bias
from recursive tasks.

• We show that it can be trained end-to-end with weak supervision, and whose
average computational complexity can be optimized with gradient descent.

• We provide empirical evidence that the dynamic programming principle can
be efficiently learnt on tasks such as sorting, clustering and convex-hull.
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Chapter 2

Introduction to Machine Learning

2.1 Machine Learning Background

Machine Learning is a broad subfield in computer science that consists in building
algorithms that learn from data. Learning algorithms from data has become a fun-
damental tool to enhance nowadays technological systems.

Machine Learning models can be divided into two main categories:

• Supervised Learning. The algorithm observes input-output pairs and its goal
is to model the map from the inputs to the outputs.

• Unsupervised Learning. The algorithm observes data and its goal is to find
some structure and patterns.

In this work we will focus on the supervised setting because we will be address-
ing algorithmic tasks for which we have input-output pairs.

2.1.1 Supervised Learning Fundamentals

The goal of supervised learning is to determine a function f : X → Y from and input
space X to an output space Y such that the value f(x) is an accurate prediction of
the corresponding output. That is, our goal is to predict a function f ∈ F in some
unknown function space that avoids memorization and instead generalizes concepts
learned from a given set of examples.

Let’s formalize the optimization problem we are now facing:

Definition 2.1.1 Let P ∈ Prob(X × Y) a probability distribution over the input-output
space. Define the population risk as

R(f) = E(x,y)∼P [l(f(x), y)]

where l(y, y′) is a cost function that measures how close y, y′ ∈ Y are one from each other.

The oracle problem to solve is the following:

min
f∈F

R(f)

However, there are two main issues with the current formulation of the opti-
mization problem.

• First, we are facing a variational minimization problem in an unknown func-
tion space F . In order to make this problem amenable to gradient descent,
we have to restrict ourselves to a differentiable parametric family of functions
Fθ = {fθ : θ ∈ Ω}.
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• The second problem is the untractability of the population risk R(f). This can
happen because the distribution P is unknown and we only have a finite num-
ber of samples from P or because the integral is computationally intractable.
On both cases R(f) will be approximated by samples.

Definition 2.1.2 Let (x1, y1), (x2, y2), . . . , (xn, yn) ∈ X × Y i.i.d samples from P . Define
the empirical risk as

Rn(f) =
1

n

n∑

i=1

l(f(xi), yy)

Plugging the aforementioned changes in the original formulation, we get to the
following optimization problem:

min
θ∈Ω

Rn(fθ)

where the empirical riskRn(f) is computed using samples from an available dataset
D = {(xi, yi) : i = 1, . . . , n} of size n.

2.1.2 Generalization gap

The family of function spapce Fθ should be determined with three competing goals
in mind.

1. Fθ should contain prediction functions that contain enough capacity to achieve
low empirical risk over the training set D to avoid underfitting the data.

2. The gap between R(f) − Rn(f) between the empirical and population risk
should be small for all fθ ∈ Fθ. Generally, one way to decrease this gap is to
increase the number of samples n. However, this gap increases when one uses
richer families of functions. This latter fact puts the second goal at odds with
the first.

3. Fθ should be chosen such that one can efficiently solve the optimization prob-
lem. This difficulty increases with the size of the dataset and the capacity of
the function family.

The gap between population and empirical risk has been widely studied in the
domain called Statistical Learning Theory (“Introduction to Statistical Learning The-
ory”). The following theoretical results are presented for risks with unitary range for
simplicity.

A direct application of the Hoeffdings inequality (Hoeffding, 1963) guarantees
that with probability at least 1− η the following bound holds:

|R(f)−Rn(f)| ≤
√

1

2n
log

(
2

η

)
for a given f ∈ F (2.1)

The bound 2.1 gives the intuitive explanation that the gap decreases with the
number of examples. Hoewever, the latter bound holds for a fixed function f , and
in the machine learning setting we care about this gap for all functions in F .

Vapnik-Chervonenkis (VC) theory addresses this problem by bounding the supre-
mum of empirical process indexed by a family of functions (Vapnik and Chervo-
nenkis, 2015). The main concept is the so-called VC dimension vc(F), which mea-
sures the representational power of the family by counting the cardinality of the
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Fig. 2.5: Illustration of structural risk minimization. Given a set of n examples, a decision function
family H, and a relative preference function Ω, the figure illustrates a typical relationship between
the expected and empirical risks corresponding to a prediction function obtained by an optimization
algorithm that minimizes an empirical risk Rn(h) subject to Ω(h) ≤ C. The optimal empirical risk
decreases when C increases. Meanwhile, the deviation between empirical and expected risk is
bounded above by a quantity—which depends on H and Ω—that increases with C. While not
shown in the figure, the value of C that offers the best guarantee on the expected risk increases
with n, i.e., the number of examples; recall (2.7).

Given such a set-up, one can avoid estimating the gap between empirical and expected risk
by splitting the available data into subsets: a training set used to produce a subset of candidate
solutions, a validation set used to estimate the expected risk for each such candidate, and a testing
set used to estimate the expected risk for the candidate that is ultimately chosen. Specifically, over
the training set, one minimizes an empirical risk measure Rn over HC for various values of C. This
results in a handful of candidate functions. The validation set is then used to estimate the expected
risk corresponding to each candidate solution, after which one chooses the function yielding the
lowest estimated risk value. Assuming a large enough range for C has been used, one often finds
that the best solution does not correspond to the largest value of C considered; again, see Figure 2.5.

Another, albeit indirect avenue toward risk minimization is to employ an algorithm for mini-
mizing Rn, but terminate the algorithm early, i.e., before an actual minimizer of Rn is found. In
this manner, the role of the hyperparameter is played by the training time allowed, according to
which one typically finds the relationships illustrated in Figure 2.6. Theoretical analyses related to
the idea of early stopping are much more challenging than those for other forms of structural risk
minimization. However, it is worthwhile to mention these effects since early stopping is a popular
technique in practice, and is often essential due to computational budget limitations.

Overall, the structural risk minimization principle has proved useful for many applications, and
can be viewed as an alternative of the approach of employing expert human knowledge mentioned in
§2.1. Rather than encoding knowledge as formal classification rules, one encodes it via preferences
for certain prediction functions over others, then explores the performance of various prediction
functions that have been optimized under the influence of such preferences.

12

FIGURE 2.1: Illustration of structural risk minimization. Figure ex-
tracted from (Bottou, Curtis, and Nocedal, 2016)

largest set than cap be shattered by the functions of the family. VC dimension is
closely related to the number of parameters describing every member of the family.

Mathematically, with the VC dimension measuring the capacity, one can estab-
lish one of the most important results in learning theory:

sup
f∈F
|R(f)−Rn(f)| ≤ O

(√
1

2n
log

(
2

η

)
+
vc(F)

n
log

(
n

vc(F)

))
(2.2)

This bound gives the intuitive explanation that the upper bound of the gap can
be controlled both by the capacity of the class of functions (VC dimension) and the
size of the dataset. If the class complexity increases the gap goes up, and if the
number of samples increases the gap shrinks. The dependence is given by 2.2.

Statistical learning bounds as 2.2 are theoretically interesting but are rarely used
in practice because the gap is normally estimated by cross-validation experiments.
However, there are some techniques used in practice to shrink the gap. These tech-
niques are normally referred as regularization.

