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Abstract

Symplectic geometry is a branch of differential geometry that studies dif-
ferentiable manifolds equipped with a closed nondegenerate two-form. They
became much more interesting when it was observerd that the phase space
of some classical dynamical systems, under the hamiltonian formulation, take
structure of a symplectic manifold. In this thesis, after a review of all needed
background on symplectic geometry, we focus on toric manifolds. It is the case
when the symplectic manifold we consider admits an effective smooth action of
a torus of exactly half the dimension of the symplectic manifold. We explain
Delzant theorem, which classifies all compact toric manifolds and the link of
these manifolds with integrable systems, a particular case of dynamical system,
through Arnold-Liouville theorem. Finally, under the Severo Ochoa - Introduc-
tion to Research program at ICMAT and tutoring of Daniel Peralta, we develop
a new proof for the first statement of Arnold-Liouville theorem.



Contents

1 Preliminaries
1.1 Skew-symmetric bilinear maps . . . . .. ... ... ...
1.2 Symplectic structure on manifolds and hamiltonian vector fields .
1.3 Lie groups and actions . . . . . . .. ... ... L.
1.4 Moment map . . . . . . . . . e
1.5 Symplectic blow-up and Hirzebruch surfaces . . . . . . . ... ..
1.6 First result on topological invariants in symplectic manifolds

2 Delzant theorem
2.1 Delzant Polytopes and Toric manifolds . . . . . . ... ... ...
2.2 Delzant construction and examples . . . . ... .. ... ... ..
2.3 Injectivity of Delzant theorem . . . . . . . . .. ... ... ....

3 Link with integrable systems
3.1 Integrable systems . . . . .. ... ... .. ... ... ..
3.2 Arnold-Liouville theorem . . . ... ... ... ... .. .....
3.3 New proof of first statement in Arnold Liouville theorem . . . . .

4 Bibliography

20
20
23
33

35
35
40
45

48






1 Preliminaries

In this section we will introduce all the necessary background in Symplectic
geometry to understand the statement and the proof of Delzant theorem. Most
of the content in this section was learned from [3].

1.1 Skew-symmetric bilinear maps

Let V be a vector space over R of dimension m. A bilinear map Q: V xV — R
is skew-symmetric if Q(u,v) = —Q(v,u), for all u,v € V.

Theorem 1. Let Q be a skew-symmetric bilinear map on V. Then there is a
DASIS Uy eeey ULy €14 ey Eny V1, ovvy Uy, Of V such that

Q(ug,v) =0, Vi and Vv €'V,
ez, e5) = v, v4) =0, Vi, j and

The dimension of V' can be written dim V' = 2n+k. This basis is not unique,
and in matrix notation we have

0 0 0
Qu,v)=u |0 0 Id|wv.
0 —-Id 0

Proof. Choose a basis u1,...,ux of U :={u €V | Qu,v) =0 Vv € V}. Choose
a complementary space W to U in V,
V=UsoW.

Take any nonzero e; € W. There is f; € W such that Q(eq, f1) # 0. We
can assume that Q(eq, f1) = 1. Let

W1 = span of ey, f1
W = {w e Q|Q(w,v) =0 for all v € W, }.
Claim. W, nW;* = {0}.
Suppose v = ae; + bf; € Wy N Wi
—b

a,

)

0=Q(v,e1)
0= Q(’U, fl)

implies v = 0.
Claim. W = W, @ W
Suppose that v € W has Q(v,e;) = ¢ and Q(v, f1) = d. Then
v=(—cfi +de1)+ (v+cfi —dep).

eWr eEW




Now take es. There is fo € Wi such that Q(eq, fo) # 0. Assume that
Qeq, f2) = 1 and let W5 be the span of ey, fo. Etc. This iteration stops
because dim V' < oo. We obtain then

V=UeW d..0W,

where all the summands are orthogonal with respect to €2, and W; has basis
€;, fi with Q(ei, ft) =1
The dimension of the subspace U does not depend on the choice of the basis,
SO
k :=dim U is an invariant of (V, Q).

Since k + 2n = m = dim V, we have that
n is an invariant of (V,Q); 2n is called the rank of Q.
O

Definition. The map Q : V. — V* is the linear map defined by Q(v)(u) =
Qv,u).

Definition. A skew-symmetric bilienar map Q is symplectic (or nondegener-
ate) if Q is bijective. Then  is called a linear symplectic structure on V', and
(V,Q) is called a symplectic vector space.

As Q is bijective, we have by Theorem 1 a basis ey, ..., e,,v1, ..., v, and we
have |
0 Id
Qu,v) =[—u —] [—Id 0} |

In particular, for a vector space to be symplectic, it has to be of even dimension.

1.2 Symplectic structure on manifolds and hamiltonian
vector fields

Definition. Given a manifold M*" of even dimension and a closed non-degenerate
2-form w € Q(M), the pair (M>",w) is called a symplectic manifold.

A diffeomorphism f from (M;,w1) to (Ma,w2) is a symplectomorphism if
f*UJQ = Wi.

Example. A very important example of symplectic structure can be con-
structed in the cotangent bundle M = T*X of any n-dimensional manifold
X. Let (U,z1,...,2,) be a coordinate chart at z € X with x; : U — R the
coordinate facts. The differentials (dz1), ..., (dz, ), form a basis of T X. That
means for £ € TFX, £ = > 1, &(dx;), for some & € R. In particular it induces
a map

U — R?"
(‘Tﬂg) — (Il, "'7:Ena§17 7£n)

This is a coordinate chart for M. The transition functions on intersections
are smooth: given two charts (U, x1, ..., p, &1, ..., &) and (U’ 2}, ..., 20 €1, o EL)
then



n

S Ox; / / ’
§= Y &lde)e =) &gy (daf)e = Y El(dal)a.
i=1 i3 J

i=1

Hence M is a 2n-dimensional manifold. We can define on it a 2-form w by

w= zn:dl‘z A d§;.

=1

Clearly, defining the 1-form
a = Z fldx“
i=1

we have that w = —da. The form w is independent from coordinates as a
consequence of the following claim.

Claim. The form « is intrinsically defined.

Proof. Let (U,x1,...,Zn,&1,..,&n) and (U’ 2, ..., x), &L, ..., &L) be two coordi-

nate charts for the cotangent space. On U NU’, the two sets of coordinates are
8x;

related by the change of charts & =}, &(g;j ). Since dzjy = >, (5.2)dxi, we
J T

a= Zfidmi = &dal=d m

have

It is the tautological form, called the Liouville 1-form, and w is the canonical
symplectic form.

An observation that can be done about symplectic manifolds is that they
are necessarily orientable. Consider the 2n-form w™: by definition of w it never
vanishes and so defines a volume form in M (equivalent to M being orientable).
In the particular case of dimension 2, a volume form is exactly a symplectic form.
This leads to another example of class of symplectic manifolds: orientable
surfaces. Some other examples are

o (R*™ wy=> 1" dz; \dy;),
L] ((C",w = %Z?:l dZZ A dii)7
o (52,0 =dh A db).

The (R?",w) example is very important: any symplectic manifold (M?",w)
is locally symplectomorphic to (R?",wy).

Theorem (Darboux). Let (M, w) be a 2m-dimensional symplectic manifold and
p be any point in M. Then there is a coordinate chart (U, 21, ..., Tpn, Y1y s Yn)
centered at p such that on U

w= id% A dy;.

=1

This chart is called a Darboux chart.



Let’s recall now a few concepts about vector fields in a manifold M, and
introduce new ones for a symplectic manifold (M,w). Given a complete vector
field X € T'(M), its flow ¢ : M — M is the unique solution for any p € M of

the ODE:
wo(p) =p
% () = X(¢u(p)).
The uniqueness and existence of the solution is given by Picard theorem.

The family {¢:|t € R} is then called a one-parameter group of diffeomorphisms
of M and denoted

pr = exptX.

Definition. The Lie derivative of a differential form o with respect to the vector
field X 1is:

d
Lxa= a(@t*a)h:&

Definition. A vector field X € T'(M) is symplectic if Lxw = 0.

Define the interior product or contraction :

ix : QF (M) — QF (M)
o — iXoé(X17 -~-7Xk—1)
= OZ(X, )(17 ~~-7Xk71)~

We can state now the Cartan’s formula, that relates as follows Lie derivative
with the interior product and the exterior derivative d,

Lxw=(doix +ix od)w. (1)

Finally, using Equation (1) and the fact that w is closed (i.e dw = 0) we
obtain that:

X is symplectic <= Lxw =0 <= ixw is closed .

Note that i xw is a one-form in M. A particular case of closed forms are exact
forms, that is ixw = df for a certain smooth function 8 in M. Vector fields X
such that ixw is exact are called hamiltonian vector fields. In particular, for
any smooth function f : M — R we have by nondegeneracy a unique vector
field Xy on M such that ix,w = df. It is called the hamiltonian vector field
with hamiltonian function f.

Example. Consider the symplectic manifold (R*,w = dx1 A dy; + dwa A dys).
If we consider for example the function f = x32 + y12 we can compute its
corresponding hamiltonian vector field. The derivative of our function is df =
2z9dxo + 2y1dy;. On the other hand, any vector field is of the form

0

d o) 0
X =a;— — b — + by—, ,ag, b1, by € C°(RY).
alaxl +a28x2 + 18y1 + 23y2 ai,ag, by, b2 (R%)



Then, the interior product is
ixw=w(X,")
=dry ANdy1 (X, ) + dxa Adye(X,+)
= a1dy; + azdys — bidxry — badxs.

