
 

 

Chapter 4 

Analysis of a cantilever 
 
 
 
 
 Before a complex structure is studied performing a seismic analysis, the 
behaviour of simpler ones should be fully understood. To achieve this knowledge we 
will start with the analysis of a cantilever, and applying the acceleration in only one 
direction.  
 
 
 

4.1 Description of the problem 
 
 

a) Characteristics of the beam 
 
The cantilever is assumed to be made of steel 250, with low elastic limit. When 

performing a linear analysis the following properties of it are required: 
 

Young’s modulus E = 2.1·1011 Pa 
Density ρ = 7800 kg/m3 
Poisson’s coefficient ν = 0.3 

Table 4. 1 Required steel properties for a linear analysis 

 
Next is to define the cross-section of the beam, which is done with the values of 

the area and moments of inertia: 
 

Area A = 1.245·102 mm2 
Inertia around strong axis Iy = 2.91·105 mm4 
Inertia around weak axis Iz = 4.45·104 mm4 

Torsional inertia It = 4.62·101 mm4 
Table 4. 2 Sectional parameters of the cantilever 

  
 If this profile is compared with the most common ones for columns (HEB, 

IPN,…) it is seen that A and Iy are lower in our profile than for any of the standard. It is 
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due to the requirement of a light-weight structure, therefore the steel plates used to 
create the profile have a thickness of approximately 1 mm. 

 
The last thing to clearly define the beam is its length and orientation. The beam 

is considered to be along the z-axis with the edges at points (0, 0, 0) and (0, 0, 2.6) m. 
The strong axis of the cross-section is orientated in the y-direction, as shown in figure 
4.1.  
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Figure 4. 1 Orientation of the cantilever 

 
 
b) Characteristics of the ground acceleration. 
 
The imposed acceleration on the structure is the triangular signal described in 

Appendix A: Ground motions and plotted in figure A.1. It acts only in the x-direction, 
therefore: 

ax(t) = a(t) ay(t) = 0 az(t) = 0 
 

This dynamic load cannot be used as an acceleration in the response spectrum 
analysis, so the response spectrum in figure A.2 is required.  

 
 
c) Damping of the cantilever 
 
It is known that in most structures the damping coefficient varies from 2 to 20%. 

The cantilever is assumed to have proportional damping and equal to 5% in all of its 
eigenmodes of vibration. 

 
 
 

4.2 Eigenmodes of vibration 
 

The first step in the modal superposition analysis is to calculate the new basis for 
the displacements. As mentioned in section 2.3.1, this basis is formed by the 
eigenvectors of the problem Kφ=ω2Mφ. 
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In order to have an efficient analysis, good approach of the solution and low 
computational effort, only some of the eigenvectors will be used in the basis. The first 
criteria for choosing them is to use those eigenvectors corresponding to the lowest 
frequencies. A second choice is based on the type of deformation in each mode and the 
direction of the ground acceleration. The type of deformation is known by looking at the 
deformed shape of the cantilever or to the stress field it origins. Two options are 
possible, torsion or flexion.  Table 4.3 summarizes the significant modes for the beam. 

 
Mode Frequency (Hz) Type of deformation 

1 3.6319 Torsion 
2 8.1195 Flexion weak axis 
3 10.918 Torsion 
4 18.271 Torsion 
5 20.749 Flexion strong axis 

6 to 9 25.738 to 49.269 Torsion 
10 50.847 Flexion weak axis 

11 to 18 57.640 to 125.15 Torsion 
19 129.41 Flexion strong axis 

Table 4.3 Eigenfrequencies and type of vibration modes for the beam 

 

 
Figure 4. 2 Deformed shape of the: 2nd eigenmode (flexion around the weak axis f = 8.1195 Hz), 5th 

eigenmode (flexion around the strong axis f = 20.749 Hz) and 19th eigenmode (flexion around the weak 
axis f = 129.41 Hz)  
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In figure 4.2 the deformed shape for three of the modes is shown. Two 
considerations may be made: 

 
• Due to the beam is represented as a straight line, it is impossible to 

clearly draw the torsion modes. 
• The flexion modes around both axes have the same deformed shapes, as 

a result of the same boundary conditions. Only the associated frequency 
is different. 

 
Modes 6 to 9 and 11 to 18 are not significant in this problem, since any torsional 

effect will be mainly controlled by modes 1, 3 and 4, with lower frequencies. 
 
As the acceleration is applied perpendicular to the strong axis, the reader can 

guess that the flexion modes around this axis will be dominant in the behaviour of the 
beam. 

 
To confirm this hypothesis the calculation of the maximum horizontal 

displacement and acceleration on the free edge has been done considering different 
number and type of modes in the basis, results are shown in table 4.4. 

