
MSc in Photonics   PHOTONICSBCN  

 

Universitat Politècnica de Catalunya (UPC) 
Universitat Autònoma de Barcelona (UAB) 
Universitat de Barcelona (UB) 
Institut de Ciències Fotòniques (ICFO) 

 
http://www.photonicsbcn.eu  

 
 

Master in Photonics 

 
MASTER THESIS WORK 

 
 

A COMPREHENSIVE CHARACTERIZATION OF 
POLARIZATION-ENTANGLED PHOTON PAIRS 

GENERATED IN A DOUBLE-PASS CONFIGURATION 
 
 

Carlos Abellán Sánchez 
 

 

Supervised by Dr. Valerio Pruneri, (ICFO) 
 

 

 

 

 

 

 

 

 

 

 

 Presented on date 18
th

 july 2014 

 

 
 

 Registered at  

  

 



A comprehensive characterization of polarization-entangled

photon pairs generated in a double-pass configuration

Carlos Abellán

ICFO - Institut de Ciències Fotòniques,

Av. Carl Friedrich Gauss, 3, 08860 Castelldefels, Barcelona, Spain.

E-mail: abellan.carlos3@gmail.com

Abstract. We have investigated a highly e!cient source of polarization-entangled photons for long-

distance free-space communication and other experiments involving significant propagation loss. The

source is an evolution of the ’folded sandwich’ configuration described in [1]. We have achieved an

unprecedented detected pair rate of ! 1 million pairs/s per nm per mW of pump power combined with

high quantum entanglement quality (fidelity with the ideal Bell state of 98.3% ± 0.4% and violation of

CHSH’s inequality by more than 85 standard deviations in only 10 seconds for 10µW of pump power).

Keywords: Entangled-photon sources, quantum communications, quantum state tomography.

1. Introduction

Entanglement is one of the most intriguing features described by quantum mechanics and is found

to play an indispensable role in a variety of applications, including fundamental quantum optics

experiments [2], quantum cryptography [3], and quantum teleportation [4]. In general, most of these

applications using entangled-photon sources as a resource su"er strongly from optical losses. This

is the case of free-space quantum communications, quantum imaging, or quantum nanophotonics

experiments. The development of more e!cient and brighter sources is thus a very active field of

research [1, 5, 6]. In fact, first commercial products are becoming now available [7]. Typically,

the performance of an entangled-photon source is measured in terms of brightness and purity of

the generated state. While the former measures how many entangled pairs are generated per unit

of pump and per unit bandwidth (pairs/s/mW/nm), the latter quantifies the quality of the generated

quantum state. In particular, this quality is measured in terms of the visibility of the observed non-

local correlations and the fidelity with an ideal maximally-entangled Bell state.

Nowadays the most common method for generating entangled photon pairs is based on

spontaneous parametric down-conversion (SPDC) in nonlinear crystals. In this process, and mediated

by the crystal’s nonlinearity, a high-energy photon !p can give rise to two low-energy signal !s and

idler !i photons. These down-converted photons always satisfy energy conservation and, for the

generation to be e!cient, momentum conservation should be also met (phase-matching - PM). The

PM configuration critically depends on the relative propagation directions of the interacting beams,

the birefringence of the crystal and the angular orientation of the polarizations with respect to the

crystal axis. These dependencies in turn produce dispersion and temperature e"ects on the nonlinear

conversion e!ciency. Using periodically-polled (pp) crystals, i.e. crystals with a periodic reversal of

the domains (sign of the nonlinear coe!cient) along the propagation length, the interaction - called
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quasi-PM (QPM) - can be collinear, non-critical while still making use of the materials’ largest "(2)

tensor coe!cient.

In this master thesis we present an improved version of the ’folded sandwich’ scheme introduced

in [1]. By using a longer spontaneous-parametric down conversion nonlinear crystal, as well as

optimized beam and collection waists [8], we achieve a 3-fold increase in the brightness of the

entangled photon source. In addition, and following in the footsteps of several authors [9–11], which

discussed quantum measurements and entanglement quantification in an experimentally-oriented

way, we present a comprehensive overview of quantum state tomography. As well as describing both

the experiment and data processing for maximum likelihood reconstruction techniques, we develop

a software package that reconstructs the density matrix of the generated state from a given set of

measurements.