Imposing ixw = df we obtain that a; = 2y;,as = 0,b; = 0 and by = —2x5.
The hamiltonian vector field with hamiltonian function f is hence

0 0
X =2y1— — 2x9——.
f Y1 Y X2 Dy

1.3 Lie groups and actions

Definition. G is called a Lie group if G is a smooth manifold and there exist
two smooth maps:

m:GxG—G
(z,y) — m(z,y),
and
i:G—G
x — i(x),
where m is the product and i the inverse giving G a group structure.

Examples. A very simple example of Lie group is R with addition. Another
example of Lie group is the circle S' with rotation through 6 the standard
angle (mod(2m)). This is equivalent to complex numbers with modulus 1 with

multiplication.

Definition. A Lie action ¢ of G a Lie group on a manifold M is a map :
w:GxM-—M
(9.2) — plg,2) =g =,

such that e -z =x and g- (h-x) = (g-h) -z and ¢ is smooth. It is effective
if all element g € G\{e} moves at least one point p € M. It is free if e is the
only element in G with fixed points.

Example. We can consider an action of S' on 72 which consist simply on
rotating in one of the coordinate angles of the torus

0: S8t xT? — T?
(017 (91792)) — (91 + a792)'

This action is free and effective.

10
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Note that an action can also be written as ¢ : G — Diff(M). Now given a
Lie group G, we denote T.G (tangent space at neutral element e € G) as g. For
a given g € G we can consider the smooth function ”left multiplication”:

Ly:G—G
h+—g-h,

and consider its differential dLyl. : T.G — T,G.

_ For a given tangent vector X € TG we define the vector field X €T(G) as
Xy =dLgy|c(X) and a bracket in g:

[]rexg—9
(Xa Y) — ([X, Y]G)ev
where [, -]¢ is the usual Lie bracket for vector fields.

Definition. A Lie algebra is a vector space g over some field F with a binary
operation [,-] 1 g X g — g satisfying:

1. bilinearity,
2. antisymmetry: [x,y] = —[y, ], for all x,y € g and
3. Jacobi identity: [z, [y, z]] + v, [z, 7] + |2, [x,y]] = 0 for all z,y,z € g.

Definition. With this new defined bracket, g has a Lie algebra structure: we
call g the Lie algebra of the Lie group G.

Example. A simple example is the case where G = R". Then g = ToR" = R".
If we take X € g, let’s check what is X,. By definition X = d(Lg)|i=0o(X). If
we take for example the curve v(¢) = tX then

Xg = a(Lg oY) |t=0
d
= — tX)|i=
dt(g+ =0
= X.

As X is fixed, we have X'g constant Vg € G. Then the bracket of any two
tangent vectors X,Y is [X,Y] = ([X,Y]g)o = (X(Y) — Y (X))o = 0. Last
equality stands because constant vector fields commute.

Definition. An action ¢ is a symplectic action if
¢ : G — Sympl(M,w) C Diff(M,w),

i.e., G acts by symplectomorphisms’.

11



For the special case where the group acting is R, we have a bijection between
complete vector fields in M and smooth Lie actions of R on M given by:

{complete vector fields on M} «+— {Lie actions of R on M}
X — exptX

det(p)
Xp = ét

li=0 <— .

Claim. Symplectic complete vector fields are in a one-to-one correspondence
with symplectic actions.

Proof. If the action is symplectic, we have that pjw = w Vt. The associated

vector field X, = d“"(;t(p ) is symplectic because

d
Lxw = —(prw)li=o

dt
@ (w)

Tt
=0.

In the other way, given a symplectic vector field X, its associated action
is ¢y = exptX. As X is symplectic, we have Lxw = L (pjw)li=o = 0. In
particular pjw is constant. For ¢ = 0, we have pg = w so we conclude that
p;w =w l.e. ¢; is a symplectic action. O

In the special case of hamiltonian vector, we have the following definition:

Definition. A symplectic action ¢ of R or S* on (M,w) is hamiltonian if the
vector field generated by ¢ is hamiltonian i.e. ixw = dH for a certain function
H in M.

For the case where G the group acting on M is an n-torus T” then an action
of G on M is called hamiltonian if each restriction

@i = <P|ith St factor * st — Sympl(Mz w)
is hamiltonian in the previous sense.

Example. Let’s see a very simple example of hamiltonian action. Consider the
action of translating one coordinate in R?" with w = _ dx; A dy;.

QO(t7 (55172/17 7xn7yn)) = ($1»y1 + t7 "‘7$n7yn)'

The associated vector field is X = 8?/1 . This vector field is hamiltonian with
hamiltonian function f = —x;. An easy computation checks it:
ixw=w(X,")
= da; Ndyi(X,)
0
=dx1 Ndy1(—
1 Y1 ( A )
= —dl‘l
= d(—xl).

12



Example. Consider the S* action on T2 seen on a previous example taking the
symplectic form w = df; A dfs,

P(1, (01,02)) — (61 + 9, 62).
The vector field generated by this action is X = E)i(h’ then we have
’in = d91 A\ dQQ(X, )
= dbs.

This is obviously a closed form, but it is not exact because 65 is not globally
defined. It is an example where the action is symplectic but not hamiltonian.

1.4 Moment map

We denote (M, w) a compact and connected symplectic manifold, G a Lie group,
g the associated Lie algebra and g* its dual.

Definition. Given a symplectic action (i.e p*w = w) of G on M , for X € g
the fundamental vector field X7 associated to X is the vector field in M
such that its flow is exp(uX).

Note now that G acts on itself by conjugation:
G — Diff(G)
gr—rigla)=g-a-g "
As 94(e) = e, its differential at e is an invertible linear map :
Ady = dipgle 19 — g
Letting g vary, we obtain the adjoint representation of G on g:
Ad: G — GL(g)
g — Ady.
From this we define the coadjoint representation Ad* :
Ad* : G — Gl(g")
g — Adg,

where Adj is a linear map that goes from g* to g* defined as (note that Ad(¢)
is a form that acts on tangent vectors in g ):

Adg(§)(X) = (€, Ady-1 (X)) = £(Ady-1 (X))
Definition. A moment map associated to the action p is a map
w: M — g such that:

1) For all X € g we have pu(p)(X) := (u(p), X) and du(X) = ixsw where
X# s the fundamental vector field generated {exp(tX)|t € R}
2) p is equivariant with respect to the given action ¢ and the coadjoint action
Ad*, that is:
No(Pg:AdZOM7 Vg € G.

13



There are particular cases (in which we are mainly interested in this thesis)
where these conditions can be rephrased.
Case G = S' or G =R : we have g = R, g* =R,

1) for the generator X = 1 of g, we have u(p)(X) = u(p).1, ie. p(X) = p,
and X# is the standard vector field on M generated by S'. Then du = i y#w.

2) p is invariant: Lyx#p = ix#dp = 0.

Case G =T": we have g =2 R", g* X R",
1) For each basis vector X; of R", u* is a hamiltonian function for X7
2) p is invariant i.e. iX;g&dﬁLi =0 Vi,j.
Example. Let 7" be a n-dimensional torus acting on C" by
(€, e) - (21, 0y 20) = (¥ 2, ., eft1Rn 2 ),

where ki, ...,k, € Z are fixed. For n = 1 this corresponds to a rotation in the
complex plane with a speed coefficient k.

Y

(\743191

Given a tangent vectorin g = R", X = A1%|p+...+An%|p, the associated
fundamental vector field is

0 0
X#* = Atky— + ..+ Apky—.
1]€1891 + ..+ Ak a9,

We took polar coordinates in C*, (r1, 01, ..., 7y, 05,) and standard symplectic form
in polar coordinates w = Y"1, r;dr; A df;. We can check this formula applying

14



change of coordinates to the differential form w.

2 =1 = dz; = eidr; + irie'® do;,

Zi =Ti€ = dz; = e idr; — ir;e 0 db;.

Then

n
% E dzi Ndz; = %
=1

(e i dry + ir;e™ de; i) A (e —Widp, — irie_midﬁi)

<M§

=1

—2ir;dr; N\ db;

Il
NS
'Mz

i=1

= ridri A d(‘)l

i=1
We can compute now the interior product of the fundamental vector field

ix#w = — Z Alkl’l"idTZ

i=1
= =3 Aikid(r}
i=1

The moment map is
u:C* — R
(215 .y 2n) —> —2(k1|21]%, o kn|2n]?)  (+constant)

since

d
= d(—3(Aik|zl, .., Anknl2a|*))

Aikid(r2).

Example. Take now the complex projective space CP™. It is defined as the
projectivization of C"*1.

CP" := (C"*1\{0})/C" = §2"+1 /8!

where C* acts of C"T1\{0} by component wise multiplication:

A(20y ooy 2n) = (Az0y ooy A2Zn).

Spheres are seen as unit-norm elements of C**! and C. This space has sym-
plectic structure (see [12]) which is in fact a consequence of CP" being a Kéhler
manifold (a certain type of differential manifolds with additional structures).
The symplectic form is called Fubini-Study form and is given by

Wpg = Z |z]| dzi N dzi, — Zjzpdz; N dZg.