2.1.3 Regularization

Structural Risk Minimization

One of the most classical common ways to choose a class of functions is using the so-
called structural risk minimization (Vapnik, 1998). The idea is to define a structure, i.e,
a collection of nested function families. Normally this structure is defined in terms
of a preference functionR(f) and an hyperparameter C by FC = {f ∈ F : R(f) ≤ C}.
The preference function R(·) is a scalar function defined over F such that restrict-
ing the optimization problem to FC , improves the minimum of the empirical risk
in the large C regime, but after some point it typically increases the gap between
population and empirical risk; see 2.1.

The constraint minimization problem is normally viewed through the Lagrangian
formulation as Rn(f) + λR(f).

One typical choice of R(fθ) is the ‖θ‖2 (L2 norm of the parameters) when con-
sidering a parametric family of functions Fθ.

Optimization Algorithm Regularization

The choice of the optimization algorithm is one of the most important parts of a
machine learning model both for efficiency and regularization. As explained in 2
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we must consider parametric class of functions to be able to optimize it by gradient
descent.

The gradient descent algorithm is a first order optimization method described
in 2.3 that computes the gradient of the empirical risk and updates the parameters
to the direction of steepest descent. The magnitude of the update is controlled by
the learning rate αt that may depend on the iteration. The optimal learning rate
strongly depends on the optimization landscape and it is normally tunned by exper-
imentation.

θt+1 ← θt − αt∇Rn(θt) = θt − αt∇
1

n

n∑

i=1

f(ξ[i], θt) (2.3)

The major problem with algorithm 2.3 is the efficiency of the gradient compu-
tation both in running complexity and memory. Both complexities are linear O(n)
in the size of the dataset, which is extremely costly given that the dataset sizes are
usually extremely large. This is why the gradient descent method is never used in
machine learning applications.

Instead, the main algorithm used is stochastic gradient descent (SGD) (Robbins
and Monro, 1951). This gradient descent method is called stochastic because at every
time step the gradient is computed using only one sample of the dataset. The update
step reads

θt+1 ← θt − αt∇f(ξ[it], θt) (2.4)

where the index it is chosen uniformly randomly from {1, . . . , n}. In this case, both
the running complexity and memory are constant O(1).

SGD has two main advantadges from vanilla gradient descent (Hardt, Recht, and
Singer, 2015):

• Train faster.

• Generalize better.

However, SGD also has some drawbacks in its original formulation.

1. It is sequential in nature, so this puts a limitation when brough to high perfor-
mance computing because of the lack of parallelization.

2. Although the algorithm converges faster than other methods, the amount of
noise in the gradient approximation makes the algorithm likely to be stuck in
bassins as shown in (Bottou, Curtis, and Nocedal, 2016).

In order to overcome these issues, a bunch of SGD variants have appeared in the
optimization literature. One kind of variants addresses both issues 1, 2 by estimating
the gradient by a batch of samples instead of a single one. That is the so-called
batched stochastic gradient descent (BSGD). The update then reads

bsgdθt+1 ← θt −
αt
|St|

∑

it∈St

∇f(ξ[it], θt) (2.5)

where now the gradient is approximated by a random batch St = {i1, . . . , i|St|} of
samples instead of one. The advantadges of ?? is that the variance is reduced by a
factor proportional to the size of the batch, and the algorithm may be parallelized by
the same factor.

Another algorithms use extra information from the previous iterates both to re-
duce the variance and to accelerate the algorithms (Tieleman and Hinton, 2012),
(Duchi, Hazan, and Singer, 2011) .
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2.2 Deep Learning

2.2.1 Learning representations

One of the most important aspects of a machine learning is how the data is repre-
sented. One trivial example is the following: imagine that you want to design a
model that learns the XOR binary operation. The input of the model are two bits
and the output the resulting XOR operation. Imagine that you are limited to only
linear models, i.e, your model will search an hyperplane such that can solve the
classification task. It is a simple exercise to show that this binary classification can-
not be linearly separated in the natural input space of two dimensions because the
elements of the same class always lie at the opposite corner of the unit square. How-
ever, if the input is embedded to a three dimensional space, then the problem will
become linearly separable. A more illustrative example may be the use a simple
logistic regression model to recommend cesarean delivery. In this case, the model
does not examine the patient directly but uses relevant information from the doctor
such as the presence or absence of a uterine scar. Each piece of information included
in the representation of the patient is known as a feature. Logistic regression learns
how each of these features of the patient correlates with various outcomes. How-
ever, it cannot influence the way that the features are defined in any way. If logistic
regression was given an MRI scan of the patient, rather than the doctor’s formalized
report, it would not be able to make useful predictions because of the amount of vari-
ability on the raw MRI scan image that has nothing to do with the prediction task.
Individual pixels in an MRI scan have negligible correlation with any complications
that might occur during delivery. Bengio, Goodfellow, and Courville, 2015.

Classical machine learning methods use hand-crafted features from the data to
feed to the learning model because otherwise the model wouldn’t be able to disen-
tangle important factors of variation on the data.

A major issue in many real-world machine learning applications is that many of
the factors of variation influence every single piece of data we are able to observe.
For instance, the shape of a car’s silhouette depends on the viewing angle, and this
concerns all pixels in an image. This factor disentanglement is extremely challenging
or impossible for even the most advanced signal processing tools. How to proceed
when the data representation problem is as hard as the prediction task at hand (in
the previous example, the uterine scan prediction)?

Deep Learning (LeCun, Bengio, and Hinton, 2015) is the class of machine learn-
ing models that solves this problem by learning such representations together with
the original classification task.

2.2.2 Brief history of deep learning

Although deep learning is thought as a new technology, its history goes back to the
so-called artificial neural networks or simply neural networks. Deep learning models
structure is inspired by the biological brain, however, they are generally not de-
signed to be realistic models of biological function. One of the pioneer works was
the invention of the perceptron (Rosenblatt, 1958), a simple mathematical model for
a neuron. The perceptron and its continuous variant ADALINE (Widrow and Hoff,
1960) were the first models that could learn the weights defining the categories given
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examples of inputs from each category. A perceptron is basically a linear model fol-
lowed by a non-linearity called activation:

P (x) = ρ

(
n∑

i=1

wixi

)
(2.6)

where ρ used to be a sigmoid or a step function. These linear models, however, are
quite limited in terms of representative power as has been shown for the XOR clas-
sification problem. Motivated by the strucural arrangement of neurons on the brain
and the need for more representative power, the multilayer perceptron (MLP) was de-
signed, which consisted in several perceptrons stacked in a layered strucure. It has
been shown that MLP are universal approximators for generic functions (Cybenko,
1989) even with a single layer. However, the downside is that you need exponen-
tially large number of parameters.

FIGURE 2.2: Multilayer perceptron of 2 layers for binary classifica-
tion.

MLPs were a popular machine learning solution in the 1980s finding applications
in diverse fields such as speech recognition, image recognition, and machine trans-
lation software, but have since the 1990s faced strong competition from the much
simpler support vector machines (Cortes and Vapnik, 1995).

2.2.3 Backpropagation

Deep learning models are optimized through a method called backpropagation (Le
Cun et al., 1990).

Backpropagation algorithm was motivated to train multi-layered neural networks
by simply recursively applying the chain rule throughout the network.

