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A B S T R A C T

In this thesis, the problem of finding an optimal training sequence for
estimating a MIMO flat fading channel with spatially and temporally
correlated Gaussian noise is considered.

The methods analyzed tailor the training sequence not only accord-
ing to the known statistical CSI but also to the specific purpose the
channel estimate will fulfill. The task of obtaining the optimal train-
ing sequence is formulated in two different ways, either guaranteeing
a specific performance or setting a maximum training power budget.
Two different applications are considered, the ZF precoder and the
MMSE equalizer. The performance of the training sequence obtained
by minimizing a metric that is representative for this applications is
compared to using the training sequence that minimizes the chan-
nel estimate mean square error. Additionally, since some approxima-
tions are required to solve the optimization problem when using the
application-oriented metrics, the impact of these is analyzed.

Two different approximations that allow convexification and lead
to SDP formulations are considered for each problem. The two ap-
proximations and problem formulations are analyzed in terms of per-
formance, training power and outage probability. The SDP formula-
tions are then compared to the solutions provided by builtin functions
in MATLAB that converge to a minimum in order to obtain informa-
tion about how far from optimal the solutions obtained from the SDP
are.
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N O TAT I O N

x Lower case boldface is used to represent column vectors.

X Upper case boldface is used to represent matrices.

XT,X∗, XH denote transpose, conjugate and conjugate transpose
respectively.

X† denotes X’s Moore-Penrose pseudoinverse.

tr(X) denotes the trace of X.

s.t. stands for subject to.

CN (µ, C) stands for circularly symmetric complex Gaussian
random vectors, with mean µ and covariance matrix C.

Hess( f ) denotes the Hessian matrix of a function f
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A C R O N Y M S

CDMA Code Division Multiple Access
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FDMA Frequency Division Multiple Access

GPP Guaranteed Performance Problem

ISI Inter Symbol Inteference

KKT Karush Kuhn Tucker. Referring to the KKT conditions of
optimality described in chapter 3
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TDMA Time Division Multiple Access
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Part I

I N T R O D U C T I O N



1
I N T R O D U C T I O N

As technology continues to improve, mobile devices that require con-
nectivity to the network increase their presence in our daily lives.
Specifically, wireless access to the Internet and multimedia applica-
tions require a much higher volume of data traffic than speech com-
munication for mobile phones. Additionally, the number of users has
increased exponentially during the past years, entailing that not only
the amount of data has increased, but also the amount of users that
require data simultaneously.

Therefore, different strategies to separate the signals that are sent to
different users are used. The most intuitive technique for this purpose
is TDMA (Time Division Multiple Access). In a TDMA system all
users are using the same set of frequencies to communicate but in
different time moments. Alternatively, it is possible to have all users
accessing the system at the same time but using different frequencies.
This technique is called FDMA (Frequency Division Multiple Access).

Considering the demand on throughput and the scarcity of elec-
tromagnetic spectrum, other techniques are required to optimize as
much as possible the capabilities of the wireless channel that is avail-
able. The technique used in contemporary systems (3G) is CDMA
(Code Division Multiple Access), in which all users transmit at the
same time using the same frequencies but are separated by user spe-
cific codes that allow to reduce the impact of user interference. The
main inconvenient of this last technique is that it requires a strict con-
trol on the transmitting power used by each user and a very tight
time synchronization.

MIMO (Multiple Input Multiple Output) systems, based on the use
of several antennas at transmission and reception, have risen as a tech-
nology that allows to fulfill the demands, both in throughput and
in simultaneous transmission, of modern communications. The use
of several antennas can provide robustness or increased throughput
when considering a single user communication, or in case we are con-
sidering a multiple user communication, an alternative of separating
different users. This technique is referred to as SDMA (Space Divi-
sion Multiple Access).

Spread spectrum techniques used in 3G are being abandoned in the
current communication standard 4G, in which MIMO systems play a
relevant role. In the specific case of 4G the different antennas of a
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1.1 siso and simo communications

MIMO system allow to easily transmit different orthogonal subcarri-
ers, which are reffered to as OFDM or OFDMA, when used to trans-
mit information from different users in different subcarriers. This
may seem identical to the approach used in FDM, but in this case the
subcarriers are selected to be orthogonal to each other, which erases
the necessity of inter carrier guards or the use of frequency select-
ing filters in reception. The subcarrier frequencies are selected to be
orthogonal to each other, but also to be as close in frequency as possi-
ble so that the spectral efficiency is increased. This implies that each
of the subcarriers uses a very narrow bandwidth to transmit which
leads to a large symbol time. This may seem as an inconvenient since
a large symbol time might imply that the communications is slow, but
this fact is compensated by the use of several subcarriers. Addition-
ally, it provides a very significant advantage since the effects of the
radio channel that impact the communication due to short symbol
times are not as critical.

1.1 siso and simo communications

SISO (Single Input Single Output) systems have been the conven-
tional choice in communications. The main inconvenience this sys-
tems have is that they are vulnerable to interferences present in the
radio environment. This means that in some occasions, it is possi-
ble that the link actually offers a lower performance than expected
or even breaks down. To reduce the likelihood of these events the
so-called diversity techniques have been developed. These techniques
rely on sending or receiving more than one copy of the signal of in-
terest providing additional robustness to the system.

SIMO (Single Input Multiple Output) systems use one transmitting
antenna while using several receiving antennas. Due to the different
paths a signal may follow when being transmitted through the electro-
magnetic channel it is possible that the copies received in the different
antennas are not identical, meaning that it is actually possible to ei-
ther select or combine them so that the overall received signal quality
is improved. The improvement on performance resulting from of an
intelligent combination of this different received signals is referred to
as beamforming gain.

It is also possible to obtain a beamforming gain when using a MISO
(Multiple Input Single Output) system. In this case the different trans-
mitting antennas are assigned different weights so that the energy can
be sent to specific directions, and therefore an enhancement effect is
perceived in reception. The use of this kind of systems strongly mo-
tivates the need for channel characterization and estimation since in-
telligent combination techniques require knowledge of the channel to
achieve their full potential.

14



1.2 mimo communications

1.2 mimo communications

MISO and SIMO systems allow to improve the quality of the commu-
nication link by allowing the use of diversity techniques, but they still
would require techniques such as TDMA, FDMA or CDMA to allow
the transmission of several data streams simultaneously. On the other
hand, MIMO (Multiple Input Multiple Output) systems allows to per-
form beamforming on each of the antenna links obtaining a separate
data stream for each. As mentioned previously, this can be used ei-
ther to multiplex a multiuser communication or to provide diversity
for a single user transmission. Additionally, as in the previous cases,
for this to work it is necessary to obtain knowledge of the channel.

1.3 thesis motivation

Channel estimation is required in order to exploit the capabilities of
multi antenna environments. In order to be able to estimate the chan-
nel’s response, pilot sequences that both the transmitter and receiver
known are used. Current techniques rely on the use of fixed statisti-
cally white sequences to provide a channel estimate. This technique is
optimal in both terms of entropy and resulting variance when using
the Least Square estimator. This techniques do not assume a statisti-
cal knowledge on the channel, but only on the noise’s distribution.

Most research in optimizing the training sequence relies on obtain-
ing statistical information of the channel, which is later on used to
tailor a training sequence that exploits it and allows to estimate the
channel faster and with higher accuracy. These techniques do not
consider the specific application that the channel estimate will have,
since different diversity techniques will use the estimation differently.
In this thesis the approach proposed in [10] and [11],that considers
the specific application to which the channel estimate will be applied,
is analyzed. Specifically, the problem of finding the training sequence
can be expressed as an optimization problem as in (1).

maximize
P

Application oriented performance

subject to Training power restriction
(1)

Where P represents the training sequence. Alternatively, the problem
can be also formulated as in (2).

minimize
P

Training power

subject to Application oriented performance restriction
(2)

Both problem formulations and the corresponding developments,
following the steps in [11] and [10], for them to become efficiently
solvable, are considered and analyzed in this thesis. Additionally,
some application oriented performance functions, proposed in [10],

15



1.4 thesis goals

are analyzed and evaluated. Later on, keeping in mind that some
approximations have been done to solve the original problems effi-
ciently, using the techniques proposed in [10] and [11], a comparison
to the solution obtained when using alternative and more resource
consuming methods is done. The contributions of this thesis can be
found in chapter 13.

1.4 thesis goals

Both [10] and [11] propose approximations that are required in order
to convexify the problem formulations that are derived from equa-
tions (1) and (2). An analysis of the concepts behind them and a per-
formance comparison is provided through experimental results. Ad-
ditionally, the application oriented performance functions mentioned
in [10] and [11] require some approximations for their use as well.
An analysis of the impact on the perceived performance is provided
through numerical simulation. Finally, as proposed in [11], in order to
be able to write the problem in the final form a relaxation is required.
The impact of this is evaluated through the minimization using local
minimum finding algorithms of the non-convex formulation of the
problems.

The goals of this thesis are, therefore:

• Evaluate the resulting performance when applying the method-
ology proposed on [11] in order to solve the problem formula-
tions proposed in [10].

• Compare the performance to the cases in which an analytical
solution can be found in order to evaluate the ideas proposed
in [11].

• Evaluate the approximations required for simplicity and causal-
ity of the application oriented performance functions compar-
ing them to the performance obtained by using the non approx-
imated functions after obtaining the training sequence.

• Evaluate which of the two different approximations required for
convexification provides better results in terms of performance
and training power.

• Evaluate how far from optimal the solution of the convexified
problem using the methodology provided in [11] is when com-
pared to minimizing the non-convex problem.

In order to carry out the mentioned goals, a theoretical analysis
of the different cases, refer to chapters 7 and 9, is done in order to
discard or justify the necessity of the experiments later described in
chapter 10. In chapter 10 the results obtained are contrasted with the
previous theoretical analysis and further conclusions are extracted in
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1.4 thesis goals

the cases in which additional information from the experiments can
be obtained.
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2
T H E S I S O U T L I N E

This thesis is organized in three different parts. In the first part some
preliminary knowledge that allows deeper understanding of the the-
sis and that allows to reader to comprehend the motivation behind
some of the derivations is provided. Some convex optimization con-
cepts, required for the understanding of interior point methods to
solve SDPs, and channel modeling basics, together with the channel
model used during the entire thesis, are provided.

In the second part the theoretical derivations that allow finding the
training sequences, as well as the experiments carried out to evaluate
the solutions and the conclusions extracted from each of them are
explained.

In the third part, a global summary of the thesis, the main conclu-
sions and possible further work is included.

18



Part II

P R E L I M I N A R I E S



3

S D P A N D I N T E R I O R P O I N T M E T H O D S

In this chapter some preliminary knowledge is provided to under-
stand the motivation behind using relaxations to obtain convex opti-
mization problems. Additionally, a general formulation of the SDP is
included so that the reader can verify that the problems in chapter 7

fulfill the conditions. Finally, a description of some algorithms used
to solve this kind of problems is provided. The concepts required to
understand the formulations and algorithms are developed, but not
in depth, in this section. For a deeper insight on the topic refer to [5].

