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ABSTRACT
We study the dynamics of turbulent jets of bubbles created

by the injection of a slug flow into a quiescent cavity, both
theoretically and experimentally using data from drop tower
experiments. The generated bubble jets exhibit a remarkably
low degree of coalescence leading to virtually monodisperse
suspensions of spherical bubbles. The turbulence of the jet is
responsible for the spatial spreading of the bubble distribution
in roughly conical jets. We propose a stochastic model for the
dispersion of bubbles in the jet, in which the trajectories of in-
dividual bubbles can be computed from the stationary solution
of a k-epsilon model. Bubble concentration behaves to a good
approximation as a passive scalar with a non-homogeneous
diffusion. Numerical integration of the model compares well
with the experimental data.

NOMENCLATURE
ν kinematic viscosity of the liquid
µ dynamic viscosity of the liquid
µt eddy viscosity
Re Reynolds number

k turbulent kinetic energy density
ε turbulent dissipation rate density
U local mean fluid velocity
vB bubble velocity
δv fluctuating part of bubble velocity

INTRODUCTION
Efficient control of bubble formation and management in

microgravity environments is an important aspect in multiple
applications for space technology. From a fundamental point
of view, the statistical physics of bubbly turbulent flows in mi-
crogravity is also largely unknown, due precisely to the diffi-
culty to achieve good experimental control of the experimental
conditions for bubbles. One of the limiting experimental fac-
tors is the control of bubble sizes. This is important both for
applications, to control the total gas-liquid contact area, and
for fundamental characterization and understanding of the in-
teraction of bubbles and turbulence. Recently a gravity insen-
sitive method has been proposed to generate nearly monodis-
perse bubble suspensions by injecting into a quiescent cavity, a
slug flow previously created in a capillary T-junction [1]. The
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bubbles have a size of the order of the capillary diameter and
only weekly dependent on Weber number. A detailed theory
for bubble formation in this set-up has been discussed in de-
tail in Ref. [1]. The experimental characterization of the bub-
ble formation method has been completed in normal gravity
in Ref. [2]. The high degree of monodispersivity of the bub-
bles is also well understood within the theoretical framework
of Ref. [1]. When the bubbles are injected into the quiescent
cavity, the monodispersivity will be maintained to the extent
that bubble coalescence is avoided. In our drop tower experi-
ments, this is achieved to a large degree. In the present contri-
bution we will discuss and model the behavior of such bubble
jets in microgravity. In Ref. [1] it was already found that the
mean flow associated to such turbulent jets was essentially un-
affected by the presence of bubbles, except by a renormaliza-
tion of the total momentum injected. Therefore, regarding the
mean flow, the bubbles could be considered as passive tracers
of the flow. It was also pointed out, however, that bubbles may
in general affect the degree of turbulence that is, the fluctuating
component of the velocity, since they cannot be considered as
point-like and sufficiently dilute throughout the whole jet, in
particular near the inlet of the cavity.

In this paper we pursue the study of the dispersion of bub-
bles in the turbulent jet. We construct a model for bubble dy-
namics in which the instantaneous bubble velocity is calcu-
lated as the addition of the local mean flow plus a stochastic
term depending on the local degree of turbulence. For this
picture the use of effective turbulence models such as the k-
epsilon model, which yields an approximate closure of the av-
eraged turbulence, appears as specially suitable. The treatment
of the spreading of a passive scalar within a k-epsilon model
has been studied in detail in the literature. In the present case
the k-epsilon model will provide both the mean flow and local
quantities representing the small scale diffusivity associated to
the turbulence. The version of the model used here is specifi-
cally adapted to jet flows. Our results show that integration of
the model, both for individual trajectories and for the concen-
tration field of bubbles, compares well with experiments.

The understanding of the physics of the bubble jets cre-
ated by this method is an important step towards the aim of
producing spatially uniform, dense, monodisperse bubble sus-
pensions in turbulent pipe flows, in microgravity. These could
be created by combination of several of such injectors with
externally imposed flows, such as in experiments currently in
preparation in the ZARM drop tower. The capability of prepa-
ration of such suspension opens the door to a large variety of
possibilities of interest for practical application but also for a
deeper understanding of the interaction of bubbles and turbu-
lence in the absence of buoyancy.