First, the algorithm forwards the input storing all intermediate activations of the
deep network for all nodes and computes the loss. Then, partial derivatives are re-
cursively computed from the top node to the input applying the chain rule. The
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derivative of the loss function L with respect to the node u(i) is computed dynami-
cally using the derivatives from its parent nodes and the derivative of the function
connecting them. The recurrence reads:

∂L

∂u(i)
=

∑

(i,j)∈Pa(u(i))

∂L

∂u(j)

∂u(j)

∂u(j)
(2.7)

where Pa(u(i)) denotes the set of parent nodes of the u(i). Once the derivatives
are computed the weights are updated using the chosen optimization algorithm,
usually stochastic gradient descent 2.4.

2.2.4 Convolutional Neural Networks (CNNs)

Definition

Convolutional neural networks (CNNs) (LeCun et al., 1989) are deep neural net-
works specially designed to handle natural images as inputs. CNNs have been
tremendously successful in practical applications.

Convolutional networks structure imposes a prior of spatial stationarity and
builds a multiscale representation by changing the matrix vector multiplication in
MLPs by convolutions.

Convolutions are linear operators (hence, a special case of matrix vector multi-
plication in the discrete setting) with shared weights. CNNs replace hidden layers
of perceptrons by convolutional maps, each one with its corresponding kernel, fol-
lowed by an activation function.

This operation is cascaded in a multilayered structure and occasionally subsam-
pled to reduce maps dimensionality. Due to the convolutional structure, CNNs deal
with the input stationarity by sharing the network weights across space and build-
ing a multiscale representation of the input. Although the multiscale nature may
not be apparent to the reader, the activations of the network at a given location are
conditioned to bigger crops of the image when cascading on the depth dimension
because of the compactness of the kernels support. This implicitly creates a multi-
scale structure. It is one of the key features of the network, allowing to build sparse
representations similar to wavelets (Mallat, 1989) prior to the subsampling stage as
has been shown in (Bruna and Mallat, 2013).

FIGURE 2.3: LeNet-5: First convolutional neural network designed
by pioneer Professor Yann LeCun (Le Cun et al., 1990) for digit recog-

nition.

Although convolutional neural networks were invented in the 80s (Le Cun et
al., 1990) and were already successfully used for image recognition and check read-
ing (Le Cun, Bottou, and Bengio, 1997), the inflection point for CNNs excitement
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started in 2012 when (Krizhevsky, Sutskever, and Hinton, 2012) won the ImageNet
Challenge (Russakovsky et al., 2015) using deep learning by a large accuracy gap
compared to other competitors.

The reason people lost interest for CNNs in the 90s and 00s was because of the
insufficient computational resources available at that time to make deep learning
algorithms work. Nowadays, there are speciallized deep learning libraries like Ten-
sorflow (Abadi et al., 2016) (opensource tool used by Google AI research team) or
Pytorch (recent library developed by the FAIR (Facebook Artificial Intelligence Re-
search)) that are able to parallelize computation in GPUs.

Applications

CNNs are the main responsible for the majority of state-of-the-art applications of ar-
tificial intelligence for computer vision. They hold state-of-the-art benchmark results
in Image Recognition and Image Segmentation.

2.2.5 Recurrent Neural Networks (RNNs)

Definition

A Recurrent Neural Network (RNNs) is an autoregressive neural network designed
to deal with sequential input structures, i.e, time-series. Aurtoregressive here means
that the model is conditioned on his own previous states. RNNs are the non-linear
version of the famous linear AR(ρ) models used for linear prediction on time-series.
One important example is natural language. That is, they model probability distribu-
tions that "easily" factorize in an autoregressive way :

P (X) = P (x1, . . . , xn) =
n∏

i=1

P (xi|xi−1, xi−2, . . . , x1) (2.8)

The above relation holds for every probability distribution, however, in a time-
series, the dependence decays with the distance |i − j| in a similar way a natural
image has a local dependence.

Given an input sequenceX = (x1, . . . , xn), and an input hidden state or hidden representation
h0, the model produces an output sequence Y = (y1, . . . , yn) by applying:

{
hi = f(hi−1, xi)
yi = g(hi)

(2.9)

where f(·, ·) is a neural network that takes the previous hidden state and current
input and produces the new hidden state. And g(·) is an output neural network that
takes the current hidden state and outputs the new element in the output sequence;
see Figurec 2.4.

Types of RNNs

The first model of RNN was developed by (Elman, 1990), (Jordan, 1997). The model
was akin to the perceptron 2.6:

{
hi = σh(Whhhi−1 +Whxxi + bh)
yi = σy(Wyhhi + by)

(2.10)

where σh, σy are activation functions.
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FIGURE 2.4: A Recurrent Neural Networks is a network that calls it-
self at every time-step. You can view it recursively as left, or unfolded
in time as the right hand side of the image. Image courtesy of Chris

Olah

The form of 2.10 has several limitations. The most important one is gradient
norm explosion and information leakage from further states. The gradients coming
from further states are likely to vanish or saturate due to the geometrical structure
of the recurrence. Also, the model has difficulty to retrieve information from much
previous states because at every iteration the model is overwritting the hidden state.

This problems are mainly solved by LSTMs (Hochreiter and Schmidhuber, 1997)
and the simplest current version GRUs (Chung et al., 2014).

We will only introduce the GRU cell strucure for the sake of simplicity. The main
idea is to introduce gating, which gives the neural network the possibility to decide
whether to pass, store or overwrite information from the previous state to the new
one.





zi = σg(Wzhhi−1 +Wzxxi + bz)
ri = σg(Wrhhi−1 +Wrxxi + br)
hi = zi � hi−1 + (1− zi)� σh(Whh (ri � hi−1) +Whxxi + bh)

(2.11)

where � stands for an elementwise product. In this case, there are two gates
zi and ri that eases gradient flow through the cell and allows all aforementioned
procedures.

Sequence-to-sequence Models

A sequence-to-sequence model receives an input sequence X = {x1, . . . , xn} of
length n and outputs a sequence Y = {y1, . . . , ym(n)} of variable length k. The in-
put and output sequence elements belong to different dictionaries (X ∈ X n and
Y ∈ Ym(n)).

This is done in two steps. The encoder builds an element-wise representation
e = (e1, . . . , en) of X using an autoregressive model by passing a RNN cell fenc(·, ·).
The model reads:

ei = fenc(ei−1, xi) i ∈ (1, . . . , n) (2.12)

The vector en is a global representation of the input sequence built by the au-
toregressive model. The decoder uses en to decode an output sequence in the output
dictionary Y with another autoregressive model using another RNN cell fdec(·, ·).
The model reads:
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(a) Sequence-to-Sequence (b) Ptr-Net

Figure 1: (a) Sequence-to-Sequence - An RNN (blue) processes the input sequence to create a code
vector that is used to generate the output sequence (purple) using the probability chain rule and
another RNN. The output dimensionality is fixed by the dimensionality of the problem and it is the
same during training and inference [1]. (b) Ptr-Net - An encoding RNN converts the input sequence
to a code (blue) that is fed to the generating network (purple). At each step, the generating network
produces a vector that modulates a content-based attention mechanism over inputs ([5, 2]). The
output of the attention mechanism is a softmax distribution with dictionary size equal to the length
of the input.

ion (i.e., when we only have examples of inputs and desired outputs). The proposed approach is
depicted in Figure 1.

The main contributions of our work are as follows:

• We propose a new architecture, that we call Pointer Net, which is simple and effective. It
deals with the fundamental problem of representing variable length dictionaries by using a
softmax probability distribution as a “pointer”.

• We apply the Pointer Net model to three distinct non-trivial algorithmic problems involving
geometry. We show that the learned model generalizes to test problems with more points
than the training problems.