2| 2[z[*
J,k=1

15



This is in fact a 2-form on C"*1\{0}, and wpg is its pullback to the quotient
manifold CP".
Take the following 7! = S' action on CP':

et . [20,21] = [zo,eitlzl],

Lets compute the moment map of this action. The action is in fact induced
by the one considered before on C!, with k; = 1. Taking the affine chart
Us = {[20, z1] € CP' |2 # 0} , the Fubiny-Study form is given by [3]:

dx N\ dy

Wps = (1’72 T y2 T 1)2 .

Where we the coordinates are i—; = 2z = x + 1y. First, we compute the vector
field associated to the action. In polar coordinates it is trivial, since we have
the action written like this:

@ (ty,(r,0)) — (r,0 +t1).

We have then that %fﬁ)\tzo = %. We deduce that the vector field in polar

coordinates is Xpoiar = a%' In particular, changing coordinates to cartesian, we
obtain:

0 0
X = i Jr:z:a—y.

To find the moment map, we have to impose the condition ixwprg = du.

. dz A dy
ixwrg = m()ﬁ )
dx N dy 0
T @2 ryr 1) (—y% + 9587/ )
xdx ydy

(22 +y2+1)2  (22+y2+1)%

Taking into account that 2% 4+ y? + 1 = |21]% + |20]?> = |2|*> where we took
zo = 1 we deduce that
o, ) = —> (B0,
’ 2" |22

We can check easily that this map satisfies the condition in our chart Uy:

=l m e
1, 2z(x? + 92 +1) — (2% +y?)22
=5l 21 .2 2 dz
2 (@2 +y2+1)
LWE D) - (@ g2y
(@ + 7 + 1) !
1 2z 2y
=—- d
2((x2+y2+1)2 T (x2+y2+1)2)
zdz ydy

@+ + D7 @y D

16



This example generalizes to CP" and the action of T":
(e, ™) 2021t iy =20 €Mz e
and has moment map

1 |z |2n|?
1[20y ey 2n] = —=( ) eens ).
2" |22 |22

1.5 Symplectic blow-up and Hirzebruch surfaces

Fiber bundles.[11] Let’s define a topological construction called a fiber bun-
dle that we will use in this section and later on too. The idea of fiber bundle is
a space that is locally a product space, but not necessarily globally. Formally,
it is the following.

Definition. A fiber bundle is a structure (E, B,m, F) where E, B and F are
topological spaces and 7w : E — B is a continuous surjection satisfying the follow-
ing condition, called the local triviality condition. We will call B the base space,
E the total space and F the fiber. The map 7 is called the projection map(or
bundle projection). We have that for every x € E, there is an open neighbour-
hood U in B of w(x) such that there is a homeomorphism ¢ : 7= 1(U) = U x F
such that the following diagram commutes (i.e. w agrees with the projection onto
the first factor):

Y U) 25 UxF
U

where proj; is the natural projection.

Symplectic blow up. The blowing-up operation in complex geometry con-
sists in replacing a point in a space by the space of complex tangent lines through
that point. This local operation can be explicitly written. The blow-up of C™
is as a set

Cr=Crucp,

with CP" ™! the space of tangent lines through the origin and called the excep-
tional divisor. As a manifold, it is a submanifold of C™ x CP"! described
by

C" ={((z1, -y 2n), [V1y ey vn]) | (Z1,.eey 2n) € [V1, 0y 00}

It can also be described as
C" ={([p],2) | p € C"\{0},z= Ap for some \ € C}.
There is a result on these manifolds in general, we have

Theorem. Let X be a complex manifold of dimension n. Then the blow up of
X at one point is an n-dimensional complex manifod X which is diffeomorphic
to X#CP".

17



In order to generalize this construction to symplectic manifolds (M, w) of di-
mension 2n, we need to make sure the resulting manifold still haves a symplectic
structure.

Definition. A blow-up symplectic form on C" is a U (n)-invariant symplectic
form w such that the difference w — B*wy is compactly supported, where wy =
5 Yoiy dzi Adz; the standard symplectic form in C™.

Two blow-up symplectic forms are called equivalent if one is the pullback of
the other by a U(n)-equivariant diffeomorphism of C". Let Q¢(e > 0) be the
set of all blow-up symplectic forms on C™ whose restriction to the exceptional
divisor is ewpg, where wrg is the Fubini-Study form on CP". An e-blow-up of
C™ at the origin is a pair (C"*,w) with w € Q°.

Now let (M,w) be a 2n-dimensional symplectic manifold. By Darboux the-
orem, for each point ¢ € M there exists a chart (U, 21, ..., z,) centered at g with
image in C™ where

n
W‘U = % Zdzl A dZ;.
i=1
It is shown that for € small enough, we can perform an e-blow up of M at ¢
without changing the symplectic structure outside a small neightbourghood of
q. The blow-up is given by the blow up of C" at the origin through the chart
that exists by Darboux theorem. The resulting manifold is the e-blow-up of M
at q.

Example (Hirzebruch surfaces). We present here a quite technical construc-
tion a family of surfaces, which is interesting for further examples on Delzant
construction. From now on, denote C"(= C™* UCP" ') as L. Let P(L @ C)
the projectivization of the direct sum of L with a trivial complex line bundle.
Consider the map
8 : P(LeC)— CP"
([p], [Ap, w]) — [Ap, w]
Notice that 8 maps the exceptional divisor

E:={(pl,[0:...:0:1]) | [p] € (ClP’”fl} ~ cpr!

to the point [0 : ... : 0: 1] € CP", whereas in the complement it is a diffeomor-
phism

S:=EC = {([p],[\p: w] | [p] € CP" ", A eC*weC}=CP"\{[0:..0:1]}.

Therefore, we can see P(L @ C) as smoothly replacing the point [0: ... : 0: 1]
in CP" by a copy of CP"~!. For n = 2 this is known as the first Hirzebruch
surface.

Hirzebruch surfaces are in fact a family of algebraic surfaces over the complex
numbers of dimension 4 in R, or 2 in C. We present its general construction, as
they will appear in examples of Delzant construction of toric manifolds.

Identify S' with the unit complex numbers in C. Notice that the 3-sphere,
S3 ={(21,22) | |21]* + |22]*> = 1} € C2?, admits a free S* action defined by

0: S8t x 83— 53
(/\7 (21722)) — (>\217 )\22)

18



The quotient of this action is 53 /§1 = CP'. For any integer n € Z define
the complex line bundle L,, — CP' whose total space is the following quotient
of §2 x C

L= (S*XC) /o (,2) ~n (A, A"2) YA€ S

We map L, — CP' as [z, 2] — [z] € s? /gt = CP'.
Definition. For n € Z define the Hyrzebruch surface Hy := P(L_,, & C).
Hirzebruch stated also a classification theorem:

Theorem. For the smooth manifolds H,
H, = H,, diffeomorphic <= n =m mod 2,

and
H, =¢ H,, complex diffeomorphic <= n =m.

From a non complex point of view, the only possible manifolds are Hy &
52 x S? and H; = CP?#(—CP?), where # is the connected sum and —CP? is
CP? with opposite orientation.

1.6 First result on topological invariants in symplectic
manifolds

As always when considering certain type of manifolds, an interesting field of
study is to look for their topological invariants. We state here the first immediat
invariant that is found.

Claim. A compact symplectic manifold (M,w) has a non-trivial H*(M), the
second cohomology group.

Proof. One of the consequences of De Rham theorem, a very important result in
smooth manifold theory, is that the dimension of Hp,(M?", R) is the same as
the dimension of H™ (M, Z). Lets show H% (M, R) is not trivial in a symplectic
manifold.

As a first observation, note that since w is closed, so is w”, for all k € 2, ..., n.
Suppose now [w] = [0], i.e. there exists a one-form such that w = da. Then
using the properties of the exterior derivative and Stokes theorem we have

/ w' = da Aw™ ™t = d(a Aw™™h) z/ aAw"t=0.
M M M oM

Last equality stands because M has no boundary because it is compact. But this
is a contradiction since w™ is a volume form so w™ > 0 which implies || yw" >0
We conclude that [w] # [0] and hence H?(M,Z) # 0.

Corollary. The sphere S?" is not symplectic for n > 2.

Proof. We know that S?" is compact and that H?(S?") = 0 for all n > 2.
Hence, 52" is not symplectic. O
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2 Delzant theorem

After all the preliminaries, we can go on with the study of Delzant theorem.
In a first place, we state Delzant theorem and show the Delzant construction,
which is the most interesting part of the theorem proof. It proves the surjec-
tivity of the bijection that is stated in the theorem. After looking at a few
particular examples of construction, we also see (omitting some non-interesting
high technical lemma’s proofs) the proof of the injectivity in Delzant theorem.

2.1 Delzant Polytopes and Toric manifolds

Definition. A quaternion (M?", w,T", 1), with (M?",w) a symplectic manifold
and p a moment map for the action of T™, is a toric manifold.

Example. A very simple example of manifold which is toric is the sphere 52
with the standard symplectic form w = df A dh.

Consider the rotation which is an action of 71 = §!
St x §%— §?
(¢, (0,h)) — (0 + p, h).

Its moment map is (6, h) = h. To check this, take a tangent vector in g = R,
X = aa%. the associated fundamental vector field is

0
#: _—
X Aoy

We have then

ix#w=df Adh(aZ,")
= (a)dh.

And lastly
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An interesting lemma about toric actions is the following.

Lemma 2. Let T" be the n-dimensional torus and ¢ an effective Lie action of
T™ on a manifold M. Then:

1) ¢ has n+ 1 fized points,

2) dim(M) > 2n, if not ¢ cannot be effective.