2. Fundamental concepts

A quantum state describes the knowledge one has about a physical system, and allows to make the

best possible predictions of the evolution of such state. In general, any quantum state # can be written

in the density matrix formalism by # =
!

i pi|$i"#$i|, which may be seen as a superposition of

pure sates |$i" [12]. Using this notation, we call {pi, |$i"} an ensemble of pure states or collectivity.

When only one pi $= 0, we say the state is pure and the useful relation #2 = # holds. On the other

hand, when more than one pi $= 0, we say the state is mixed. Finally, a density matrix is considered

entangled when it cannot be written as an ensemble of product states [13], i.e. a mixed state of n

subsystems entangled satisfies #(entangled) $=
!

i pi#
i
1 % ...% #in.

Before moving forward, let’s discuss a little bit what a measurement in quantum theory is. In

quantum mechanics, quantities that can be measured are observables and correspond to Hermitian

operators. Such an operator Ĥ can be decomposed into a weighted sum of projection operators

Ôi by Ĥ =
!

i hiÔi =
!

i hi|%i"#%i|, where Ôi|%i" = %i|%i", being %i = {0, 1}. For instance,

imagine we have a single photon and we aim to measure its polarization. For the example we

chose vertical and horizontal polarizations (h/v) as the decomposition in orthonormal states of the

observable Ôpol. From the above definition, we have two possible projectors, either Ô(h)
pol = |h"#h|

or Ô(v)
pol = |v"#v|. Thus, projecting # into Ô(h)

pol is equivalent to ask the measurement apparatus: Is

# horizontally polarized? Which has binary answer: yes or no. The most interesting part of this

quantum measurement theory is that when # is not an eigenstate of the observable, the result of the

projection is sometimes yes and sometimes no, i.e. it can only be described by probabilities. Finally,

in the density matrix formalism, we can calculate the probability of measuring a given observable

Ô(h)
pol in a quantum state # via p(h) = Tr

"

Ô(h)
pol #
#

, where Tr(#) denotes the trace of #.

Entanglement is a physical property observed in compound systems only and describes

correlations which are stronger than those permissible by any conceivable classical theory that is

based on the assumptions of locality and realism. One of the most widely used criterion to determine

whether an state show correlations that cannot be described by any local realistic model is the

violation of Bell inequalities, see Section 4. Another way to quantify entanglement is via the entropic

inequalities, which are based on the Von-Neumann entropy S(#) = &Tr(# log #). In this inequalities,

the information content of entanglement is studied instead of the correlation property. Finally, a much

stronger criterion than entropic inequalities was given by Peres and is called positive partial transpose

(PPT) or Peres-Horodecki criterion. Mainly, it states that, being # a quantum bipartite state, it is PPT
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when a partial transposition on one of the two states leads to a positively defined density matrix

too. Namely, entangled states yield non-positively definite matrices under partial transpositions, see

Section 5.4.

3. Generation of polarization-entangled photons in a folded sandwich configuration

The functional principle of the ’folded sandwich’ entangled photon source is depicted in Fig. (1).

A vertically-polarized continuous wave (CW) laser diode (LD) centered at 405 nm |V "p is used

to generate a pair of non-degenerated signal (!s) and idler (!i) photons in a type-0 20-mm-long

periodically-pooled KTP crystal (ppKTP) via spontaneous parametric down conversion (SPDC). We

will here give a simplified explanation of the main features of the source. For further details on the

scheme refer to [1].