• Our Pointer Net model learns a competitive small scale (n ≤ 50) TSP approximate solver.
Our results demonstrate that a purely data driven approach can learn approximate solutions
to problems that are computationally intractable.

2 Models

We review the sequence-to-sequence [1] and input-attention models [5] that are the baselines for this
work in Sections 2.1 and 2.2. We then describe our model - Ptr-Net in Section 2.3.

2.1 Sequence-to-Sequence Model

Given a training pair, (P , CP), the sequence-to-sequence model computes the conditional probabil-
ity p(CP |P ; θ) using a parametric model (an RNN with parameters θ) to estimate the terms of the
probability chain rule (also see Figure 1), i.e.

p(CP |P ; θ) =

m(P)�

i=1

pθ(Ci|C1, . . . , Ci−1, P; θ). (1)

2

FIGURE 2.5: An encoding RNN converts the input sequence to a code
(blue) that is fed to the generating network (purple). At each step,
the generating network produces a vector that modulates a content-
based attention mechanism over inputs ([5, 2]). The output of the
attention mechanism is a softmax distribution with dictionary size

equal to the length of the input.





d0 = en, y0 = start
di = fdec(di−1, yi−1) i ∈ (1, . . . , n)
pi = softmax(g(di)) i ∈ (1, . . . , n)
yi = argmax(pi) i ∈ (1, . . . , n)

(2.13)

where g(·) sends decoder hidden states di to vectors of dimensionality |Y| + 2,
where extra tokens have been added to define both start and end of sequence. This
model has linear running complexity O(n).

This model only fetches information from the input sequence by the global rep-
resentation vector en, and then this information may be partially lost when running
the decoder cell. One useful and powerful idea is to increase the complexity of the
model toO(m(n)n) ∼ O(n2) by letting the decoder to look at the input element-wise
representations ej at any time during the decoder process.

The content based attention model computes pairwise interactions between the
current decoder state di and encoder states ej and use it to propagate extra informa-
tion to the new decoder state that will be fed to next step. The attention reads:





uij = eTj di j ∈ (0, . . . , n)

aij = softmax(uij) j ∈ (0, . . . , n)

d
′
i =

∑n
j=1 a

i
jej

di = Wc[di, d
′
i]

(2.14)

where e0 is a vector of learnable parameters of the model specifying state for
the end token This model works for fixed size dictionaries Y , however, in some
problems the output dictionary depends on x. In this case, both vanilla sequence-to-
sequence models and content based attention variant cannot be used because g is a
parametrized functional to R|Y| so the output dictionary must be fixed.

Pointer networks address this issue when Y = {xi}i, i.e, the output dictionary is
the set of input sequence elements; see 2.5. This is solved by using the attention vec-
tors ai = (ai1, . . . , a

i
n) as pointers to the input insted of being used to feed a weighted
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input sum to the next decoder state. The content based attention mechanism is re-
placed by:

{
uij = eTj di j ∈ (0, . . . , n)

pi = ai = softmax(ui)
(2.15)

and there is no output g function in this case, so the model is completely dictio-
nary input independent and only decides over input indexes.

The output of the pointer network is an attention matrix A ∈ Rn×n where the
columns are the pi indices probabilities.

Ak =




...
... · · · ...

p1 p2 · · · pn
...

... · · · ...


 ∈ Rn×n (2.16)

The output indexes will be computed by taking the argmax along columns. The
target matrix T ∈ Rn×n will be a binary matrix where at the i− th column there will
be a 1 at the index of yi in the input and zero otherwise. The ’end’ tokens correspond
to the first row.

The loss function will be the sum over columns of cross-entropies betweenA and
T columns.
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Chapter 3

Divide and Conquer Networks

Following the motivations stated at 1, we design the so-called Divide-and-Conquer
Networks.

Divide-and-Conquer Networks contain two modules: a split phase that is ap-
plied recursively and dynamically to the input in a coarse-to-fine way to create a hi-
erarchical partition encoded as a binary tree; and a merge phase that traces back that
binary tree in a fine-to-coarse way by progressively combining partial solutions; see
Figure 3.1. Each of these phases is parametrized by a single neural network that is
applied recursively at each node of the tree, enabling parameter sharing across dif-
ferent scales and leading to good sample complexity and generalisation. Since the
split phase operates with sets, we use the so-called set2set models (vinyals_set2set)
for the split, and since the merge phase routes intermediate outputs from its inputs,
we use the pointer net attention mechanism (ptrnet).

In this work, we attempt to incorporate the scale-invariance prior with the desider-
ata to only require weak supervision. In particular, we consider two setups: learning
from input-output pairs, and learning from a non-differentiable reward signal. Since
our split block is inherently discrete, we resort to policy gradient estimators to train
the split parameters, while using standard backpropagation for the merge phase;
see Section 3.4. An important benefit of our framework is that the architecture is dy-
namically determined, which suggests using the computational complexity as a reg-
ularization term. As shown in the experiments, computational complexity is good
proxy for generalisation error in the context of discrete algorithmic tasks.

We demonstrate our model on algorithmic and geometric tasks with some de-
gree of scale self-similarity: sorting, clustering and planar convex-hull (see the ex-
periments section 4 if not familiar with any of these tasks). Our numerical results
on these tasks reaffirm the fact that whenever the problem has scale invariance, then
exploiting it leads to improved generalization and computational complexity over
previous approaches.

3.1 Related Work

Using neural networks to solve algorithmic tasks is an active area of current research,
but its models can be traced back to context free grammars (Fanty, 1994). In particu-
lar, dynamic learning appears in works such as (Pollack, 1991) and (Tabor, 2000).

The current research in the area is dominated by Recurrent Neural Networks
(Joulin and Mikolov, 2015; Grefenstette et al., 2015), LSTMs (Hochreiter and Schmid-
huber, 1997), sequence-to-sequence neural models (Sutskever, Vinyals, and Le, 2014;
Zaremba and Sutskever, 2014), attention mechanisms (Vinyals, Fortunato, and Jaitly,
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FIGURE 3.1: Divide and Conquer Network. The split phase is de-
termined by a dynamic neural network Sθ that splits each incom-
ing set into two disjoint sets: {Xj+1,l, Xj+1,l+1} = Sθ(Xj,m), with
Xj,m = Xj+1,l tXj+1,l+1. The merge phase is carried out by another
neural networkMφ that combines two partial solutions into a solu-
tion of the coarser scale: Yj,m = Mφ(Yj+1,l, Yj+1,l+1); see Section ??

for more details.

2015; Andrychowicz and Kurach, 2016) and explicit external memory models (We-
ston, Chopra, and Bordes, 2014; Sukhbaatar et al., 2015; Graves, Wayne, and Dani-
helka, 2014; Zaremba and Sutskever, 2015). We refer the reader to (Joulin and Mikolov,
2015) and references therein for a more exhaustive and detailed account of related
work.

