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Abstract 

Heart diseases are the first cause of Mortality in the world. The percentage of the deceased who 
dies because of a cardiac infarction rises every year. Therefore, an early identification of typical 
signs may be of great value. An Electrocardiogram, a non-invasive tool, can diagnose some 
anomalies. This is a common method that is non-invasive but it only measures the electrical 
potential on the body surface. Thus, it might be interesting to find a way to compute the electrical 
activity of the heart. This is known as the inverse problem of electrocardiography (ECG). 

 

The aim of this Final Project is to propose a technique to improve the inverse problem of 
electrocardiography (ECG). This technique describes the trans-membrane potentials of the heart 
(TMP) using radial basis functions (RBF). The aim of this model is to reduce the dimensionality of 
the inverse problem to make it better posed, in a physiologically realistic manner. 

 

  



   

 2 

 

 

 

 

Resum 

Les malalties del cor són la primera causa de mortalitat al món. El percentatge de persones que 
moren a causa d'un infart cardíac s'eleva cada any. Per tant, una identificació precoç de signes 
típics pot ser de gran valor. Un electrocardiograma, una eina no invasiva, pot diagnosticar algunes 
anomalies. Aquest és un mètode comú que no és invasiu, però només mesura el potencial elèctric 
en la superfície del cos. Per tant, podria ser interessant trobar una manera de calcular l'activitat 
elèctrica del cor a traves del les mesures obtingudes en la superfície del cos. Això es coneix com el 
problema invers de la electrocardiografia (ECG).  

 

L'objectiu d'aquest Projecte Fi de Carrera és proposar una tècnica per millorar el problema invers 
de la electrocardiografia (ECG). Aquesta tècnica descriu els potencials de la membrana del cor 
utilitzant funcions de base radial (RBF). L'objectiu d'aquest model és el reduir la dimensió del 
problema invers perquè estigui millor plantejat i més estable, de forma fisiològicament realista. 
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Resumen 

Las enfermedades del corazón son la primera causa de mortalidad en el mundo. El porcentaje de 
fallecidos que muere a causa de un infarto cardíaco se eleva cada año. Por lo tanto, una 
identificación precoz de signos típicos puede ser de gran valor. Un electrocardiograma, una 
herramienta no invasiva, puede diagnosticar algunas anomalías del corazón. Este es un método 
común que es no invasivo pero sólo mide el potencial eléctrico en la superficie del cuerpo. Por lo 
tanto, es de interés encontrar una forma de calcular la actividad eléctrica del corazón a través de 
las medidas obtenidas en la superficie del cuerpo. Esto se conoce como el problema inverso de la 
electrocardiografía (ECG).  

 

El objetivo de este Proyecto Fin de Carrera es proponer una técnica para mejorar el problema 
inverso de la electrocardiografía (ECG). Esta técnica describe los potenciales de la membrana del 
corazón (TMP) utilizando funciones de base radial (RBF). El objetivo de este modelo es reducir la 
dimensión del problema inverso para que este mejor planteado y mas estable de forma 
fisiológicamente realista.  
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“…La principal habilidad de un ingeniero radica en saber identificar cuando no vale la pena gastar 
más esfuerzo mejorando un sistema” 
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1. Introduction 

1.1. Problem Statement 
 

Nowadays heart disease is the leading cause of death [1]. The electrical activity of the heart 
muscle contains useful information regarding the function of the heart. Clinical cardiology studies 
try to localize this electrical activity of the heart from record measurements on the body surface 
and try to diagnose a number of cardiac abnormalities. There are various methods to record the 
electrical activity of the heart from measurements of the body surface potentials (non-invasive) to 
directly from measures of the heart potentials (invasive).  

In the clinical practice a major tool to diagnose heart diseases is electrocardiogram (ECG). An 
Electrocardiogram is a non-invasive tool, which measures the electrical potential on the body 
surface. To reconstruct the electrical activity of the heart from body surface measurements a 
mathematical model needs to be formulated, called the forward model. The forward model relates 
the electrical activity of the heart to the measured data from body surface. The computation of the 
electrical activity of the heart is known as the inverse problem of electrocardiography (ECG).  

The purpose of this project is to study spatial and temporal models for inverse electrocardiography 
(ECG). The main goal of this research is to improve the inverse solutions for electrocardiography. 
We plan to reconstruct the cardiac electrical potential of the heart from body surface potential data 
measured in the torso, using a non-invasive technique. Noninvasively characterizing and localizing 
cardiac electrical events extracted from potentials measurements on the body surface is called 
‘inverse problem’. Non-invasive measurement techniques are easy and do not require surgery 
unlike invasive techniques do. However, this inverse problem is mathematically ill posed, 
implying that small inaccuracies in the measured data (noise) can result in large errors in the 
solution (the epicardial potential). To overcome this problem and to be less sensitive to noise and 
obtain physiological meaningful solutions, a regularization term needs to be added to the inverse 
algorithm. This regularization term is based on a priori model and/or physiological 
knowledge/assumptions. 

This work plans to build a model that describes the trans-membrane potentials of the heart (TMP) 
during the QRS using radial basis functions (RBF). The goal is to solve the inverse problem with 
this constructed model, and characterize the trans-membrane potential on the heart using Radial 
Basis Functions (RBF).  
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1.2. Objectives 
 

This project focuses on the development and test of a model for heart activation and potentials in 
space, based on physiological prior knowledge, to improve the inverse solution.  

This model consists of a spatial characterization of the trans-membrane potential on the heart 
during the QRS using Radial Basis Functions (RBF). It solves the inverse problem with the radial 
basis functions description of the electrical activity of the heart.  

A key objective is to estimate the parameters of the radial basis functions (RBF), which describe 
the trans-membrane potentials of the heart. These parameters will be used to approximate the 
trans-membrane potentials, from measured samples of the potential of the body surface, based on a 
mathematical model, called the forward model. The idea with this model is to reduce the 
dimensionality of the inverse problem to make it better posed, in a physiologically realistic manner 
[2]. We have measurements of the body surface potential but the goal is to reconstruct the heart 
potential field with a much higher number of nodes. 

By choosing the appropriate Radial Basis Functions and fixed parameters, which describe the 
trans-membrane potentials of the heart, we can significantly reduce the number of unknowns of 
the inverse problem and make it better posed.  

Finally we will incorporate this model to the inverse problem and we will evaluate the results with 
both synthetic and real data, and compare it with standard Tikhonov solutions. 
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1.3. Previous work 
 

Inverse electrocardiography is a potential technique in clinical application to non-invasively 
diagnose and characterize cardiac diseases.  

The electrocardiogram (ECG) registers potential differences on the body surface that are provoked 
by electrical excitation of the heart. ECG is a remote reflection of the cardiac activities. It provides 
important information about the heart, e.g., heart position, heart rhythm and impulse propagation. 
In 1887 the British physiologist Augustus D. Waller made the first ECG measurement on the 
human body. Later, the Dutch doctor and physiologist Willem Einthoven developed a new string 
galvanometer in order to overcome the technical difficulties in the measurement of the weak ECG 
signals at the mV level. Thus, the first practical ECG machine was invented at the beginning of the 
20th century. Willem Einthoven received the Nobel Prize in Medicine in 1924 for this invention. 
Since then, ECG has become a prime tool for the screening and diagnosis of cardiovascular 
diseases in clinic and practice. However, ECG does not assess the heart status directly. The 
interpretation of ECG requires an experienced cardiologist and is quite empirical. 

There has been a great deal of interest for many years in constructing a good model to solve the 
associated inverse problem (estimate epicardial potentials or other characteristics of the heart’s 
electrical activity from measurements of the body surface) [3].  

Recently the Biomedical Imaging and Signal Processing Laboratory at Northeastern University, 
where I am doing the project, has developed models which can bridge between the potential-based 
model and the activation-based model to obtain better inverse solutions. Wavefront-Based 
Potential Reconstruction (WBPR) and Wavefront-Based Curve Reconstruction (WBCR) models 
for inverse electrocardiography have been developed in the past years by Dr. Alireza Ghodrati and 
Prof. Brooks [4], [5], [6]. The research of Dr. Burak and Prof. Brooks uses the spline-based 
approximation of the body surface potentials to provide temporal regularization for the estimation 
of the heart surface potentials [5]. All these models show considerable improvement in the inverse 
solutions with respect to the standard Tikhonov regularization. 

This project starts from the continuation of the research project of Prof. Brooks, Dr. Alireza 
Ghodrati and Dr. Burak. The main goal is to develop a model to improve the results of the inverse 
electrocardiography based on the research projects of the collaborators of the laboratory.  This 
thesis will be conducted in collaboration with the Biomedical laboratory research at Northeastern.  
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1.4. Thesis Outline 
 

This work will be structured in the following parts:  

The first chapter is a general introduction to the field of Inverse Electrocardiography (ECG) and 
explains the structure of the project.   

Chapter 2 presents a review of some medical basics concepts of the heart to understand the 
function of the heart and the origin of the electrical activity required. In section 2.2 a short 
introduction of different methods to record the electrical activity of the heart from measurements 
of the body surface potentials (non-invasive) or directly from measures of the heart potentials 
(invasive) is given. Given more emphasis of the electrocardiogram measurement method. 

Chapter 3 presents a review of some technical concepts required to understand the subject and the 
development of the model. Sections 3.1 and 3.2 present the Mathematical basics of the Inverse 
Problem. We explain the forward problem and the related inverse problem and the characteristics 
of a well-posed and ill-posed problem. In the last part of section 3.2 we explain a regularization 
technique, which is possible to obtain a more stable solution to the inverse problem. Section 3.3 
explains the theory of Radial Basis functions. 

The Radial Basis model development is addressed in chapter 4. Section 4.1 contains a detailed 
description of the Radial Basis model algorithm and how we incorporate this model to the inverse 
problem. In section 4.2 we explain an improvement model based in level sets and how we 
incorporate this improvement model to the inverse problem. At the end of both 4.1 and 4.2 
sections we evaluate the results with both synthetic and real data.  

Chapter 5 concludes the analysis and provides future directions.  
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2. Medical Basics: 

2.1. Anatomy of the heart and the origin of the elctrical activity of the heart 
 

The heart is located under your ribcage in the center of your chest between your right and left 
lungs. It is composed of a muscle tissue, called myocardium, whose electrical activation triggers 
the muscle cells to contract. As a result of this contraction, oxygenated blood is pumped to the 
circulatory system and deoxygenated blood is pumped to the lungs to receive oxygen. The 
electrical activity of the heart muscle contains useful information regarding the function of the 
heart  [7].  

