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Abstract

For a graph G a subset D of the vertex set of G is a k-dominating
set if every vertex not in D has at least k neighbors in D. The
k-domination number γk(G) is the minimum cardinality among
the k-dominating sets of G. Note that the 1-domination number
γ1(G) is the usual domination number γ(G).

Fink and Jacobson showed in 1985 that the inequality γk(G) ≥
γ(G)+k−2 is valid for every connected graph G. In this paper,
we recompile results concerning the case k = 2, where γk can
be equal to γ. In particular, we present the characterization of
different graph classes with equal domination and 2-domination
numbers as are the cactus graphs, the claw-free graphs and the
line graphs.

1 Terminology

We consider finite, undirected, and simple graphs G with vertex set V =
V (G) and edge set E = E(G). The number of vertices |V (G)| of a graph
G is called the order of G and is denoted by n(G). The neighborhood
N(v) = NG(v) of a vertex v consists of the vertices adjacent to v and
d(v) = dG(v) = |N(v)| is the degree of v. By δ(G) and Δ(G), we denote
the minimum degree and the maximum degree of the graph G, respectively.
For a subset S ⊆ V , we define by G[S] the subgraph induced by S. If x and
y are vertices of a connected graph G, then we denote with dG(x, y) the
distance between x and y in G, i.e. the length of a shortest path between
x and y.
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With Kn we denote the complete graph on n vertices and with Cn the
cycle of length n. We refer to the complete bipartite graph with partition
sets of cardinality p and q as the graph Kp,q. A graph G is a block-cactus
graph if every block of G is either a complete graph or a cycle. G is a cactus
graph if every block of G is a cycle or a K2. If we substitute each edge in
a non-trivial tree by two parallel edges and then subdivide each edge, then
we speak of a C4-cactus. Let G and H be two graphs. For a vertex v ∈ V ,
we say that the graph G′ arises by inflating the vertex v to the graph H if
the vertex v is substituted by a set Sv of n(H) new vertices and a set of
edges such that G′[Sv] ∼= H and every vertex in Sv is connected to every
neighbor of v in G by an edge.

The cartesian product of two graphs G1 and G2 is the graph G1×G2 with
vertex set V (G1)× V (G2) and vertices (u1, u2) and (v1, v2) are adjacent if
and only if either u1 = v1 and u2v2 ∈ E(G2) or u2 = v2 and u1v1 ∈ E(G1).
Let u be a vertex of G1 and v a vertex of G2. Then the sets of vertices
{(u, y) | y ∈ V (G2)} and {(x, v) | x ∈ V (G1)} are called a row and,
respectively, a column of G1×G2. A set of vertices in V (G1×G2) is called
a transversal of G1 ×G2 if it contains exactly one vertex on every row and
every column of G1 ×G2.

A set C of vertices in a graph G is called a covering of G if every edge
of G is incident with at least one vertex of C. The minimum cardinality of
a covering of G is denoted with β(G) and is called the covering number of
G. Let k be a positive integer. A subset D ⊆ V is a k-dominating set of
the graph G if |NG(v) ∩D| ≥ k for every v ∈ V − D. The k-domination
number γk(G) is the minimum cardinality among the k-dominating sets
of G. Note that the 1-domination number γ1(G) is the usual domination
number γ(G). A k-dominating set of minimum cardinality of a graph G is
called a γk(G)-set. For a comprehensive treatment of domination in graphs,
see the monographs by Haynes, Hedetniemi, and Slater [12, 13]. More
information on k-domination can be found for example in [3, 4, 5, 6, 7, 8].

2 Introduction

Let G be a graph such that 2 ≤ k ≤ Δ(G) for an integer k and let D
be a k-dominating set of G of minimum cardinality. Then V − D is not
empty and we can take a vertex x ∈ V − D. If X ⊆ NG(x) ∩ D is a set
of neighbors of x in D such that |X| = k − 1, then evidently every vertex
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in V − ((D − X) ∪ {x}) has a neighbor in (D − X) ∪ {x} and thus the
latter is a dominating set of G. This implies the following theorem of Fink
and Jacobson, which establishes a relation between the usual domination
number γ(G) and the k-domination number γk(G).

Theorem 1 (Fink, Jacobson [6], 1985) If k ≥ 2 is an integer and G is a
graph with k ≤ Δ(G), then

γk(G) ≥ γ(G) + k − 2.