In the particular case where the dimension of M is 2n and the manifold is
toric, the strong result previous to Delzant theorem is:

Theorem 3 (Guillemin — Sternberg ; Atiyah ).
Let (M?",w, T", u) be a toric manifold with M compact and connected. Then:

1) the level sets of u are connected,

2) u(M) is conver,

3) w(M) is the convex hull of fixed points images by the action with moment
map fi.

The image (M) of the moment map is called the moment polytope
Example. Consider the T3-action on CP?® defined as:
1601

(6191 ) ei@g 5 ei92) . [Z()a 214 %2, Z3] = [an € 21, ei92 22, €i93 ZBL

that has moment map (seen in section 1.4)

R Y e
/1/[2072:1722723] - _5 |Z|2 3 ‘Z|2 3 ‘Z|2 -

The image of its fixed points are

[1,0,0,0] — (0,0,0)

[0,1,0,0] — (—3,0,0)
[0,0,1,0] — (0,—1,0)
0,0,0,1] — (0,0, —1).

The convex hull of these points define the 3-dimensional polytope which is by
Theorem 5 the image of the moment map.
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What types of polytopes can be obtained through the image of a moment
map? As we will see in Delzant theorem, only the following ones.

Definition. A polytope in R™ is a Delzant polytope if it is:
1) simple : n edges meeting at each vertez,
2) rational : edges meeting at vertex p are of form A; : p+tu;, t > 0,u; € Z"™,
3) smooth: for each vertex, the corresponding u}s can be chosen to be a basis
of Z™.

Examples of Delzant polytopes :

Examples of non-Delzant polytopes :

For the non-Delzant polytopes, the first example is not simple and the second
one is not smooth.
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Algebraic description A facet of a polytope is a (n — 1)-dimensional face.
Let n be the dimension of a Delzant polytope A and d its number of facets. A
lattice vector v € Z" is primitive if it cannot be written as v = ku with k € Z,
u € Z™ and |k| > 1. Let v;,i = 1, ..., d be the primitive outward-pointing normal
vectors of the facets. Then we can describe algebraically the Delzant polytope
as an intersection of halfspaces

A ={ze R")|(zx,v;) < A\;,i =1,...,d} for some \; € R.

Example. For the toric manifold that we saw before, S?, the moment polytope
is this one.

-1

In this case, the algebraic definition of this polytope would be
A={zeR | {(z,(1)) <1,(z,(-1)) <0}

That is v1 = (1), v2 = (—=1), Ay = 1 and Ay = 0. We will see more examples in
the particular constructions of Delzant toric manifolds.

We are now in conditions to state Delzant theorem, which uses Delzant
polytopes to classify compact symplectic toric manifolds.

Theorem (Delzant, 1990). The moment polytope A determines the toric man-
ifold. We have the bijection

compact symplectic toric manifolds Delzant polytopes

T™-equivariant symplectomorphisms translations

2.2 Delzant construction and examples

The description of Delzant polytopes and the Delzant construction are described
in [3]. The injectivity proof is detailed in [7]. The goal of this section is to show
that for every given Delzant polytope, we can construct a toric manifold such
that its moment polytope is exactly that polytope.

In order to state a result that we need for the construction, we can define a
generalization of a toric manifold to any Lie group G.

Definition. Let (M,w) be a symplectic manifold, G a Lie group acting on it
and p is a moment map. Then the vector (M,w, G, i) is a hamiltonian G-space.

The previous result that we will need for the construction is the following

Theorem 4 (Marsden-Weinstein-Meyer). Let (M, w, G, i) be a hamiltonian G-
space for a compact Lie group G. Let i : p~1(0) < M be the inclusion map. G
acts freely on u=1(0). Then
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1. the orbit space My,eq = 1~ *(0)/G is a manifold,
2. 7: " H0) = Myeq is a principal G-bundle, and

3. there is a symplectic form wpeq on Myeq satisfying i*w = T*wWpeq-

Let A be a Delzant polytope with d facets. Note that d > n. As seen before,
we can describe it as:

A ={ze R")|(zx,v;) < A;,i=1,...,d} for some \; € R.
Let {e;;i = 1,...,d} be the standard basis of R?. Consider
7:RY— R"
€; — ;.
Claim. 7 maps Z% to Z™.

Proof. Because of A being Delzant, we have that at a vertex p, the edge vectors
Uy, ..., Uy, form a basis for (Z™)*. We may assume it is the standard basis without
loss of generality. Then the corresponding normal vectors to each edge meeting
at p are also a basis of Z". O

Therefore, 7 induces to a map between tori.

RY " R"

m| J{m

T4 5T —— 0
Let

N = Ker(n)
n = Lie algebra of .

Then we have an exact sequence

03 N L yqd_ ™ 7pn 0

that induces (differentiating) to an exact sequence of Lie algebras

0 —"3n—3RI TR 0

and its dual sequence

00— (R")* —— (RY)* —» n* — 0.

We now consider C¢ with the symplectic form w = %Z dzi N\ dzy, and the
standard 7% hamiltonian action

(€01, ..., %) (21, ..., 2q) = (D21, ..., " zy).
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The moment map is
p: Ct— (R
w21, ey 2q) — —%(|z1\2, <.y |24|?) + constant

and we choose the constant to be (A1, ..., Aq) from the algebraic description of
our polytope. The subtorus N acts with moment map

i*op:CY— n*.
Let Z = (i* o 1) ~1(0) be the zero-level set.

Claim. The set Z is compact and N acts freely on it.

Proof. We will show that u(Z) = A’ where A’ is the image of A by «* :
(R")* — (R%)*. Assuming it and using the following claim the proof is imme-
diate.

Claim. The moment map p is proper in this particular case.

Proof. The preimage of a compact subset K in (R?)x will have its norm limited
by values at the boundary of K. Hence, as the preimage of a closed set is closed,
we have that it = !(K) is closed and bounded so it is compact. This is true
because C¢ is, as a Banach space, isomorphic to R??. O

As A’ is compact and p is proper it will follow that Z is compact.

Lemma 5. Let y € (RY)*. Then:

y €A < vy is in the image of Z by .
Proof of the lemma. The given y is in the image of Z by u if:
1. y is in the image of u;
2. i*y = 0.

Being in the image of g means y; = A\; — %|zi|2,Vz’ = y,— N\ Z0,Vi
yi < A;,Vi. Because we had an exact sequence, i*y = 0 < y = 7*(x) for
some z € (R™)*. Now:
yelIm(2) = (7" (x),e;)) <\, Vi
<~ <£L’,7T(6i)> < )\Z,VZ
— z €A
Hence, y € Im(Z) < y € n*(A) = A’. Finally we have Z image of a

compact A’ by a proper map p : Z is compact.
O

We want to show also that N acts freely on Z to apply reduction theorem.
Recall that an action is free if

g r=xVeeX = g=e.
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An equivalent condition is that all stabilizers are trivial:
G,={9€eG | g-xz=2a}={e}, Ve e X.

Let F be a face of A’ with dim(F) = n —r. F is then characterized as a
subset of A’ by r equations:

(y,ei) = Niy i =1i1,., iy
Denote it F' = F; with I = (i1, ...,4,). Let 2 = (21, ..., 24) € Z.
zep Y(F) <= pz) € Fy
= (u(z),e) =N\, Viel
= —lzP+xN=N, Viel
<~ 2z;,=0, Viel.

Observe that T? acts on Z, and the stabilizer of z so that u(z) € Fy is
(T = {(e™,..,e) | &% = 1,¥j ¢ I}.

In order to show that N acts freely on Z, consider the worst case scenario of
points z € Z whose stabilizer under the action of 7% is as large as possible.
That is when F; = y is a vertex of A’. Then y satisfies:

<y,€i> =\, 1€l= {il, ,Zn}

Lemma 6. Let z € Z be such that p(z) is a vertex of A'. Then the map
7 : T — T" maps (T4 bijectively on T™.

If this is true, we have that in the worst case the stabilizer of z intersects N
in the trivial group.

Proof of the lemma. Suppose y = u(z) is a vertex of A’. We can renumber the
indices such that
I=(1,..,n).

Hyperplans meeting at y are
<y,76i> = )‘iv t=1,..,n.
The set 7(e1), ..., m(ey,) is basis of Z™. Thus, 7 is bijective. O

This proves that n acts freely in the worst case points of Z, and hence in
general. It is the worst case since the other stabilizers N, for 2z’ € Z are
contained in stabilizers for points z mapped to vertices. This is clear because
for a 2’ different from a vertex will have less vanishing components than a
vertex. O

We have now that Z is a compact submanifold of C? of dimension:
dimg(Z) =2d — (d—n) =d+n.

Applying the Marsden-Weinstein-Meyer reduction theorem we have that:
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1. Ma = Z /N is a manifold and
2. there is a symplectic form wa satisfying i*w = 7*wa.

Claim. For a certain ', (Ma,wa,T™, 1) is a toric manifold of dim(Ma) = 2n
and ' (Ma) = A.

Proof. We have that given a z € Z its stabilizer with respect to the T%-action
is (T'Y);. N acts freely on Z so

(T NN = {e}

In the worst case scenario, z is a vertex of A’. There is in any case the
inverse map 7! : T — (T9); and thus the exact sequence

0—N-—T¢—T"—0
splits. Then we have T¢ = N x T™ acting on (Ma,wa). The moment map is
p:Ct— (RY)* = n* @ (R™)*.
Let j : Z < C? be the inclusion map, and let
pri: (RD)* —n and  pro: (RY)* — (R™)*
be the projections maps. The map

proopoyj:Z — (R™)*
is constant on N-orbits because it is projected to the T™ component. Thus there
exists a map
s Ma — (R™)*,
such that
pop=praopoj.