The heart’s structure consists of four compartments: the right atrium and ventricle and left atrium 
and ventricle. The left side and right side are separated by a septum. The heart has four valves that 
regulate the flow of blood through the heart, its chambers and the arteries. The right and left part 
of your heart work together to pump blood. The right side of your heart pumps blood from your 
heart to your lungs through the pulmonary artery. The left side of your heart pumps blood to other 
parts of the body through the aorta. 

 

 

 

 

 

 

 

 

 

 

Figure 2.1: Anatomy of the heart [8] 

 

Heart ‘s wall contraction, generated by a stimulus, causes the pumping of blood to all parts of the 
body. This stimulus arises in a region called the sinus node located in the right atrium with each 
heartbeat. The sinus node can be understood to be a pacemaker, because it actuates the heart. The 
resulting electrical signal spreads from the top of the heart to the bottom with each heartbeat. As it 
travels, the electrical signal causes the heart to contract and pump blood. The process repeats with 
each new heartbeat. The heart's contraction is measurable at the body surface. 

A pumping cycle begins when blood from your body that is low in oxygen returns through the 
superior and inferior vena cavae to fill your hearts right atrium. When the right atrium is full with 
blood it contracts, the tricuspid valve opens, and blood is pumped into the right ventricle of your 
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heart. This is called atrial systole. When the right ventricle is full with blood, the tricuspid valve 
closes. This prevents blood from flowing back into the right atrium. The ventricle full of low 
oxygen blood contracts. The pulmonary valve opens and blood is pumped into your pulmonary 
artery and to your lungs.  

The pulmonary valve located between your right ventricle and pulmonary artery opens and closes 
quickly. This allows blood to enter into your pulmonary arteries without flowing back into the 
right ventricle. This is important because the right ventricle begins to refill with more low oxygen 
blood through the tricuspid valve. Blood travels through the pulmonary arteries to your lungs to 
pick up oxygen. This is called ventricular systole.  

 

 

Figure 2.2: Pumping cycle and location of the sinus node [9] 

 

2.2. Methods of measurements 
There are various methods to record the electrical activity of the heart from measurements of the 
body surface potentials (non-invasive) or directly from measures of the heart potentials (invasive).  

2.2.1. Invasive tools 

One non-invasive tool is the Electrocardiogram (ECG). It records the electrical activity of the heart 
manifested on the body surface in which the difference between a few electrodes placed in a 
standard configuration on a person’s chest and/or limbs and a reference lead or leads is recorded 
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[10]. It is a noninvasive and inexpensive tool, but the measurements suffer from attenuation 
inevitable from noise contamination.  

The ECG illustrates the electrical impulses as voltages with respect to time on a display.  Different 
waves appear on the illustration, see Figure 2.4. The three important ones are the P wave, the  QRS 
complex and the T wave. The P wave records electrical activity of the right and left atria. The QRS 
records the electrical activity of the right and left ventricles. The T wave records the heart’s return 
to the resting state. [11]. 

The shape and the size of the waves or the time between them give a lot of information about the 
heart and its rhythm. Changes in these waves can indicate different diseases. 
 

 

Figure 2.3: The different waves of ECG obtained from [13] 

 
 

Other non-invasive methods are the Body surface potential mapping (BSPM). It records potentials 
at many electrodes on the body surface, 30 to 200 approximately. 

2.2.2. Non-invasive tools 

An invasive method would be the Electrophysiology (EP). In this method catheters are inserted in 
the heart. The positive part is that the recorded signals are very accurate because they are not 
attenuated unlike ECG and BSPM, but this method is invasive. It gets an almost complete 
overview of the electrical potential on the body surface with this increment of the number of 
electrodes.  

In this project we are going to study and develop non-invasive techniques to reconstruct the 
cardiac electrical potential of the heart from body surface potential data measured in the torso. 

A short overview of the medical basics, needed to understand the forward and inverse problem of 
ECG, was given above. In the following chapters, we introduce the necessary mathematical basics. 
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3. Background Theory 

3.1. Mathematical model 
 

A mathematical model is a mapping from the set of causes (parameters of the model) X to the set 
of the effects (data) Y [14].  

𝐴:𝑋 → 𝑌 

In the forward problem the effect is computed in dependence of the cause, for x∈ 𝑋 we compute 
Ax  ∈ 𝑌. In contrast to the forward problem, in the inverse problem we have an observed effect y 
∈ 𝑌 and try to find the cause x∈ 𝑋 with Ax=y.  

In electrocardiography the causes are the potentials of the heart,  the effects are the potentials of 
the body surface and the trasfer functions is the forward matrix, A, created by differents methods.  

The forward problem has a unique solution. It is always possible to calculate the field with the 
accuracy of the source and volume conductor. However, the inverse problem of 
Electrocardiography is not that easy to handle, because it is ill posed and small errors on the data y 
can cause big errors in the solutions x. Besides a unique solution cannot be found based on 
external measurements alone, different sources can produce the same measurement.  

I present an easy example to illustrate the ill-posed problem and the relation between the forward 
and the inverse problem.  

In this model a single battery represents the source and a network of two resistors represents the 
conductor. Three cases are presented in which three different voltage sources are placed in 
different locations within the network. Note that although the magnitude of the battery voltage is 
different in each case, the output voltage in all three cases is the same, namely 2 V. we can 
evaluate the Thevenin equivalent for the three given circuits. In all cases the equivalent network is 
the same, namely an emf of 2 V in series with a resistance of 4 Ω. This demonstrates that based on 
external measurements one can evaluate only the Thevenin network. In this example, we have 
shown that this network is compatible with (at least) three actual, but different, networks. One 
cannot distinguish among these different inverse candidates without measurements within the 
source region itself. This example demonstrates the lack of uniqueness in constructing an inverse 
solution. 

 

 
Figure 3.1.: Three different circuits with the same equivalent Thevenin. [15]. 
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3.2. Inverse and Forward Problem 

3.2.1. Problem definition 

In this section we explain the direct and the inverse problems of electrocardiography in detail. 

As we have seen in Section 2.1, there is an electrical activity arising in the heart and measurable 
on the body surface. Now we assume that we know the electrical potential on the heart surface and 
we want to calculate the potential on the body surface. This is a direct problem, because we start at 
the cause, or the source of the potential, and it moves forward along the spreading direction of the 
electrical potential field. In contrast to the direct problem, we assume that we have a given 
electrical potential on the body surface, and we want to calculate the potential on the heart surface. 
This is an inverse problem, because the effect is given and we try to compute an unknown source 
[16].  

The inverse problem estimates the electrical potentials of the heart from measured samples of the 
potential of the body surface based on a mathematical model, called the forward model [17]. 

The numerical solution for the inverse problem requires two steps.  

• First step 

Construct a correct model that expresses the potential field throughout the body surface, as a 
function of the sources (the forward problem). Build a mathematical formulation, based on a 
volume conductor model and boundary conditions. Two methods have predominated for 
forward electrocardiography: the Finite Element Method (FEM) and the Boundary Element 
Method (BEM) [18], [19]. The result of all these mathematical formulation is a transfer 
forward matrix A, which relates the source potentials to the unknown measurements potentials.  

• Second step 

Inversion of the expression, to compute electrical potentials from the body surface potential 
data (the inverse problem). 

 

Figure 3.2: Relation between inverse and forward problem 

Both forward and inverse solutions require a specific model formulation of the cardiac electrical 
sources. We present two source models. One model is the “activation based” source model; the 
main feature of cardiac electric activity is the timing of the arrival of the depolarization at each 

Inverse	  Problem	  

Forward	  Problem	  
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location in the heart. On the other hand the second source model, It is the “potential-based” source 
model, the main feature is the potentials in the heart, at a set of discrete nodes on each surface at 
time t.  

 
Figure 3.3: Source models: Potential Based and Activation Based 

3.2.2. Mathematical formulation 

The follow equation expresses the relation between the body surface potential and the heart 
potentials.  

 

y(𝜼,t)= 𝑨(𝜼,𝒑)×𝒙 𝒑, 𝒕 𝒅𝒙𝒙 	  

 

y(𝜂,t) is the measurement function at any time t and at a position  𝜂 on the body surface. x(p,t) 
is the source function at any time t and at a position  𝑝 on the heart. 𝐴(𝜂, 𝑝) is the transfer 
function. It is created by Boundary Element Method. [18].  

It can also be rewritten as a matrix form as: 

 

𝑦 𝑘 = 𝐴(𝑘)×𝑥(𝑘) 

where x(k) denotes the source vector, y(k) stands for the measurement vector and A is a transfer 
matrix describing the relation between the cardiac sources and the measurement signal on the body 
surface at an instant k.  

We present the formulation for two equivalent Models Formulation of the electrical sources. The 
first model is the Activation based source model [20] and the second model is the Potential-based 
source model. 

	  
	  

Potential-‐
Based	  

Avtivation-‐
Based	  
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3.2.2.1. “Activation-based” source model 

The unknowns are the timing of the arrival of the depolarization wave front at each location in the 
heart. It is assumed a fixed form wave front at each node of the heart, and the same at all locations 
on the surface. Normally it is used a step function or a smoothed version of a step function. The 
forward equation in a continuous version has the form 

y((𝜂,t)= 𝐴(𝜂, 𝑝)×𝑢 𝑡 − 𝜏 𝑝 𝑑𝑥!  

Where y(𝜂; t) is the measurement surface potential at any time t and at a position p on the body 
surface and p indicates position on the heart surface.  
The forward equation in a discrete version has the following form 

𝒚 𝑘 = 𝑨 ∗ 𝒙 𝑘  

3.2.2.2.  “Potential-based” source model 

The unknowns are potentials in the heart, at a set of discrete nodes on each surface p at time t, 
x(t,p). If the Forward Problem is seen as static, meaning that the readings at each time instance are 
only caused by the sources of that particular instance, each time instant is taken independently. 
Then, we are going to use the same forward transfer matrix for every time instant. The forward 
equation in a discrete version has the form 

 

𝒚 1
𝒚 2
𝒚 𝑘
…

𝒚 𝑇

=
𝐴 ⋯ 0
⋮ 𝐴 ⋮
0 0⋯ 𝐴

×

𝒙 1
𝒙 2
𝒙 𝑘
…
𝒙(𝑇)

 

 

𝒚 𝑘 = 𝑨×𝒙(𝑘) 

where y(k) is a vector with the  potentials in the body surface, at a set of discrete nodes on each 
surface at time t. 