3.1 optimization

Constrained optimization problems are of interest in any field of en-
gineering, since they allow to achieve an optimal solution provided
some constraints or bounds. A general optimization problem can be
expressed as in equation (3).

minimize f0(x)

subject to fi(x) ≤ 0, i = 1, . . . , m.

hi(x) = 0 i = 1, . . . , p,

(3)

where f0(x) is the objective function, x is the optimization variable,
fi(x) are the inequality constraint functions and hi(x) are the equality
constraint functions.

Generally, the objective function f0(x) represents the cost of choos-
ing a specific value of x, and the constraints represent some bound-
aries this value must respect. Therefore, the aim is to make the best
possible choice of x.

A solution for a general optimization problem can be very hard
to find, requiring very large amounts of memory and long computa-
tional times. Fortunately, some classes of optimization problems have
efficient algorithms that reliably solve them.

3.2 convex optimization

Convex optimization problems do not generally have an analytical
formula to solve them but have very effective algorithms that allow

20



3.2 convex optimization

solving them. Interior-point methods can in most cases solve these
problems up to a specified accuracy and with relatively low complex-
ity. Therefore, being able to formulate a problem as a convex opti-
mization problem provides a strategy to obtain a relatively fast and
accurate solution.

Some basic definitions and concepts are required to understand
the restrictions over a convex optimization problem. These will be
provided in the following subsections.

3.2.1 Convex sets: basic definitions

Affine sets: A set C ⊆ Rn is affine if the line through any two distinct
points in C lies in C. Mathematically this can be expressed as in
equation (4).

∀ x1, x2 ∈ C, ∀θ ∈ R θ(x1) + (1− θ)x2 ∈ C (4)

Convex sets: A set C ⊆ Rn is convex if the line segment between two
distinct points in C lies in C, which can mathematically be expressed
as in equation (5).

∀ x1, x2 ∈ C, ∀θ ∈ [0, 1] θ(x1) + (1− θ)x2 ∈ C (5)

Cones: A set C ⊆ Rn is a cone or nonnegative homogeneous if
∀x ∈ C and ∀θ ≥ 0, θx ∈ C.

Convex cone: A set is a convex cone if it is both a cone and convex.
Proper cone: A cone K ∈ Rn is a proper cone if it is convex, closed,

has a non empty interior, and is pointed1

A proper cone can be used to define a generalized inequality which
allows to define an ordering in Rn that will conserve some properties
of the ordering in R. The ordering, and inequality, can be defined as
in equation (6).

x �K y⇐⇒ y− x ∈ K (6)

All derivations in this section are easily extended to generalized
inequalities. Refer to [5] for details.

3.2.2 Convex functions

A function f : Rn → R is convex if dom( f ) is a convex set and ∀x,
y ∈ dom( f ), ∀θ ∈ [0, 1] equation (7) is fulfilled.

f (θx + (1− θ)y) ≤ θ f (x) + (1− θ) f (y) (7)

This means that the cord from point (x, f (x)) to (y, f (y)) is above
the graphical representation of f . From this definition, it can also

1 Pointed: does not contain any lines.
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3.2 convex optimization

be extracted that if a function is convex, a local minimum is also the
global minimum.

A function f is concave if the function − f is convex. Additionally
when the inequality holds with equality, the function is affine. Affine
functions are both convex and concave.

3.2.2.1 Some operations that preserve convexity

The operations that preserve convexity and are relevant for the un-
derstanding of this chapter are described below.

Intersection: the intersection of convex sets is a convex set.
Affine functions:

1. If S ⊆ Rn is convex and f : Rn → Rm is an affine function the
image of S under f , f (S) = { f (x)|x ∈ S} is convex.

2. If S ⊆ Rm and f : Rn → Rm is an affine function, the inverse
image of S under f , f−1(S) = {x| f (x) ∈ S} is convex.

Pointwise maximum: If f1(x) and f2(x) are convex functions their
pointwise maximum f (x) = max{ f1(x), f2(x)} is also convex. In the
same way, the pointwise infimum of a set of concave functions is
concave.

3.2.2.2 Sublevel sets

The α-sublevel set of a function f : Rn → R is defined as Cα = {x ∈
dom( f )| f (x) ≤ α}. An important property of convex functions is
that all sublevel sets of a convex function are convex.

3.2.3 Problem formulation

A convex optimization problem is one that can be written as:

minimize f0(x)

s.t. fi(x) ≤ 0 i = 1, . . . , m

ai
Tx = bi i = 1, . . . , p

(8)

where fi, i = 0, . . . , m are convex functions.
To be able to continue, some new terminology is required:
Feasible point: All points that fulfill the constraints and at the same

time belong to the domain of the objective function f0(x) are feasible
points.

Feasible set: Set that contains all the feasible points.
Feasible problem: The problem (8) is feasible if there exists one or

more feasible points.
Infeasible problem: The problem is infeasible if it is not feasible.
A convex problem adds the following requirements over a general

optimization problem:
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3.2 convex optimization

1. The objective function must be convex.

2. The inequality constraint functions are convex.

3. The equality constraint functions must be affine.

From this additional requirements it is possible to say that the fea-
sible set of a convex optimization is a convex set, since:

1. the domain of a convex function is convex,

2. any α-sublevel set of convex functions is a convex set,

3. affine functions preserve convexity

4. and the intersection of convex sets is a convex set.

A generalization of the standard convex optimization problem can
be done using general inequalities if the inequality constraints are
allowed to be vector or matrix valued.

minimize f0(x)

s.t. fi(x) �Ki 0 i = 1, . . . , m

Ax = b

(9)

Where f0 : Rn → R, Ki ⊆ Rki are proper cones and fi : Rn → Rki

are Ki-convex.

3.2.4 Conic problems

A conic problem is a generalized convex optimization problem that
has a linear objective function and an inequality constraint function
that is affine. Mathematically it can be expressed as in (10).

minimize cTx

s.t. Fx + g �K 0

Ax = b

(10)

3.2.4.1 SDP

A Semidefinite Program is a problem within the family of conic prob-
lems. SDPs have the additional property that the cone K is the cone of
positive semidefinite matrices. Mathematically this can be expressed
as in (11).

minimize cTx

s.t. x1F1 + · · ·+ xnFn + G � 0

Ax = b

(11)

Where G, F1, . . . , Fn are semidefinite positive matrices.
It is common to refer to problems that have a linear objective func-

tion, several LMIs, inequality constrains and equality constraints as
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3.2 convex optimization

SDPs as well, since they can be easily transformed into an SDP by
using the methodology described in [5, page 169].

SDPs are efficiently solved by using Interior point methods which
rely on duality to achieve the solution. Duality will be dealt with in
the next section.

3.2.5 Duality

Recall the general optimization problem formulation in (3). The La-
grangian function is defined by augmenting the objective function
taking into account the constraints as in (12).

L(x, λ, ν) = f0(x) +
m

∑
i=1

λi fi(x) +
p

∑
i=1

νihi(x) (12)

Then, the Lagrange dual function is defined as (13).

g(λ, ν) = inf
x∈D

( f0(x) +
m

∑
i=1

λi fi(x) +
p

∑
i=1

νihi(x)) (13)

where D is the feasible set. Considering that all points that belong
to the feasible set fulfill the inequality and equality constraints, hi(x)
is 0, making the last term of the expression in (13) equal to 0, and
fi(x) is non-positive ∀x ∈ D.

If λ � 0 is assumed, the second term in (13) is non-positive, mean-
ing that the Lagrange dual function for any value of ν and λ � 0 is a
non-trivial lower bound for the optimal value, i.e., g(λ, ν) ≤ f0(xopt).

The Lagrange dual function can be interpreted as a softened ver-
sion of the expression in (14) which is equivalent to the optimization
problem at hand but it bunches together cost function and restric-
tions.

minimize
x

( f0(x) +
m

∑
i=1

I−( fi(x)) +
p

∑
i=1

I0(hi(x))) (14)

where I−(u) is ∞ for non-negative values of u and 0 for the rest,
and I0(u) is 0 when u = 0 and ∞ otherwise.

As mentioned previously, the Lagrange dual function provides a
lower bound of f0(xopt). The question that arises from this is if it is
possible to find the best lower bound, or even better, a lower bound
that is actually tight. This leads to the dual problem which is defined
as:

maximize
(λ,ν)

g(λ, ν)

s.t. λ � 0
(15)

the solution for this problem (λopt, νopt) is referred to as dual op-
timal or optimal Lagrange multipliers. Note that the dual problem
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3.2 convex optimization

is always convex even if the original problem is not, since it is the
maximization of a concave function2.

3.2.5.1 Weak duality and strong duality

Considering the previous, g(λopt, νopt) is by definition the best lower
bound on f0(xopt) that can be obtained of the Lagrange dual func-
tion. Therefore defining g(λopt, νopt) = dopt and f0(xopt) = popt, the
inequality dopt ≤ popt holds even if the original problem is not convex.
When this inequality is not met with equality there is weak duality and
the difference popt − dopt is the duality gap. On the other hand, if the
inequality holds with equality there is strong duality. Unfortunately,
that a problem is convex does not always imply strong duality, but
under more restrictive conditions strong duality is guaranteed.

The pair (λ, ν) is referred to as dual feasible points, and it provides
information of how suboptimal a feasible point is without necessarily
knowing the value of popt as follows:

f0(x)− popt ≤ f0(x)− g(λ, ν) (16)

from which it can be said that x is ε suboptimal if ε = f0(x) −
g(λ, ν). This will provide a good heuristic stopping criteria in the
optimization algorithms.

3.2.5.2 Slater’s condition

If a problem is convex, Slater’s condition states that if the non-affine
inequalities, meaning that this condition is not necessary on affine
inequalities, hold strictly, the duality gap is 0, i.e. there is strong
duality. A more detailed explanation of this can be found in [5, page
226].

3.2.5.3 KKT Conditions

Assume that the functions f0, f1, ..., fm are differentiable and have
open domains. Assume also that strong duality holds. The primal
and dual optimal points xopt and (λopt, νopt) by definition minimize
the Lagrangian L(xopt, λopt, νopt) (12), implying that the Lagrangian’s
gradient at xopt is 0. This is mathematically expressed as in (17).

∇ f0(xopt) +
m

∑
i=1

λopti
∇ fi(xopt) +

p

∑
i=1

νopti
∇hi(xopt) = 0 (17)

2 As mentioned previously, the pointwise infimum of a set of concave functions is
concave
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From which, considering that xopt is necessarily feasible the KKT
conditions are derived:

fi(xopt) ≤ 0 i = 1, . . . , m

hi(xopt) = 0 i = 1, . . . , p

λopti
≥ 0 i = 1, . . . , m

λopti
fi(xopt) = 0 i = 1, . . . , m

∇ f0(xopt) +
m

∑
i=1

λopti
∇ fi(xopt) +

p

∑
i=1

νopti
∇hi(xopt) = 0

(18)
Where the two first restrictions are the fulfillment of the restrictions,
the third is the restriction on the dual problem and the fourth is re-
quired for strong duality.

Note that convexity or any other kind of restriction has not been
forced upon the problem.

3.2.5.4 KKT conditions for convex problems

If the problem is convex, any points x̂ and (λ̂, ν̂) that fulfill the KKT
conditions are the primal and dual optimal, and strong duality holds.