 
Modes in the basis ux (m) ax (m/s2) 

1 to 4 0.00 9.994·10-1 

1 to 5 1.62·10-4 2.816 
1 to 6 1.62·10-4 2.816 
1 to 18 1.62·10-4 2.816 
1 to 19 1.61·10-4 2.301 

1 to 5, 10 and 19 1.61·10-4 2.301 
1, 2, 5 and 19 1.61·10-4 2.301 

Table 4.4 Maximum displacement and acceleration at the beam’s free edge considering different number 
of modes in the basis 

 
This table leads to some interesting conclusions. The first one is that at least one 

eigenmode of flexion around the strong axis has to be considered in the new basis to 
obtain a horizontal displacement closer to reality. This is done by taking into account 
mode number 5 in the dynamic analysis. It is also seen that the introduction of the 
flexion around the weak axis modes (2 and 10) are not significant in the result. 
Therefore, instead of considering the first 19 modes, it is possible to just consider the 
main ones obtaining the same result with less calculations. This is shown in the last 2 
rows of the table. 

 
It also has to be noted that the consideration of a second mode of flexion around 

the strong axis does not yield to an increase of the displacement, neither acceleration. 
This is due to their eigenfrequencies ratio (20.749/129.41 = 0.16), which means that 
these modes are not coupled, and their modal combination with CQC, that results in a 
reduction of these two maximum values approach.  
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4.3 Influence of density on the eigenfrequencies 
 

The beam under consideration has a constant density over its whole length, 
which leads to a mass-matrix (M) proportional to the density ρ. This matrix can be 
rewritten as M=ρ·M’, yielding to the eigenvalue problem: 

 
 Kφ=ω2ρM’φ                                                   (4.1) 

 
 Since the matrices K and M’ are not ρ-dependant, φ and the product ω2ρ are 

constant for any steel density. Therefore, the eigenfrequencies are equal to: 
 

 ( ) ρ
j

j

a
ρω =                                                      (4.2) 

 
where aj is a constant to be determined by the complete resolution of the eigenproblem 
for an arbitrary density. 
 

This behaviour is shown in figure 4.3 for the two lowest frequencies, 
corresponding to torsion and flexion around the weak axis. 

  

 
Figure 4. 3 Evolution of the eigenfrequencies due to the variation of steel density 

 
Moreover, a comparison between the numerical results and the analytical 

evolution of the lowest eigenfrequency is done in figure 4.4. The analytical solution is 
obtained by means of equation (4.2), calculating the value of aj using the first 
numerically calculated eigenfrequency, which corresponds to density 2500 kg/m3. It is 
seen that both graphics exactly coincide, so the numerical results can be trusted. 
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Figure 4. 4 Comparison of the numerical and analytical results of the lowest eigenfrequency 

 
 
 

4.4 Influence of the stiffness on the eigenmodes 
 

When the variable factor in the eigenproblem is the stiffness matrix (K), the 
behaviour of ω and φ depend on the way Iy, Iz and It vary. The criteria followed in this 
particular case has been to keep the ratio Iy/Iz and Iy/It constant, and the range of 
variation for Iy has been set from 2.91·10-8 to 2.91·10-6 m4. The eigenfrequencies of 
interest are the 5 lowest ones, in order to include the mode of flexion around the strong 
axis. In figure 4.5 the evolution of these values is shown. 
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Figure 4. 5 Evolution of the eigenfrequencies due to the variation of stiffness 

 
A surprising result has been obtained, since the evolution of each frequency does 

not follow a clear tendency. They are constant functions in some ranges and increasing 
in some others. But 6 clear tendencies, formed by parts of the plotted curves, are shown 
in the graphic, 4 horizontal lines and 2 curves. To understand this unpredicted behaviour 
the third frequency will be analysed in detail. 

 
1. From Iy = 2.91·10-8 to 8.73·10-8 m4, this frequency corresponds to a 

flexion around the strong axis mode. 
2. From Iy = 8.73·10-8 to 2.037·10-7 m4, it corresponds to a torsional mode. 
3. From Iy = 2.037·10-7 to 1.746·10-6 m4, it is associated with a flexion 

around the weak axis mode. 
4. From Iy = 1.746·10-6 to 2.91·10-6 m4, it corresponds to a torsional mode. 
 

Performing this analysis for each frequency it is easy to identify the reason for 
the previously identified tendencies. The frequencies associated to a torsional mode 
remain constant (figure 4.7) and the ones for flexion increase with Iy (figure 4.6). Thus, 
the eigenfrequency for the torsional modes depends on the ratio Iy/It, which has been 
constant during all the analysis, and not simply on the value of It.  
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Figure 4. 6 Flexural eigenfrequencies evolution due to stiffness variation 

 

 
Figure 4. 7 Torsional eigenfrequencies evolution due to stiffness variation 

 
It is also important to note from figure 4.5, that for a cross-section with Iy >       

> 5.82·10-7 m4 the flexion around the strong axis in no longer included in the five lowest 
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eigenmodes. Therefore, it will not be considered in the modal basis for the calculation 
of the displacements.  