The image of p’ is equal to the image of pry o o j. We showed earlier that
w(Z) = A’. We have that prq o m* = id and thus

Im(u') = pra(A') = proo*(A) = A.
In conclusion, the image of M is the required polytope. O

Before going into the examples of Delzant construction, we can state a result
that will help us identifying some of the constructed manifolds.

Theorem 7. Take a Delzant polytope in R™ with a vertex p with primitive edge
vectors Uy, ..., u, at p. Consider a mew polytope obtained by chopping off the
corner and replacing it by n new vertices:

p+eu;, j=1,..,n,

where € is a small positive real number. Then this new polytope is Delzant and
the corresponding toric manifold is the e-symplectic blow-up at p of the original
one.
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Example. Consider an isosceles triangle:

Y

Which can be described algebraically as:
A={z>0,y>0,z+y<a}

= {{x,v1) <0, (z,ve) <0, (x,vs3) <a},

with v1 = (=1,0),v2 = (0,—1),v3 = (1,1) and X = (0,0,a). We have 3 facets
in R? so our map is:

7R3 — R?
(1,0,0) — (—1,0)
(0,1,0) — (0,—1)
(0,0,1) — (1,1).

This map can be quotiented to a T° map to T2 and its kernel is N = Ker(r) =
{(e®, e e?) | 6 € [0,27]}. Consider now C3? with symplectic form w =
: Eizl dzi A dZ;, and standard hamiltonian action of T3

(e, €12 e193) . (21, 29, 23) = (€91 21, €2 29, €% 23).
As we already know its moment map (with A as additive constant) is
_ 2 2 2
1(z1, 22, 23) = —(|21]%, [22]%, [23]%) 4 (0,0, a).
We can compute the dual of the differential of the inclusion map of N in T3
it N —T?
x+— (x,z, ).

Its differential has matrix
11 1.

So the matrix of the dual of the differential, that we denote i*, is the transpose

1
1
1
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In coordinates, this is i*(x1,29,23) = x1 + z2 + 3. Finally we compute the
zero-level set

(" 0 )7 (0) = {(21, 22, 23) | |21]* + |22f* + |23)* = a} = 5°
. The reduced space, which is the sought manifold, is then
(o) H0) )y =257 /g1 = CP?
Example. Lets try now a trapezoid:

Y

Which can be described algebraically as:

A={r>0,y>0,y<a,z+y<2a}
= {<$,U1> S 07 <m7v2> S 07 <337’l)3> S a, (m,v4> S 2(1},

with v; = (—=1,0),v2 = (0,—1),v3 = (1,0),v4 = (1,1) and A = (0,0, a, 2a).

We have 4 facets in R? so our map is:
7:R* — R?

(1,0,0,0) — (—1,0)
(0,1,0,0) — (0,—1)
(0,0,1,0) — (1,0).
(0,0,0,1) — (1,1).

This map can be quotiented to a 7% map to T? and its kernel is N = Ker(r) =
{(e??+e'% et e %) | 0,0 € [0,2n]} = T2. Consider now C* with symplectic
form w = % Zi:l dzi A dZy, and standard hamiltonian action of 7%

(e, e02 i3 e94) . (21 25, 23, 24) = (121, €2 29, €102 23, €04 2y).
As we already know its moment map ( with A as additive constant ) is

M(ZL 22,23, 24) = _(|21|27 |22|2a |Z3|2a |Z4|2) + (07()’ a, 2a>
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We can compute the dual of the differential of the inclusion map of N in T4,

it N —T*

(z,y) — (z+ 9,9, 2,y).

1 010
1 1 0 1|°

So the matrix of the dual of the differential, that we denote i*, is the transpose

Its differential has matrix

SO = O
—_ O =

In coordinates i*(z1, x2,x3,24) = (1 + o3, 21 + T2 + x4). Finally we compute
the zero-level set

(" o ) 7H0) = {(21, 22, 23, 20) | |21[* + [25]* = @, |21 ]? + [22f” + |2af* = 20}
In order to understand what is the manifold M = (¢ © 1)~ (0) /72 we have
to recall Theorem 9 . Notice that our trapezoid is in fact a isosceles triangle

(with 2a sides) whose top vertex has been chopped off as in the construction of
Theorem 9.

2a

So in fact M is the symplectic blow-up of CP? at the fixed point which image
through moment map is the top vertex. This is exactly the first Hirzebruch
surface H; as defined in section 1.5.

Example. Consider a rectangle:

30



Which can be described algebraically as:
A={x>0,y>0,z<a,y<b}
= {{z,v]1) <0,(x,v2) <0, (x,v3) < a,(x,v4) < b},

with v; = (=1,0),v2 = (0,-1),v3 = (1,0),v4 = (0,1) and XA = (0,0, a,b).
We have 4 facets in R? so our map is:

7R — R?

(1,0,0,0) — (—1,0)
(0,1,0, 0)'—>(0,—1)
(0,0,1,0) — (1,0).
(0,0,0,1) — (0,1).

This map can be quotiented to a 7% map to T? and its kernel is N = Ker(r) =
{(e?,e% e e%) | 0,0 € [0,27]}. Consider now C* with symplectic form w =
i Zi:l dzi A dZj, and standard hamiltonian action of T*

(ei01 , 6192’ ei937 ei04) . ( (ei01 192

20 0
21, 22,23, 24) = z1,e"2 2, 23, €" 2y).

As we already know its moment map ( with A as additive constant ) is
p(21, 22, 23, 20) = = (|21 %, |22, |22, |2a?) + (0,0, a,0)
We can compute the dual of the differential of the inclusion map of N in T*
it N —T°
(z,y) — (z,9,2,y).

1010
01 0 1|°

So the matrix of the dual of the differential, that we denote i*, is the transpose

Its differential has matrix

1 0
0 1
1 0
0 1
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In coordinates i*(x1,x9,x3,24) = (21 + 23,22 + x4). Finally we compute the
zero-level set

(i* o 1) 71 (0) = {(21, 22,78, 21) | |saf? + |28l = a, |2 4 [2a? = b} =2 5% x &3
. The reduced space, which is the sought manifold, is then
(i*opu)=1(0) /py =2 8% x 8% jp2 > 92 » 52

Example. The isosceles triangle can be generalized to any dimension. For
dimension 3 we can draw it

The generalized polytope can be described algebraically as:
A={z; >0Vi=1,..,nX" 2; <a},
with v; = —e; Vi,v, +1 = (1,...,1) and A = (0,...,0,a). We have n + 1

facets in R™. If {&;,4 = 1,...,n + 1} is the canonical basis of R"*! our map is:

7: R R
€ — —e; Vi= 1, ey n
€nt1 —> (1,...,1)

This map can be quotiented to a T™*! map to 7" and its kernel is N =
Ker(m) = {(e,...,e") | 0 € [0,2n]} = S'. Consider now C"*! with sym-
plectic form w = 3 22:1 dz, A dz, and standard hamiltonian action of 771!

(eial, ey eie"“) (21 ey Zng1) = (€12, ...,ew"“szrl).
As we already know its moment map ( with A as additive constant ) is
(21 ey 2ng1) = —(|21]25 oo [20g1[?) + (0, ..., 0, a).
We can compute the dual of the differential of the inclusion map of N in T™,

1N —T"

x+— (z,...,x).

Its differential has matrix

o).
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So the matrix of the dual of the differential, that we denote i*, is the transpose

1
1

In coordinates i*(z1, ..., Tny1) = &1 + ... + Zp11. Finally we compute the zero-
level set

(’L* OM)_l(O) = {(215 "'7Zn+1) | |Zl|2 + ...+ |Zn+1‘2 = a} = S2n+1_
The reduced space, which is the sought manifold, is then

(i* o p)~1(0) )y =2 S Jg1 = CP".

2.3 Imjectivity of Delzant theorem
The goal of this subsection is to prove the injectivity in Delzant theorem.

Theorem 8. Let My and M be two symplectic manifolds of dimension 2n and
T™ a torus of dimension n acting on both manifolds by hamiltonian effective
actions. Let p; be the corresponding moment maps. If py (My) = pua(Ms), there
ezist a symplectic diffeomorphism T™-equivariant ¢ from My to Mo that makes
commutative the following diagram.

Ml#Mg

| 2

pa(My) 5 o (Mo)

The proof of the theorem leans on the following lemma, which is a conse-
quence of some Atiyah theorems.

Lemma 9. Let (M,w) be a symplectic manifold of dimension 2n and p the
moment map of an effective action of torus T™ on M. Then:

- 1 is the quotient map of torus action,

- for all z € u(M), the manifold =1 (z) is a torus of dimension equal to the
face of W(M) containing z and

- the stabilizer group of a point p in M is the connex group whose Lie algebra
is the annihilator in g of face containing u(p).