DM1

Figure 1. The collimated output of a laser diode (LD) is attenuated using a neutral density (ND)

filter and focused into an SPDC nonlinear crystal (ppKTP) that generates a pair of down-converted

photons. The ppKTP is temperature-controlled (TEC1) . Then, an achromatic quarter-wave-plate (AC-

QWP) is used to perform a wavelength-dependent rotation. It keeps unchanged the polarization of the

pump while rotates the down-converted photons from vertically to horizontally polarized. After the

second pass, the down converted photons are reflected in the dichroic mirror (DM1) and pass through

a birefringent crystal (YVO4) that removes temporal-pass correlations. Then, the beam is coupled by

a lens (L) into a single-mode-fiber (SMF) that filters non-desired spatial modes. At the other side of

the fiber, the beam is collimated and sent to a second dichroic mirror (DM2). The DM2 splits the

non-degenerated down-converted photons to their corresponding compensation stages, composed of a

quarter and a half wave plates (QWP, and HWP). These wave plates are used to compensate polarization

rotations, in such a way that the output of the entangled-photon source is well-referenced, e.g. to the

vertical/horizontal basis. Finally, in the measurement stage, the linear polarizers (LP) and the QWPs

are used to perform projective measurements in di"erent basis (Table 1). SPAD denotes single-photon

avanalche diode and FLC fast logic circuit.

The main idea behind the ’folded sandwich’ configuration is similar to that of the crossed-crystal

scheme in [5]. Yet, instead of rotating the axis of two successively placed nonlinear crystals, we rotate

the polarization of the photons from the first to the second pass, see Fig. (1). A simplified way to

look at it is that a pair of horizontally polarized down-converted photons |H"s|H"i are generated in

the first pass and a pair of vertically polarized down-converted photons |V "s|V "i in the second pass.

Consequently, as SPDC is a probabilistic process with a probability p ! 10!7, the output state after

the two passes is |$" ' (1&2p)|0"s|0"i+p|H"s|H"i+p|V "s|V "i+O(p2), where |0"s|0"i denotes the

vacuum state. Note the event of generating down-converted photons both in the first and the second

pass has a probability p2. This probability is su!ciently small to be neglected at low pump powers.
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Due to the birefringence of the crystal, the photons from the first (horizontally polarized) and the

second (vertically polarized) pass can be distinguished in time, as di"erent polarization propagate at

di"erent speed. An additional yttrium ortho-vandate (YVO4) birefringent crystal is used to remove

this temporal-pass correlation by slowing down the fast photon with respect to the slow photon. Post-

selecting the down-converted photons, the final state reads

|$" =
1(
2

"

|H"s|H"i + ei!|V "s|V "i
#

, (1)

where & is a phase that we can tune and permits the generation of di"erent quantum states, e.g. the

Bell states |!+" (& = 0) and |!!" (& = '). The scheme is very robust and e!cient.

3.1. Projective measurements and coincidence detection in a bipartite system

The measurement apparatus to project a quantum state is shown in Fig. (1). While a quarter-wave-

plate (QWP) performs unitary transformations on the input state, a linear polarizer (LP) projects the

polarization degree of freedom of such state. The projected photons are finally collected by a single-

photon avalanche diode (SPAD), which generates an electronic pulse p(t) as a response to an incident

photon. In Table 1 we show the relative angles between the QWP and the LP to perform projective

measurements in di"erent bases.

Table 1. Setting of angles between the linear polarizer and the quarter-wave-plate to perform

measurements in the 6 di"erent bases: H-horizontal,V -vertical, D-diagonal,A-anti-diagonal,R-right-

handed and L-left-handed.

(qwp )pol
|H" / |V " 0" 0" / 90"

|D" / |A" 0" 45" / &45"

|R" / |L" 45" 45" / &45"

For the detection of correlations between the down-converted photons, a fast logic electronic

circuit is used in addition to the individual projective stages. Because the down-converted photons

are generated at the same time, the two signals sent by the two SPADs p1,2(t) will arrive nearly

simultaneously to the fast logic circuit. Nonetheless, a certain coincidence window time *w = 1.2

ns has to be introduced to account for technical uncertainties from the electronics, e.g. jitter of

the detector. By doing so, every pair of electronic signals arriving within this temporal window is

considered as a down-converted pair. The fast logic circuit generates an ultra-short pulse s1,2(t) as a

response to a rising edge in p1,2(t) and computes s(c)(t) = s1(t)&s2(t), where & denotes the digital

and operation. It concludes that s(c) $= 0 is a coincidence. Occasionally, s(c) will be accounted

as a coincidence when s1(t) and s2(t) were not a down-converted pair, thus producing a so-called

accidental count.