3.2.3. Solve the Inverse Problem 

Due to the inherent ill-posed of the inverse problem; it is not possible to solve the linear system of 
equations in a straightforward way or with the aid of a minimization problem. In order to obtain a 
stable and physiologically reasonable inverse solution, a regularization technique must be 
deployed to impose additional constraints on the solution. There are different regularizations 
techniques such as Tikhonov regularization and truncated singular value decomposition (TSVD). 
Tikhonov regularization is the most widely used method to solve the inverse problem. Tikhonov 
regularization method adds a regularization term (penalty) in addition to the objective function of 
the minimization. On the other hand the idea of truncated singular value decomposition (TSVD) is 
to derive a new problem with a well-conditioned rank deficient transfer matrix. 
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In this project we concentrate in Tikhonov regularization technique, which we explain in the next 
section.  
 

3.2.3.1. Tikhonov regularization 

 

Tikhonov Regularization adds a term to the objective function minimization, which depends on a 
positive parameter 𝜆  and the norm of the solution vector x. 

min 𝑥    ∥ 𝒚 − 𝑨𝒙 ∥𝟐+   𝝀 ∥ 𝑹𝒙 ∥𝟐 

If the value of 𝝀 is right, the cost function looks for a solution close to the solution of the least 
square but with small norm. If  𝝀 = 0, this is the same as not adding a regularization term. On the 
other hand, if 𝝀 grows increasingly the solutions x will tend to be zero, hence the adjustment will 
be very bad. To find a proper value 𝝀 there are several criteria. We will use the criterion of L-
curve  [21] [17]. 

The L-curve consists of a graph (for all values of regularization parameter) of the norm of the 
regularized solution ∥ 𝒙 ∥𝟐 versus the norm of the residual vector∥ 𝒚 − 𝑨𝒙 ∥𝟐, using logarithmic 
scale for the two variables [22]. 

This curve represents the compromise between the two terms in the minimization. We want the 
two terms to be small, but we know that by increasing the first the second decreases, and vice-
versa. Therefore, the apex of the curve is the optimal point to have a proper balance between the 
two terms [23]. 

 
Figure 3.4: L-curve 
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Figure 3.5: An image example of over-fitting and under-fitting [23] 

 
 
When 𝜆  is  large the prediction error, ∥ 𝒚 − 𝑨𝒙𝝀 ∥𝟐 , increases with 𝜆. Not all information in the 
data has not been extracted.  
 
When 𝜆  is small the regularization error, ∥ 𝒙𝝀 ∥𝟐 , increases with 𝜆.!! Only noise is left in the 
residual. 
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3.3. Radial Basis Function (RBF) 

3.3.1. Lineal Model 

 

A linear model for a function 𝑦(𝑥) takes the form: 

 

𝒙 = 𝒇 𝒑 = 𝒘𝒋×  𝝓𝒋(𝒑)
𝒌

𝒋!𝟏

 

The model x is expressed as a linear combination of a set of k fixed functions 
    𝝓𝟏 𝒑 ,   𝝓𝟐 𝒑 ,… ,   𝝓𝒌(𝒑)   (called basis functions by analogy with the composed of a vector 

being composed of a linear combination of basis vectors).  The choice of the coefficients, ‘w’ of 
the linear combinations and the basis functions, ‘𝝓’ reflects our interest 

3.3.2. Definition  

A radial basis function (RBF) is a special class of basis function.  

𝜙:ℜ! → ℜ 

It is a function of the distance of the point to the center. That is, 𝝓  is a RBF if 𝝓 𝑥 = ∅ ∥ 𝑥 ∥ ; or 
alternatively, given a point c, called a center, 𝝓 𝑥, 𝑐 = 𝝓 ∥ 𝑥 − 𝑐 ∥ . 𝝓   acts on a vector in Rn, 
but only through the norm.  The value of 𝝓 depends only on the norm of its argument. In other 
words, the level curves for 𝝓 are hyper spheres centered at the origin. This means that  𝝓 can be 
thought of as a scalar function. The norm is usually the Euclidean distance, although other distance 
functions are also possible [24], [25].  

From the radial functions we define the "radial basis functions", RBF. A RBF is a linear 
combination of functions displaced. 

𝒇 𝒑 = 𝒘𝒋×  𝝓𝒋(∥ 𝒑 − 𝒄𝒋 ∥𝟐)
𝒌

𝒋!𝟏

 

Which says that 𝒄𝒋 is the "center" of each of its summands of the linear combination. 

3.3.3. Types of Radial Basis Function (RBF) 

There is several common used formulas for 𝜙:ℜ! → ℜ. For our model we are going to use bump 
functions. These functions have a similar shape to the data, which we want to adjust and handle 
some desired properties. [12] 

 

 

 

𝒆𝒙𝒑
−𝝆𝟐

𝟏 − 𝒓
𝝈𝟐

  𝒇𝒐𝒓  𝒓 < 𝝈

0    𝑜𝑡ℎ𝑒𝑟𝑤ℎ𝑖𝑠𝑒

𝑩𝒖𝒎𝒑  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 



   

 27 

𝝓 𝒓,𝝈 = 𝒆𝒙𝒑
−𝒓𝟐

𝝈𝟐
  𝑮𝒂𝒖𝒔𝒔𝒊𝒂𝒏 

 

𝝓 𝒓 =   𝒓𝟑    𝑪𝒖𝒃𝒊𝒄 

 

𝝓 𝒓 =   𝒓𝟐𝒍𝒐𝒈 𝒓   𝑻𝒊𝒎𝒆  𝑷𝒍𝒂𝒕𝒆  𝑺𝒑𝒍𝒊𝒏𝒆 

 

𝝓 𝒓 =   
𝟏

𝒓 + 𝟏
    𝑪𝒂𝒖𝒄𝒉𝒚 

 

𝝓 𝒓,𝜷 =    𝒓𝟐 + 𝜷𝟐       𝑴𝒖𝒍𝒕𝒊𝒒𝒖𝒂𝒅𝒓𝒊𝒄 

 

𝝓 𝒓,𝜷 =   
𝟏

𝒓𝟐 + 𝜷𝟐       
  𝑰𝒏𝒗𝒆𝒓𝒔𝒆  𝑴𝒖𝒍𝒕𝒊𝒒𝒖𝒂𝒅𝒓𝒊𝒄 

 

𝝓 𝒓 =   𝒓    𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚 

 

 

 
Figure 3.6:  Graphical representation of a Bump Function centered on the origin with parameter   𝜎 = 10, 𝜌 = 0.1 

3.3.4. Mathematical Formulation of RBF 

 

The mathematical model is expressed as a linear combination of a set of K fixed functions. We 
have a set of N data  {𝑥(𝑝)!}!!for each time point and a set of K functions {𝜙(𝑐! ,𝜎, 𝜌)!}!!   (with N 
<K), with which we do lineal regression and we want to locate the coefficients 
w=(w1,w2,…wK).The flexibility of f, its ability to fit many different functions, derives only from 
the freedom to choose different values for the weights. This base depends on two values: the 
number of required function, K, and the scale parameter or shape of the bump functions, 𝜎. This 
fixed parameters are studied and are selected the ones that minimizes the fitting error. 
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𝒇 𝒑 =

𝒙(𝒑𝟏)
𝒙(𝒑𝟐)
𝒙(𝒑𝒊)
…

𝒙(𝒑𝑵)

=
𝜙(∥ 𝑝1 − 𝑐1 ∥!) ⋯ 𝜙(∥ 𝑝1 − 𝑐𝐾 ∥!)
      𝜙(∥ 𝑝2 − 𝑐1 ∥!) ⋮ ⋱ ⋮
𝜙(∥ 𝑝𝑁 − 𝑐1 ∥!) ⋯ 𝜙(∥ 𝑝𝑁 − 𝑐𝐾 ∥!) !×!"#$%"&

×

𝑤1
𝑤2
𝑤𝑖
…

𝑤𝐾𝑢𝑠𝑒𝑓𝑢𝑙

= 𝝓×𝒘 

 

 

𝑥! = 𝑓 𝑝! =    𝑤!×
!

!!!

  𝜙 ∥ 𝑝𝑖 − 𝑐𝑗 ∥ = 𝝓𝒊×𝒘 

 

𝑲𝒖𝒔𝒆𝒇𝒖𝒍 < 𝑵 

 

• X: data to be fitted  
• N: number of source reconstructions points 
• Ci: positions of the centers of the radial Basis functions  
• Kuseful: number of Radial Basis functions= number of centers  
• P: position on a described geometry of the data to be fitted.  
• 𝝓  is  the matrix of the evaluation of the functions in the data positions, p.  𝝓 

=(𝜙 𝑐! ,𝜎, 𝜌, 𝑝! !,!
  ; for≤ 𝑖 ≤ 𝑁 and ; for≤ 𝑗 ≤ 𝐾 

 

Normally it cannot achieves the equality, thus it solves the system by least squares to obtain an 
approximate solution. 

𝒙 ≈ 𝝓×𝒘  
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3.3.4.1. Optimal weight vector 

 

Once is fixed a set of basics functions the weights that best fits the data x, are calculated by the 
standard method least squares. 

The least squares principle leads to a particularly easy optimization problem. If the model is: 

𝑥 = 𝑓 𝑝 =    𝑤×
!

!!!

  𝜙 ∥ 𝑝 − 𝑐 ∥ = 𝝓×𝒘 

 

The least squares recipe is to minimize the sum-squared-error 

𝑆 = (𝑥! − 𝑓 𝑝! )!!
!!! ,   

 
If a weight penalty term, which penalizes large weights, is added to the sum-squared-error; then 
the following cost function is minimized 
 

𝑆 = (𝑥! − 𝑓 𝑝! )!!
!!! + 𝜆!(𝑅𝑤!)!!

!!! , 

 
Where {𝑓(𝑝!)}!! is the model expressed as a linear combination of a set of K fixed functions, 
{𝑥!}!!  is the data to be fitted, {𝑤!}!!  are the coefficients of the linear combination, {𝜆!}!! are the 
regularization parameters, and R is the regularization matrix. The regularization term it can be the 
coefficients of the linear combination or it can be the reconstructed data. In one case the 
regularization matrix is the identity matrix while in the other case is the 𝝓 matrix. 
 
The regularization parameter 𝜆 > 0 controls the balance between fitting the data and avoiding the 
penalty. A small value for 𝜆  means that the data can be fit tightly without causing a large penalty; 
a large penalty value of 𝜆  means that a tight fit has to be scarified if it requires large weights. The 
bias introduced favors solutions involving small weights and the effect are to smooth the output 
function since large weights are usually required producing a highly variable (rough) output 
function.  

The solution is given by : 

𝑤 = min𝑤    ∥ 𝑥 − 𝝓𝑤 ∥!+   𝜆 ∥ 𝑅𝑤 ∥! 
 