The inequality given above is sharp. However, the characterization of
the graphs attaining equality is still an open problem. In [9], Hansberg
analyzed the extremal graphs for general k and gave several properties for
them, among them the next proposition.

Proposition 2 [9] Let G be a connected graph and k an integer with Δ(G) ≥
k ≥ 2. If γk(G) = γ(G) + k − 2 and D is a minimum k-dominating set,
then Δ(G[D]) ≤ k − 2.

In particular, the case k = 2 in Theorem 1 is of special interest since
it is the only possibility where γk can be equal to γ. In this case, Proposi-
tion 2 states that if γ(G) = γ2(G), then every minimum 2-dominating set
is independent. In [11], Hansberg and Volkmann presented some properties
on graphs G with γ2(G) = γ(G), among them the following one.

Theorem 3 [11] If G is a connected non-trivial graph with γ2(G) = γ(G),
then δ(G) ≥ 2.

3 Graphs with γ = γ2

In [11], Hansberg and Volkmann showed that the graphs with minimum
degree at least 2 and equal domination and covering numbers fulfill also
that both the domination and the 2-domination numbers are equal.

Theorem 4 [11] If G is a graph with δ(G) ≥ 2 and γ(G) = β(G), then
γ2(G) = γ(G).
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Note that it has been shown by Randerath and Volkmann in [15] that
the graphs with equal domination and covering numbers have minimum
degree δ ≤ 2. They also characterized this family of graphs.

In [11], Hansberg and Volkmann characterized the cactus graphs with
equal domination and 2-domination numbers.

Theorem 5 [11] Let G be a cactus graph. Then γ2(G) = γ(G) if and only
if G is a C4-cactus.

In [10], Hansberg, Randerath and Volkmann centered their attention
on claw-free graphs and characterized those with equal domination and 2-
domination numbers. A claw-free graph is a graph which does not contain
a K1,3 as an induced subgraph.

Following lemma gives two important structural properties of claw-free
graphs with equal domination and 2-domination numbers.

Lemma 6 [10] Let G be a connected nontrivial claw-free graph. If γ(G) =
γ2(G), then every minimum 2-dominating set D of G fulfills:

(i) Every vertex in V −D has exactly two neighbors in D.

(ii) Every two vertices a, b ∈ D are at distance 2 in G.

Former lemma sets the basis for the characterization of all claw-free
graphs with equal domination and 2-domination numbers. Let H be the
family of graphs such that G ∈ H if and only if either G arises from a
cartesian product Kp×Kp of two complete graphs of order p for an integer
p ≥ 3 by inflating every vertex but the ones on a transversal (we call it
the diagonal) to a clique of arbitrary order, or G is a claw-free graph with
Δ(G) = n(G)− 2 containing two non-adjacent vertices of maximum degree
(see Fig. 1 below).

This family of graphs describes exactly those claw-free graphs with equal
domination and 2-domination numbers, as is given in the theorem below.

Theorem 7 [10] Let G be a connected claw-free graph. Then γ(G) = γ2(G)
if and only if G ∈ H.

If G is a graph, then the line graph of G, denoted by L(G), is obtained
by associating one vertex to each edge of G, and two vertices of L(G)
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Kn1 Kn2

Kn3 Kn4

Kn5 Kn6

a

b

Figure 1: Examples of graphs from the family H
(here, ni ∈ N for 1 ≤ i ≤ 6)

being joined by an edge if and only if the corresponding edges in G are
incident with each other. If for a graph G there is a graph G′ whose line
graph is isomorphic to G, then G is called line graph. In 1968, Beineke
[1] obtained a characterization of line graphs in terms of nine forbidden
induced subgraphs. Since the claw is one of those subgraphs, the set of line
graphs with γ = γ2 is contained in H. Using the characterization of line
graphs of Krausz [14] and Beineke’s forbidden induced subgraphs in line
graphs, Hansberg, Randerath and Volkmann were able to characterize the
line graphs with equal domination and 2-domination numbers.

Theorem 8 [10] Let G be a line graph. Then γ2(G) = γ(G) if and only
if G is either the cartesian product Kp ×Kp of two complete graphs of the
same cardinality p or G is isomorphic to the graph J depicted bellow.