4. Brightness, visibility and CHSH inequalities

The brightness B(tot) of an entangled-photon source is the ratio of detected pairs per second per

unit of pump power and per bandwidth, i.e. the units are Mpairs/s/mW/nm. Being the total
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number of pairs equal to the sum of the coincidences per second in a given basis, the pump power

P = 10 µW at the input of the SPDC crystal and B" = 3 nm the bandwidth of a narrow-band

filter placed in one of the outputs of the entangled-photon source, we measure a brightness of

B(tot) =
$

CHH +CV V

%

/
$

P )B"

%

! 1Mpairs/s/mW/nm, which is more than 3 times larger than any

previously-reported polarization-entangled photon source [1].

The expected coincidences as a function of the polarizers’ angles for the ideal Bell state |!+" in

Eq. (1) are given by C#$ = N
$

1&V sin((&))). Here, N is a normalization factor, V the visibility of

the observed (non-)classical correlations and (()) the angle of the first (second) polarizer. To study

the correlations of the state in di"erent bases, we sweep ) from 0" to 180" in steps of 5" for di"erent

values of (, see Fig. (2a). The measurements are taken over 2 seconds with a pump power of 20µW

and for angle settings of ( = 0", 45", 90" and 135". Finally, the visibility is extracted by fitting the

experimental data to the analytic expression. The average visibility over all these angle settings is

#V" = 0.984 ± 0.006.

Figure 2. (a) Coincidences for di"erent angle combinations. From each ! (= 0!, 45!, 90! and 135!),

" is swept from 0! to 180! in steps of 5! degrees. The visibility for each angular setting read V(0!) =
0.987± 0.0011,V(45!) = 0.984± 0.0014,V(90!) = 0.988± 0.0012 and V(135!) = 0.979± 0.0014.

The dashed line represents the expected correlations for a classically correlated state. (b) Violation of

the CHSH inequality for di"erent pump powers.

In 1964, J. Bell derived an inequality that sets an upper bound on the observable correlations

in any local realistic theory [14]. In particular, he showed that correlation functions as those

depicted in Fig. (2a) are incompatible with classical physics based on locality and realism. A

particularly practical version of Bell’s inequality is by Clauser, Horne, Shimony, and Holt (CHSH),

see [11, pg. 908] for further details. Two quantities are required for its verification: the CHSH

or Bell parameter S and the uncertainty +N in S produced by the uncertainties in each of the

measurements. To discard possible artifacts in the violation of the CHSH inequality, we define the

quantity , = (S (exp) & S (C))/+N . Clearly, , > 0 (< 0) implies (no) violation. This quantity , is

depicted in Fig. (2b), magenta plot, together with the CHSH parameter S for di"erent pump powers.

Due to the high-visibility of the source V = 0.984 ± 0.006, the estimated CHSH parameter S ' 2.81

is over 85 standard deviations above the classical limit S (C) = 2 for 10µW of pump power, i.e. it has

negligible probability to have been produced by a classical state with large statistical noise. Note that

for higher pump powers the uncertainty in the measured number of photons decreases and more than

500 standard deviations are observed for 100µW of pump power.
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5. Tomographic reconstruction of quantum states

The probability of certain measurement outcomes, and correspondingly the expected values of

observables, can be calculated using the systems’ quantum state vector or density matrix, as explained

in Section 2. Quantum state tomography answers the inverted question; given certain measurement

outcomes, what is the most likely quantum state of the system? The reconstruction of a quantum state

via quantum state tomography uses a set of pre-defined measurements on an ensemble of identically

prepared particles. Throughout this section, we will follow the notation in [10].