𝑤 = 𝝓!×𝝓 + 𝝀𝑰𝑲 !!×𝝓!×𝒙 
 
 Without regularization term:   

  𝑤 = 𝝓!×𝝓 !!×𝝓!×𝒙 
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4. The models 

In this project we have developed two models to describe the trans-membrane potentials of the 
heart. Both models are based on Radial Basis functions. The first model is a linear model, which 
fits the trans-membrane potentials of the heart as a linear equation of Radial Basis functions. The 
second model is an improvement of the first model. The second model adds a non–lineal operator 
that saturates the solutions in a defined range. Hence, it is a non-lineal model, in which the data is 
described as a non linear equation [26]. We incorporate both models into the inverse model. This 
mathematical model estimates the electrical potentials of the heart, the parameters of the model, 
from measured samples of the potential of the body surface based, the data.  

 

4.1. Radial Basis model 

4.1.1. Description 

 

This model represents the data to be reconstructed, the trans-membrane potentials defined on the 
heart geometry, by means of Radial Basis Functions (RBF). Our interest in this class of RBFs 
arises from their potential to reconstructing the shapes of the TMP with a very small number of 
terms.  

The whole problem development can be structured in two steps.  

In the first step we construct a correct model that describes the data to be fitted in geometry of the 
heart (Fig. 4.1). The data are described by a combination of basic functions defined in the whole 
domain of the data; these may depend on a number of parameters. In this sense, the most important 
decisions to make are what type of functions used, which will be their parameters and the required 
amount of them to retrieve relevant information. The second step focuses on the real aim of the 
project, adding the model in the inverse problem.  

The following flow diagram (Fig. 4.2, 4.3) shows the different blocks of the whole algorithm and 
their connections.  

 

 

 

 
Figure 4.1: Geometry of the heart. White points are the source nodes of the data to be reconstructed. 
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Figure 4.2: Diagram of the model. First step. 
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Figure 4.3: Diagram of the model. Second step. 
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• First step: define a set of basis functions 

The first step is to fix some parameters that will appropriately describe the trans-membrane 
potentials. As parameters to be fixed, we have a set of K base functions, {𝜙(𝑐! ,𝜎, 𝜌)!}!!  ,that 
linearly combined define the trans-membrane potentials of the heart for a particular geometry of 
the heart and time instant.  

𝒙(𝒑, 𝒕!) = 𝝓×𝒘(𝒕!) 

𝒙(𝒑, 𝒕!) is a vector of N source reconstruction points localized in the position {𝑝!}!!with the 
amplitudes of the trans-membrane potential of the heart for a particular time sample,  𝑡!. 𝝓 is the 
matrix of the base functions evaluated for each node on geometry of the heart. Its size is 𝑁×𝐾. 
And  𝒘(𝒕!) is the vector of the linear combination coefficients for a particular time instant. Its 
length is 𝐾×1. Hence the matrix 𝝓 depends on the geometry of the heart. For our model we are 
going to use the same matrix 𝝓 for all instants.  

  𝒙 𝒑, 𝒕𝟏 , 𝒙 𝒑, 𝒕𝟐 … 𝒙 𝒑, 𝒕𝑻
!
=

𝝓 ⋯ 𝟎
⋮ ⋱ ⋮
𝟎 ⋯ 𝝓

×   𝒘 𝒕𝟏 ,𝒘 𝒕𝟐 … 𝒙 𝒕𝑻
!
 

 

In this model, we are going to use bump functions as radial functions,𝜙. The rest of parameters 
will be studied and we will select the ones that minimizes the least square fitting error ∥ 𝒙(𝒑, 𝒕!) −
𝝓×𝒘(𝒕!) ∥.!As free variables we have the coefficients ‘w’.  

The centers of the radial basis functions are usually decided in advance and distributed more 
densely in regions with more data fluctuations. In this model, the centers will be distributed 
uniformly inside the geometry where the data is going to be fitted. See Figure 5.2.  

Once the basis that describes the trans-membrane potentials on the geometry of the heart is defined 
we need to determine the coefficients of this model for this particular data and geometry and time 
instant. To determine the coefficients we find the combination of the base functions that best 
describes the data to be fitted. In other words, wee solve a least square fitting error problem.  

𝜺(𝒕!) =∥ 𝒙(𝒑, 𝒕!) − 𝝓×𝒘(𝒕!) ∥.! 

Where 𝜺 represents the error of the model. We minimize the error in 2 norm, so least squares finds 
the optimal solution error.  

Once the vector 𝑤 has been solved, we evaluate the model. In other words, we reconstruct the data 
and compare it to the real data. See figure 4.4. Finally we evaluate if that set of basis functions 
does appropriately define our data or we need to increment the number of basis functions, or either 
change the fixed parameters. 
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Figure 4.4: On the left side, data to be fitted, on the right side reconstructed data with 74 radial basis functions. 

𝑲𝒖𝒔𝒆𝒇𝒖𝒍 < 𝑵 

 

• Second step: Incorporate the model to the forward problem and solve the inverse problem 

Once we have developed our model, a combination of a set of basis functions can appropriately 
describe the trans-membrane potentials on the geometry heart; we can try to fit them in the Inverse 
Problem structure.  

Because the Forward Problem is seen as static, meaning that the readings at each time instance are 
only caused by the sources of that particular instance, each time instant is taken independently. We 
are going to use the same forward matrix for every time instant. Using this structure, we can fit our 
spatial modeling like:  

𝑦(𝑠1, 𝑡!)
𝑦(𝑠2, 𝑡!)
𝑦(𝑠𝑝, 𝑡!)

…
𝑦(𝑠𝑀, 𝑡!) !×!

= 𝐴 !×!×

𝑥(𝑝1, 𝑡𝑖)
𝑥(𝑝2, 𝑡𝑖)
𝑥(𝑝𝑑, 𝑡𝑖)

…
𝑥(𝑝𝑁, 𝑡𝑖) !×!

 

 
𝑦(𝑠1, 𝑡!)
𝑦(𝑠2, 𝑡!)
𝑦(𝑠𝑝, 𝑡!)

…
𝑦(𝑠𝑀, 𝑡!) !×!

= 𝐴 !×!×
𝜙(∥ 𝑝1 − 𝑐1 ∥) ⋯ 𝜙(∥ 𝑝1 − 𝑐𝐾 ∥)
      𝜙(∥ 𝑝2 − 𝑐1 ∥) ⋮ ⋱ ⋮
𝜙(∥ 𝑝𝑁 − 𝑐1 ∥) ⋯ 𝜙(∥ 𝑝𝑁 − 𝑐𝐾 ∥)

!×!

×

𝑤1(𝑡!)
𝑤2(𝑡!)
𝑤𝑑(𝑡!)
…

𝑤𝐾𝑢𝑠𝑒𝑓𝑢𝑙(𝑡!) !"#$%"&×!

= 𝐴×𝝓×𝒘(𝑡!) 

 

In which 𝒚(𝒔, 𝒕!) is a vector of M components with the amplitudes of the measurements surface 
potentials localized on the body surface {𝑠!}!!of the heart for a particular time sample,  𝑡!. The 
matrix A is the forward matrix, that models the relation from the S sources on the body surface to 
the N sources in the heart. Its dimensions are 𝑀×𝑁. This matrix is often ill conditioned or singular. 
 

TMP	  (1500*T	  unkowns)	   TMP	  aprox	  (74*T	  unkowns)	  Grid	  of	  
125	  and	  parameter	  	  sigma	  85%	  
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Finally we need to solve the inverse problem. We will solve it separately for each instant time. 
With this model the unknowns are the coefficients. The number of coefficients is smaller than the 
numbers of source reconstructions points. Hence, with this model we are reducing the 
dimensionality of the inverse problem and making it better posed. The coefficients in the linear 
combination are calculated by the least squares method, from the input data measurements on the 
body surface.  

 

𝒚 𝑡! = 𝐴×𝝓×𝒘 𝑡! = 𝐴×𝒙 𝑡!  

 

However when we incorporate the model to the inverse model the problem is still ill-posed, due to 
the bad numerical condition of the system matrix “𝐴×𝝓”. Implying that small inaccuracies in the 
measured data (noise) can result in large errors in the solution (the epicardial potential). To 
overcome this problem and to be less sensitive to noise and obtain physiological meaningful 
solutions, a regularization term needs to be added to the inverse algorithm. In this case, we have 
proposed the Tikhonov regularization, which depends on a new parameter, 𝜆, to be estimated. The 
goal of this regularization technique is to build a solution with small solutions, thus avoiding large 
oscillations in the function. 

Using a correct value of for the parameter 𝜆 is crucial. This parameter can be selected by several 
criteria. We will use the criterion of L-curve 

𝒘(𝒕!) = 𝒎𝒊𝒏  𝒘(𝒕!)      ∥ 𝒚(𝒔, 𝒕!) − 𝑨×𝝓×𝒘(𝒕!) ∥.!+   𝝀 ∥ 𝑅×𝒘(𝒕!) ∥! 

 

The later cost function results after evaluation:  

𝒘(𝒕!) = [𝝓′×𝑨!×𝑨×𝝓 + 𝝀×𝑅]!𝟏×𝝓′×𝑨!×𝒚(𝒔, 𝒕!) 

 

In this model, the regularization matrix is the 𝝓 matrix because the regularization term is the 
reconstructed data, 𝒙(𝒕!) = 𝝓𝒘(𝒕!) 

 

𝒘(𝒕!) = 𝒎𝒊𝒏  𝒘(𝒕!)      ∥ 𝒚(𝒔, 𝒕!) − 𝑨×𝝓×𝒘(𝒕!) ∥.!+   𝝀 ∥ 𝝓𝒘(𝒕!) ∥! 

𝒘(𝒕!) = 𝒎𝒊𝒏  𝒘(𝒕!)      ∥ 𝒚(𝒔, 𝒕!) − 𝑨×𝝓×𝒘(𝒕!) ∥.!+   𝝀 ∥ 𝒙(𝒕!) ∥! 
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4.1.2. Algorithm to choose the set of basis functions 

To select the set of basis  functions, {𝜙  (𝑐! ,𝜎, 𝜌)!}!!  , with their parameters we are going to use the 
following algorithm. As we said in previous sections, in this model we are going to use as 
𝜙! , 𝑏𝑢𝑚𝑝  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠.  All of them will have the same 𝜎  𝑎𝑛𝑑  𝜌 parameter. 

• Select one QRS period of the data. {𝑥!,!}!,!
!,! 

• Normalize trans-membrane potentials, {𝑥!,!}!,!!  ! , data to be fitted 
o We normalize between 0-1. 
o There are various methods. In this project we are going to use a formulation that 

fits the average concentration values.  