The first two conditions force x̂ to be primal feasible. Additionally,
since the problem is convex the Lagrangian function will be as well.
Therefore, a point x that fulfills the KKT conditions minimizes the
Lagrangian. From this, g(λ̂, ν̂) = L(x̂, λ̂, ν̂) = f0(x̂) + ∑m

i=1 λ̂i fi(x̂) +
∑

p
i=1 ν̂ihi(x̂) = f0(x̂). Meaning that x̂ and (λ̂, ν̂) are the primal and

dual optimal respectively, and strong duality holds.
All facts considered, it is concluded that solving the KKT condi-

tions is equivalent to solving the original problem if it is convex.

3.3 algorithms

The aim of this section is to provide a small insight of the Interior-
point methods used later on in the master thesis. As a general idea,
interior point methods solve the original problems by applying New-
ton’s method to a sequence of modified KKT conditions, which are
equality constrained optimization problems. Therefore, a brief expla-
nation of Newton’s algorithm when solving unconstrained problems
will be provided and later extended to problems with equality con-
straints. Finally, Interior-point methods will be dealt with in the last
section of this chapter.
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3.3 algorithms

3.3.1 Unconstrained minimization

Consider the following optimization problem:

minimize
x

f (x) (19)

assuming x ∈ dom( f ) the newton step can be defined as in (20).

∆xnt = −Hess( f (x))−1∇ f (x) (20)

The newton step defines a descent direction unless ∇ f (x) = 0,
which guarantees convergence to a local or global minimum. The
newton step can be interpreted as:

1. the minimizer of the second order approximation of f at x:

f̂ (x + v) = f (x) +∇ f (x)Tv +
1
2

vT Hess( f (x))v (21)

2. the steepest descent direction in the Hessian norm

3. a linear approximation of the optimality condition ∇ f0(xopt) =

0:
∇ f (x + v) = ∇ f (x) +∇2 f (x)v = 0 (22)

The Newton decrement is defined as (23).

λ(x) = (∇ f (x)T Hess( f (x))−1∇ f (x))1/2 (23)

The Newton decrement can written as (24).

1
2

λ(x)2 = f̂ (x)− f̂ (x + ∆xnt) (24)

Meaning that the quantity λ2/2 is an estimate of the suboptimality
of x since it can be interpreted as an approximation of f0(x)− popt.

Newton’s method follows the steps in (1).

Algorithm 1 Newton’s method for unconstrained problems.
Require: x ∈ dom( f ), tolerance ε > 0

repeat

1. Compute Newton step and decrement.

2. Choose step size t using line search.

3. Update x = x + t∆xnt

until λ2/2 ≤ ε

Where line search algorithms3 are meant to select an appropriate
step size t.

3 Refer to the reference for further information
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3.3.2 Problems with equality constraints

Imagine now that the problem to solve is the one in (25).

minimize f (x)

s.t. Ax = b
(25)

For the purpose of solving this kind of problems the definition of
the Newton step is modified to take into account the equality con-
straint. Considering the addition of the equality constraint, the ini-
tial points of each iteration need to be feasible, and the directions in
which the Newton step moves need to be feasible as well.

In this case the newton step has its origins in the following mini-
mization problem:

minimize
v

f̂ (x + v) = f (x) +∇ f (x)Tv +
1
2

vT Hess( f (x))v

s.t. A(x + v) = b
(26)

which is a quadratic convex problem with one equality constraint
that can be solved analytically. Considering the duality theory ex-
plained previously, solving this problem is equivalent to solving its
KKT conditions (27).

Avopt = b

∇2 f (x)vopt +∇ f (x) + ATνopt = 0
(27)

where vopt = ∆xnt and νopt is the associated dual optimal.
Therefore, the newton decrement can be characterized by the KKT

system: [
∇2 f (x) AT

A 0

] [
∆xnt

ν

]
=

[
−∇ f (x)

0

]
(28)

The Newton’s step in this case is only defined where the KKT ma-
trix is non-singular, forcing a feasible direction. Newton’s method for
problems with equality constraints follows the steps in algorithm (2).

Algorithm 2 Newton’s method for equality constrained problems.
Require: x ∈ dom( f ) with Ax = b, tolerance ε > 0

repeat

1. Compute Newton step and decrement.

2. Choose step size t using line search.

3. Update x = x + t∆xnt

until λ2/2 ≤ ε
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3.3.3 Interior-point methods

As mentioned previously, interior-point methods successively apply
Newton’s method to solve an optimization problem with linear equal-
ity constraints. Therefore, the first step is to write a problem like (8)
as an equality constrained problem to which Newton’s method can
be applied. This can be done as in 29.

minimize f0(x) +
m

∑
i=1

I−( fi(x))

s.t. Ax = b

(29)

The objective function of the optimization problem in (29) is gen-
erally not differentiable and therefore Newton’s method can not be
used. Hence, an approximation of the indicator function I− is intro-
duced:

Î−(u) = −
1
t

log(−u) with t > 0 (30)

The function in 30 is convex and non-decreasing. Replacing the
indicator in (29), the objective function obtained is now convex.

minimize f0(x)−
m

∑
i=1

1
t

log(− fi(x))

s.t. Ax = b

(31)

Where Φ(x) = −∑m
i=1 log(− fi(x)) is the logarithmic barrier.

Multiplying by t for simplicity in future derivations the problem
can now be formulated as in (32).

minimize t f0(x) + Φ(x)

s.t Ax = b
(32)

The problem (32) can be solved using Newton’s method. Note
that this is an approximation, and the quality of the approximation
will of course depend on the parameter t. A reasonable solution
would seem to be to select high values of t, but that would make the
objective function difficult to minimize using Newton’s method since
the Hessian would vary rapidly in the feasible set’s boundaries. This
problem can be avoided by solving a sequence of problems in the
form of (32) with an increase of t from problem to problem.
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The set of strictly feasible optimal points xsol(t) for t > 0 is referred
to as central path. Of course, each point in xsol(t) must satisfy the
optimality conditions in (33).

Ax(t) = b

fi(x(t)) ≤ 0 i = 1, . . . , m

λ � 0

0 = t∇ f0(xsol(t)) +∇Φ(xsol(t)) + AT ν̂

= t∇ f0(xsol(t)) +
m

∑
i=1

λi∇ fi(xsol(t)) + AT ν̂

(33)

Where the value λi = 1
− fi(xsol(t))

is selected. Dividing the last ex-
pression by t and comparing it with the last expression in the KKT
conditions (18) it is possible to say that the dual optimal points can
be expressed as in (34).

λsoli(t) =
−1

t fi(xsol(t))
i = 1, . . . , m

νsol(t) = ν̂/t
(34)

All facts considered, using the selected value of λi, it is possible
to say that this dual optimal points are dual feasible points of the
original problem. Therefore, recalling expression (16), once obtained
this points it is possible to know how suboptimal the primal feasible
point is. This can easily be seen by obtaining the dual function of the
original problem and evaluating the optimal points found:

g(λsol , νsol) = f0(xsol(t)) +
m

∑
i=1

λsoli(t) fi(xsol(t)) + νsol(t)T(Axsol(t)− b)

= f0(xsol(t))−
m
t

(35)
and therefore f0(xsol(t))− popt ≤ m

t .
Without forcing the value of λi, a new set of modified KKT condi-

tions that represent the problem can be defined as follows:

Ax = b, fi(x) ≤ 0 i = 1, . . . , m

λ � 0

∇ f0(x) +
m

∑
i=1

λi∇ fi(x) + ATν = 0

− λi fi(x) = 1/t i = 1, . . . , m

(36)
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3.3.3.1 Primal - dual search direction

The modified KKT conditions in (36) can be also expressed as in (37).

rt(x, λ, ν) =

rdual
rcent

rpri


=

∇ f0(x) + Df(x)Tλ + ATν

−diag(λ)f(x)− (1/t)1
Ax− b


(37)

where f(x) is a vertical vector that contains f1(x), . . . , fm(x).
As mentioned earlier, the Newton step can be extracted from the

linear approximation of the optimality condition rt(y+∆y) ≈ rt(y) +
Drt∆y = 0. In this specific case this implies that the newton step
(∆x, ∆λ, ∆ν) can be obtained from the system in 38.

Hess( f0(x)) + ∑m
i=1 λi Hess( fi(x)) Df(x)T AT

−diag(λ)Df(x) −diag(f(x)) 0
A 0 0

∆x
∆λ

∆ν

 = −

rdual
rcent

rpri


(38)

3.3.3.2 The surrogate duality gap

Following this strategy implies that the value of λ is not set previous
to finding the rest. Therefore, the solutions for each of the iterates
when increasing the value of t are not guaranteed to be feasible points
of the original problem. Hence, it is not possible to evaluate the
duality gap. To define a stopping criterion, a surrogate duality gap is
defined as:

η̂(x, λ) = − f (x)Tλ (39)

The surrogate duality gap would be equivalent to the duality gap
if the points we are dealing with were the primal and dual feasible.
Therefore, using the result obtained in (35), the parameter t that cor-
responds to the surrogate duality gap is t = m/η̂

3.3.3.3 Primal-Dual interior point method

The primal-dual interior point method follows the steps in algorithm
3 , where the parameter µ is just a scaling factor. Note that t increases
with each iteration since the surrogate duality gap decreases.

Note that the primal-dual interior point method can be used to
optimize a non-convex function as well, acting in this case as a local
optimization algorithm.
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3.4 convex optimization in non-convex problems

Algorithm 3 Primal-Dual interior point method
Require: x that satisfies fi(x) < 0 i = 1, . . . , m, λ � 0, µ > 1, ε > 0,

ε f eas > 0
repeat

1. Set t = µm/η̂

2. Compute primal-dual step: ∆y

3. Line search and update: y = y + s∆y

until ||rpri|| ≤ ε f eas, ||rdual|| ≤ ε f eas, η̂ ≤ ε

3.4 convex optimization in non-convex problems

Among others, the solution of a convexified non-convex problem pro-
vides a good heuristic initial point for algorithms such as interior
point methods applied to the non-convex problem.
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4

C H A N N E L M O D E L I N G A N D P R O PA G AT I O N

This chapters covers the essentials required to motivate the models
used during this master thesis. Therefore, only the theoretical back-
ground to finally understand the model at use will be covered. Of
course, more complex models that contemplate other effects are used
in the field but are not required for the understanding of this thesis.
Refer to [16] and [6] for more detailed explanations.

4.1 channels : stochastic linear time variant systems

The wireless channel can be described as a linear filter, meaning that
the relation between the transmitted signal x(t) and the received sig-
nal y(t) can be expressed by the convolution of x(t) and the channel’s
impulse response, as in equation (40). This impulse response is time
varying due to the random behavior of the wireless channel. There-
fore, the channel’s impulse response is referred to as h(t, τ), where t
expresses the channel’s impulse response h(τ) variation in time. As a
matter of fact, it is possible to interpret the variable t as a parametriza-
tion of the impulse response, meaning that it is selecting which h(τ)
is valid at that specific instant.

y(t) =
∫ ∞

−∞
x(t− τ)h(t, τ) dτ + n(t), (40)

where n(t) is additive white Gaussian noise.
For the next section, h(t, τ) is assumed to follow the equation h(t, τ) =

h(t)δ(τ) for simplicity. An interpretation of what this represents in
the wireless channel will be provided in section 4.1.2. Once this has
been assumed, the received signal is now expressed as a function of
the channel and the transmitted signal as in equation (41).

y(t) = h(t)x(t) + n(t) (41)

Note that, in order for the transmission to be possible the variation
of h(t) has to be slower than the symbol duration since otherwise the
channel would not allow data transmission.