Although the optimal set of measurements that describe a quantum state # uniquely is not an

obvious choice, we will here assume that this set of measurements exists and is formed by 16

projectors for the 2 ) 2 Hilbert space. We define this set of projectors as "̂%µ, where %, µ =

{H, V,D,A, L,R}, being H =horizontal, V =vertical, D=diagonal, A=anti-diagonal, L=left-handed

circular and R=right-handed circular. By using this notation, the output of the projection becomes

quite intuitive, e.g. "̂HR means projecting the first qubit in the horizontal basis and the second qubit

into the right-handed circularly polarized basis. Nevertheless, for computational purposes, it is more

adequate to write these projectors as {"̂%}, being % = 1, ..., 16. Firstly, we define an auxiliary vector

-r, which coe!cients are given by

r% = Tr
$

"̂%#
%

, (2)

as the projection of the state # into the observable "̂% . Secondly, and following in the computational-

friendly notation, the density matrix # can be written as a linear combination of these r% coe!cients

by # =
!16

%=1 "%r% , where the matrices "% (without the hat) are the two-qubit Pauli matrices satisfying

the orthonormality condition Tr
$

"%"µ

%

= .%µ. They can be obtained from the one-qubit Pauli

matrices +̂% via "̂%µ = +̂% % +̂µ. Finally, the relation between these mathematics and a measurable

physical quantity is done via the linear relationship

n% = N
&

µ=1

B%,µrµ, (3)

where n% are the detected coincides in the %-th element of the basis, N is the total number of counts

and B%,µ = Tr
$

"̂µ"%

%

a 16x16 matrix. Finally, just note that the linear relationship between vetors -n

and -r can be inverted so as to express r%(-n), i.e. r% = N!1
!16

µ=1(B
!1)%,µnµ.

Despite the fact that in a bipartite state there are 16 matrix elements, the number of measurements

required for the reconstruction of the density matrix depends on the technique used. In this section

we will present two methods: the linear reconstruction technique, which requires 36 measurements,

and the maximum likelihood estimation technique, which requires 16 measurements only.

5.1. Linear reconstruction

The Stokes parameters S%,µ have two characteristics that have prominent importance for quantum

state reconstruction: (i) they can be experimentally obtained and (ii) any density matrix can be written

in terms of a superposition of the two-qubit Pauli matrices, weight by such Stokes parameters [10].

Namely,

# =
1

4

3
&

%,µ=0

S%,µ

N
+̂% % +̂µ =

16
&

%=1

r%"% , (4)
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where N = S0,0 is a normalization factor. The Stokes parameters can be obtained by measuring

qubits from a given quantum state # in 36 di"erent basis [9, pg. 21]. Then, once the Stokes

parameters are estimated, the state can be linearly reconstructed via Eq. (4). By using this method,

we obtain a density matrix with eigenvalues !(LR)
1 = 0.994 ± 0.006, !(LR)

2 = 0.025 ± 0.003,

!(LR)
3 = 0.005 ± 0.006, !(LR)

4 = &0.024 ± 0.003. The fact that one of the eigenvalues is non-

positive implies that the reconstructed density matrix is not physically allowed. This is the main

drawback of the linear reconstruction technique: it may reconstruct non-physical density matrices. In

particular, the more pure the state, the higher the probability of failure. The error in the eigenvalues

is calculated following a Monte Carlo approach [15], in which we consider the uncertainty associated

to shot noise only. In this way, we can estimate the error in the reconstructed matrix elements as well

as in the quantities extracted from it.

In the next section, we present a more sophisticated technique to overcome the limitations of the

linear reconstruction method.