Figure 1. EXPERIMENTAL CELL SCHEMATICS WITH CONTOURS
OF CONSTANT MEAN VELOCITY (cm/s)

BUBBLE SPREADING IN A TURBULENT JET

Drop tower experiments were performed by injecting a
pre-generated air-water slug flow in a quiescent cavity as rep-
resented in Fig. 1. This injection results in the formation of a
turbulent jet which crosses the cavity, and in which the bub-
bles are spreaded. Details of the used setup can be found in
Ref. [1]. A good approximation to this jet can be obtained by
ignoring the presence of bubbles but renormalizing the injected
momentum to account for the composition of the slug flow [1].
In Fig. 1, we show the structure of the velocity field in this ap-
proximation, obtained from a numerical CFD calculation in the
case of an injection flow of Re=690, by using a realizable k-
epsilon model [3]. This variant of the k-epsilon model adresses
some issues of the original model, which makes it appropriate
for the study of jets, and its equations read:

∂(ρk)
∂t

+∇ · (ρkU) = ∇ ·
[(

µ+
µt

σk

)
∇k

]
+2µtEi j ·Ei j −ρε

(1)

∂(ρε)
∂t

+∇ · (ρεU) = ∇ ·
[(

µ+
µt

σε

)
∇ε

]
−ρC2

ε2

k +
√

νε
(2)

2 ITP-09-49



being U the mean velocity, ρ the density, Ei j the rate-of-strain
tensor

Ei j =
1
2

(
∂U j

∂xi
+

∂Ui

∂x j

)
, (3)

µ refers to viscosity and µt to eddy viscosity, defined by

µt = ρCµ
k2

ε
, (4)

Cµ =
1

A0 +AsU (∗) k
ε

, (5)

U (∗) =
√

Ei jEi j +Ωi jΩi j , (6)

where

Ωi = εi jk
∂Uk

∂x j
(7)

Ωi j =
1
2

(
∂Ui

∂x j
−

∂U j

∂xi

)
(8)

and the other constants, i.e.

A0 = 4.04, , As =
√

6cosϕ , (9)

ϕ =
1
3

cos−1

(
√

6
Ei jE jkEki

(
√

Ei jEi j)3

)
, (10)

have been adjusted to the values which offers an optimal per-
formance of the model:

C1ε = 1.44,C2 = 1.9,σk = 1.0,σε = 1.2 . (11)

In the following we will use the numerical integration of this
model as an auxiliary calculation for working out the spreading
of bubbles in the jet.

Stochastic Model
The performed experiments show that the bubble jet has

a roughly conical shape, but the characteristic opening angle
depends on the degree of turbulence. The bubble cone an-
gle is monotonously increasing with Re and saturates at Re
of the order of 800 [1], when Re is defined with the injection
capillary diameter. It is customary to decompose the total ve-
locity field in two parts, a mean flow part and a fluctuating
component. Since the spatial structure of the mean flow veloc-
ity field of a turbulent single-fluid jet is independent of Re [4],
and since the local averaged velocities of bubbles coincide to
a good approximation with that mean flow [1], the spreading
of the spatial distribution of bubbles must be directly related
to the fluctuating part of the flow. In Ref. [1] it was argued
that if the transversal displacement of bubbles is diffusive, this
leads to a conical shape. The natural scale of an effective diffu-
sion coefficient based on the fluctuating part of the flow is νRe.
Since Re is constant along a turbulent jet, then it follows that
the opening angle of the cone is well defined, but with a ho-
mogeneous diffusivity this angle would not saturate with Re.
The observed dependence of the bubble jet opening angle on
Re must thus take into account the highly non-homogeneous
structure of the flow field. The physical picture behind that
analysis can be refined in a more consistent way within the
k-epsilon model of turbulence. Here we propose a stochastic
model of bubble spreading based on this treatment. Within
this scheme, we will associate a local diffusivity to bubbles
that is inherited from the diffusivity of the kinetic energy of
the turbulent component of the flow in the absence of bubbles.
The main assumption is thus that bubbles are also passive with
respect to the fluctuating component of the flow. This assump-
tion is correct in principle sufficiently far downstream, where
the bubble suspension becomes more and more dilute, and the
bubble size becomes negligible compared to the scales of the
flow, but it may be questionable close to the inlet.