As mentioned, h(t) is a random variable but it is possible to model
its behavior when one considers the causes that generate it.
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4.1 channels : stochastic linear time variant systems

4.1.1 Models for the prediction of power

The knowledge of the received power is very relevant since it will
allow the system to guarantee a specific quality of service. |h(t)|2 rep-
resents the ratio between the received power of the signal of interest
PRX and the transmitted power PTX.

|h(t)|2 =
PRX

PTX
(42)

The value of |h(t)|2 is modeled using three different scales of vari-
ation or fading:

1. Path loss: hploss(d)

2. Large scale fading: hlarge(d)

3. Small scale fading: hsmall(d)

4.1.1.1 Path loss

Path loss is a deterministic effect that mainly depends on the distance
between the antennas. Of course different models can be used and
the more data from the surrounding one gets and tries to fit into the
model the more accurate it will be. As a general idea, due to path-
loss, PRX

PTX
∝ 1

d4 where d represents the distance between the antennas.
Considering the deterministic behavior of this parameter is not the

main focus of interest when trying to estimate the channel.

4.1.1.2 Large scale fading

Large scale fading represents the shadowing that large elements may
create over one of the terminals. Suppose a mobile terminal is moving
in a circle that has the base station, with omnidirectional antennas, for
center. At the same distance of the base station, the received signal
will not have the same power at all points due to large obstacles.
Large scale fading can be modeled using a log-normal distribution as
in equation (43).

f (hlargedB
) =

1√
2πσ2

e
−(hlargedB

−hploss(d))
2

2σ2 (43)

where hlargedB
= 10log(|hlarge|2) and the variance σ2 depends on the

kind of surrounding1. Combining path-loss and large scale fading we
have that given a specific distance between antennas d the received
power follows a log-normal distribution, due to large scale fading
with average 10log(|hploss(d)|2), i.e., as a constant 10log(|hploss(d)|2)
plus a random variable with zero average that follows a log-normal
distribution. Note that the dependence of hlarge with the distance d is
due to path loss.

1 Urban, rural, etc.
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4.1.1.3 Small scale fading

Assume that the receiver is at a specific distance d of the base station.
In a specific point, the received power can vary due to multiple reflec-
tions, with different amplitudes and phases, the signal may suffer on
objects that are close to the receiving terminal. The channel hsmall is
defined in baseband as in (44).

hsmall = hre + jhim (44)

Considering the signal arrives with a great number of local reflec-
tions, it is possible to consider that it is the sum of many identically
distributed random amounts. This justifies the use of the central limit
theorem, meaning that is is possible to consider hre and him equally
distributed Gaussian random variables. It is easy to verify from here,
that |hsmall | follows a Rayleigh distribution as in equation (45) and
φsmall = ^(hsmall) follows a uniform distribution (46).

f (hsmall) =
|hsmall |

σ2 e−
|hsmall |

2

σ2 (45)

Where σ2 = E{|hsmall |2} = hlarge(d)|linear.

f (φsmall) =
1

2π
,−π ≤ φsmall ≤ π (46)

Additionally, the different objects around the terminal can either
move, or the terminal itself can move distances that are not relevant to
the other two effects. Therefore, an additional kind of modeling will
be required later on to model the variation of the channel’s impulse
response with time. A brief explanation of this model is provided in
section 4.1.3.

4.1.2 Narrowband and wideband channels

Recall the initial formulation of the channel’s impulse response in
equation (40) and assume that the channel is now time invariant and
therefore the impulse response of the channel can be expressed as
h(τ). This impulse response models the behavior of the channel given
that several multipath components are arriving with different delays
τ to the receiver. These multipath components correspond to paths
of different lengths, meaning that the beams following a larger path
will of course suffer of a larger delay.

The receiver observes a superposition of all the delayed compo-
nents that may have suffered of different attenuations and phase
shifts. This effect can be modeled as illustrated in equation (47).

h(τ) =
N−1

∑
n=0

anejφn δ(τ − τn) (47)
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where N is the number of pats, an, φn and τn are the amplitudes,
phases and delays of each of the paths respectively. Following the
same reasoning as previously, given the amount of paths that con-
tribute to each of the N paths listed above, an will follow a Gaussian
distribution while φ will follow a uniform one.

Once this model has been defined, two different cases must be
treated differently depending on the symbol time.

4.1.2.1 Wideband channels

When the symbol time Ts is smaller than the temporal duration of the
channel’s impulse response τN−1, the convolutive effect on the sym-
bol results in a sequence of length Ts + τN−1, which has a dramatic
impact on the next symbol or symbols. This effect is referred to ISI.

Using a smaller symbol time has the main advantage that it allows
a high data rate if the transmission is successful.

4.1.2.2 Narrowband channels

When the symbol time Ts is very large compared to the temporal du-
ration of the channel’s impulse response τN−1 the convolutive effect
on the symbol results in a sequence of length Ts + τN−1. Considering
that Ts >> τN−1 the next symbol will hardly be affected by the over-
lap with the remains of the current one. Therefore, a narrowband
channel can be modeled as in equation (48).

hNB(τ) = Aejφδ(τ) (48)

Where Aejφ = hNBRE + jhNBIM . Using again the central limit theorem
both real and imaginary parts will follow the same random Gaussian
distribution.

The advantage of narrowband channels is mainly that there is no
ISI. On the other hand, using a larger symbol time implies that the
transmission is also slower. This can be countered by the use of sev-
eral subcarriers like in OFDM where each of the subcarriers trans-
mits through a narrow band channel, obtaining a high throughput
but without suffering from strong ISI.

Narrowband channels are also referred to as frequency flat for obvi-
ous reasons. From now on this model will be assumed for the entire
master thesis.

4.1.3 Models for the variation in time

The movement of scattering objects around the receiver can be mod-
eled as the movement of the terminal itself for simplicity. Assuming
that the mobile terminal is moving with direction and speed indi-
cated by v and that it receives a plane wave with carrier frequency
fC = λ

c from direction i.
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Considering that the receiver initially received a signal proportional
to cos(2π fct), it will receive after time ∆t a signal proportional to
cos(2π fc(t + ∆t) + 2π

λ v∆tcos(α)), where α is the angle defined be-
tween the movement direction defined in v and the direction of wave
propagation i. Therefore, a mobile terminal perceives a shift in fre-
quency that can be expressed as in (49).

fperc = fc + fc
v
c

cos(α) (49)

Where the last element is the Doppler shift. Considering the origin of
the small scale fading explained previously, a large amount of paths
will be arriving from different angles to the moving receiving termi-
nal at the same time. Therefore, the effects of this multipath compo-
nents are modeled statistically. For this purpose the Doppler Spec-
trum Gs( fd), which models how much power is received from each
of the frequency shifts, is used. The Doppler spectrum is expressed
as in 50.

Gs( fd) =
1√

f 2
dmax
− f 2

d

[p(α)G(α) + p(−α)G(−α)] (50)

Where fd is the Doppler shift, fdmax is the maximum possible Doppler
shift and happens for α = 0, p(α) is the power of the wave arriving
to the receiver from angle α and G(α) is the receiving antenna gain in
the direction defined by the angle α.

The channel’s time correlation Rh(∆t) = E{h(t)h∗(t + ∆t)} can be
calculated from the Doppler Spectrum by using the Inverse Fourier
transform (51).

Rh(∆t) =
∫ fdmax

− fdmax

Gs( fd)e−j2π fd∆t d fd (51)

This autocorrelation function provides information of how similar the
channel h(t) is to itself after a specific time ∆t. As any other autocorre-
lation function, Rh(∆t) has its maximum when ∆t = 0. The coherence
time is defined as the time Tτ it takes the correlation function to suffer
a 3 dB decay, i.e.

Rh(Tτ) = Rh(0)/2 (52)

4.1.4 Modeling a MIMO Channel

A MIMO channel uses several antennas in transmission and reception.
Therefore, it can mathematically be modeled as in equation (53).

y(t) = Hx(t) + n(t) (53)

Where y(t), x(t) and n(t) are the received signal, transmitted signal
and interfering signal respectively. The term n(t) models the impact
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of noise and interference from other communication links. It is as-
sumed that it is independent of the transmitted signal x(t). Finally,
H ∈ CnT×nR is the current channel realization and is assumed to be
constant during the channel’s coherence time and independent from
the following coherence time. This is referred to as block fading.

Many different approaches can be considered when intending to
model a MIMO channel. In this master thesis, the Kronecker model
is used. The Kronecker model is a stochastic correlation based model.
In this model it is assumed that two points that are relatively close
in space are related by a correlation coefficient. Considering a nar-
rowband channel and that each of the coefficients is modeled as a
random Gaussian variable, it is possible to represent a MIMO chan-
nel by a matrix H ∈ Cnr×nt in which each of the coefficients represent
the channel between the two antenna pair that correspond to the in-
dexes in the matrix. Then, the channel’s correlation matrix can be
defined as in equation (54).

R = E{vec(H)vecH(H)} (54)

The Kronecker model assumes the following on the channel’s corre-
lation matrix:

1. The correlation factor of two different antennas, either receiv-
ing or transmitting, are the same independently of where they
are calculated. This implies that the correlation of two links
from two different transmit antennas to any receive antenna
is the same, i.e. ρTx

i,j = E{hi,nh∗j,n} n = 1, . . . , nr and ρRx
i,j =

E{hm,ih∗m,j}m = 1, . . . , nt, where ρTx
i,j and ρRx

i,j stay for the cor-
relation coefficient in transmission and reception respectively.
This way it is possible to build a reception correlation matrix
RR and a transmission correlation matrix RT, which of course
are hermitian and positive semidefinite.

2. The correlation is separable, meaning that it can be separated
as the product of two different correlation coefficients. From a
physical perspective this means that the behavior due to scat-
terers in one side has nothing to do with the behavior in the
other.

Using this two assumptions, the channel’s correlation matrix can be
described by the Kronecker product as in equation (55).

R = RT
T ⊗ RR (55)

Additionally, considering that each of the link coefficients hm,n is
Gaussian distributed, the Kronecker channel can be synthesized as
in equation .

Hkron = R1/2
R HiidR1/2

T (56)

Where Hiid is a matrix with independent identically distributed com-
plex Gaussian random variables with 0 mean and 1 variance.
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4.2 channel estimation

4.2 channel estimation

From the previous it is shown that modeling the channel helps to
predict the received power as a function of the transmitted power,
and even the time variation of the channel. For many applications,
some of which will be mentioned later on in the master thesis, it
is very useful to know the exact channel coefficients and not just a
statistical characterization of them. To obtain this information, a pilot
sequence that both transmitter and receptor know is sent and using
the impact the channel had on the pilot sequence an estimation of the
channel is made. Of course, modeling the channel provides a ground
base knowledge that allows to estimate the channel more efficiently.