5.2. Maximum likelihood estimation

The Maximum Likelihood Estimation (MLE) is an optimization technique used in quantum state

reconstruction to find the density matrix #(mle) which is more probable to have given a set of

measurements n(m)
% , where % = 1, ...16. The MLE algorithm is depicted in Fig. (3) and its main

steps can be summarized as follows:

i) Generate #(guess). The MLE algorithm starts with a guessed density matrix #(guess). To

generate density matrices which are physically allowed, we only need 16 coe!cients t% , where

% = 1, ..., 16 [10]. Ordering these t% coe!cients in a lower triangular matrix format T̂ , see

Eq. (5), the density matrix resulting from calculating #(guess) = T̂ †T̂ /Tr
$

T̂ †T̂
%

is assured to be

physical. Thus, from now on we will write our guessed density matrix as #(guess)(-t) to emphasize

its dependence to -t.

T̂ =

'

(

(

(

)

t1 0 0 0

t5 + it6 t2 0 0

t11 + it12 t7 + it8 t3 0

t15 + it16 t13 + it14 t9 + it10 t4

*

+

+

+

,

(5)

ii) Calculate the projections of #(guess)(-t) into "̂% . In order to compare the guessed matrix #(guess)

with the measurements n(m)
% , we calculate the projections of #(guess) into the set of projectors

{"̂%}. From this projections, we obtain the coe!cients n(g)
% (-t). The process is: first we calculate

the r% coe!cients using Eq. (2), and then, from the r% coe!cients, we use the linear relationship

in Eq. (3) to extract n(g)
% (-t).

iii Evaluate the likelihood function The MLE target function L, which is the function to be

minimized, is built from the assumption that the experimental noise in each measurement is

Gaussian, i.e. P (n(g)
% (-t)) * exp{&(n(g)

% (-t) & n(m)
% )2/(2+2

n(m)
!

)}, where P (X) refers to the

probability density function of the random variable X . Then, assuming independence, the

joint probability distribution function read P (-n(g)(-t)) *
-16

%=1 P (n(g)
% (-t)). Due to the fact that

the minimization of this function is equivalent to the minimization of its logarithm, the target



A comprehensive characterization of polarization-entangled photon pairs 8

function L can be conveniently written as

L * logP (-n(g)(-t)) =
16
&

%=1

logP (n(g)
% (-t)) =

&

%

"

n(g)
% (-t)& n(m)

%

#2

2n(g)
%

, (6)

where the n(g)
% coe!cients are calculated in step (ii) and n(m)

% = C(m)
% /N are the normalized

number of counts, directly obtained from the measured coincidences C(m)
% in each of the 16

chosen projections "̂% . It is worth highlighting that the optimization is done on the -t-space, i.e.

we need to find the t% coe!cients that minimize Eq. (6).

Compute the 
Likelihood function

Data experiment

Generate physical
density matrix

Test MLE

no

RNG

MLE

Compute 
projections

Test MLE

MLE iterative algorithm

yes

Figure 3. (Upper rectangle) iterative algorithm for MLE reconstruction; (lower rectangle, green) test

algorithm for benchmarking of di"erent optimization routines. Note that we introduce Poisson noise to

the projections in the benchmark code (RNG states for random number generator) to test the resistance

of the algorithm against noisy measurements; (lower-right, magenta) reconstruction of the MLE density

matrix from a set of measurements.

We have studied the performance of several routines for the minimization of the L function, see

Fig. (3) for the details of the benchmark procedure. We found out that the lsqnonlin matlab function

is at least 5 times faster than other routines, such as the fmincon, and reconstructs a density matrix

with nearly 100% of fidelity, even in the presence of noise. Using this MLE algorithm, we finally

reconstruct the density matrix depicted in Fig. (4a). The eigenvalues obtained from this density matrix

are !(MLE)
1 = 0.976 ± 0.008, !(MLE)

2 = 0.024 ± 0.007, !(MLE)
3 = 0 and !(MLE)

4 = 0. In contrast

to the linear reconstruction method in Section 5.1, we now obtain a positive set of eigenvalues. Thus,

it represents a feasible physical state. Finally, from the reconstructed density matrix, we can now

calculate several quantities to study the quality of the generated state: the closeness to the ideal Bell

state (fidelity) and the (in)separability of the state (Peres-Horodecki criterion).