 

𝑣𝑖 =
𝑥 −min(𝑥)

max 𝑥 −min  (𝑥)
 

 

• Design a uniform grid of centers, {𝑐!}!!. This set are the centers of the Bump functions.  
o Red Points: Uniform grid of K centers 
o Green Points: Nodes of the heart (Geometry)  
o Blue Points: final selected centers of the RBF (explained with more detail the 

criteria in the following sections)   

 

 
Figure 4.5: Geometry of the sources reconstructions nodes of the heart in green colour and in red and blue colour uniform distribution 
of the centers of the radial basis functions. 

• Find the distance from each node position of the heart,   {𝑝!}!! to each center,  {𝑐!}!!. The 
norm is the Euclidean distance. 
 

𝑑𝑖𝑠𝑡 =
∥ 𝑝! − 𝑐! ∥!    ⋯ (∥ 𝑝! − 𝑐! ∥!)

      (∥ 𝑝! − 𝑐! ∥!) ⋮ ⋱ ⋮
(∥ 𝑝! − 𝑐! ∥!) ⋯ (∥ 𝑝! − 𝑐! ∥!) !×!

 

 
 

• Determine the minimum 𝜎 of the bump function. The value of 𝜎 is the higher distance of 
the set of minimum distance of each node to some center. Hence, each node has at least 
one center whose distance to a center is less than sigma.  
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𝐦𝐢𝐧! = 𝐦𝐚𝐱(𝐦𝐢𝐧(∥ 𝑝! − 𝑐! ∥!)    ;  {𝑝!}!! , {𝑐!}!! 
 
∥ 𝑝! − 𝑐! ∥! C1 C2 Cj CK 

p1 
 𝑚𝑖𝑛  {∥ 𝑝! − 𝑐! ∥!}!!   

p2 
 𝑚𝑖𝑛  {∥ 𝑝! − 𝑐! ∥!}!!   

pi 
 𝑚𝑖𝑛  {∥ 𝑝! − 𝑐! ∥!}!!   

pN   𝑚𝑖𝑛  {∥ 𝑝! − 𝑐! ∥!}!!  

Table 4.1: Example: The closest center to node p1, p2 and pi is C2 and to node pN is Cj. 

 

• Determine 𝜎  
o 𝜎 = 𝐦𝐢𝐧

!
+ 𝛼×𝜎  

 
∥ 𝑝! − 𝑐! ∥! C1 C2 Cj CK 

p1 
< 𝜎 < 𝜎 > 𝜎 > 𝜎 

p2 
> 𝜎 < 𝜎 > 𝜎 > 𝜎 

pi 
> 𝜎 < 𝜎 > 𝜎 > 𝜎 

pN < 𝜎 > 𝜎 < 𝜎 > 𝜎 

Table 4. 2: Example: ∥ 𝑝! − 𝑐! ∥!< 𝑜𝑟 >   𝜎 

• Select useful centers:  
o We remove the centers than are not the closest to at least one node. (Do not 

depend on sigma)  
o In the example of table 5.1 we will eliminate C1 and CK. 

 
• Create a new distance matrix only with the columns defined by the useful centers.  

 

𝑢𝑠𝑒!"#$ =
∥ 𝑝! − 𝑐! ∥!    ⋯ (∥ 𝑝! − 𝑐!"#$%"& ∥!)

      (∥ 𝑝! − 𝑐! ∥!) ⋮ ⋱ ⋮
(∥ 𝑝! − 𝑐! ∥!) ⋯ (∥ 𝑝! − 𝑐!"#$%"& ∥!) !×!"#$%"&

 

 

• Evaluate the Bump Function: 𝜙(𝑢𝑠𝑒!"#$)=  𝜙
𝒆𝒙𝒑 !𝝆𝟐

𝟏!
!"!!"#$

𝝈𝟐
  𝒇𝒐𝒓  𝑢𝑠𝑒!"#$

< 𝝈
0    𝑜𝑡ℎ𝑒𝑟𝑤ℎ𝑖𝑠𝑒

 

 

 

𝑓𝑖!"#$%& =
𝜙 ∥ 𝑝! − 𝑐! ∥!    ⋯ 𝜙(∥ 𝑝! − 𝑐!"#$%"& ∥!)
      𝜙(∥ 𝑝! − 𝑐! ∥!) ⋮ ⋱ ⋮
𝜙(∥ 𝑝! − 𝑐! ∥!) ⋯ 𝜙(∥ 𝑝! − 𝑐!"#$%"& ∥!) !×!"#$%"&
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• Fit the Data. Solve a Least Square error problem to find the optimal coefficients. For one 
time sample tk: 
 

𝑥(𝑝1, 𝑡𝑘)
𝑥(𝑝2, 𝑡𝑘)
𝑥(𝑝𝑑, 𝑡𝑘)

…
𝑥(𝑝𝑁, 𝑡𝑘)

  =
𝜙(∥ 𝑝1 − 𝑐1 ∥!) ⋯ 𝜙(∥ 𝑝1 − 𝑐𝐾𝑢𝑠𝑒𝑓𝑢𝑙 ∥!)
      𝜙(∥ 𝑝2 − 𝑐1 ∥!) ⋮ ⋱ ⋮
𝜙(∥ 𝑝𝑁 − 𝑐1 ∥!) ⋯ 𝜙(∥ 𝑝𝑁 − 𝑐𝐾𝑢𝑠𝑒𝑓𝑢𝑙 ∥!) !×!"#$%"&

×

𝑤1(𝑡!)
𝑤2(𝑡!)
𝑤𝑑(𝑡!)
…

𝑤𝐾𝑢𝑠𝑒𝑓𝑢𝑙(𝑡!)

= 𝝓×𝒘(𝑡!) 

 
• Reconstruct the data 

 
𝑥 = 𝝓×𝒘   

• Evaluate the results for different parameters fixed  
o Analytic 

𝜺(𝒕!) =∥ 𝒙(𝒑, 𝒕!) − 𝝓×𝒘(𝒕!) ∥.! 

 

o Visualization reconstructed data with a simulation program  (Map3d) 
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4.1.3. Simulations results RBF 

In this section, we present a comparison of the numerical results obtained with the Radial Basis 
model. All the procedures have been implemented in Matlab. The visualization of the 
reconstructed data has been done in Map3D. Map3D is a scientific visualization application 
written to display and edit complex, three-dimensional geometric models and scalar, time-based 
data associated with those models [28]. 

4.1.3.1. Data analysis 

For this project development we have worked with two different set of data: Collen’s data and 
TMP concordant data. Both data correspond to the same geometry of the heart, 1500 nodes. The 
aim is to test the performance of the Radial Basis model and inverse model and to see the behavior 
of these models for different set of data.  For each data we are just going to fit the data during the 
first QRS period.  

• Collen’s Data: These are trans-membrane potentials obtained from Colin's simulations on 
the rabbit heart without purkinje system. This means that the activation resembles one of 
an ectopic beat without involvement of the purkinje system and thus looks like a single 
waveform spreading. QRS period (78 samples)  

• TMPConcordant : QRS period (105samples) 

At the previous work of this project development we have worked also with two more different 
kinds of data:  

• Canine data: heart of a canine of 247 nodes.  
• Data from a small heart of 257 nodes.  

4.1.3.2. Radial Basis Model results 

To compare the results of the reconstruction data with different bases functions with different 
parameters, an evaluation criterion is the error in 2-norm∥ 𝑥 − 𝑥 ∥, where 𝑥  are the predictions of 
the model. A small value of the error indicates that the model adjust well the input data. Also it is 
possible to study the spatial distribution of the error in the heart.  

The first question is the type of RBF to use it. For this model we will use bump functions as we 
mentioned in previous sections.  

Once we decided to use bump functions, we have to choose how the initial distributions of the 
centers are placed and how many there are. The figures 4.6 and 4.7 illustrate an example of a 
regular square mesh that is used for an initial RBF centers distribution in the fit. In practice, it 
seems reasonable to use a mesh of initially 125-343 centers. It ends up being 74 and 78, by the 
elimination algorithm, which is explained with detail in the section 4.1.2.  

Figures 4.8 and 4.9 show the comparison of the minimum value of sigma for two different number 
of grid of centers. It can be seen that when we increase the number of RBF, we have a denser grid 
and the value of the minimum sigma decreases because the necessary minimum value of sigma to 
cover all the geometry of the heart is smaller since we have more functions.  
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Figure 4.6: 22 Radial Basis Functions 

 

Figure 4.7 : 117 Radial Basis Functions 

 

 
Figure4.8 : Bump Function for a grid of 22 RBF 

 

Figure4.9: Bump Function for a grid of 117 RBF 

 

Having decided the placement and number of the centers the value of the minimum sigma is 
determined.  The next step is to decide the value of the parameter 𝛼 of the radial basis functions, 
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which determines the sigma of the basis functions. In our algorithm the sigma is the same for all 
the functions. Based on the error in 2-norm that is obtained in the reconstruction of the data for 
different K number of functions we can choose for each number of initial functions which sigma 
parameter can describes better the data.  

Figures 4.10, 4.11, 4.12, 4.13 evaluate the error of fitting Collen’s data with a variable 
configuration of the spatial functions.  

Figures 4.10, 4.11 and 4.12 illustrate the surface visualization of the fitting error of the 
reconstruction Collen’s data in 3D for a fix number of RBF and a variable addition parameter to 𝜎 
and time instants. Figure 6.8 shows the visualization of the fitting error for a fix addition parameter 
to minimum 𝜎 and a variable number of RBF and time instants.  

We can observe in figure 4.11 that for a fix number of 27 initial Radial Basis Functions, for the 
time instant where there is higher error, the best total sigma value is 70 for these distributions of 
spatial functions in the geometry of the heart. This value corresponds to a 44 % addition parameter 
to the minimum 𝜎. The minimum 𝜎 for this initial configuration corresponds to a value of 50.3829. 
Figure 4.12 shows in the time axis domain that the higher error corresponds for the time sample 55.  

Besides for a fix addition parameter to the minimum 𝜎 and a variable number of RBF and time 
instants, the fitting error decreases considerable as we increase the density of the RBF in the 
geometry of the heart. We can observe this in figure 4.13.  

 

 
Figure 4.10: Fitting error for a variable sigma and a 27 radial basis functions uniformly distributed 
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Figure 4.11: Fitting error for a variable sigma and a 27 radial basis functions initially uniformly distributed.  

 

 

 
Figure 4.12: Fitting error for a variable sigma and 27 radial basis functions initially uniformly distributed. 
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Figure 4.13: Fitting error for a variable number of radial basis functions and 40% of min sigma addition parameter to minimum sigma .  