Let = be a point of u(M); its preimage is an stabilizer orbit. The stabi-
lizer group of points in u~!(x) is a direct factor so this submanifold is of trivial
normal bundle. By Weinstein, we know that the symplectic normal bundle
of an isotropic submanifold caracterizes (up to symplectomorphism) it’s neigh-
bourhood. If F' is any facet of u(M), the interior of F' being convex, u is a
trivial bundle of QF = p~(int F) into int F and Qf is a deformation retract of
p~Y(z). Tt is then a symplectic submanifold of M with trivial normal bundle.
A semilocal equivariant version in a neighbourhood of Qg of Darboux theorem
shows the following lemma:
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Lemma 10. Let B(e) be a ball of center 0 and radius € in C. Let K be an open
convez set relatively compact on the interior of F', a face of A.
We equip (R/Z)" x K x B(e)"~* with the symplectic form :

o= Z do A daj + Z dzxy N dyg,
1<j<i i+1<k<n

where « are the coordinates on R/Z, a coordinates on F and z = x + iy
coordinates in B(e).

Then there exists an symplectic isomorphism of a neighbourhood of reciprocal
image of K on (R/Z)x K x B(e)"~* transforming the action of T™ in the action
of (R/Z)™ defined as

(917 ~-~79n) : (0417 vy Qs A1y eeey Qg5 241, ,Zn) =

. . 2imw0i+1 21l
(a1—1—91,...7012-—&—Qi,al,...,ai,e Zid1ly .-y € ”Zn).
Its moment map being:
J . . _ . 12 2
(aly sy QG5 A1y ey Qg5 B 1y ooy ZTL) =p+ (a17 ceey Qg5 Izl+1| PEREE |Zn| )

Keep the same notations and denoting S2"~2=1(¢) the boundary of ball
B(e)"~%. Then we have:

Lemma 11. Let ¢ be a diffeomorphism of (R/Z)" x K x S*"=2=1(¢) that pre-
serves the moment map J and commuting with torus action of (R/Z)", then
p extends to (R/Z)* x K x B(e)"™* as a diffeomorphism verifying the same

property.

Proof. (Theorem 10)

Only lemmas 12 and 13 are directly used in the theorem proof. To construct
a diffeomorphism of M7 to My equivariant for torus action and compatible with
moment maps, we cut the polytope A = p;(M;) in a reunion of open sets €; ;,
where 0 > ¢ > n and j describes the set of faces of dimension i of A, verifying:

e (); ;N7 is relatively compact in the interior of face j, and in €; ; we have
on M; and M, action-angle coordinates as in lemma 12.

e The union of Q; ; is A and Q; ; N Q; , = 0 if j different from k.

o QN (Uys; Qayp) contains pu((R x Z)" x K x S(e)**~2~1) with notations
of previous lemma.

Lemma 12 shows that p;'(Q; ;) is diffeomorphic to p5 (€ ;) by an equiv-
ariant diffeomorphism transforming g in pe. Lemma 13 shows that giving this
diffeomorphisms on the reunion , for ¢ > a, of ; ; allows to construct a diffeo-
morphism with same properties on the reunion of €); ; for 7 > a —1: It is enough
to restrict our known diffeomorphism to the complementary of the reunion of
Q4—1,; and extend to each §2,_1 ; using lemma 13.

O
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3 Link with integrable systems

The goal of this section is to understand the link between toric manifolds and
integrable systems. After defining them and looking at a few examples, we prove
the main result: Arnold-Liouville theorem. Finally, a new alternative proof for
the first statement is explained.

3.1 Integrable systems

Definition. An integrable system on a symplectic manifold (M*",w) is a set
of n functions fi, ..., fn generically functionally independent (i.e. dfi A...\df, #
0 on a dense set) and w(Xy,, Xy,) = 0,Vi, j.

In fact, the operator w(Xy,, Xy, ) is a particular case of a more general family
of operators.

Definition. Given a differentiable manifold M, an operation
{-}: OF(M) x C=(M) — C>(M),
is a Poisson bracket if it satisfies :

1. Leibniz rule: {f.g,h} = f{g,h} + g{f, h},
2. is skew-symmetric: {f, g} = —{g, [},
3. Jacobi identity: {{f, g}, h} + {{g.h}, f} +{{h, f}.g} =0.

Let’s see what are the consequences of the condition on the n functions. If
we denote F' = (f1, ..., fn), lets study its level sets. A first observation that can
be done is that the dimension of F~!(p) for any p € M is n. This is because the
condition of the n functions being generically functionally independent implies
that the rank of dF is n. Using the regular value theorem we obtain that F~1(p)
is a manifold and

dim F~!(p) = dim (M) — dim (dF)
=2n—n
=n.
The other condition can be written as:
= W(sz‘ ) ij )
= iniw(ij)
= dfi(ij)
= Xf7(fl) VZ,]
We have that vector fields Xy, ,..., Xy, are tangent to F~'(p). We can write

then T(F~(p))p =< Xp,, ..., Xy, >p. As w(Xy,, Xy,) =0 Vi, j we deduce that
w vanishes in L = F~!(p). This leads to two interesting definitions.

Definition. A submanifold where the restriction of the symplectic form vanishes
is called an isotropic manifold.

35



Definition. The particular case where the dimension of this submanifold is
1/2 dim(M) is called o Lagrangian submanifold. All the lagrangian sub-
manifolds (the level sets) form a Lagrangian fibration.

Example. Let’s see a first very simple example of integrable system. Consider
(R*,w = dz ANdy) and F = z +y. Let’s compute its associated vector field. A
general vector field is of the form X = a% + b% S0:

ixw=dF = w(X,)=d(zx+vy)
— de Ndy(X, ) =dz+dy
<= ady — bdx = dz + dy

The lagrangian submanifolds are then generated by a point and the subspace
V =< (1,—1) >. The fibration of R? obtained by those lines, and a few fibres
look like this.

<

It is clear that w vanishes in these submanifolds: we only have the vector
field X there, and we have that

w(X,X) =dx Ndy(X, X)

— da(X)dy(X) - dy(X)da(X)

=—-1+1

=0.
Example. An example of mechanical system which is also an integrable system
is the simple pendulum. The manifold where the pendulum moves is S' and
we can look its cotangent bundle as T*S! 2 [0, 2] x R knowing that points
at (0,€) are identified with (27,£). We take the coordinates (6,&) with 6 the

oriented angle between the rod and the vertical direction and & the velocity
induced by 6.
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To simplify, let’s take the example where the mass and the length of the rod
are 1. As we know, the hamiltonian function for this system is

52
H(9,¢) = 5+17cost9.

Let’s compute the vector field associated to it. Since dH = £d€ + sinfdf we
want:

. o .0 )
ixw=dH = df N d€(agg + ba—g, ) = &dE + sinfdf

= adf — bdf = £dE + sinfdb.
We deduce that

0
Xy =¢— 0—.
H 20 S 65
Some of the lagrangian fibres in the plane (0, &) look like this.
£

'
\V%

As we can see, the lagrangian submanifolds are diffeomorphic to S*, a 1-
dimension torus. This is true only for regular values of the hamiltonian, of
course. If we consider the value 0, which is a singular point, the preimage is not
an S' but a point.
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Example (The 2-body problem [9]). The two-body problem is the system con-
sisting of two bodies with masses m1, ms and positions q;, g2 € R® moving under
gravitational attraction. The equations of motion are deduced from the Newton
laws:

d; — qi

mid; = Gmyms o =12, i#]
llaz — a1l

where G is the gravitational constant. We can introduce the negative gravita-
tional potential

G

U::m mo——.
g — il

So the equations are written

oU
0q; ’

We want to describe the equations of motion using the hamiltonian formal-
ism. The hamiltonian function corresponds to the energ of the system and is
obtained as the sum of kinetic and potential energy:

2 2
H(q1,92,p1,p2) = Epin — U = llpa® + llp= 1% -

le 2m2 ’

where p; = m;q; are the linear momenta. The evolution of the system is given
by the hamiltonian equations
Gi= 28
pi = —25.
oH

And in our case —g = Qm1mgﬁ Here the underlying symplectic struc-
k2

ture is the canonical one for the cotangent space

w =dgq1 N dp1 + dga A dps.
From the equations of motion we observe that that
p1+p2 =0.

This means the quantity p; + ps is preserved. The center of mass moves with
constant velocity and only the relative position g := g2 — ¢; of the two bodies
has to be solved from the equations. Let’s introduce the following change of
coordinates

g =viq1 + va2qo, G = p1 + po,
q=q2—q1, Q = —vap1 + V12,

where v; = m;/(m1 + mz). Note that g is the center of mass and G is the total
linear momentum. The coordinate ¢ is the relative position of the second body
with respect to the first one. The other “momentum” coordinate () is chosen
such that the change of coordinates preserves the symplectic form (the change
is ”canonical”). This coordinates are called Jacobi coordinates.

38



In these coordinates the hamiltonian is

G2, el  ;mum
H(g,q,G,Q) = |2,U + sz\g -9 quH2

where v = my + my and M = myma/(m1 + ma).

Writing down the hamiltonian equations explicitly

_on_G ,__oH

I=%9¢ = G="% =%
._O0H _Q Q_iaiH_imlmzw
179 T dq lqll®

we see that total linear momentum G is preserved and that the center of mass
moves with constant velocity %

Physically this means that we are viewing the system as one body with
coordinates ¢ under the influence of the central force field of a body with mass
M. Now we are facing a hamiltonian system on (R3\{0}) x R? with hamiltonian
function

_ o)

H(q,Q) =

mimso
— g .
2M gl

This is known as the Kepler problem.

First link with toric manifolds. The first observation that can be done
relating toric manifolds to integrable systems is the following. Given a toric
manifold (M?",w, T", i), an integral system is obtained by taking as functions
the n components p; of the moment map pu.