Since bubbles are not point-like and the number of them is
relatively small, the aim of the model is to formulate an equa-
tion of the probability distribution of finding a bubble at a cer-
tain location. The model does not intend to be a good descrip-
tion of the trajectories of bubbles, which are far from diffusive
at small scales in the flow, due to strong spatial and temporal
correlations. This implies for instance, that the model will be
inappropriate to describe properties related to the geometry of
the bubble trajectories themselves or the correlations between
them, such as the probability of bubble encounters and con-
sequent possible coalescence. Despite this shortcoming of the
model, the assumption of a local diffusivity of the probabil-
ity of finding bubbles may be reasonably justified to describe
the spatial distribution of an ensemble of realizations, provided
that coalescence events are rare.

To formulate the model we assume the dynamics of bub-
bles to be that of a biased random walk. Explicitely we write
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the instantaneous velocity of a bubble as a stochastic differen-
tial equation (Langevin equation) of the form:

vB(t) = U(r(t))+δv(t), (12)

where U(r(t)) is the local mean fluid velocity at the position
of the bubble. The term δv(t) is then a fluctuating term of
zero mean. Both terms of this decomposition can be obtained
from the integration of a k-epsilon model. In particular writing
the fluctuating term as a gaussian zero-mean white noise with
correlation

⟨δv(t)δv(t ′)⟩ = 2Dpδ(t − t ′), (13)

the noise intensity Dp is taken as proportional to the diffusivity
of the turbulent kinetic energy k2/ε in the context of standard
k-epsilon model:

Dp =
µt

σp
=

ρCµ

σp

k2

ε
= α

k2

ε
. (14)

where Cµ = 0.09 according to the standard model, and α is
in principle a fitting parameter. The prediction of this model
regarding the spatial structure of the bubble jet does not seem
very sensitive to the parameter α. From previous studies of
diffusion of passive scalars in this framework we take the value
α = 90 [5].

Associated to the stochastic differential equation Eqn. 12
we can find the Fokker-Planck equation for the probability dis-
tribution P(r, t) of finding the bubble in a certain position at
any instant of time. This equation has the form of a diffusion
equation, and reads:

∂P(r, t)
∂t

+∇ · (UP) = ∇ · [Dp∇P] . (15)

In this framework, the concentration of bubbles, propor-
tional to the probability distribution P, diffuses as a passive
scalar advected with the mean flow velocity U(r, t), but with a
diffusion coefficient Dp which depends on the local properties
of the turbulence through the parameter k2/ε.

Numerical Results
Our numerical computations have been carried out with

the help of the commercial software FLUENT. In Fig. 1 we
show the structure of the velocity field for the turbulent jet as
computed within the k-epsilon model. For a single-fluid jet, the
spatial structure of the jet is rather insensitive to the injection

Figure 2. CONTOURS OF CONSTANT k2/ε×10−5

Reynolds number. However, the spatial distribution of a pas-
sive scalar advected by this flow is indeed expected do depend
on Re. To visualize the degree of inhomogeneity in our model
regarding the diffusivity of bubbles we plot in Fig. 2 the quan-
tity k2/ε, which is in principle proportional to the effective
local diffusion coefficient of bubbles. We see that diffusivity
values vary in a wide range. The local diffusivity is remark-
ably homogeneous in a certain central area and abruptly drops
on the sides, defining relatively clear-cut jet boundaries. This
drop in diffusivity is larger that an order of magnitude in a rel-
atively narrow layer. Therefore, the increase with Re of the
opening angle of the bubble jet due to diffusivity has a limit
corresponding to such diffusivity drop. We then expect a rel-
atively homogeneous bubble jet with a well defined opening
angle, which increases with Reynolds number but which even-
tually saturate to a maximal value. This is exactly what was
observed in experiments [1].