Amongst these works, we highlight some that are particularly relevant to us.
Neural GPU (Kaiser and Sutskever, 2015) defines a neural architecture that acts con-
volutionally with respect to the input and is applied iteratively o(n) times, where n is
the input size. It leads to fixed computational machines with total Θ(n2) complexity.
Neural Programmer-Interpreters (Reed and Freitas, 2015) introduce a compositional
model based on a LSTM that can learn generic programs. It is trained with full su-
pervision using execution traces. Directly related, (Cai, Shin, and Dawn, 2017) incor-
porates recursion into the Neural Programming Interpreter to enhance its capacity
and provide learning certificates in the setup where recursive execution traces are
available for supervision. Hierarchical attention mechanisms have been explored
in (Andrychowicz and Kurach, 2016). They improve the complexity of the model
from o(n2) of traditional attention to o(n log n), similarly as our models, but they are
trained very differently, using REINFORCE. Finally, Pointer Networks (Vinyals, For-
tunato, and Jaitly, 2015; Vinyals, Bengio, and Kudlur, 2015) modify classic attention
mechanisms to make them amenable to adapt to variable input-dependent outputs,
and illustrate the resulting models on geometric algorithmic tasks. It belongs to the
Θ(n2) category class.
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3.2 Problem Setup

3.2.1 Scale Invariant Tasks

We consider tasks consisting in a mapping T between a variable-sized input set
X = {x1, . . . , xn}, xj ∈ X into an ordered set Y = {y1, . . . , ym(n)}, yj ∈ Y . This setup
includes problems where the output sizem(n) differs from the input size n, and also
problems where Y is a labeling of input elements. In particular, we will study in
detail the case where Y ⊆ X (and in particular Y ⊆ X ).

As discussed earlier, we are interested in tasks that are self-similar across scales,
meaning that T can be decomposed as

∀ n ,∀X , |X| = n , T (X) = M(T (S1(X)), . . . , T (Ss(X))) ,

|Sj(X)| < n , ∪j≤sSj(X) = X , (3.1)

where bothM and S = (S1, . . . ,Ss) are independent of n. Under this assumption, the
task T can thus be solved by first splitting the input into s strictly smaller subsets
Sj(X), solving T on each of these subsets, and finally merging the corresponding
outputs together. In order words, T can be solved by recursion. A particularly
simple and illustrative case is the binary setup with s = 2 and S1(X) ∩ S2(X) = ∅,
that we will adopt in the following for simplicity.

Many algorithmic and geometric tasks admit the decomposition (3.1). It corre-
sponds to the well-known principle of divide and conquer. Besides providing the
road-map to understand the asymptotic behavior of the task as the size of the input
grows, such decompositions typically lead to optimal computation complexity, in
the sense that they provide the most efficient reuse of operations.

If T is presumed to satisfy (3.1), we can thus attempt to learn T by learning S
andM, respectively the split and merge steps. Since S andM are independent of n,
one may hope for superior generalization performance than a model that is agnostic
to the scale-invariance property.

3.2.2 Weakly Supervised Recursion

Our first goal is to learn how to perform T for any size n, by observing only input-
output example pairs (X l, Y l), l = 1 . . . L. Throughout this work, we will make the
simplifying assumption of binary splitting (s = 2), although our framework extends
naturally to more general versions. Given an input set X associated with output Y ,
we first define a split phase that breaks X into a disjoint partition tree P(X):

P(X) = {Xj,k ; 0 ≤ j < J ; 0 ≤ k < nj} , with Xj,k = Xj+1,2k tXj+1,2k+1 , (3.2)

and X = X1,0 tX1,1. This partition tree is obtained by recursively applying a train-
able binary split module Sθ:

{X1,0, X1,1} = Sθ(X) , with X = X1,0 tX1,1 , (3.3)
{Xj+1,2k, Xj+1,2k+1} = Sθ(Xj,k) , with Xj,k = Xj+1,2k tXj+1,2k+1 , (j < J, k ≤ 2j) .

Here, J indicates the number of scales or depth of recursion that our model applies
for a given inputX , and Sθ is a neural network that takes a set as input and produces
a binary, disjoint partition as output. Eq. (3.3) thus defines a hierarchical partitioning
of the input that can be visualized as a binary tree; see Figure 3.1. This binary tree
is data-dependent and will therefore vary for each input example, dictated by the
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current choice of parameters for Sθ. The scale J can be either be a hyperparameter
that is set constant for all input examples, or determined dynamically for each input
based on the size of the leaves, such that ∀ k , |XJ,k| ≤ C.

The second phase of the model takes as input the binary tree partition P(X)
determined by the split phase and produces an estimate Ŷ . We follow the dynamic
computation graph determined by the tree using a second trainable block, the merge
moduleMφ:

YJ,k = M̃φ(XJ,k) , (1 ≤ k ≤ 2J) , (3.4)
Yj,k = Mφ(Yj+1,2k, Yj+1,2k+1) , (1 ≤ k ≤ 2j , j < J) ,

Ŷ = Mφ(Y1,0, Y1,1) .

Here we have denoted by M̃ the atomic block that transforms inputs of size ≤ C
at the leaves of the split tree, and Mφ is a neural network that takes as input two
(possibly ordered) inputs and merges them into another (possibly ordered) output.
In the setup where Y ⊆ X , we further impose that

Yj,k ⊆ Yj+1,2k ∪ Yj+1,2k+1 , (3.5)

to guarantee that the computation load does not diverge with J .

3.2.3 Learning from non-differentiable Rewards

Another setup we can address with (3.1) consists in problems where one can assign
a cost (or reward) to a given partitioning of an input set. In that case, Y encode the
labels assigned to each input element. We also assume that the reward function has
some form of self-similarity, in the sense that one can relate the reward associated to
subsets of the input to the total reward.

In that case, (3.3) is used to map an input X to a partition P(X), determined by
the leaves of the tree {XJ,k}k, that is evaluated by an external black-box evaluator
returning a cost L(P(X)). For instance, one may wish to perform graph coloring
satisfying a number of constraints. In that case, the cost function would assign

L(P(X)) =

{
0 if P(X) satisfies constraints
|X| otherwise

.

In its basic form, since P(X) belongs to a discrete space of set partitions of size
super-exponential in |X| and the cost is non-differentiable, optimizingL(P(X)) over
the partitions of X is in general intractable. However, for tasks with some degree
of self-similarity, one can expect that the combinatorial explosion can be avoided.
Indeed, if the cost function L is submodular (bach_submodularity), i.e.,

L(P(X)) ≥ L(P(X1,0)) + L(P(X1,1)) , withP(X) = P(X1,0) t P(X1,1) ,

then the hierarchical splitting from (3.3) can be used as an efficient greedy strategy,
since the right hand side acts as a surrogate upper bound that depends only on
smaller sets.

In our case, since the split phase is determined by a single block Sθ that is re-
cursively applied, this setup can be cast as a simple fixed-horizon (J steps) Markov
Decision Process, that can be trained with standard policy gradient methods; see
Section 3.4.2.
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3.2.4 Computational Complexity as Regularization

Besides the prospect of better generalization, the recursion (3.1) also enables the
notion of computational complexity regularization. Indeed, in tasks that are scale
invariant the decomposition in terms ofM and S is not unique in general. For ex-
ample, in the sorting task with n input elements, one may select the largest element
of the array and query the sorting task on the remaining n− 1 elements, but one can
also attempt to break the input set into two subsets of similar size using a pivot, and
query the sorting on each of the two subsets. Both cases reveal the scale invariance
of the problem, but the latter leads to optimal computational complexity ( Θ(n log n)
) whereas the former does not (Θ(n2)). Therefore, in a trainable divide-and-conquer
architecture, one can regularize the search for split and merge parameters by mini-
mizing computational complexity; see section 3.4.

We describe in the next two sections the neural network design of S and M
and our training procedure for the two regimes described above, namely weakly
supervised with input-output pairs and with non-differentiable rewards.