5.3. Fidelity and fidelity witness

The entangled-photon source described in Section 3 is designed to generate the ideal Bell state

|!+". Nevertheless, experimental issues reduce the ’degree of similarity’ between |!+" and #(mle).

To quantify the a!nity between both states we will use the fidelity measure, which is defined as

F (#, +) +
.(

#+
(
#, being # and + two quantum states [12]. From this definition, we obtain



A comprehensive characterization of polarization-entangled photon pairs 9

F (#(mle), |!+") = 0.9830 ± 0.004. There is an alternative definition of fidelity F # with a probabilistic

interpretation. It is defined by F #(#, +) = F 2(#, +), and yields F #(#(mle), |!+") = 0.966 ± 0.007, or

equivalently the state behaves as the ideal Bell state 96.6% ± 0.7% of the time.

For those cases when quantum state reconstruction is not available, a so-called fidelity witness

F (w) can be used to set a lower bound on the fidelity of the state. Fidelity witnesses play a fundamental

role in quantum entanglement theory as they allow the detection of entanglement via an observable

of the state [13]. For the |!+" state, we use the fidelity witness F (w) = (1+VH/V +VD/A +VR/L)/4

as in [1], where

V%/µ =
C(max)

%/µ & C(min)
%/µ

C(max)
%/µ + C(min)

%/µ

, (7)

is the visibility in the basis %/µ, being C(max)
%/µ the maximum rate of pairs in such basis and C(min)

%/µ

the minimum. Using this definition, we obtain a fidelity witness of F (w) = 0.9687 ± 0.0005. In

Fig. (4b), we show the fidelity and fidelity witness of the reconstructed state for di"erent pump

powers. As seen, increasing the pump power reduces the fidelity, and consequently the purity of

the source. This phenomena is mainly attributed to accidental counts, i.e. coincidences between

non-intended photons, such as dark counts or the O(p2) terms described in Section 3.

Figure 4. (a) Reconstructed density matrix of the entangled state for a pump power of 10 µW; (b)

fidelity as a function of the pump power. As seen, increasing the pump intensity reduces the fidelity

due to the increased amount of accidental coincidences.

5.4. Peres-Horodecki criterion for the inseparability of quantum states

The Peres-Horodecki or positive partial transpose criterion is a su!cient condition for the

inseparability of a quantum state in a 2 ) 2 Hilbert space. It mainly tells that entangled states

present non-physical density matrices under partial transpositions. For bipartite states, the partial

transposition #!p of a state # is calculated as [13]

# =

/

#34,34 #34,12
#12,34 #12,12

0

partial transposition&&&&&&&&&&, #!p =

/

#†34,34 #†34,12
#†12,34 #†12,12

0

(8)

where † indicates transpose conjugate and #ij,&' are 2 x 2 matrices constructed by deleting the i-

th and j-th rows and the /-th and 0-th columns of #. The eigenvalues of the partial transpose of
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#(MLE) read !(PPT )
1 = 0.508 ± 0.002, !(PPT )

2 = 0.493 ± 0.003, !(PPT )
3 = 0.475 ± 0.006 and

!(PPT )
4 = &0.476 ± 0.008. Thus, as it give rise to a non-physical density matrix, we can conclude

that the original state # was entangled.

6. Conclusion

In this thesis we have demonstrated a narrow-band (< 3 nm) polarization-entangled photon source,

providing unprecedented levels of Brightness (! 1 Mpairs/s/mW/nm, i.e. millions of pairs) with

high entanglement quality (fidelity of 98.3% ± 0.4% with the ideal Bell state and violation of CHSH

inequalities with more than 85 standard deviations in 10 seconds for a pump power of 10µW). The

quantum nature of the generated state is confirmed with the Peres-Horodecki criterion, which is a

su!cient condition of inseparability in the 2 ) 2 Hilbert space. In addition, we have developed

a quantum state tomographic package for the reconstruction of quantum states from correlation

measurements.
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