This scenario is supported by the numerical resolution of
our model. In Fig. 3 we show the resulting concentration of
bubbles by using a inhomogeneous bubble diffusivity locally
depending on k2/ε. Even for large Re bubble spreading is lim-
ited by the jet boundaries, and the resulting distribution are
similar to experiments. However, this is not the case if an
homogeneous diffusivity is used. The use of a single value
of diffusivity for the whole system results in a distribution of
bubbles that either opens a very small angle, or spreads out of
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Figure 3. CONTOURS OF CONSTANT BUBBLE CONCENTRATION
(OR PROBABILITY DENSITY) WITH AN ARBITRARY NORMALIZA-
TION, CORRESPONDING TO A LOCAL DIFFUSIVITY PROPOR-
TIONAL TO k2/ε

the limits of the jet, like in the case shown in Fig. 4. We there-
fore conclude that an inhomogeneous diffusivity is essential to
capture the spatial distribution of bubbles.

For a direct comparison of the predicted bubble distribu-
tion to the experimental results, in Fig. 5 we have superposed
a series of snapshots of an experiment to obtain a sort of en-
semble average of the experimental data. We have also drawn
concentration profiles given by the theory. These profiles are
actually the 2d projections of the cylindrically symmetric jet,
in order to allow a direct visual comparison with the experi-
mental snapshots of bubble distributions. The agreement with
the numerical profile is reasonable taking into account both the
imperfections of the experiment (a certain broken symmetry
associated to the preparation process before the microgravity
phase) and the approximations involved in the model.

As a final qualitative test of the physical picture we have
reconstructed a bubble jet from trajectories consistent with our
probabilistic model. That is, we have evolved an ensemble
of bubbles undergoing a biased random walk given by the
Langevin equation Eqn. 12. Note that the numerical integra-
tion of Eqn. 12 permits the simulation of individual trajecto-
ries of bubbles, provided they behave as independent. Then
the local mean velocity is obtained from the solution of the k-
epsilon model, and the fluctuating term is calculated with the

Figure 4. CONTOURS OF CONSTANT BUBBLE CONCENTRATION
(OR PROBABILITY DENSITY) WITH AN ARBITRARY NORMALIZA-
TION, CORRESPONDING TO A HOMOGENEOUS DIFFUSIVITY

local diffusion coefficient given by the same model. Although
the trajectories may significantly differ from the real ones at
short distances, the probability distribution may be much more
realistic. In Fig. 6 we plot a representative example of such
simulation showing reasonable qualitative agreement with the
bubble jets obtained in experiments (see also [1]).

CONCLUSIONS
We have presented a stochastic model that captures the

essential statistics of bubble spatial dispersion in turbulent
bubble jets formed by injection of capillary slug flows. The
model is based on a simplified description of the turbulent
flow within the k-epsilon scheme. The bubbles in the exper-
imental regime of a series of drop tower experiments, although
of non-negligible size compared to relevant turbulent scales,
have been shown to be passive with respect to the mean flow.
Its spatial dispersion is controlled by the fluctuating compo-
nent of the flow field, so that the angle of dispersion of the jet
depends on the Reynolds number and increases up to a satu-
ration value. Even within the simplifications of the model, the
treatment of bubbles as passive tracers with a local diffusivity
associated to the k-epsilon model seems to capture reasonably
well the ensemble dynamics of the bubbles. Numerical results
obtained with our model compare very well with experiments.
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Figure 5. PROJECTED CONCENTRATION PROFILES AND SU-
PERPOSITION OF EXPERIMENTAL SNAPSHOTS.

Figure 6. SIMULATION OF LANGEVIN DYNAMICS (SEE TEXT)

On the contrary the use of an homogeneous bubble diffusivity
gives results whose qualitative features are distincly different.

A more accurate description of the system should aim at
a more realistic modeling of the bubble trajectories. Diffusive
trajectories are indeed too erratic on small scales and overesti-
mate significantly the probability of bubble encounters. Intro-
ducing a more realistic tracking of the flow trajectories, even if
still as passive tracers, should take into account statistical cor-

relations of the flow which would clearly modify the statistics
of bubble encounters. A full description of the dynamics of
non-dilute suspensions of spherical bubbles, including bubble-
bubble interactions and bubble-flow interactions could be ap-
proached with large scale Lattice-Boltzmann simulations, in
the spirit of Ref. [6]
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