 

In table 4.1 we investigate the value of the sigma parameter of the bump function that best can 
describe either Collen’s data or Concordant’s data both in the same geometry of the heart for 
different number of radial basis functions distributed spatially uniformly in the geometry of the 
heart. We can observe that the minimum sigma for each distribution is the same for both data, 
because it just depends on the geometry of the heart and the initial distribution of the radial basis 
functions, which is the same for both data. Besides the best total sigma of the set of bump 
functions getting less fitting error for different data for the same geometry has a similar behavior 
as we can see in the table 6.1 and Figures 6.9 and 6.10. Hence, to fit both data, Collen’s and 
Concordant’s data, we can use the same set of basis functions, which means the same 𝝓  matrix.  
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Grid Number 
centers 

Number useful 
centers 

Minimum 𝜎 Total 𝜎 

Collen’s data 

Total 𝜎 

Concordant data  

%Parameter 

Collen’s data 

%Parameter 

Concordant’s 
data 

3 27 22 50,38 72 72 44 44 

4 64 41 33,01 59 60 79 82 

5 125 74 25,04 46 48 84 92 

6 216 117 20,10 35 38 74 89 

7 343 170 17,33 31 28 78 62 

8 512 222 14,57 25 23 72 58 

9 729 291 12,63 21 21 67 67 

10 1000 379 11,42 19 18 67 58 

Table 4.3: 𝜎 parameter of the Bumps Functions that best describes the data 

 
 

 
Figure 4.14 Fitting error of Concordant’s data for an initial distribution of 1000 radial basis functions for different sigma parameter of 
the bumps functions. 
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Figure 4.15: Fitting error of Collen’s data for an initial distribution of 1000 radial basis functions for different sigma parameter of the 
bumps functions. 

Finally, figures 4.16, 4.17 and 4.18 illustrate the normalized Concordant’s data and its 
reconstruction for an initial uniform distribution of 1000 RBF and the best total sigma value of the 
functions for this spatial configuration of RBF, which is 18. At the end the number of RBF is 379, 
because we eliminate the radial basis functions, which are spatially located very far away from 
some node of the heart. The first important result obtained with this model is that we can decrease 
the numbers of unknowns of a heart of 1500 nodes to 379 unknowns and still achieve good results 
with the data to be fitted in the geometry of the heart. This is very promising when we would 
incorporate this model to the inverse problem. 

 

 
Figure 4.16: normalize TMP, Concordant data. 
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Figure4.17: Reconstructed Concordant data. Initial configuration of 1000 RBF and 𝜎 =18. 

 

 

 
Figure 4.18: Reconstructed Concordat's data. Non-Negative Coefficients. Initial configuration of 1000 RBF and 𝜎 =18. 

 

 

 
Figure 4.19: Fitting error. Concordant's data 
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4.1.3.3. Inverse model results with (RBF) 

Once the number of bump functions and their alpha parameter are fixed, which means that the 
sigma values of the bump functions are fixed, we study how the model behaves when we 
incorporate it into the inverse problem.  

Trans-membrane potentials are forward propagated and noise is added at SNR=15 dB. 

We evaluate its behavior from the point of view of the condition number of the resultant matrix, 
𝜙×𝐴  and the L-curve graphic.  

Figure 4.20 shows the behavior of the condition number of the matrix of the problem. It can be 
seen that as in the case of not using regularization; the condition number of the resulting matrix 
always increases with the size of the base k. From a number of 222 functions the numerical 
instability is very important. 

 
Figure  4.20: Condition number of the resultant matrix 𝜙×𝐴   without regularization term. 

 

Figure 4.21 and 4.22 shows the L curve graphical representation of the Tikhonov regularization for 
a large range of parameter 𝜆 = 10!!" − 10! .   We can see how the L-curve represents the 
compromise between the two added terms of the minimization expression.  

The above part (the more vertical) of the figures 4.21 and 4.22 corresponds to small values of the 
parameter  𝜆, where the filtering or regularization is small, and it is possible to reduce the norm of 
the vector solution, 𝒙(𝒔, 𝒕!) , without affecting the norm of the residual error, ∥ 𝒚(𝒔, 𝒕!) −
𝑨×𝝓×𝒘(𝒕!) ∥.! On the bottom part (the more  horizontal), the situation is just the opposite. It 
corresponds to larger values of the regularization parameter, which increases the residual error 
without reducing the norm of the vector solution. Therefore, the vertex of the curve is the optimal 
point to have a proper balance between these two norm terms. The figure 4.22 shows the value of 
the 𝜆  parameter that corresponds to the vertex for different time instants. We can observe that the 
optimal value of 𝜆 to apply the Tikhonov regularization is the same for different time instants.  
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Figure 4.21: L curve . RBF model. Collen’s data. 

 

 

 
Figure 4.22: L curve. Values of the regularization parameters. Collens’s data. 

 

Once we decide the value of the regularization parameter we reconstruct the data. The results are 
not good. We obtain very noisy data as we can see in figure 4.23.  
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Figure 4.23: Reconstructed Collen’s data. Regularization parameter 𝜆 = 14.5, 74 RBF and 𝜎 =46. 

We have seen that the radial basis model can adjust quite well the input data, the trans-membrane 
potentials of the heart. There is a small error in the prediction data. 
 
However we have seen that when we incorporate the radial basis model into the inverse model the 
resulting model cannot adjust well the input data.  

This poor performance makes us to think that there is something wrong with the model. Either the 
radial basis model incorporated into the inverse problem is no proper, or the inverse model is not 
correct. There is a model that is not appropriate to describe the relation between the parameters 
and the data. 

 

Radial Basis Model 

 
 
 
 
 

 
Figure 4.24: First figure input data, TMP of the heart. Second figure fitted data1, parameters of the model from the real TMP. Third 
figure fitted data2 from the fitted data1 . Using 74 RBFs in the model.  

To analyze how the radial basis model behaves in front of small errors in the input data, we first fit 
the trans-membrane potentials with radial basis functions. As we see from fig 4.24 the fitted data 
describes quite well the trans-membrane potentials in the geometry of the heart. Then, we fit again 
this reconstructive data, which has a small error, to the trans-membrane potentials. We can see 
from figure 4.24 that the fitted data obtained with this reconstructive input data can still describe 
very well the trans-membrane potentials of the heart. This model behaves well to small errors. 
Hence, small errors in the input data X are not critical and don’t introduce large errors into w. 
 
 
 Xfitted2 Fittig data Fittig data 

 

X 

Xfitted1 

𝑖𝑛𝑣  𝜃:      𝑋 → 𝑤 
 

𝜃:𝑤 → 𝑋𝑓𝑖𝑡𝑡𝑒𝑑 
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Both fitted data, Xfitted1 and Xfitted2 are very similar and can describe very well the behaviour of 
the distributions of the potentials in the heart as we can see in figure 4.24. However, we have seen 
that when we incorporate the radial basis model into the inverse model the resulting model cannot 
adjust well the input data.  

After studying the performance of the radial basis model, we will study the behavior of the radial 
basis model when we incorporate it into the inverse problem.  

To study this performance first we will analyze the performance of the inverse models by itself 
and afterwards we will study the performance of the radial basis –inverse model.  

We solve the forward problem with the fitted data obtained with the radial basis model to obtain 
the measurements on the body surface. We can see that small errors from the radial basis model 
translate in big errors in the measurements of the body surface, as we can see in figure 4.25. The 
measurements obtained from the forward model from the real data and the fitted data are very 
different, even though the fitted data and the real data are very similar. The fitted data is forward 
propagated and we add noise at SNR=35dB. This data is the input to the inverse problem  

 

𝐴:      𝑋𝑓𝑖𝑡𝑡𝑒𝑑1 → 𝑌𝑟 

 

 
Figure 4.25: on the left measurements on the body surface obtained from the forward problem with the real data. On the right 
measurements on the body surface obtained from the forward data with fitted data from the radial basis model. 

Inverse Model 

 

 

 

In the inverse model we consider as output the fitted data of the radial basis model 𝑋𝑓𝑖𝑡𝑡𝑒𝑑.  

The matrix A is very bad conditioned so small errors in the input cause big error in the output 
results. When we compute the inverse problem the result differs greatly from the expected one. 

𝑋𝑖𝑛𝑣 ≠   𝑋𝑓𝑖𝑡𝑡𝑒𝑑 

However the residual error is very small 𝐴×𝑋𝑓𝑖𝑡𝑡𝑒𝑑 − 𝐴×𝑋𝑖𝑛𝑣 = 𝑌𝑟 − 𝑌𝑟𝐹𝑜𝑟𝑤𝑎𝑟𝑑 → 0 

𝑖𝑛𝑣  𝐴:      𝑌𝑟 + 𝑛𝑜𝑖𝑠𝑒 → 𝑋𝑖𝑛𝑣 

𝐴:          𝑋𝑖𝑛𝑣 → 𝑌𝑟𝑓𝑜𝑟𝑤𝑎𝑟𝑑 
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Figure 4.26: On the left measurements on the body surface from the fitted data doing the forward problem and on the right 
measurements on the body surface from the data x, obtained from the inverse problem, doing the forward problem. Both measurements 
are very similar. 

 

Radial Basis Model-Inverse Model 

To prove the performance of the radial basis model when we incorporate it into the invers model 
we do as in the previous process.  

We do the forward problem with the coefficients obtained with the radial basis model to obtain the 
measurements on the body surface. We can see that small errors from the radial basis model 
translate in big errors in the measurements of the body surface, as we can see in figure 4.26. The 
measurement from the forward model from the fitted data and the addition of noise at SNR=35 dB 
will be the input to the inverse problem. 

Forward Model 

𝐴×𝜃:      𝑤 → 𝑌𝑟 

 

 

 

 

 

𝑖𝑛𝑣  𝐴×𝜃:      𝑌𝑟 + 𝑛𝑜𝑖𝑠𝑒 → 𝑤𝑖𝑛𝑣 

  𝐴×𝜃:          𝑤𝑖𝑛𝑣 → 𝑌𝑟𝑖𝑛𝑣𝑟𝑏𝑓 
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Figure 4.27: On the left measurements on the body surface from the fitted data doing the forward problem and on the right 
measurements on the body surface from the data x, obtained from the inverse problem, doing the forward problem. Both measurements 
are very similar. 

The results are similar to the inverse model by it self. Small errors in the input of the inverse-RBF 
problem cause big errors in the output since the resulting matrix 𝐴×𝜃 is very bad conditioned. 
However the residual error is very small as we can see in figure 4.26. 