3.3 Neural Models for S andM
This section describes the neural network architectures we use as split and merge
blocks.

3.3.1 Split

The split block Sθ receives as input a variable-sized set X = (x1, . . . , xM ) and pro-
duces a binary partition X = X0 tX1. We encode such partition with binary labels
z1 . . . zM , zm ∈ {0, 1}. These labels are sampled from probabilities

pθ(zm = 1 | X) (3.6)

that we now describe how to parametrize. Since the model is defined over sets, we
use an architecture that certifies that (3.6) are invariant by permutation of the input
elements. The Set2set model (set2setvinyals) constructs a nonlinear set representa-
tion by cascading R layers of

h(1)
m = ρ (B1,0xm +B2,0µ(X))

h(r+1)
m = ρ


B1,rh

(r)
m +M−1B2,r

∑

m′≤M
h

(r)
m′


 , m ≤M , r ≤ R , h(r)

m ∈ Rd ,

pθ(zm = 1 | X) =
eb
T h

(R)
m

1 + ebT h
(R)
m

(3.7)

The parameters of Sθ are thus θ = {B0, B1,r, B2,r, b}. In order to avoid covariate
shifts given by varying input set distributions and sizes, we consider a normalization
of the input that standardizes the input variables xj and feeds the mean and variance
µ(X) = (µ0, σ) to the first layer.

Finally, the binary partition tree P(X) is constructed recursively by first com-
puting pθ(z |X), then sampling from the corresponding distributions to obtain X =
X0tX1, and then applying Sθ recursively onX0 andX1 until the partition tree leaves
have size smaller than a predetermined constant, or the number of scales reaches
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a maximum value J . We denote the resulting distribution over tree partitions by
P(X) ∼ Sθ(X).

3.3.2 Merge

Single Merge with Pointer Network

The merge blockMφ takes as input a pair of sequences Y0, Y1 and produces an out-
put sequence O. We describe first the architecture for this module, and then com-
ment on how it is modified to perform the finest scale computation M̃φ.

We modify a Pointer Network (PtrNet) (Vinyals, Fortunato, and Jaitly, 2015) to
our input-output interface as our merge blockMφ. A PtrNet is an auto-regressive
model for tasks where the output sequence is a permutation of a subsequence of the
input. This model is an instance of a sequence-to-sequence model with attention,
where the attention is used as a pointer to the input instead of being used to compute
a weighted sum of the input sequence embeddings.

The model encodes each input sequence Yq = (x1,q, . . . , xnq ,q), q = 0, 1, into a
global representation eq := eq,nq , q = 0, 1, by sequentially computing e1,q, . . . , enq ,q
with an RNN. Then, another RNN decodes the output sequence with initial state
d0 = ρ(A0e0 +A1e1), as described in detail next. The trainable parameters φ regroup
to the RNN encoder and decoder parameters.

Suppose first one has a target sequence T = (t1 . . . tS) for the output of the merge.
In that case, we use a conditional autoregressive model of the form

{
eq,i = fenc(eq,i−1, yq,i) i = 1, . . . , nq , q = 0, 1 ,
ds = fdec(ds−1, ts−1) s = 1, . . . , S

(3.8)

The conditional probability of the target given the input is computed by performing
attention over the input embeddings eq,i and interpreting the attention as a proba-
bility distribution over the input indexes:

{
usq,i = eTq,ids s = 0, . . . S , q = 0, 1 , i ≤ nq ,
ps = softmax(us· ) .

, (3.9)

leading to
P =Mφ(Y0, Y1) . (3.10)

However, since we are interested in weakly supervised tasks, the target output
only exists at the coarsest scale of the partition tree. We thus also consider a gener-
ative version of the merge block that uses its own predictions in order to sample an
output sequence. Indeed, in that case, we replace equation (3.8) by

{
eq,i = fenc(eq,i−1, yq,i) i = 1, . . . , nq , q = 0, 1 ,
ds = fdec(ds−1, yos−1) s = 1, . . . , S

(3.11)

where os is computed as os = xarg max ps , s ≤ S, yielding

O =Mg
φ(Y0, Y1) . (3.12)

The initial merge operation at the finest scale M̃ is defined as the previous merge
module applied to the input (XJ,k, ∅). We describe next how the successive merge
blocks are connected so that the whole system can be evaluated and run.
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Recursive Merge over Partition Tree

Given a partition tree P(X) = {Xj,k}j,k, we perform a merge operation at each node
(j, k).

The merge operation traverses the tree in a fine-to-coarse fashion. At the leaves
of the tree, the sets XJ,k are transformed into YJ,k as YJ,k =Mg

φ(XJ,k, ∅) , and, while
j > 0, these outputs are recursively transformed along the binary tree as

Yj,k =Mg
φ(Yj+1,2k, Yj+1,2k+1) , 0 < j < J , (3.13)

using the auto-regressive version, until we reach the scale with available targets:

P (Y | P(X)) =Mφ(Y1,0, Y1,1) . (3.14)

For simplicity, we writeP (Y |P(X)) = Mφ(P(X)). At test-time, in absence of ground-
truth outputs, we replace the lastMφ by its generative versionMg

φ.
In practice, during training it is convenient to view the whole merge phase as a

structured attention mechanism over the input partition tree, as explained next.

Bootstrapping the Merge Partition Tree

The recursive merge defined by (3.14) can be viewed as a factorized attention mech-
anism over the input partition. Indeed, the pointer network outputs (3.9) include a
stochastic matrix

Γ = [p1, . . . , pS ]T ∈ RS×(n0+n1)
+ , (3.15)

where the rows are the pj probability distributions over the indexes. The number of
rows of this matrix is the length of the output sequence and the number of columns
is the length of the input sequence. The output O is expressed in terms of Γ by
binarizing its entries and multiplying it by the input:

Γ̄s,i =

{
1 if i = arg maxi′ ps(i

′) .
0 otherwise.

, O = Γ̄

(
Y0

Y1

)
. (3.16)

Since the merge blocks are cascaded by connecting each others outputs as inputs
to the next block, the resulting mapping can be written as

p(Y | P(X)) =




J∏

j=0

Γ̃j







YJ,0
...

YJ,nJ


 ,with (3.17)

Γ̃0 = Γ0,0 , Γ̃1 =

(
Γ̄1,0 0

0 Γ̄1,1

)
, . . . , Γ̃J =




Γ̄J,0 0 · · · 0

0 Γ̄J,1
. . .

...
...

. . . . . . 0
0 · · · 0 Γ̄J,nJ



. (3.18)

It results that the recursive merge over the binary tree is a specific reparametrization
of PtrNet. The difference now is that the permutation matrix has been decomposed
into a product of permutations dictated by the binary tree, indicating our belief that
many routing decisions are done locally within the original set. More specifically,
the practical implementation of (3.14) will consist in a standard PtrNet in which
the permutation matrix Γ (3.15) will be replaced by

∏J
j=0 Γ̃j . Lastly, since we will

train the model with maximum likelihood, in order to avoid singularities we need
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to enforce that log ps,ts is well-defined and therefore that ps,ts > 0. We thus regularize
the quantization step (3.16) by replacing 0, 1 with ε1/J , 1−nε1/J respectively. We also
found that the algorithm converges faster if one starts applying the quantizations
only after the first epoch of training.

3.4 Training

This section describes how the model parameters {θ, φ} are estimated under two
different learning paradigms.