4.2.1 Pilot sequence

As mentioned earlier, the goal of this master thesis is to find a pilot
sequence that suits the necessities of the system. From now on, the
pilot sequence will be referred to as P ∈ CnT×B where B is the length
of the training sequence. As mentioned earlier, the wireless channel
has a coherence time within which it can be considered not to vary.
Therefore, this pilot sequence needs to be transmitted, the channel
estimate has to be done, and then this channel estimate is used during
the data transmission phase, all within a coherence time.

4.2.2 Training phase

During the training phase the pilot sequence is transmitted and the
channel estimate is obtained. The received sequence when the pilot
signal P is transmitted can be mathematically expressed as in equa-
tion (57).

Y = HP + N (57)

Where Y = [y(1) . . . y(B)] ∈ Cnr×B and N = [n(1) . . . n(B)] ∈ Cnr×B.
In order to express the received sequence in vectorial form, it is nec-
essary to define P̃ = PT ⊗ I, and then the expression in equation 57

can be expressed as in equation (58).

vec(Y) = P̃vec(H) + vec(N) (58)

It is assumed that vec(N) ∈ CN (0, S) where the covariance matrix S
is Kronecker structured, and can be expressed as follows:

S = ST
Q ⊗ SR (59)

which following the reasoning in section 4.1.4, assumes that the inter-
ference’s covariance in time, SQ, has a behavior that is independent
of its behavior in space, SR.
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4.2 channel estimation

4.2.3 Optimal estimator

Assuming all the correlation matrices in the previous section are
known, and knowing that both the channel coefficients, due to Rayleigh
fading, and the interference follow a Gaussian distribution; the MAP
(Maximum a Posteriori) and the MMSE estimate are identical as shown
in [17]. The minimum mean square error estimator follows the equa-
tion in (60) and has the variance expressed in (61).

vec(ĤMMSE) = (R−1 + P̃HS−1P̃)−1P̃HS−1 (60)

CMMSE = (R−1 + P̃HS−1P̃)−1 (61)

4.2.4 Data transmission phase

During the data transmission phase the channel estimate is used. As
mentioned, it is necessary that it lies within the channel’s coherence
time for the estimate to be valid. For simplicity, in this master thesis
the transmitted signal during the data transmission phase is assumed
to be 0 mean and temporally and spatially white,i.e. with spectrum
Ψ(ω) = λXI.
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5

S TAT E O F T H E A RT: O P T I M I Z E D P I L O T
S E Q U E N C E S F O R M I M O C H A N N E L E S T I M AT I O N

Given the need of accurate instantaneous Channel State Information
(instantaneous CSI) in communications systems, extended research
has been carried out in order to obtain it as accurately as possible
without severely impacting the system’s performance. The estimation
of the instantaneous CSI is carried out by sending a pilot sequence
that is known both by the transmitter and the receiver. This way the
channel’s impact on the pilot signal is used to obtain an estimation of
the instantaneous CSI. It is important to notice, that the training phase
is immediately followed by a data transmission phase in which the
obtained information about the channel is applicable. Hence, both
the training and the data transmission phase should be within the
channel’s coherence time.

In [8] an analysis of the optimal training sequence length consid-
ering the channel’s coherence time, the training phase SNR and the
number of antennas on both sides is considered, concluding that to
obtain a meaningful estimate of the channel, the training sequence
length should be equal to the number of transmit antennas, hence,
obtaining one measurement for each unknown. This analysis is ca-
pacity focused and therefore does not consider a specific technique
when it comes to obtaining the training sequence.

Two different alternatives are considered when estimating the chan-
nel. In blind channel estimation no explicit pilot sequences are used
and the information is extracted of large data records, obtained after
data transmission, and the channel model. On the other hand, train-
ing based techniques do not require large data records. They will
require a training phase that will limit the data transmission time. A
significant decrease in the training phase time can be obtained when
using the the statistical CSI. Techniques that use it will require an
estimation of it, and errors in these estimates can severely impact
the final performance. In this section and thesis only techniques that
require statistical information about the channel will be considered.
Additionally, it is assumed that the statistical CSI is already provided
and has no errors.

As mentioned in chapter 4, when the channel’s fading is frequency
selective, OFDM is generally used since then the problems created by
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5.1 maximizing the mutual information

the multi-path channel can be handled efficiently. References on how
the optimal training sequence is obtained when a MIMO-OFDM sys-
tem is at hand can be found in [1], where the training OFDM symbols
are required to be equi-powered, equi-spaced and phase-shift orthog-
onal to minimize the channel’s estimate MSE, subject to a fixed power
P ; and [15], where more restrictions such as the signal’s PAR (Peak
to Average Ration) of the training sequence are considered.

When dealing with a flat fading channel and using statistical CSI
to obtain the current channel estimates two main approaches can be
found in the current state of the art. These are minimizing the chan-
nel’s estimate mean square error and maximizing the mutual informa-
tion between the channel and the received signal during the training
phase. It is important to note that even given the optimal training
sequence and channel estimator, the resulting channel estimate will
still be a random variable and will therefore possess certain variance.
Systems that consider that the channel estimate is not perfect are ex-
plored in the state of the art as well but are not covered in this master
thesis.

5.1 maximizing the mutual information

In this specific case the metric to maximize is the mutual information
between the received signal and the channel estimate as a function of
the training sequence P. Considering the model described in chapter
4, the mutual information can be expressed as in (62)

I(vec(H); vec(Y)|P) = H(vec(H))−H(vec(H)|vec(Y), P) (62)

which can, at the same time, be expressed as in (63).

logdet(I + RP̃S−1P̃H) (63)

Maximizing (63) is equivalent to minimizing the second term in (62)
which can be interpreted as minimizing the uncertainty of vec(H)

given the knowledge of vec(Y), by adequately designing P.
More detailed derivations of this can be found in [12] and [2].
In [12] the noise is assumed to be white, i.e. S = σ2I . In this

specific case the problem can be expressed as a function of matrix
PPH and can be solved using convex optimization [2] by using one
of the methods in [14]. Additionally, in [2] a relaxation on the metric
(63) is suggested to make the problem convex.

5.2 minimizing the mean square error

In [12] the authors consider as well minimizing the channel’s estimate
mean square error. This metric can be expressed as in (64)

MMSE = E
{

vec(H̃)HI vec(H̃)
}

(64)
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5.2 minimizing the mean square error

or as a function of P as stated in (65).

MMSE = trace(R−1 + P̃S−1P̃H)−1 (65)

According to [12] when S = σ2I both maximizing the mutual infor-
mation and minimizing the MSE lead to water-filling solutions with
different proportions in the active elements during the training phase,
which is not as surprising considering the close relation between (63)
and the MSE [7]. In both [9] and [13] the training sequence is obtained
by minimizing the estimation’s mean square error when the transmis-
sion is interference-limited. Finally, in [3] an analysis of the structure
of P is done when the transmission suffers of different disturbances.
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6
M O T I VAT I O N

The knowledge of statistical CSI provides the system of the capability
of tailoring the training sequence P to obtain a better estimation of
the channel’s realization. This is already exploited in the techniques
mentioned in the state of the art section which have their main advan-
tage in a reduced training sequence length and/or smaller variance,
if the provided statistical CSI is correct. However, these techniques
do not consider if some of the efforts made will cause a significant
impact on the system.

It is possible that minimizing the mean square error of the entire
channel estimate does not significantly affect on the components that
later on will have a dramatic impact on the system when the channel
estimate is used. Therefore, it seems reasonable to consider for what
specific purpose the channel estimate is required and to design a met-
ric that is representative of the performance of the channel estimate
in this position.

In this master thesis, as in [10], the metrics considered are the
MMSE for the sake of comparison and testing due to its simplicity,
a metric designed for the Zero Forcing pre-coder and a metric de-
signed for the MMSE Equalizer.
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7

P R O B L E M F O R M U L AT I O N S

7.1 gpp : guaranteed performance problem

As its name indicates the Guaranteed Performance Problem guaran-
tees a performance γ with a specific probability 1− ε while trying to
minimize the training sequence power. The problem can therefore be
expressed as in (66)

minimize
P

tr(PPH)

s.t P
{

J(H̃, H) ≤ 1
γ

}
≥ 1− ε,

(66)

where J(H̃, H) is a measure of the performance degradation due to
the estimation error. The problem can be solved requiring an average
performance instead, being then expressed as stated in (67).

minimize
P

tr(PPH)

s.t E
{

J(H̃, H)
}
≤ 1

γ

(67)

Considering that, as mentioned in [10], these training signal design
problems are highly non-linear and non-convex, only metrics that
can be well approximated by a quadratic term in H̃, i.e. J(H̃, H) ≈
vecH(H̃)Iadmvec(H̃) are considered for tractability.

This leads to being able to, in the specific case of the Guaranteed
Average Performance Problem, writing E

{
J(H̃, H)

}
as in (68).

E
{

J(H̃, H)
}
= tr{IadmCMMSE} (68)

where1 CMMSE =
(
R−1 + P̃HS−1P̃

)−1.
In order to be able to solve the problems with a specific probability

further approximations are required and are dealt with in the follow-
ing sections.

1 Recall optimality of MMSE estimator mentioned in chapter 4.
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7.1 gpp : guaranteed performance problem

7.1.1 Confidence Ellipsoids approximation

The idea of the Confidence Ellipsoid approximation is to define a
uncertainty set that will contain specific error vectors vec(H̃) with
probability α, which is designed to be equivalent to 1− ε. This can
be expressed as in (69).

DD =

{
H̃ : vecH(H̃)C−1

MMSE vec(H̃) ≤ χ2
α(2nrnt)

2

}
(69)

Intuitively this can be interpreted as a restriction over the square
of the Mahalanobis distance 2 from vec(H̃) to 0. Considering the fact
that the distribution of points around the point 0 is ellipsoidal and
that the error on a direction that has higher variance might have a
larger magnitude, it is reasonable that the distance from vec(H̃) to
0 is weighted by C−1

MMSE. This way, by limiting the square of the
Mahalanobis distance, the set of errors that may lead to the required
performance is smaller, but those that have a higher projection in a
direction in which the variance is high are not disregarded. Once
applied this idea to (66) the problem can be written as in (70).

minimize
P

tr(PPH)

s.t. J(H̃, H) ≤ 1
γ

, ∀ H̃ ∈ DD
(70)

At this point the feasible set contains only those estimation errors
H̃ that go that have a Mahalanobis distance equal or below χ2

α(2nrnt)
2 ,

which occurs with probability α, and at the same time fulfill the per-
formance restriction.

Considering only metrics that can be written as a quadratic func-
tion of the error, the set of H̃ that fulfill J(H̃, H) ≤ 1

γ can be described,
as mentioned in [10], by the ellipsoid in (71).

Dadm =
{

H̃ : vec(H̃)HγIadmvec(H̃) ≤ 1
}

(71)

Using all the mentioned approximations the problem can be ex-
pressed as in equation (72).

minimize
P

tr(PPH)

s.t. DD ⊆ Dadm

(72)

The inclusion of the confidence ellipsoid in the metric ellipsoid guar-
antees that the resulting outage probability εreal will be bounded
α ≥ 1− εreal , implying that the desired outage probability ε ≥ εreal .