𝐴×𝜃×𝑤 − 𝐴×𝜃×𝑤𝑖𝑛𝑣 = 𝑌𝑟 − 𝑌𝑟𝑖𝑛𝑣𝑟𝑏𝑓 → 0 

 

The aim of the problem is the inverse model. The matrix 𝐴 is very bad conditioned, meaning that 
when we do the inverse problem either in 𝐴  𝑚𝑜𝑑𝑒𝑙 or 𝐴×𝜃  𝑚𝑜𝑑𝑒𝑙 the solutions are not stable and 
unique. 

To explore more the results obtained from the inverse model, we would like to see if the Tikhonov 
regularization technique is proper to use. Tikhonov formulation balances regularization errors and 
perturbation errors. We would like to verify if the best regularization parameter, which balance 
both terms, corresponds to the one that satisfies the best final solution.  

The theory says that if too much regularization is imposed on the solution, then it will not fit the 
given data properly and the residual error will be too large. On the other hand, if too little 
regularization is imposed then the fit will be good but the solution will be dominated by 
contributions from the data errors, and hence ∥ 𝑥! − 𝑥 ∥! will be too large.  

To evaluate the performance of the model, we will need the optimal regularization parameter 𝜆!"# 

What we are going to do is to check which is the best parameter that minimizes the solution, and 
check how it differs from the best parameter that the L-curve method provides us.  
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𝜆!"#$%& = min
!

∥ 𝑥! − 𝑥!"#$% ∥! 

 

n=65 ∥ 𝐴𝑥! − 𝑥 ∥! ∥ 𝑥! ∥! ∥ 𝑥! − 𝑥!"#$% ∥! 

𝜆!"#$%&=1.4175 28.73 7.47 32.64 

𝜆!"#$%&=9.11 30.48 5.20 32.78 

Table 4.4: norm of residual error, regularization solution and the difference of the solution and the exact solution  for two regularization 
parameters using standard-form Tikhonov regularization.  

 

 
Figure 4.28: The generic L-curve for standard-form Tikhonov regularization; the points marked by circles correspond to the 
regularization parameters  𝜆 
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Figure 4.29: ∥ 𝑥! − 𝑥!"#$% ∥! for different regularization parameters 𝜆 

 

 
Figure 4.30: The exact solution in blue and Tikhonov regularized solutions 𝑥! for different values of 𝜆 

From figure 4.27 we can see that the 𝜆!"#$%& , the one that minimizes  ∥ 𝑥! − 𝑥!"#$% ∥!,    doesn’t 
correspond to the corner of the L-curve. This 𝜆!"#$%& corresponds to a regularized parameter that 
under smooths a little bit the solutions, since it corresponds to the “steep” part of the L-curve 
where the perturbation error dominates. However, the 𝜆!"#$!"  almost provides the same 
∥ 𝑥! − 𝑥!"#$% ∥! as the one of  𝜆!"#$%& as we can see in figures 4.28 and 4.29. Figure 4.29 shows 
that for a wide range of regularization parameters, which we are over smoothing a little bit or we 
are under smoothing a little bit the solutions, are very similar to each other and have a similar 
behavior. As we can see in figure 4.29, the solutions for three regularization parameters [0.054, 
1.417, 9.11] are very close to each other.  However solutions, which correspond to very small 
regularization parameters, are not smooth and dominated by contributions from the data errors and 
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are very far away from the exact solution. On the other hand, solutions which correspond to very 
large regularization parameters are over smoothed and very small and far away from the exact 
solution.   

From the plots we can see that good regularization parameters are not the ones that tries to balance 
both terms exactly. This means that the Tikhonov regularization is not proper or that we should 
add some more constraint than the simple Tikhonov, which chooses the one with the minimal 
norm among them [27]. 

Our model considers the Forward problem as static, meaning that the readings at each time 
instance are only caused by the sources of that particular instance. Each time instant is taken 
independently. We should add a priori knowledge of how coefficients behave in space to 
constraint the solutions and obtain physiological meaningful solutions.  
 
What we do is to compare in space the coefficients obtained from the radial basis model when we 
do the fitting problem and the coefficients obtained from the RBF-inverse model. We would like 
that both coefficients have the same behavior in space since we obtain good results with the 
coefficients of the RBF model.  
 
Figure 4.30 show that the coefficients from the fitting, which obtain good results in the solution, 
have a sparse behavior. In other words, only a few coefficients are non-zero and the rest are close 
to zero. This results tells us that maybe it would be better to estimate the coefficients, subject to 
the constraint that the coefficients are sparse, instead of subject to the constraint that they are 
smooth. 
 

min𝑤    ∥ 𝒚 − 𝑨𝝓𝒘 ∥𝟐+   𝝀 𝒘 𝟏 

 

Where 𝝀 is the regularization parameter and 𝒘 𝟏 is the sparsity constraint. The regularization 
parameter balances the trade-off between fitting the data perfectly and employing a sparse 
solution. 

 

 
Figure 4.31 Coefficients obtained from the RBF model and coefficients obtained from the RBF-Inverse model for time sample 55. 
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To verify if the problem is the inverse model or the RBF model we solve the inverse problem with 
the sparse regularization constraint in order to obtain useful solutions.  The fitted data from the 
RBF are forward propagated and noise is added at level SNR=35dB. This is the input from the 
inverse problem.  

 

𝐴×𝜃:      𝑤 → 𝑌𝑟 + 𝑛𝑜𝑖𝑠𝑒 = 𝑏 

𝑖𝑛𝑣  𝐴×𝜃:      𝑏 → 𝑤𝑖𝑛𝑣 

 

 

Figure 4.31 show that the inverse solutions and the fitted data from RBF model are very similar 
when we are using a set of 74 basis functions.  

 
Figure 4.32: First figure TMP, second figure solution from the fitting (RBF model) and third Picture solution from the inverse problem. 

 

However, if the input from the inverse problem is the real data forward propagated instead of the 
fitted data forward propagated, the results are not as good because as we have seen in figure 2, the 
measurements on the body surface are very different from each other.   

 

𝐴:      𝑋 → 𝑌𝑓𝑜𝑟𝑤𝑎𝑟𝑑 + 𝑛𝑜𝑖𝑠𝑒 = 𝑏𝑓𝑜𝑟𝑤𝑎𝑟𝑑 

𝑖𝑛𝑣  𝐴:      𝑏𝑓𝑜𝑟𝑤𝑎𝑟𝑑 → 𝑥𝑖𝑛𝑣 
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Figure 4.33: On the left TMP and on the right solutions from the inverse from measurement on the body surface forward propagated 
from real data. 

This tell us that the problem is the Radial Basis model which cannot fit very well the data and the 
inverse model with the sparse constraint is proper. The data forward propagated from the fitted 
data and the real data are very different even the real data and he fitted data are quite similar. This 
tells us that small errors in the radial basis model translate in big errors in the measurements of the 
body surface.  

However if we use a higher number of radial basis functions 170, the model becomes very bad 
conditioned, as we can see in figure 4.20, and it doesn’t give good results as we can see in figure 
4.34. Hence for a higher number of RBF’s both the RBF and the Inverse model behave badly. 

𝐴×𝜃:      𝑤 → 𝑌𝑟 + 𝑛𝑜𝑖𝑠𝑒 = 𝑏 

𝑖𝑛𝑣  𝐴×𝜃:      𝑏 → 𝑤𝑖𝑛𝑣 
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Figure 4.34: Real data and fitted data with 74, 170 and 379 coefficients. 

 
 

 
 

Figure 4.35: Forward propagated data from the  real data and the fitted data with 74, 170 and 379 coefficients 

 

 
Figure 4.36 Inverse solutions when we use as input the forward propagated data from the fitted data with 74 coefficients, 170 and 379. 

 

Figure 4.37: inverse solutions from the forward propagated data from the real data. Using 74, 170 and 379 coefficients. 
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4.2. Level sets- RBF model. Improvement model  

4.2.1. Description 

This model is an improvement of the previous model. This model adds a non–linear function. 
Hence the data is described as a non linear equation [28], [29]. 

𝒙(𝒑, 𝒕!) = 𝒈(𝝓×𝒘 𝒕! ) 

g is a non linear operator that saturates the solutions,  𝒙(𝒑, 𝒕!), between 0 and 1 and 𝒘 𝒕!  
represents a nonlinear model parameter.  

To determinate the non-linear parameter estimates, 𝒘 𝒕! , an iterative algorithm is going to be 
implemented, hence there is not any analytic expression.  

A popular algorithm for fitting a nonlinear regression is Gradient descents. In our Project, for 
fitting the model with weight we are going to make use of an implemented matlab algorithm 
“lsqnonlin”. This algorithm performs a non-linear least squares problem. It is an unconstrained 
minimization problem of the form: 

min
𝒘 𝒕!

𝑓 𝒘 ! = (𝒙 𝒑, 𝒕! − 𝒈(𝝓×𝒘 𝒕! )! 

Since it is an iterative procedure, we need to define an initial values for the estimated parameter. 
We are going to use as initialization vector of the first instant a zero vector coefficient, 
𝐈𝐧#𝐭#𝐚𝐥#𝐳𝐚𝐭#𝐨𝐧 𝒕𝟏, = 𝟎. For the following times instant the initialization vector is going to be the 
estimated weight vector of the previous instants, 𝐈𝐧#𝐭#𝐚𝐥#𝐳𝐚𝐭#𝐨𝐧 𝒕!, = 𝒘(𝒕!!𝟏).  

When we add this new model into the inverse problem it has the form 

𝒚(𝒔, 𝒕!) = 𝑨×𝒈(𝝓×𝒘 𝒕! ) 

A non-linear least square is used to select the non-linear parameter estimates, 𝒘 𝒕! . Because the 
problem is ill posed, due to the bad numerical condition of the system matrix “𝐴×𝜙”, a 
regularization term is added to obtain useful solutions. To calculate the coefficients we need to 
solve a constrained non-linear minimization of the form: 

 

min𝒘 𝒕! 𝑓 𝒘 ! =∥ (𝒚 𝒔, 𝒕! − 𝑨×𝒈(𝝓×𝒘 𝒕! ) ∥!+ 𝜆×∥ 𝑅×𝝓×𝒘 𝒕! ∥! 

To solve this non-linear constrained problem we make use of an implemented matlab algorithm 
“fminsearch”.  

To choose a correct value of the parameter 𝜆 we will use the criterion of L-curve. 
 

4.2.2. Algorithm to choose the set of basis functions 

 
To select the set of basis  functions, {𝜙  (𝑐! ,𝜎, 𝜌)!}!!   with their parameters, we are going to use the 
same algorithm as in the RBF model explained in section 4.2.1.  
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4.2.3. Simulation results. Level sets-RBF. 