3.4.1 Weak supervision with input-output pairs

Given a training set of pairs {(X l, Y l)}l≤L, we consider the loss

L(θ, φ) =
1

L

∑

l≤L
EP(X)∼Sθ(X) log pφ(Y l | P(X l)) ,withpφ(Y | P(X)) = Mφ(P(X)) .

(3.19)
Section 3.3.2 explained how the merge phase Mφ is akin to a structured attention

mechanism. Equations (3.17) and (3.18) show that, thanks to the parameter sharing
and despite the quantizations affecting the finest leaves of the tree, the gradient

∇φ log pθ,φ(Y | X) = EP(X)∼Sθ(X)∇φ logMφ(P(X)) (3.20)

is well-defined and non-zero almost everywhere.
However, since the split parameters are separated from the targets through a

series of discrete sampling steps, the same is not true for ∇θ log pθ,φ(Y | X). We
therefore resort to the identity used extensively in policy gradient methods. For
arbitrary F defined over partitions, and denoting by fθ(X ) the probability density
of the random partition Sθ(X), we have

∇θEP(X)∼Sθ(X)F (P(X)) =
∑

X
F (X )∇θfθ(X )

=
∑

X
F (X )fθ(X )∇θ log fθ(X )

= EX∼Sθ(X)F (X ) log fθ(X )

≈ 1

S

∑

X̃(s)∼Sθ(X)

F (X (s)) log fθ(X (s)) . (3.21)

Since the split variables at each node of the tree are conditionally independent given
its parent, we can compute log fθ(P(X)) as

log fθ(P(X)) =
J∑

j=1

∑

k≤nj

∑

m≤|Xj,k|

log pθ(zm,j,k | Xj−1,k/2) .

By plugging F (P(X)) = log pφ(Y | P(X)) we thus obtain an efficient estimation
of ∇θEP(X)∼Sθ(X) log pφ(Y | P(X)). We improve the bias-variance tradeoff of the
gradient estimation by substracting a baseline split “policy" that performs random
binary partitions over the input set.
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3.4.2 Learning from non-differentiable rewards

From Subsection 3.4.1, it is straightforward to train our model in a regime where a
given partition P(X) of an input set is evaluated by a black-box system producing a
reward R(P(X)). Indeed, in that case, the loss becomes

L(θ) =
−1

L

∑

l≤L
EP(X)∼Sθ(X)R(P(X)) , (3.22)

which can be minimized using (3.21) with F (P(X)) = R(P(X)).
Although (3.22) formally allows to train a split model under arbitrary reward

functions, the curse of dimensionality will affect the quality of the gradient estima-
tor unless we restrict our attention to structured rewards setting such as the ones
described in Subsection 3.2.3; see Section ?? for an illustration of such setup to hier-
archical clustering.

3.4.3 Regularization with Computational Complexity

As discussed previously, an added benefit of considering dynamic computation
graphs is that one can consider computational complexity as a regularization cri-
teria. We describe how computational complexity can be controlled in both split
and merge modules by considering regularization.

Split: We verify from Subsection 3.3.1 that the cost of running each split block S
is linear on the input size. It results that the average case complexity CS(n) of the
whole split phase on an input of size n satisfies the following recursion:

ECS(n) = E{CS(αsn) + CS((1− αs)n)}+ Θ(n) , (3.23)

where αs are the fraction of input elements that are respectively sent to each output.
Since this fraction is input-dependent, the average case is obtained by taking expec-
tations with respect to the underlying input distribution. Assuming without loss of
generality that E(αs) ≥ 0.5, we verify that the resulting complexity is of the order of

ECS(n) ' n log n

logEα−1
s

, (3.24)

which confirms the intuition that balanced partition trees (αs = 0.5) will lead to
improved computational complexity. We can enforce αs to be close to 0.5 by maxi-
mizing the variance of the split probabilities pθ(z | X) computed by Sθ (Eq 3.7):

R(S) = −


M−1

∑

m≤M
pθ(z | X)2 −M−2

(∑

m

pθ(z | X)

)2

 . (3.25)

Merge: Each merge block uses an attention mechanism, whose complexity is
quadratic in the size of the input to each node. Although the overall complexity
of the recursive merge phase can be o(n2) if on average each merge block reduces
the size of its input, the general formulation of (3.17) writes a n × n routing matrix
as a product of J n × n (block diagonal) matrices. In order to avoid such computa-
tional overhead, we can regularize equation (3.9) to enforce merge operations with
small number of transpositions. Indeed, for each q = {0, and s ≤ S, we denote by
βq the most recent index of Yq that has been chosen. We modify the merge output



24 Chapter 3. Divide and Conquer Networks

probabilities as

ũsq,i = eTq,ids + λmax(0,∆− |i− βq|) , s = 0, . . . S , q = 0, 1 , i ≤ nq ,
ps = softmax(ũs· ) .

We thus penalize pointer accesses that deviate further from ∆ diagonals away from
the identity, since the computational complexity of a model that has no such accesses
is Θ(n∆).
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Chapter 4

Experiments

In this section we show results of the Divide and Conquer Network where the atomic
dynamic operations are designed as described in 3.3.1 and 3.3.2.

We also test the two different types of training procedures; the weak supervi-
sion setting 3.4.1 for the sorting and convex hull problem, and the non-differentiable
reward setting 3.4.2 for the k-means.

We provide empirical evidence that introducing recursion to a neural network
model outperforms the baseline when the corresponding task has some degree of
self-similarity. This recursion is automatically learnt by the model through examples
using minimal supervision as described in 3.4. In the case of the convex hull, we also
illustrate how the running complexity of the model can also be optimized by using
the regularization techniques in 3.4.3.

The model has been implemented using the Pytorch framework (Erickson et al.,
2017) in Python and all experiments have been launched in an high performance
computing cluster with a total of 4 TitanX GPUs.

4.1 Architecture of atomic blocks and Hyperparameters

No extensive search of hyperparameters has been done in both split and merge blocks.
We have used the same architecture and training hyperparameters for all empirical
results, this way the main message of the paper can be better transmitted.

We use 15 hidden units and 5 layers for the set2set split block. The capacity of the
corresponding neural network is quite limited, however, the oracle split operations
both for sorting and convex hull are relatively simple compared to the merge. The
merge block is a PtrNet with a GRU of 128 hidden units both for the encoder and
decoder.

The split parameters are updated with the RMSProp algorithm with a learning
rate of 0.01 and the merge parameters with SGD with a learning rate of 0.1.

4.2 Sorting

Sorting is a well-known algorithmic task for which there exist various divide and
conquer strategies that reduce the algorithm complexity from Θ(n2) to Θ(n log n) .
The most important ones being mergesort and quicksort. The first one, uses a trivial
split operation where the input sequence is split into two subsets independently of
the input. The task then is reduced to merge two sorted sequences which can be
done in linear time, resulting in an overall complexity of Θ(n log n). The second one,
which achieves the same optimal complexity, uses a trivial merge operation which
consists of concatenating both input sequences. The task is then reduced to split the
input sequence into two subsets in a way that all elements of one are larger than the
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Baseline Mergesort Quicksort Joint Training
n=8 84% 90% 100% 100%
n=16 30% 67% 100% 100%

TABLE 4.1: We show the accuracy results for the task of sorting with
all our architectures of DCNs compared to the baseline. It is surpris-
ing to see such a big difference compared to the baseline for small
values of length n (where the self-similarity of the task across scales

can’t be extensively exploited).

ones of the other. This can also done in linear time by finding the median (to ensure
equal cardinality) and comparing each to element to it.