 
 
 

4.5 Effect of the inertia on the displacement 
 

In a static analysis it is always true that as stiffer the structure is the lower 
displacements it will suffer for the same applied load. But this statement is not fulfilled 
when a seismic load is applied. 

 
The maximum displacement of the free edge has been calculated by means of 

the spectrum response analysis and CQC modal combination, using the 5 modes with 
lowest frequency as the basis. The relationship between displacement and Iy is shown in 
figure 4.8 for the triangular acceleration. 

 

 
Figure 4. 8 Displacement – stiffness relationship applying the triangular accelerogram 

 
Two facts are remarkable: 
 

a) The horizontal displacement seems to be 0 for a moment of inertia greater than 
5.92·10-7 m4, but it is not true. This error is due to the criteria used in the choice 
of modes for the basis. As explained in previous sections the horizontal 
displacement is mainly because of the flexion around the strong axis, moreover, 
for Iy > 5.92·10-7 m4 this type of deformation is not included in the modal basis. 
As a result the calculated displacement is very close to 0. If the analysis is 
repeated changing the criteria for the basis (always taking flexion into account) 
the graphic in figure 4.9 is obtained. 
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Figure 4. 9 Displacement – stiffness relationship applying the triangular accelerogram 

 
b) Peak value of the free edge displacement. First a zoom on the displacement 

graphic is done into figure 4.10, to clearly show for which Iy the peak value 
occurs, which is Iy = 1.02·10-7 m4. When doing this analysis some other results 
have been calculated: maximum acceleration (figure 4.11), horizontal reaction 
(figure 4.12) and moment reaction (figure 4.13). All of them have a peak value 
at the same moment of inertia. 
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Figure 4. 10 Zoom on the displacement – stiffness relationship 

 

 
Figure 4. 11 Maximum acceleration – stiffness relationship for the triangular accelerogram 
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Figure 4. 12 Horizontal reaction – stiffness relationship applying the triangular accelerogram 

 

 
Figure 4. 13 Moment reaction – stiffness relationship applying the triangular accelerogram 

 
A possible explanation for this behaviour is a resonance between the applied 

acceleration and the structure. The eigenfrequencies for the section with Iy = 1.02·10-7 
m4, Iz = 1.56·10-8 m4 and It = 1.617·10-11 m4 are summarized in table 4.5. 
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Frequency (Hz) Type of deformation 
3.6319 Torsion 
4.8039 Flexion weak axis 
10.918 Torsion 
12.282 Flexion strong axis 
18.271 Torsion 

Table 4.5 Eigenfrequencies for the section under resonance checking 

 
It is explained in Appendix A that the main frequency of the acceleration signal 

is 12.5 Hz, which is very similar to the one obtained in the flexion around the strong 
axis mode (12.282 Hz). Therefore the assumption of an existing resonance is confirmed. 

 
 
 

4.6 Influence of the acceleration peak value 
 

In this section the acceleration signal is modified multiplying it by an 
amplification (or reduction) factor: a’(t) = λ · a(t). It means that the new signal has also 
triangular shape. This study is made to confirm the linearity of the dynamic analysis. In 
the following equations the linear variation of the displacement field is derived. 

 
( )

( )

( ) ( )

' ' '

'

t
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t t
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a λ

λ

+ + = −

+ + = −

=

Ku Cu Mu Mj
Ku Cu Mu Mj

u u

                                        (4.3) 

 
Moreover, the vector of internal forces and reactions is defined by 
 

 f’S(t) = Ku’(t) = Kλu(t) = λfS(t)                                   (4.4) 
 

which is again a linear behaviour.  
 
The analysis has been done for the cantilever with λ = 0.1 to 2, obtaining 

displacement and acceleration at the free edge, and horizontal reaction and moment at 
the support. The linear behaviour is proved in all of the results, but as an example only 
the graphic for the displacement is shown in figure 4.14. 
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Figure 4. 14 Linear behaviour of the analysis 

 
 
 

4.7 Real earthquake and design response 
spectrum 

 
 This section compares the behaviour of the cantilever due to either the triangular 
acceleration signal, real earthquake data or the Eurocode 8 design load, as defined in 
Appendix A. The analysis is focused on the maximum displacement of the beam’s free 
edge. Results are shown in table 4.6, from which we may notice that the influence of 
considering the second flexural mode of vibration is very low (third significant figure) 
and it decreases the value of the maximum displacement in all cases.  
 

Maximum Displacement (mm) Input response spectrum 
1 flexion mode considered 2 flexion modes considered 

Triangular Accelerogram 0.162 0.161 
Eurocode (ag = 4.8 m/s2) 0.763 0.757 

Ardal earthquake 1.281 1.273 
Table 4. 6 Maximum displacements for different applied earthquakes and modal basis 

 
 The variation in the maximum displacement values for different earthquakes, 
when considering only one mode in the basis, is due to the value of Sa for the frequency 
f5 = 20.749 Hz. It can easily be observed in figures A.2, A.4, and A.6 that the largest 
displacement is obtained for the ground motions with the highest Sa for f5.  
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