Figure 2: The graph J .

Note that the graphs of the family H, as also the cactus graphs of
Theorem 5, contain many induced cycles of length 4. This is not a par-
ticular property of these both graph families with equal domination and
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2-domination numbers. In fact, this accumulation of induced C4’s can be
found in every graph fulfilling equality in Fink and Jacobson’s bound. The
reason of this particularity lies basically on the assertion of following lemma.

Lemma 9 [9] Let G be a connected graph with γk(G) = γ(G) + k − 2 for
an integer k such that Δ(G) ≥ k ≥ 2. Then, for every vertex u ∈ V −D
and every set Au ⊆ N(u)∩D with |Au| = k, there are non-adjacent vertices
xu, x′u ∈ V −D such that D ∩N(xu) = D ∩N(x′u) = Au.

D V −D

Au

a1

u

xu

x′

u

a2

ap

Figure 3: The vertices a1, xu, ap, x
′

u induce a cycle of length 4.

Using this lemma, Hansberg was able to prove that for any graph fulfill-
ing Fink and Jacobson’s bound, every vertex of G lies on an induced cycle
of length four:

Theorem 10 [9] Let G be a connected graph and k an integer with Δ(G) ≥
k ≥ 2. If γk(G) = γ(G) + k − 2, then every vertex of G lies on an induced
cycle of length 4.

In the same paper, the author presented a sharp lower bound in terms
of the domination number for the number of induced cycles of length 4 in
this family of graphs.

Theorem 11 [9] Let G be a connected graph and k an integer with Δ(G) ≥
k ≥ 2. If γk(G) = γ(G) + k− 2, then G contains at least (γ(G)− 1)(k− 1)
induced cycles of length 4.
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To show that previous bound is tight, let r and k be two positive inte-
gers, where k ≥ 2 and let G be a graph consisting of a complete graph H
on k− 1 vertices and of vertices ui, vi, wi, for 1 ≤ i ≤ r, such that every ui

and wi is adjacent to every vertex of H and to vi (see Figure 4). It is easy
to see that γk(G) = k + r− 1, γ(G) = r +1 and thus γk(G) = γ(G)+ k− 2.
Since G contains exactly r(k − 1) = (γ(G) − 1)(k − 1) induced cycles of
length 4, it follows that the bound in Theorem 10 is sharp.

Kk−1v1

u1

w1

v2

u2

w2

vr

ur

wr

Figure 4: Example of a graph G with γk(G) = γ(G) + k− 2 and exactly (γ(G)−
1)(k− 1) induced cycles of length 4. A double line connecting a vertex ui or wi to

the complete graph Kk−1 in the middle means that it is adjacent to all vertices of

Kk−1.

Using the inequality γk(G) ≥ k
Δ+kn for any n-vertex graph with maxi-

mum degree δ, proved by Fink and Jacobson in [7], the following corollary
arises.

Corollary 12 [9] Let G be a graph and k an integer such that 2 ≤ k ≤
Δ(G). If γk(G) = γ(G) + k − 2, then G contains at least

(
n

Δ(G) + 1
− 1)(k − 1)

induced cycles of length 4.

Note that, if G is a graph with γk(G) = γ(G) + k − 2 for an integer k
with 2 ≤ k ≤ Δ(G), γ(G) is at least 2 and thus Δ(G) ≤ n(G) − 2, which
implies that the factor ( n

Δ(G)+1 − 1) above is always positive.
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Reverting the assertion of the theorem, we gain an improvement of Fink
and Jacobson’s lower bound in Theorem 1 and we obtain, as a corollary, a
theorem of Chellali, Favaron, Hansberg and Volkmann.

Corollary 13 [9] Let G be a graph with Δ(G) ≤ n(G) − 2. If G has less
than (γ(G) − 1)(k − 1) induced cycles of length 4 for an integer k with
Δ(G) ≥ k ≥ 2, then γk(G) ≥ γ(G) + k − 1.

Corollary 14 [2] If G is a graph with at most k−2 induced cycles of length
4 for an integer k with Δ(G) ≥ k ≥ 2, then γk(G) ≥ γ(G) + k − 1.

It remains thus as an open problem the characterization of more graph
families attaining equality in Fink and Jacobson’s bound and specially the
interesting case where γ2 = γ.
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