These two dynamic algorithms make the sorting task interesting and illustrative
to show the versatility of our model to learn split and merge operation with minimal
supervision.

The baseline model that we are going to compare our results with is a simple
Pointer Network as described in (vinyals2015pointe).

We will perform three kind of experiments:

• Quicksort. We fix the merge block to be the oracle one for the quicksort, i.e, the
sequence must be already sorted at the leaves of the dynamic binary tree. The
reward used to train the split block will be the accuracy of the sequence at the
leaves. We are in the setting 3.4.2.

• Mergesort. We fix the split block to be the oracle one for the mergesort, i.e, the
binary tree will be always a balanced tree of depth log n. The merge block must
learn how to sort the elements at every node recursively. We are in the setting
3.4.1 but without learning split parameters.

• Joint Learning. We learn the split and merge parameters jointly. The reward
of the split block is the minus loss of the merge block. This fits in the more
general setting 3.4.1.

All models are trained with a dataset created with n samples of real scalar values
lying in the unit interval. It is interesting to track the training dynamics of the DCNs
in the fully weakly supervised setting (Joint Training). We observe three difference
phases during training. The first one, the merge is far from convergence and so
the split doesn’t have access to any information about the training process. In this
regime, we observe that the merge parameters start to converge and the model is
performing mergesort (i.e, random split and all the sorting is done in the merge
phase). However, once this stage has converged, the split block starts receiving more
reliable rewards from the merge block and so it will start to split the input in suitable
ways. It eventually figures out that the best way to do it is to split the input by large
and small values (this way, the sequence will be already ordered at the leaves and it
will lower the merge loss). Even though the model has converged to quicksort, it is
interesting to see that some errors produced by the split block are later corrected by
the merge.

4.3 Convex Hull

The planar convex hull task consists of finding the convex hull of a set of points in
the plane, i.e, the extremal points of the polytope that contains all the points.
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FIGURE 4.1: Representation of the execution trace of the Divide-and-
Conquer Network for the Convex Hull problem.

n=25 n=50 n=100 n=200
Baseline (vinyals2015pointe) 75% 69.6% 50.3% 22.1%

DCN 78% 74% 62% 42%

TABLE 4.2: We show the accuracies both of the baseline and de DCN.
Both models have been trained for sets of points of cardinality rang-
ing from 8 to 48 and tested at different ranges as can be observed from
the table columns. We show how our model easily outperforms the

baseline.

The divide and conquer strategy for this task consists of splitting the set of points
recursively with hyperplanes V = {x : h(x) = 0} such that the resulting subsets
are of equal or similar cardinality S(X) = {X{x:h(x)≥0}, X{x:h(x)<0}}. This atomic
operation can be done in linear time. The merge block computes the union convex
hull of both resulting disjoint convex hulls coming from each dynamic branch. This
can also be done in linear time in the number of points of both convex hulls. The
overall complexity of the recursion is Θ(n log n). For clearity on the deterministic
dynamic convex hull algorithm; see 4.1.

Analogously to the task of sorting, the baseline will be the original pointer net-
work. In this case, however, we use exactly use the model of (vinyals2015pointe) as
this was one of the three tasks presented in the paper. In order to be comparable to
them, we use the same number of parameters as them, in this case 512 hidden units
(note that the total number of parameters scales quadratically with the number of
hidden units). We train the DCNs in the setting 3.4.1, that is, we do not impose any
assumption on the input-output mapping whatsoever and the DCNs must figure
out how to factorize the problem recursively to achieve better performance. Both
baseline and DCN are trained with sets of points of cardinality between 5 and 50
sampled randomly at the unit square, and we test the model for even larger unseen
examples. We show empirically that the network learns this factorization with min-
imal supervision and outperforms the already powerful baseline; see the results in
table 4.2.
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FIGURE 4.2: Tracking of training dynamics at two different iteration
scopes. Left: Beginning of training. The cliff appearing at iteration
1300 corresponds to the moment where the split block converges.
Right: The other significant change in dynamics occurs at iteration
8192 (the dataset has already been seen once). At that point, we de-
cide to sample the points to connect them between pointer networks
instead of modulating with the output matrices at every node 3.3.2.
Look that although reaching a lower loss, the sampling adds noise to

the problem and unstabilizes it.

FIGURE 4.3: Examples created by the model. Left: Example with a
random split at the beginning of the DCNs training. Observe that the
dynamic step operation is not that easy because sometimes it has to
alternate between points from one convex hull to the other as can be
seen at the last node of the tree. Right: Example with a converged
split. You can see how the split block converges to the oracle illus-

trated in 4.1.
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FIGURE 4.4: Left: The cost function L(P) optimized with policy gra-
dient. Right: One example of the DCN at inference time. You can
easily observe that the prediction is quite wrong. We relate this prob-
lem not with the optimization algorithm but with the lack of capacity

of the split block.

4.4 Clustering

The last task we are going to train DCNs on is clustering or k-means. This is a typical
task example of the setting with non-differentiable rewards 3.4.2.

K-means is known to be an NP-Hard problem untractable in general. However,
many greedy and iterative approximations exist and it is currently still an active line
of research.

The problem is the following: Given n points in Rd, find a k-labelling of the
points such that the cost

L(P) =
K∑

k=1

∑

i∈Ck

‖xi − µk‖2 (4.1)

is minimized. In other words, find the k-clusters on the data such that the sum of
the distances of all the points to its corresponding cluster center is minimized.

A lot of existing algorithms that tackle this problem do it in a hierarchical way.
The rationale underlying this idea is to try to define coarse-to-fine partitions to the
input exploiting some input self-similarity, this is usually called hierarchical cluster-
ing. We are going to make DCNs learn it.

The cost function 4.1 is defined on k-partitions of the input. We can just take
the non differentiable cost 4.1 and apply the training procedure 3.4.2 with policy
gradient.

Experiments are performed by unfolding a binary tree until depth 2 and perform-
ing 4-clustering, that is, we get a final partition of the input defined by the clusters
at the leaves.

We observe that although our model can be trained consistently with policy gra-
dient, the split block model is way too simple to model a binary clustering and tends
to infer unexisting patterns as can be seen in 4.4.

We conjecture that this problem could be solved in future work by increasing the
capacity of Sθ.
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Chapter 5

Conclusions

The main contribution of this project is the Divide and Conquer Network (DCN) pre-
sented in Section 3. We have deeply analyzed its variants and optimization proce-
dures and provided motivating empirical results that show the importance of choos-
ing a prior in machine learning; in our case, the self-similarity across scales that we
assume implicitly by sharing the same network parameters across all scales.

We outperform the baselines for the sorting and convex hull and show as in (Cai,
Shin, and Song, 2017) that recursion is key to make neural architectures generalize.

Machine learning performance boils down to make learning models generalize
on unseen data; in the case of algorithmic problems, unseen inputs with larger di-
mensionality. We cannot say a task has been successfully learned if it fails for large
lengths, and this is still an open problem and an active are of research.

Assuming priors on the data is also key to achieve good results. If no prior is
assumed on the input distribution, the problem becomes totally ill-posed (No Free-
Lunch Theorem), and no reasonably good algorithm can be found.

We think that self-similarity is an obiquitous property and we show that recur-
sion is the natural way to address it.

As future work, we aim at better understanding DCN behavior and applying it
successfully to other problems such as shortest path or even NP-hard problems with
some degree of self-similarity that can be exploited with greedy strategies like is the
case of the famous Travelling Salesman Problem or Graph Coloring.
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