As a first step, since we have that the components Xi# of the fundamental
vector field are independent, we have that 4 x#W are independent, which are ex-

actly the dyyq, ..., dp, because each p; is hamiltonian function for Xi# . Having
duy, ..., du, independent is equivalent to having the functions uq, ..., u, funtion-
ally independent. The fact that the moment is invariant is written, as we saw
in the case where G = T", the following way (lets write X; for Xi# to simplify)

ix, dpi = 0 Vi, j.

We want to prove that {u;,p;} = 0 Vi,j to show pq, ...,y is an integrable
system. But note that

{pir 1y} = w(Xi, X;)
= ix,w(X;)
=ix,ix,w
=ix,dp;
=0.
We can conclude that pq, ..., 4, determines an integrable system. A toric man-
ifold gives us always an integrable system, and the logical question is: does an

integrable system always comes from toric manifold? This is not true in general
and there are example such as the spherical pendulum.
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Without going into details, the spherical pendulum is a pendulum with con-
figuration space S2. We have two degrees of freedom and using spherical co-
ordinates (0, ), where 6 is the polar angle and ¢ the azimuthal angle, the
hamiltonian H takes the form

1 P2
H(p,0,p¢,p0) = 5 <p§ + Sin§9> + cos f.

where p, = sin? 0 ¢ and pg = 6 are the momenta. Since H is independent of
©, the conjugate momentum p,, is conserved and the system is integrable. But
in this case it is shown if [6] that there is a singularity in the ‘interior’ of the
image of our candidate to moment map. This is not possible since convexity
theorem told us that singularities have to be in the edges of the polytope for
toric manifolds. Hence, it cannot be globally a toric manifold.

3.2 Arnold-Liouville theorem

Even if in general an integrable system is not a toric manifold, Arnold-Liouville
theorem tells us that in the neighbourhood of a regular value an integrable
system looks like a toric manifold.

Given a smooth function H on a symplectic manifold M, we define the
vector of skew-symmetric gradient sgrad(H) for this function using the following
identity:

w(v, sgrad(H)) = v(H),

where v is an arbitrary tangent vector. In local coordinates 1, ...x2, it has the
following expression:

i 0H
(sgradH)" = Z w”ﬁTj’

where w;; are components of the inverse matrix of (2, the matrix of w. The
vector field sgrad H is in fact the —X g, where Xy is the hamiltonian vector
field.

Definition. Given an integrable system, the decomposition of the manifold M>"
into connected components of common level surfaces of the integrals f1, ..., fn is
called the Liouville foliation corresponding to the integrable system v = sgrad H.
By convention, H = f1.

Theorem 12. Let (M?",w) be a symplectic manifold and F = (f1,..., fn) an
integrable system. Let p be a regular point (i.e. dfi A ... Ndfn(p) # 0). Note
F(p) = c and F~(c) = L. (fibre associated to c). Assuming L. is compact and
connected, then

1. L, =T"

2. the Liouville foliation is trivial in some neighbourhood of the Liouville
torus, that is, a neighbourhood U of the torus L. is the direct product of
T™ and the disc D™.

3. In a neighbourhood of L., U(L.), there exist coordinates of the form
(01,.... 00,01, ..., 0n) and w is written w = > dp; Adb;. F only depends
Ofph cees Pne
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Proof. We have that the tangent space to the manifold L, is T(L.) = (Xy,, ..., Xf,.)-
Let’s consider now for each of the vector fields Xy, its associated flow (b}f_ , which

is defined Vt because L. is compact. We can now consider the following} action,
defined with the flow of each of the vector fields:

¢ R"x M — M
((tla atn)7p) — ¢t)éfl ©...0 (ng?fn'

This action is well defined because the condition of {f;, f;} = 0 implies
[Xy,, Xy,] = 0 which is equivalent to the fact that the flows commute. They are
all complete as well.

Lemma 13. If the submanifold L. is connected, then it is an orbit of the R™
action.

Proof. Consider the image of R” in M under the action, for a given point p € L.
this is
Ay (t1, o tn) — @(t1, s tn) (D).

Since the fields are independent, this mapping is an immersion i.e. rank(d4,) =
n. It is a local diffeomorphism onto the image. Thus, the image or R" is an
open in L.. If we assume that L. is not a single orbit of R"™, the it is the union
of at least two. But then since each is open, L. is disconnected which is a
contradiction. O

Lemma 14. An orbit O(p) of mazimal dimension of the action of R™ is the
quotient space of R™ with respect with some lattice ZF. If O(p) is compact, then
k=n and O(p) is diffeomorphic to the n-dimensional torus.

Proof. Note that since we assume L. compact, A, : R" — L. cannot be a
injective. Hence, H, the stationary group is non trivial. Every orbit O(p) of
a smooth action of R™ is a quotient space of R™ with respect to the stationary
group H,,. This group is discrete since the mapping A, is a local diffeomorphism
(as it is locally injective, so points that fix p are isolated). A discrete subgroup
has no accumulation points. In particular, in any bounded set there is only a
finite number of elements of H,. Lets show by induction that H, is a lattice
VA
Suppose n = 1.
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Take a non-zero e; of H, on the line R! which is the nearest to zero. All the
other elements of H, have to be multiples of e;. If e is not, then for some k we
have

key <e < (k+1)ey.

But then the element e — ke; would be closer to zero than e;. Consequently,
H,, is the lattice generated by e;.

/o

Suppose n = 2. Take e; the nearest element to zero in R? and consider the
straight line I(e;) generated by it. All the elements of H,, there are multiples
of e;. There are two possibilities now. If all the elements of H) lie in I(eq)
the proof is complete. Otherwise, take eo a non-zero vector nearest to the line
l(e1). We want to see now that all the elements of H,, are linear combinations
of e; and ey. Assume the contrary and take h € H, which is not decomposed
into e; and ey with integer coefficients. We have then that h is in one of the
parallelograms generated by e; and es (and is not a vertex). Moving h with
integer combinations of e; and es it is clear that we can obtain an element h’
closer to I(e1) than e; which is a contradiction.

Continuing with this argument by induction, we obtain a basis ey, ..., e of
the subgroup H), such that its elements are a unique linear combination of the
basis with integer coefficients.

If & < n, then the quotient space R"/ZF is a cylinder. In particular, the
orbit is compact for n = k only, and hence O(p) is diffeomorphic to the torus
.

O

This proves 1.

We want to prove now that in a neighbourhood of L., U is a direct product
of T™ by a disc D™. This follows from a more general theorem. Suppose
f M — N a smooth map between manifolds M and N. If y € N is a
regular value, then there exists a neighbourhood D of a point y such that the
preimage f~1(D) is diffeomorphic to the direct product D x f~1(y). Moreover,
the direct product structure is compatible with the mapping f in the sense that
f: D x f~'(y) — D is just the natural projection. It follows from this that
each set f~1(z) with z € D is diffeomorphic to f~*(y). This proves 2.

Now we want to construct the action-angle variables. Consider the neigh-
bourhood U(L.) = T™ x D™. Choose a point z on each tori T depending
smoothly on the torus. Consider T as the quotient we saw R"/H, and fix a

42



basis eq,...,eyin the lattice H,. The lattice will smoothly depend on x. In-
deed, the coordinates of the basis vector e; = (¢1, ..., t,) are the solutions of the
equation ¢(ty,...,t,) = x, where x is regarded as a parameter. Using implicit
function theorem, the solutions depend smoothly on x. We can use the theorem
because %qﬁ(t):c = sgradf;(¢(t)x), and the vector fields sgradf; are linearly
independent.

Let us now define certain angle coordinates (41, ...,%,) on the torus L. in
the following way. If y = ¢(a)x where a = aje; + ... + ane, € R™ then ¢ (y) =
27a1 (mod27), ..., ¥, (y) = 27ran(mod27r) This coordinate system satisfies this
property: the vector fields ai s gg- and sgradfi,...,sgradf, are connected
by a linear change with constant coeﬁi(:lents. That is

— = Z ¢k sgradfi Vi.
The form w in coordinates (f1,..., frn,¥1, ..., ¥n) is written:
w = Z ijdfi N di; § + Z bijdfi A df;.

4,J

Notice that the terms of form a;;dy; A dip; are absent since the tori are
Lagrangian. In fact, the coefficients ¢;; coincide with the coefficients ¢;;. Indeed,

9 9
dfi” 0,

= w((?—, Z crjsgrad fi,)
ch]afk Cij f17~'7fn)~

Note that because sgrad f; = —X,, we have that w(X,sgrad fi) = X (fz),
instead of the property that we had with the usual hamiltonian vector field Xy,
where w(X, Xy, ) = —w(Xy,, X) = =X (f)-

We show now that the functions b;; are independent on (¢4, ...,%,). Since
w is closed(i.e. dw = 0)), we get

(%ij o 3ij 8cki

Cij = w( )

O Ofi  Of;

Functions b;; are 27m-periodic (as functions on the torus) on ¢y but as we
see the derivative does not depend of 1;. As b;; is linear with respect 3, and
is also 2m-periodic on it, it follows that the function does not depend on .

If we write the form the following way w = (3_ ¢;;df;) A dii+)_ bijdfs A df; =
> ow; Ady; + B, where w; = Y ¢;;df; and B = )" bi;df; A df; are forms on the
disc D™ (which is not dependent on (¢1,...,%,). As w is closed, so are w; and

B.
Lemma 15. In the neighbourhood U(L.), the form w is exact, i.e. w = da.

Proof. Tt is a particular case of the folllowing general statement. Let Y be a
submanifold in X and there exists a mapping f : X — Y homotopic to the
identity mapping id : X — X. Then a closed differential form is exact on X if
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and only if its restriction to Y is exact. In our case, when X is a neighbourhood
of a Liouville torus, and Y is this Liouville torus, we even have a stronger
condition wy,, = 0 because L. is Lagrangian. Therefore, w is exact.