This can be seen if it is considered that, first of all, belonging to the
ellipsoid DD is an event that occurs with probability α. Secondly, that

2 d
Mah

(x, y)2 = (x− y)HC−1(x− y)
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7.1 gpp : guaranteed performance problem

this set of events that happen with probability α is included in a ellip-
soid that guarantees the metric, implies that the metric is guaranteed
at least with probability α.

Following the steps in [10] the problem can be written as in (73).

minimize
P

tr(PPH)

s.t. R−1 + P̃HS−1P̃ � γχ2
α(2nrnt)

2
Iadm

(73)

In this last formulation, in the same way as in (68), the restriction
is written as a function that is quadratic in P̃. Once the problem is
formulated as in (73) it is noticeable that the final restriction in per-
formance R−1 + P̃HS−1P̃ � γχ2

α(2nrnt)
2 Iadm represents the search for

a training sequence P that forces a specific shape on the estimator’s
covariance matrix that will cause the estimation error to have a small
Mahalanobis distance in the directions that are relevant to the metric
defined by Iadm. As a matter of fact, for the restriction to be tight it is
required that the inverse covariance matrix is a scaled version of the
metric. Therefore, the quality of the feasible set defined in the Confi-
dence ellipsoid case depends on how hard it is to adapt the shape of
the inverse covariance matrix to the metric, i.e. how difficult it is to
jointly find the two ellipsoids.

7.1.1.1 Analytical Solutions

Under specific circumstances an analytical solution can be found for
the problem stated above, as described in [10]. Specifically in this
case, it is required, additional to all the restrictions described in the
preliminaries, that Iadm = IT

T ⊗ IR. A summary of the solutions in
different cases will be provided here, refer to [10] for the proofs. For
the sake of simplicity c is defined as c = γχ2

α(2nrnt)
2 . In all the cases

described in table 1 the optimal training sequence can be written as
in (74).

Popt = UBDPUH
Q (74)

where UQ and DQ are SQ’s modal matrix and eigenvalues respec-
tively, UB is the modal matrix3 of a matrix B, that will vary from case
to case, and DP(i, i) =

√
DB(i, i)DQ(i, i) with i = 1, . . . , min(nT, B).

The values in DQ and DB are placed in decreasing and increasing or-
der respectively. Note that according to theorem 1 in [10], solutions
in which the columns of UB and SQ are multiplied by complex unit-
norm scalars are equivalent if the eigenvalues of B and SQ are distinct
and strictly positive.

3 SQ = UQDQUH
Q and B = UBDQUH

B
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7.1 gpp : guaranteed performance problem

1. RR = SR and B ≥ rank([cλmax(SRIR)IT − R−1
T ]+): the

training sequence Popt can be expressed as (74) with B =

[cλmax(SRIR)IT − R−1
T ]+.

2. RR = IR and B ≥ rank([cIT − R−1
T ]+): the training sequence

Popt can be written as (74) with B = λmax(SRIR)[cIT − R−1
T ]+.

3. Finally if R−1
T = IT and B ≥ rank(IT), the optimal training

sequence can be expressed as (74) with B = λmax(SR[cIR −
RR]+)IT.

Table 1.: Available analytical solutions for GPP using confidence ellipsoids.

7.1.2 Markov Bound approximation

The Markov inequality states that if a random variable x is nonnega-
tive and x0 > 0, then P(x ≥ x0) ≤ E(x)

x0
.

Applying this inequality to (66), as illustrated in [11], the problem
can be approximated as in (75).

minimize
P∈CnT×B

tr(PPH)

s.t.v tr(Iadm(R−1 + P̃HS−1P̃)−1) ≤ ε

γ

(75)

It is important to note, that in this case, a GPP using Markov Bound
approximation with a performance requirement of γ0 and a probabil-
ity requirement of ε0 is equivalent to a problem with 1 for probability
requirement and performance requirement of γ′ = γ0

ε0
, and therefore

the parameter ε which should directly represent the outage probabil-
ity does not due to the use of Markov’s inequality. Additionally, note
that the Guaranteed Average Performance Problem can be seen as a
GPP using Markov Bound approximation with ε = 1.

The restriction in (75) can be rewritten using (131) as

vecH(Iadm
H)vec((R−1 + P̃HS−1P̃)−1) ≤ ε

γ
(76)

meaning that the aim is to reduce the projection of the estimator’s
covariance matrix over the metric. Keeping this fact in mind, it is
possible to suggest that the set of feasible P when using the Markov
Bound approximation has a less restrictive shape than when using
Confidence Ellipsoids. This is due to the fact that in the Confidence
Ellipsoid case sequences P that allow the inverse of the covariance
matrix to have the same shape as Iadm are in the feasible set. On
the other hand, when using the Markov Bound approximation, se-
quences P that allow the covariance matrix to have a relatively small
projection on Iadm are considered.
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7.2 mpp : maximized performance problem

On the other hand, it is also necessary to consider that the proba-
bility restriction in the Confidence Ellipsoids case actually considers
the shape of the distribution of vec(H̃), while in the Markov Bound
case it does not. All facts considered, the experiment in chapter 10

has been carried out to verify this theoretical conclusions.

7.2 mpp : maximized performance problem

In a Maximized Performance Problem, the restriction is set on the
training signal power instead of the performance. Meaning that the
aim is to maximize the performance given specific training power
budget. An MPP can be expressed as in (77).

maximize
P∈CnT×B

γ

s.t. P
{

J(H̃, H) ≤ 1
γ

}
≥ 1− ε

tr(PPH) ≤ P

(77)

Analogously as in the GPP case the metrics considered will be
those that can be expressed or properly approximated by a form that
is quadratic with vec(H̃).

All procedures and argumentations are analogous to the GPP case,
so in the two following sections only the result is provided for the
MPP case.

7.2.1 Confidence Ellipsoids approximation

maximize
P∈CnT×B

γ

s.t. R−1 + P̃HS−1P̃ � γχ2
α(2nrnt)

2
Iadm

tr(PPH) ≤ P

(78)

7.2.2 Markov Bound approximation

maximize
P∈CnT×B

γ

s.t. tr(Iadm(R−1 + P̃HS−1P̃)−1) ≤ ε

γ

tr(PPH) ≤ P

(79)

7.2.2.1 Analytical Solutions

In the specific case of dealing with maximizing the average perfor-
mance, or equivalently, using the Markov Bound approximation with
ε = 1, the analytical solutions mentioned in [10] require that SR = RR.
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7.2 mpp : maximized performance problem

In the first of the cases listed, Proposition 2 in [9] has been adapted4

as mentioned in [10], while in the second case the result provided in
[10] is included. These analytical solutions can be found in table 2.

As in the GPP case a general structure is followed by the different
solutions for Popt. In this case, all solutions included in table 2 refer
to the matrices that appear in (80).

Popt = UT′DPopt UQ′ (80)

where RT
T and ST

Q can be expressed as UT′ΛT′UH
T′ and UQ′ΛQ′UH

Q′

respectively. The order in which these eigenvalues are ordered is
discussed in each case specifically.

1. When IT = I: The optimal training sequence can be expressed
as in (80) with the eigenvalues of RT

T and ST
Q placed in descending

and ascending order respectively. The values of (DPopt)i,i for i =
1, . . . , m∗ are expressed in (81) and are 0 for i > m∗.

DPopt(i, i) =
P + ∑m∗

j=1
(ΛQ′ )(j,j)
(ΛT′ )(j,j)√

(ΛQ′)(i,i) ∑m∗
j=1

√
(ΛQ′)(j,j)

− 1
(ΛT′)(i,i)

(81)

Where m∗ is expressed as:

m∗ =max{m ∈ 1, . . . , nT :

√
(ΛQ′)(m,m)

(ΛT′)(m,m)

m

∑
i=1

√
(ΛQ′)(i,i))

−
m

∑
i=1

(ΛQ′)(i,i)
(ΛT′)(i,i)

< P}

(82)

2. When R−1
T = IT can be written as in (80) with a specific eigen-

value ordering determined in [10]. When this optimal ordering
is given, the optimal (DPopt)i,i can be expressed as (83).

(DPopt(i, i))2 =
P + ∑m∗

j=1
(ΛQ)j,j
(Λ′T)j,j

∑m∗
j=1

√
(ΛQ)j,j
(Λ′T)j,j

√
(ΛQ)i,i

(Λ′T)i,i
− (ΛQ)i,i

(Λ′T)i,i
(83)

and the expression of m∗ can be found in Appendix 5 in [10]

Table 2.: Available analytical solutions for Averaged Performance MPP.

4 Proof can be found in the appendix A.
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S E M I D E F I N I T E R E L A X AT I O N

In order to be able to write the problems as SDPs most of the steps
described in [11] have been followed. These steps will be included
in appendix B for completeness and a higher level of detail will be
provided as well.

The GPP and the MPP when using the Markov Bound approxima-
tion can be expressed as (84) and (85) respectively.

minimize
P∈CnT×B

tr(PPH)

s.t. tr(M) ≤ ε

γ[
M Iadm

1
2

Iadm
1
2 C−1

MMSE

]
� 0

M = MH

(84)

maximize
P∈CnT×B

γ

s.t. tr(M) ≤ ε

γ[
M Iadm

1
2

Iadm
1
2 C−1

MMSE

]
� 0

M = MH

tr(PPH) ≤ P

(85)

Where M is an auxiliary matrix and C−1
MMSE = R−1 + P̃HS−1P̃,

which when recalling that S = ST
Q ⊗ SR, can be expressed as (86)

using (87)-(89).

C−1
MMSE = R−1 + P∗S−T

Q PT ⊗ S−1
R (86)

AB⊗ CD = (A⊗ C)(B⊗D) (87)

(A⊗ B)−1 = A−1 ⊗ B−1 (88)

(A⊗ B)H = AH ⊗ BH (89)

In order to be able to write the whole problem as an SDP, it is
necessary that the matrix inequality restrictions can be written as a
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semidefinite relaxation

LMI with the optimization variables. Therefore, a change of variable
is required. As proposed in [11] P∗S−T/2

Q is set to be PQ so that the
restriction in performance can be expressed as (90) and the expression
of training sequence power is rewritten as (91).[

M Iadm
1
2

Iadm
1
2 PQPQ

H ⊗ S−1
R

]
� 0

M = MH

(90)

tr(PQSQ
HPH

Q) ≤ P (91)

(90) is not convex with PQ so another change of variable is required.
Z = PQPQ

H, as mentioned in [11], is a very convenient change of
variable since it makes it possible to express (90) as LMI with Z, which
will be a new optimization variable. At the same time, this change
has to be applied to (91). This change of variable is expanded with
detail in [11] and is included in (92) for completeness.

tr(PQSQ
TPQ

H) = vecT(SQ)vec(PQ
HPQ)

= vecH(SQ
∗)vec(PQ

HPQ)

= |vecH(SQ
∗)vec(PQ

HPQ)|
≤ ||vec(SQ

∗)|| ||vec(PQ
HPQ)||

= ||vec(SQ
∗)|| ||vec(Z)||

(92)

where the inequality follows from the Cauchy inequality, and is sat-
isfied with equality when vec(SQ

∗) and vec(PQ
HPQ) are linearly de-

pendent, i.e. parallel. Note that the last equality follows from the fact
in equation (93).

||vec(PQ
HPQ)|| = ||PQ

HPQ||F =
√

trace((PQ
HPQ)H(PQ

HPQ)) =

=
√

trace(PQ
HPQPQ

HPQ) =
√

trace(PQPQ
HPQPQ

H) =

=
√

trace((PQPQ
H)H(PQPQ

H)) = ||vec(PQPQ
H)|| = ||vec(Z)||

(93)
The restriction on the power, as mentioned in [11] can be expressed

as an LMI with Z using again the Schur-complement1, meaning that
the problem is finally expressed as an SDP. Note that, if the restric-
tion were expressed as a second order convex cone constraint, i.e.
||vec(Z)|| ≤ P

||vec(SQ
∗)|| the problem would have been successfully con-

vexified as well and the result would be identical.
Rewriting the restriction in power in terms of the training sequence

P, it is possible to express it as in (94).

||vec(P∗S−∗Q PH)|| ≤ P
||vec(S∗Q)||

(94)

1 Proof found in Appendix
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semidefinite relaxation

Which implies a feasible set contained in the feasible set described by
tr(PPH) due to the additional restriction that the involvement of ma-
trix SQ entails. For experimental results and additional conclusions
derived from them regarding this approximation please refer to the
first section in chapter 10.