The improvement model can adjust very well the data and we obtain very good results of the 
fitting data with a very low number of RBFs. However the solutions that we obtain with the 
inverse problem are very bad. 

 

 

 
Figure 4.38: Reconstructed data, with improvement model and 74 RBFs. 

To study this bad performance of the level-set RBF when we incorporate it into the inverse model 
we do the same study as we did with the Radial Basis model.  

Level set-RBF Model 

 

 

 

 

Forward Model 

 

 

𝑖𝑛𝑣  𝑔(𝜃):      𝑋 → 𝑤 
 

𝜃:𝑤 → 𝑋𝑓𝑖𝑡𝑡𝑒𝑑 

𝐴:      𝑋𝑓𝑖𝑡𝑡𝑒𝑑 → 𝑌𝑟 
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Figure 4.39: On the left measurements on the body surface obtained from the forward problem with the real data. On the right 
measurements on the body surface obtained from the forward data with fitted data from the radial basis model. 

 

Inverse Model 

 

 

 

 

Level set-RBF-Inverse Model 

 

𝐴×𝜃:      𝑤 → 𝑌𝑟 

 

 

 

 

The measurements on the body surface obtained from the fitted data from the level-sets RBF 
model are very similar to the measurements on the body surface obtained from the real trans-
membrane potentials. This didn’t happen with the Radial Basis model. This is because the fitted 
data from the level sets-RBF model was very accurate it. Nevertheless when we do the inverse 
model we also obtain bad solutions, small errors in the input of the inverse level-set RBF problem 
cause big errors in the output since the resulting matrix 𝐴  is very bad conditioned. Still the residual 
error is very small. 

As with the Radial Basis model, the aim of the problem is the inverse model. The matrix 𝐴 is very 
bad conditioned, meaning that when we do the inverse problem either in 𝐴  𝑚𝑜𝑑𝑒𝑙 , or 𝐴×
𝑔(𝜃)𝑚𝑜𝑑𝑒𝑙 the solutions are not stable and unique. Therefore these make us to think as before 
that we should add some more constraints than the simple Tikhonov.  

To see if the problem was the constraint, we solve the inverse problem with the sparse constraint. 
We solve the inverse problem with L1 regularization using as input the forward data propagated 
from the level-set RBF model. In this case the results were not good so either the problem is the 
inverse model or the level-set RBF or both. Besides maybe the problem is not convex, meaning 

𝑖𝑛𝑣  𝐴:      𝑌𝑟 → 𝑥𝑖𝑛𝑣 

  𝐴:          𝑥𝑖𝑛𝑣 → 𝑌𝑟𝑖𝑛𝑣𝑟𝑏𝑓 

 

𝑖𝑛𝑣  𝐴×𝑔(𝜃):      𝑌𝑟 → 𝑤𝑖𝑛𝑣 

  𝐴×𝜃:          𝑤𝑖𝑛𝑣 → 𝑌𝑟𝑖𝑛𝑣𝑟𝑏𝑓 
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that if a local minimal exists it is not a global minimum. So we could be founding local minimal 
solutions, instead of global minimum solutions.  

 

 

 
 
 
  

𝑖𝑛𝑣  𝑔(𝜃):      𝑋 → 𝑤 
 

𝜃:𝑤 → 𝑋𝑓𝑖𝑡𝑡𝑒𝑑 

𝐴:      𝑋𝑓𝑖𝑡𝑡𝑒𝑑 → 𝑌𝑟 

𝑖𝑛𝑣  𝐴×𝑔(𝜃),𝑤𝑖𝑡ℎ  𝑠𝑝𝑎𝑟𝑠𝑒  𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 ∶       𝑌𝑟 → 𝑤𝑖𝑛𝑣 

  𝜃:          𝑤𝑖𝑛𝑣 → ℎ𝑟𝑒𝑐𝑡 
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5. Conclusions and future development 

In this thesis, the inverse problem of Electrocardiography (ECG) is studied. The goal is to compute 
the trans-membrane potentials of the heart given electrical potentials along the body surface. The 
primary goal of this thesis is to build a good model that describes the trans-membrane potentials in 
the geometry of the heart with a very small number of parameters, which reduces the 
dimensionality of the inverse problem to make it better posed, in a physiologically realistic manner. 

In chapter 2, we review some medical concepts, which contain an explanation of the origin of 
electrical activity and different methods of measurement.  

The mathematical basics are presented in chapter 3. Amongst other, the definition of well-posed 
and ill-posed concepts can be found. Moreover, we introduce the least squares solution, which is a 
concept for calculating a minimal norm solution, i.e. a solution of an inverse problem. We also 
introduce and explain two different techniques to solve the inverse problem in ECG, the Tikhonov 
Regularization and the Truncated Singular Value Decomposition. Both methods try to obtain a 
stable solution of an inverse problem. With the so-called L-curve method we compute the 
regularization parameter, which is used to calculate a stable solution. After determining a value for 
the regularization parameter, we calculate the regularized solution. At the end of the chapter we 
introduce the mathematical basics of Radial Basis Functions, the basics of our developed model.  
 
In chapter 4 we explain the two developed models. First, we explain the Radial Basis model and 
its behavior when we incorporate it into the inverse model. Afterwards, we describe the Level sets-
RBF model and its behavior when we incorporate into the inverse model. To solve the inverse 
problem we first use the Tikhonov regularization technique in both inverse models. Tikhonov 
regularization controls the energy of the unknown. This approach leads to a linear least squares 
problem whose solution smooth and generally non-sparse. At the end of each model description 
we analyze the results.  
 

This new descriptions of trans-membrane potentials distributions in the heart geometry with spatial 
functions can reduce the dimensionality of the inverse. This is equivalent to capturing information 
with smaller number of nodes. The first important result obtained with theses models is that we 
can decrease the numbers of unknowns of a heart of 1500 nodes to 74 unknowns and still 
achieving good results, with the data to be fitted in the geometry of the heart. Especially with the 
level sets-RBF model, which adds a saturation function. These are good and promising.  

We observe that when we incorporate the radial basis model into the inverse model, the resulting 
model cannot adjust well the input data. This poor performance makes us think that there is a 
model that is not appropriate to describe the relation between the parameters and the data. Either 
the radial basis model incorporated into the inverse problem is not proper, or the inverse model, 
with a Tikhonov constraint is not correct. The fitted data is forward propagated and we compute 
the inverse solution. The results obtained from this forward propagated data using Tikhonov 
regularization are not good. So this makes us to think that the inverse formulation model was not 
proper. The matrix 𝐴 is very bad conditioned, meaning that when we do the inverse problem either 
in 𝐴  𝑚𝑜𝑑𝑒𝑙, 𝐴×𝜃  𝑚𝑜𝑑𝑒𝑙  or 𝐴×𝑔  (𝜃)  𝑚𝑜𝑑𝑒𝑙 the solutions are not stable and unique. We observe 
that the solutions present a kind of sparse behaviour. This results tells us that maybe it would be 
better to estimate the coefficients, subject to the constraint that it is sparse, instead of subject to the 
constraint that it is smooth. The inverse results obtained with the sparse constraint having as input 
the fitted data forward propagated and a noise of 35 dB are quite good when we use a set of radial 
basis functions not very large, smaller than 379. This tells us that the inverse model with L1 
regularization behaves quite well when we reduce the dimensionality. However, because the fitted 
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data propagated is very different front the real data forward propagated, when we do the inverse 
problem with the real data forward propagated, the inverse solutions are not good.  

This result tells us that when we reduce the dimensionality of the inverse problem and add a 
proper constraint the inverse model behaves well. However, if we want to describe the data with a 
very small number of unknowns, it is not very good described and when we forward propagated 
the results, they are very far from the real measurements on the body surface. However, we are 
reducing the dimensionality of the problem and making it better posed. Hence, there is a trade-off. 

On the other hand, when we solve the non-linear model, Level set-RBF, the inverse model with 
Tikhonov regularization produces not good results. In this case, the measurements on the body 
surface obtained from the fitted data from the level sets-RBF model are very similar to the 
measurements on the body surface obtained from the real trans-membrane potentials. This doesn’t 
happen with the Radial Basis model. This is because the fitted data from the level-RBF model is 
very accurate. To ensure that the problem is not the inverse model, we solve the inverse problem 
with a Tikhonov constraint and the sparse constraint with this forward propagated data. With both 
constraints, even using the forward propagated data and a small number of radial basis functions, 
the results are not good. This tells us that the inverse model with the non-linear model does not 
behave well. Besides maybe the level sets-RBF-inverse problem is not convex and we are arriving 
to a local minima solutions instead to a global local minimal. 

A motivation for further research is to add some more spatial prior knowledge to the inverse model 
and to study the behavior of the solutions, the coefficients, in space for each time instant. In other 
words, to further reduce the space of possible solutions in order to achieve more meaningful 
solutions. Thus, the mentioned problem could be reduced. However, it is not trivial how we can 
exploit the behaviour of the weights of the spatial functions to impose them on the solutions.  
 
Our model considers the Forward problem as static, meaning that the readings at each time 
instance are only caused by the sources of that particular instance. Each time instant is taken 
independently. We could consider the Forward problem as dynamic. In other words, taking 
advantage of the fact that the process of cardiac excitation is continuous in time, we could also 
incorporate information from the time progression of excitation in the regularization procedure 
[30], [31]. We could also take into account the concept of evolution in time in the radial basis 
model or the level sets-RBF. Define the variable time where the level set function is every time 
instant t>=0 and rewrite 𝜃(𝑝𝑜𝑠𝑡𝑖𝑜𝑛, 𝑡) [12]. 
 

We obtain quite good results fitting the data with both models, with a fix set of uniformly 
distributed radial basis functions. However this fitting data is not good enough when we use a 
small number of functions because when we forward propagate the fitted data, the results are very 
far from the real measurements on the body surface. The errors from the fitted data don’t behave 
well to the forward model.  In the future, I would like to improve the results of the fitting data 
without increasing the number of basis functions. I would like to find a criterion of a non-uniform 
initialization distribution of the centers of the radial Basis function. I would like to study which 
zones of the geometry of the heart need more resolution to define the data to be fitted, and hence 
more density of radial basis functions in these areas. There are some parts of the image that may 
need more resolution, and hence, with that prior knowledge we can distribute more centers of the 
radial basis functions in these parts and reduce the error. Besides, this non-uniform distribution of 
the radial basis function will need to be adaptive over time. The parallel problem would be to fit 
the values of a set of frames from a video.  
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