This can be shown also with direct calculation. Since w; and ( are closed
on the disk, and a disk is contractible, by Poincar lemma they are exact and
therefore there exist functions s; and a 1-form & such that ds; = w; and d§ = .
Finally, let o = > s;d); + € and da = w.

O

Consider now the functions s1 = s1(f1, ..., fn), -, $Sn = Sn(f1, -, fn). They
are independent. Indeed, from the formula w = dsl A d; + B it follows that
the matrix Q of w has the form

0o .. 0
Cij
0 0 ’
—Cij bij
where ¢;; = g% Therefore, detQ) = (detC)? and detC # 0, where C' is the
Jacobi matrix of the transformation sq,..., s, and we can consider now a new
system of independent coordinates (81, ..., Sn, Y1, ..., ¥n)-

Next, we represent £ in the form & = > ¢;ds; and make one more change
wi = ¥; — gi(s1,...,n). Geometrically this means that we change the initial
points of reference for the angle coordinates on the Liouville tori. The level
lines and even basis vectors fields are not changed.

Finally, let us show that the constructed system of action-angle variables
(81, ey Sy P15 -5 Pp ) is canonical. We have

> dsi Ndpi = ds; Ad(i — gi(s1, s 5n))
= dsi Ndipi + > dgi(s1, ..., $n) Ads;
= ds; ANdip; + d¢
= ds; Ndip; + B
=w.

Hence, the action-angle variables have been constructed. It remains to show
that the flow sgrad H straightens on Liouville tori in coordinates (s1, ..., Sn, ©1, -, Pn)-
Indeed we have that sgrad s; = ag and so 6H =sgrad s;(H) = {s;(f1,...., fn), H} =
0. That means H is a function of sq, ..., sy, only. Consequently

v:sgradH:ng P = 8H8/590n

moreover, the coefficients 2 8— depend only on the action variables s1, ..., Sy, i.e.
are constant on Liouville tori. This completes the proof of Liouville theorem O

We can now interpret this theorem with respect to Delzant theorem. Arnold-
Liouville theorem is telling us that every integrable system looks locally as the
pre-image of an open neighbourhood of a Delzant polytope, i.e. it looks locally
like a toric manifold.
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3.3 New proof of first statement in Arnold Liouville the-
orem

In this final subsection, we elaborate a new alternative proof of the first state-
ment of Arnold-Liouville theorem, that is L, = T"™. This work was done under
the Severo Ochoa: Introduction to research 2017 program at ICMAT, devel-
opped and tutored by Daniel Peralta-Salas. It is based on the method used to
prove Tischler theorem which we will now explain from [2] and [10]. For the
proof we need the following lemma:

Lemma 16 (Ehresmann’s lemma [8]). A smooth mapping f : M — N between
smooth manifolds M and N such that :

1. f is a surjective submersion, and
2. f is a proper map
is a locally trivial fibration.

Theorem 17 (Tischler theorem). Let M be a compact manifold such that there
exists a nonsingular 1-form and closed w. Then M admits a fibration over S*.

Proof. Let [11],...,[vn] be a basis of HY(M,Z) € H'(M,R). Let p be the first
Betti number, by the correspondence with the set of homotopy classes of maps
f: M — S' we write:

[vi] = f710], 1<i<p,

7

for some smooth maps f; and # being the standard volume form on S'. The
forms are then v; = f*(6). Our closed one-form w is then such that [w] =
Yo, ¢ilvi]. At the form level that is

n
w = Z CiV; + dF,
i=1
for certain function F' and real numbers ¢;. We can assume that dF' = 0 since
we can take vy = (f; + mo F)*(df), where 7 is a projection to S'. Since M is
compact, I has a compact image and the projection to S' can be done. Since
Q are dense in R, we can choose rational number ¢; such that the form

n

!/

w = E q;iV;
i=1

is as close as we want to w in the desired C*° topology. In particular, we can
take them such that w’ is also nonsingular. For a suitable integer N, Nw’ can
then be written:

Nuw' = i n; f7(dO)

=1
=d(> pifi),
1=1

with n; € Z Vi. The function © = 31" | p;fi quotients to © : M — S'. As
we took the coefficients such that Nw’ stills nonsingular we have that © is a
surjective submersion. M is compact so Ois proper and by Ehresmann’s lemma
it is a fiber map which proves the theorem. O
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Back to integrable systems. Let (M?" w) be a symplectic manifold and
f = (f1,..., fn) an integrable system. Take p a regular point and ¢ = f(p).
Since it has dimension n denote L™ any connex component of f~!(c)(or all
of it if assumed connected) and assume it compact, just as Arnold-Liouville
hypotheses.

Write X; the hamiltonian vector asociated to f;. Recall that vector fields
X1, ..., X, are tangent to L™ for all p € L™. We can write then T'(L"), =<
Xty Xy, >p. Take now in R™ the canonical basis of vector fields {0; =
6%1 ?_,. We can consider its pullbacks by f, S; := f*(9;), which are vector
fields in M. They satisfy:

Si(f;) = dij.
They are determined by this condition modulo T, L".

Lemma 18. Let j : L™ — M?™ be the inclusion of the reqular level set L™ into
M. Define the one-forms c; = ig,w then the one-forms B; = j*au are closed.

Proof. By definition of S;, we have S;(f;) = dij. Then Vi, j,:

ai(X;) = w(Si, X;)
—w(Xj,5;)
—ix,;w(S;)
—df;(5:)
= —=5:(f;)

— 3.

To prove that f; is closed, we just have to check that do;(X,Y) =0 VX,Y €
I'(L™). We know that T,L™ = (Xj, ..., X;,)p so we just have to check it for any
pair of elements in the basis.

We'll use the invariant formula of the exterior derivative for a one form f:

df(X,Y) = Y(B(X)) = X(B(Y)) - B([X,Y]).
Applying it in our case we have

do (X, Xi) = X (i(X;)) — Xj(i (X)) — ([ Xy, Yi])
= Xp(—0i5) — X;(—0ir) — ;(0)
=0.

We conclude that d(j*«;) = dB; = 0 and so our forms j3; are closed in L.
O

Lemma 19. The one-forms B1, ..., By are linearly independent and non degen-
erate in all points of L™.

Proof. As seen in the previous lemma, we have that 3;(X,;) = —d;;. We deduce
that Bl = XL*

Since X1, ..., X, are basis of the tangent space at every point in L™, we have
that (i, ..., 8, form a basis of the cotangent space at every point in L". In
particular all 3; are independent. This implies that 8; A ... A 8, is a volume
form and so each of the forms is non degenerate. O
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Lemma 20. As cohomology classes in H},(L™,R), {[B:]}"; are all different.

Proof. Suppose we have 3; and (; with ¢ # j such that [5;] = [3;]. Then there
exists f € C°°(L") such that

Bi = B; + df.

Recall now that having 3; all linearly independent is equivalent to saying that
81N ... A\ By is a volume form of L™. But since we have the last equation, then

Bi AN Bj = B N (Bi +df) = B A df.

By the properties of the wedge product and the fact that 3; is closed, we have
that:

Bi Ndf =dpi N f—d(Bi A\ f)

=0~ fdp;
=0.
It is a contradiction because then 1 A ... A 3, is not a volume form. O

Theorem 21 (1. in Arnold-Liouville theorem). We have L™ = T".

Proof. By the canonical correspondence between H'(L™,Z and the set of ho-
motopy classes of maps f : L™ — S, we can choose a base [v;] of H!(L",R)
such that Vi there exists a submersion g; : L™ — S with v; = g} (df), where 0
is the standard angle on S*.

With this basis, we have that our independent ; can be written as:

61‘ = Zaijl/i + sz, VZ

j=1
Using the argument on Tishcler theorem proof, we can choose ¢;; € Q Vi, j
and obtain non degenerate forms 3; = Z?:l q;jV; +dF;. Taking suitable N; € Z
we obtain forms 8] = N;f; such that

Bl = kijvi + dH;,

where kij = Vg5 € Z and H; = N, F; € COO(Ln)

Without loss of generality we can assume dH; = 0. Indeed, the image
H; € C*°(L") is contained in a closed interval since L™ is compact. H; quotients
then into S! with a projection 7;, and we can redefine g; := g; + m o H;. The
basis v; were defined as v; = g7 (df) = d(g;), with §; = 0 o g;. In particular the
forms (. can be written

B =d(>_ pigi)-

_ If we define the functions 6; = >_ p;g;, then its quotients (by their period)
0, : L — S! are n submersions of L™ to S'. Consider the function

O:L" —S8'x..x8t=1"
p— (01(p), ... 0 (p)).
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We have to check that © is a submersion into 7. Since we had that 3/ generate
all H'(L™,R), we can deduce that all df; are independent as one-forms from
L™ to R™ and so df; are also independent. We deduce that © is a submersion
so also an immersion since it is a function between same dimension manifolds.
An immersion between compact manifolds is an embedding, and with same
dimension manifolds it is in fact a diffeomorphism. The conclusion obtained is
the first statement of Arnold-Liouville theorem:

Lr=7m.
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