These changes of variables can be applied to the confidence ellip-
soid cases as well as to the Markov Bound ones, resulting in the ex-
pressions (95) - (98).
GPP Confidence Ellipsoid:

minimize
Z∈CnT×B,β∈R+

β

s.t. R−1 + Z⊗ SR
−1 � γχ2

α(2nrnt)

2
Iadm β

||vec(S∗Q)||
vec(Z)H

vec(Z) β
||vec(S∗Q)||

I

 � 0

Z = ZH � 0

(95)

GPP Markov Bound:

minimize
Z,M∈CnT×B,β∈R+

β

s.t. tr(M) ≤ ε

γ[
M Iadm

1
2

Iadm
1
2 Z⊗ S−1

R

]
� 0 β

||vec(S∗Q)||
vec(Z)H

vec(Z) β
||vec(S∗Q)||

I

 � 0

Z = ZH � 0

(96)

MPP Confidence Ellipsoid:

maximize
Z∈CnT×B,γ∈R+

γ

s.t. R−1 + Z⊗ SR
−1 � γχ2

α(2nrnt)

2
Iadm[ P

||vec(S∗Q)||
vec(Z)H

vec(Z) P
||vec(S∗Q)||

I

]
� 0

Z = ZH � 0

(97)
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8.1 obtaining the training sequence

MPP Markov Bound:

maximize
Z,M∈CnT×B,β∈R+

γ

s.t. tr(M) ≤ ε

γ[
M Iadm

1
2

Iadm
1
2 Z⊗ S−1

R

]
� 0[ P

||vec(S∗Q)||
vec(Z)H

vec(Z) P
||vec(S∗Q)||

I

]
� 0

Z = ZH � 0

(98)

8.1 obtaining the training sequence

Once these problems are solved and a Zopt is found a new problem
arises, since a way to obtain the training sequence P is required. The
same exact procedure as described in [11] is used to recover P. A
synthesized description is included below.

1. Assume Zopt has the following eigenvalue decomposition:
Zopt = UZopt DZopt U

H
Zopt

, where UZopt ∈ CnT×nT contains the eigen-
vectors and DZopt ∈ RnT×nT contains the eigenvalues in decreas-
ing order.

2. Assume that UQDQUH
Q is the corresponding eigenvalue decom-

position of SQ
T, where no assumption of the order of the eigen-

values in DQ is made.

3. Recall that Z = PQPQ
H = P∗SQ

−TPH.

4. An intuitive but adhoc way of selecting a training sequence P,
with generalized eigenvalue decomposition P∗ = UP∗DP∗VP∗ ,
that can generate Zopt, is to pick UP∗ = UZopt , VP∗ = UQ, and
finally (DP∗(i, i))2 = DZopt(i, i)DQ(i, i), i = 1, . . . , min(nT, B).

5. The eigenvalues in DQ should be arranged to minimize the
training sequence power tr(P∗PT) = ∑nT

i=1 DP(i, i)2. Which ac-
cording to [11] should be placed in increasing order.

As a summary the training sequence found using this methodology
will be built as in (99).

P = U∗Zopt
DPUT

Q (99)

Where DP =
√

DZ(i, i)DQ(i, i) with i = 1, . . . , min(nT, B).
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8.2 achieving the analytical solution

8.2 achieving the analytical solution

Considering the structure forced upon P when obtaining it through
the matrix Zopt, a theoretical analysis of the possibility of meeting the
analytical solutions is done for some of the cases.

8.2.1 GPP: Confidence Ellipsoids

Recall the structure of the analytical solution in equation (74) and the
analytical solutions provided in figure 1. In all cases the analytical
solution for Popt is built with the eigenvectors of SQ to the right, as
well as when the solution is obtained from Zopt. Additionally, matrix
B never requires information that is not available in the SDP problem
formulation. This implies that if the optimal training sequence is not
disregarded by the reduced feasible set, it is actually possible that
the analytical solution is met. Specifically, if Z were equivalent to B’s
except for a unit-norm scaling factor in each column of their modal
matrices, the solution obtained with the SDP would be the analytical
one. The experiments and results carried out to test if the analytical
solution is met or not are included in chapter 10.

8.2.2 Averaged performance MPP

The same type of analysis can be carried out in the MPP case. In
this case recall the final formulation of the MPP, (98), using Markov
Bound with ε = 1. Recall as well that the structure of the optimal
training sequence follows the one in equation (80) with the solutions
listed in figure 2.

It is important to note that in the SDP solution, information about
SQ’s structure is not included within Z, but when building the train-
ing sequence P. Therefore, considering that the diagonal entries of
(DP)

2
(i,i) when obtaining it from Z, are built as the product of the

eigenvalues of SQ and Z, which does not contain structural informa-
tion of SQ; a solution as the ones listed in figure 2 can not be obtained
from the SDP.
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9

M E T R I C S

As mentioned at the beginning of the chapter 7, metrics of the shape
J(H̃, H) = vecH(H̃)Iadmvec(H̃) are considered. Since it is possible
that these type of metrics have their origins in an approximation, an
analysis of the impact of this approximation is carried out in chapter
10, and the expressions required for the tests are provided in this
chapter. In the following sections, the metrics proposed in [10] are
reviewed. Additionally, for the Zero Forcing pre-coder case a new
expression is provided to evaluate the real performance of the metric.

9.1 mse : mean square error

The Mean Square error can be, of course, represented as a quadratic
form using Iadm = I. This metric is not system specific, and its
aim is to minimize the channel estimation mean square error. From
the point of view of obtaining the most accurate description of the
channel, this is the best option, but as stated in chapter 6, the best
channel estimation in terms of Mean Square error might not be the
channel estimate that will provide the best throughput of data when
this channel estimate is used in a specific application. This metric has
been implemented as well but mainly for comparative purposes.

9.2 system specifics : using a zero forcing precoder

In this specific case a Zero Forcing pre-coder is considered. Following
the notation in [10] the data transmission can be described as (100)

y(t) = HΨx(t) + n(t) (100)

where y(t) ∈ CnR×1 and x(t) ∈ CnR×1 are, respectively, the received
signal and transmited signal during the data transmission phase and
Ψ = H† ∈ CnT×nR is the ideal Zero Forcing pre-coder. This element at-
tempts to pre-process the signal x(t) before the transmission so that
no interference is perceived from antenna to antenna in reception.
Consider a situation in which different symbols are transmitted from
each of the nT transmitting antennas. The channel H will mix the
signals originating from the different transmitted antennas and there-
fore they will, if nothing is done, interfere each other in reception.
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9.2 system specifics : using a zero forcing precoder

By using the channel’s pseudoinverse, which is actually the inverse
when H is square and full-rank, the channel appears to be the iden-
tity from the receiver’s point of view, and therefore, no interference is
perceived. Additionally, since the channel inversion is done in trans-
mission and not reception, no noise enhancement effect is produced.

9.2.1 Optimization Metric

The usage of this technique clearly requires a channel estimate if the
channel is unknown. A metric that is representative of the function
the channel estimate will fulfill needs to be selected to obtain the
optimal training sequence for this specific case. Keeping in mind
that the metric should be reasonably possible to be approximated
by a quadratic form with vec(H̃). For that purpose a very conve-
nient structure to follow is the one of the Mean Square Error, in other
words, computing, and trying to minimize the mean square error of
a magnitude. Therefore, the same strategy as in [10] is followed, lead-
ing to the metric in (101).

JZF(Ĥ, H) = E{[y(t; Ĥ)− y(t; H)]H [y(t; Ĥ)− y(t; H)]} (101)

where y(t; Ĥ) is the received signal at instant t when the channel
estimate is being used in the ZF pre-coder, and y(t; H) is the received
signal at instant t when perfect knowledge of the channel is provided.
The result obtained after some approximations is expressed in (102).

vecH(H̃)((λxH†(H†)H)T ⊗ I)vec(H̃) (102)

If the problem were written using this metric, the optimal training
sequence would depend on the true channel, therefore, the model in
(103) is assumed.

Hi = Hi−1 + µEi (103)

where Ei has the same Kronecker structure as H and is indepen-
dent of the channel realizations. This model of change from block to
block can be interpreted as the movement of some of the elements
in the system, where µ indicates how fast this element moves and
therefore, regulates the contribution of the random part in the next
block. Under this assumption, the realizations of the channel are not
uncorrelated to the previous block. Meaning that it is possible to use
the previous channel estimate in the metric. Resulting in (104).

vecH(H̃i)((λxĤ†
i−1(Ĥ

†
i−1)

H)T ⊗ I)vec(H̃i) (104)

The inconvenience of this approach is that guaranteeing a certain
performance based upon this metric will not imply that it will be the
perceived performance. That is why it is necessary to evaluate the
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9.3 system specifics : using an mmse equalizer

actual obtained performance when using a non-approximated metric.
For that purpose an expression of the real metric has been derived.

9.2.2 Real Metric

When using a metric with evaluative purposes it is not necessary to
consider that certain information, such as the current channel realiza-
tion or estimate, is not available until after transmission. With this in
mind, an alternative formulation for (101), with no approximations
required, is provided in (105).

J(Ĥi, H̃i) = vecH(H̃i)(Ĥ†∗
i λxIĤ†T

i ⊗ I)vec(H̃i) (105)

A proof of this expression is provided in appendix C.

9.3 system specifics : using an mmse equalizer

The Zero Forcing Pre-coder pre-processes the signal so that the chan-
nel appears to be white in reception, but does nothing when it comes
to noise or interferences that do not have their origin in the same
system. On the other hand, the MMSE Equalizer uses the channel
estimate to combat the effect of the channel and outer-system effects
as well, i.e., the MMSE Equalizer Feq(q, H), tries to provide an esti-
mation of the transmitted sequence by minimizing the mean square
error between the transmitted sequence x(t) and its estimate x̂(t), by
linearly filtering the received sequence y(t).

x̂(t) = Feq(q, H)y(t) (106)

Where q indicates the unit time-shift. As in [10] the non-casual Wiener
filter will be used as an approximation of the MMSE Equalizer. There-
fore, as provided in [10] the filter follows the expression in (107).

F(ejω; H) = HH(HHH + Φn(ω)/λx)
−1 (107)

9.3.1 Real metric

Just as with the Zero Forcing case, for convenience and simplicity
the MSE of the difference will be considered: x̂(t; Ĥ) − x(t; H) =

(F(q; Ĥ)− F(q; H))y(t), and so the metric can be expressed as in (108).

JEQ(H̃, H) = E{[(F(q; Ĥ)− F(q; H))y(t)]H [(F(q; Ĥ)− F(q; H))y(t)]}
(108)

which can at the same time be expressed as:

1
2π

∫ π

−π
tr
(
(F(ejω; Ĥ)− F(ejω; H))Φy(ω)(F(ejω; Ĥ)− F(ejω; H))H

)
dω

(109)
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9.3 system specifics : using an mmse equalizer

9.3.2 Optimization metric

The expression provided does not follow a quadratic form with the
estimation error, and leads to a non-convex problem when fed in
the GPP or MPP formulations. Therefore several approximations
are made in [10] in order to obtain a metric that is both convex and
quadratic with vec(H̃). This proofs can be found in Appendix 1 in
[10]. The results of these approximations are provided in table 3 for
convenience.

1. High SNR and rank(H) = nR ≤ nT: Iadm = λxI⊗ (HHH)−1

2. High SNR and rank(H) = nT < nR: Iadm = λxI ⊗(
1

2π

∫ π
−π Φ−1/2

n [Φ−1/2
n HHHΦ−1/2

n ]†Φ−1/2
n dω

)
3. Low SNR: Iadm = I⊗

(
λ2

x
2π

∫ π
−π Φ−1

n dω
)

Table 3.: Approximated metrics for a system with a MMSE Equalizer.

Note that, the Markov 1 assumption is not yet applied to the ap-
proximations. It is sufficient to replace H by Ĥi−1 for the metric to be
implementable.
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10
E X P E R I M E N T S

In this chapter the experiments that have been carried out will be de-
scribed and the conclusions drawn from them will be explained. The
experiments are designed to answer the question formulated in each
specific section. In the experiments, the covariance matrices that char-
acterize both the channel and the noise, RR, RT, SR and SQ, follow an
exponential model as in [10]; in which the entries of the covariance
matrices are built according to (110)

(R)i,j = rj−i, j ≥ i, (110)

where r is the normalized correlation coefficient with ρ = |r| < 1.
In all experiments, a random parameter r is generated for each co-
variance matrix considering a fix and provided ρ. After that, the
covariance matrices are synthesized and fed as input parameters to
the optimization and estimation routines. In order to obtain the per-
formances and outage probabilities plotted in the following sections,
the steps in table 4 are followed.

10.1 fulfilling the requirements

Once the different formulations of the problems have been imple-
mented, it is important to see if the solutions provided by the opti-
mization routine fulfill the restrictions tightly. Therefore, an experi-
ment using the MMSE metric, due to its simplicity, has been carried
out for each of the different SDP formulations. The results for this
experiments are included in figures 1, 2, 3 and 4. Where 1 and 3

correspond to the SDP formulation of the GPP using the Markov
Bound and the Confidence Ellipsoids approximations, respectively,
and 2 and 4 correspond to the SDP formulation of the MPP using the
Markov Bound and the Confidence Ellipsoids approximation.

In figure 1 it is shown that in the GPP case, when the value ε is set
to be 1, the average metric corresponds to the metric restriction. Con-
sequently, the average metric decreases as the value of ε decreases.
On the other hand, as seen in figure 2, even when ε = 1, the re-
striction of power in the MPP is not active since the solution never
reaches the restriction P . An analogous analysis can be carried out
with figures 3 and 4.
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10.1 fulfilling the requirements

1. Generation of covariance matrices or modification if required.

2. In case it is required: generation of initial channel.

3. Generation of metric matrix.

4. Covariance and metric matrices are fed to the optimization rou-
tine and a training sequence is obtained.

5. The training sequence is transmitted through several realiza-
tions of the channel number of averages times, following a suit-
able statistical description.

6. After each transmission, the estimation error is computed and
used to estimate the obtained performance.

7. The performance in each transmission is compared to the per-
formance restriction. If the requirement is not met, the esti-
mated outage probability is increased.

8. In case it is required: the last channel estimate is used to gener-
ate the next metric matrix.

Table 4.: General experiment guidelines. Specific guidelines are provided in each
section mentioning the particulars of each case. Additionally cases that
required the mentioned special treatments will be explained in detail in
the specific sections.

The restriction is not active due to the use of the Cauchy inequality
applied in (92). The non fulfillment of the restriction implies that the
Chauchy inequality is not fulfilled with equality, meaning that the
vectors vec(S∗Q) and vec(Z) are not parallel.

As a matter of fact, given the current formulation of the problems,
vec(Z) can not be parallel to vec(S∗Q) since no information about the
shape of this last matrix is provided in the problem. It is important to
note, that even though this strategy does not allow to tightly fulfill the
restriction for the MPP case, it does for the GPP case. With the GPP
SDP formulation the parameter to minimize is β which is equivalent
to the restriction P in the MPP. This does not imply that the power of
Z is β

||vec(SQ)|| , but acts as a bound, that is not reached, of the power of
Z. Minimizing this bound implies that an effort is done to minimize
the actual power of Z, as long as it is not orthogonal to SQ.

The use of the Cauchy inequality is potentially detrimental to the
GPP case as well, since the reduction of the feasible set might disre-
gard the otherwise optimal solution. As a matter of fact, recalling
the formulation in (92) where tr(PQSQ

TPQ
H) can be expressed as
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10.1 fulfilling the requirements
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Figure 1.: Restriction fulfillment when using the Markov Bound approximation
for GPP using MMSE as metric, with parameters nT = nR = 4, B = 6,
ρ = 0.7 and 2000 averages.

vecH(S∗Q)vec(Z), it is possible to rewrite the Cauchy inequality as in
(111)

||vec(SQ
∗)||||vec(Z)||cos(φ) ≤ ||vec(SQ

∗)||||vec(Z)||, (111)

where φ denotes the angle between the two vectors. Considering
that the restriction is forced upon the second term in equation (111),
the parameter φ has no relevance during optimization, which may
lead to not selecting a Z that might have high power but a very small
projection on SQ

∗. This does not necessarily imply that the true opti-
mal solution is not found but implies a risk of it happening.

With this result at hand it is possible to scale the result in order
to obtain a training sequence that will already outperform the one
obtained by solving the SDP formulation of the MPP, since, given
the same shape, an increase in power will positively affect the se-
quence’s performance. On the other hand, if the power restriction
were increased, the power allocation in the training sequence is likely
to change obtaining a better performance than just by scaling the
result. In order to fairly compare the SDP-MPP solution with the
SDP-GPP solution from now on, power equalization is applied to
all MPP formulations. This implies that the power restriction is in-
creased/decreased until the obtained training sequence meets the de-
sired power.
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10.2 achieving the analytical solution
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Figure 2.: Restriction fulfillment when using the Markov Bound approximation
for MPP using MMSE as metric, with parameters nT = nR = 4, B = 6,
ρ = 0.7 and 2000 averages.

10.2 achieving the analytical solution

As mentioned in chapter 8 it could be possible that the SDP formula-
tion matches the analytical solution in some cases. Recall from chap-
ter 8 that an analytical solution only exists in the GPP case when
using the Confidence Ellipsoids approximation and under specific
conditions. The SDP-MPP case has not been tested since it is not pos-
sible to obtain the analytical solution solving the SDP since some of
the information required to obtain it is not present in the problem
formulation.

10.2.1 GPP Confidence Ellipsoids

For testing purposes the first case of the analytical solutions listed in
table 1 has been simulated. The analytical solution has been calcu-
lated and compared to the solution obtained by solving (95).

When examining the matrix Z obtained through solving the SDP
formulation and the matrix B in figure 1, the eigenvalues coincide
and the eigenvectors do as well except for a complex scaling factor of
magnitude one in each column, meaning that it is actually equivalent
to B. Additionally, P is obtained from Z in the same way as Popt is
formulated in (74), i.e. its eigenvalues and SQ’s are ordered in the
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10.3 real and approximated metrics
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Figure 3.: Restriction fulfillment when using the Confidence Ellipsoid approxima-
tion for GPP using MMSE as metric, with parameters nT = nR = 4,
B = 6, ρ = 0.7 and 2000 averages.

same way in order the build the diagonal matrix in P’s SVD1, and the
eigenvectors of SQ are used in the same exact way, meaning that the
solving SDP formulation using Confidence Ellipsoids actually pro-
vides the analytical solution, implying that in this specific case the
reduced feasible set does not disregard the optimal point.

10.3 real and approximated metrics

As mentioned in Chapter 9, the optimized metric and the real metric
are not generally the same, so in order to evaluate the real obtained
performance when using the approximated metrics in the optimiza-
tion problem some experiments have been carried out.

When the optimized metric depends on the previous channel esti-
mate a block per block transmission has to be modeled. Moreover,
it is important to note that the statistical information from block to
block is therefore influenced. Specifically, the system functions as
indicated in figure 5.

In order to obtain a significant evaluation of the performance, the
experiment has been designed to obtain averaged performances, when
transmitting several blocks, and considering several initial channels.
Note there is no reason to assume that the use of one of the prob-
lems or approximations should provide a better performance than

1 Singular Value Decomposition
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10.3 real and approximated metrics
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Figure 4.: Restriction fulfillment when using the Confidence Ellipsoid approxima-
tion for MPP using MMSE as metric, with parameters nT = nR = 4,
B = 6, ρ = 0.7 and 2000 averages.

Figure 5.: Diagram of block per block usage of the channel estimate

the other. Therefore, for simplicity the GPP averaged case is consid-
ered.

10.3.1 Zero Forcing Precoder

As already mentioned in the previous sections, the optimization met-
ric for the Zero Forcing Pre-coder (104) is an approximation of (105).
In order to evaluate how tight this approximation is, an experiment
with several transmission blocks and several initial channels has been
carried out. In other words, one initial channel H0 is drawn from a
complex Gaussian distribution with 0 mean and R covariance matrix,
is used to generate the metric matrix by being fed in equation (104)
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10.3 real and approximated metrics

which is then used, together with the statistical characterization of
the channel in the optimization problem.

Once the training sequence resulting of the optimization is ob-
tained, it is transmitted through a channel that is generated following
the first order Markov model, i.e. H1 = H0 + µE1. Once P is transmit-
ted using the realization of H1, the corresponding channel estimate
and error are obtained and evaluated in (105), obtaining the real value
of the expression in (101).

The outage probabilities, which are the probability of performing
worse than the required performance, are estimated as well by com-
paring the obtained performance corresponding to each channel real-
ization and comparing it to the performance restriction. 2000 realiza-
tions of channel H1 are considered and the 2000

th channel estimate
is then used to generate the next metric matrix. This procedure is
repeated 20 times, meaning that 20 different blocks have been sim-
ulated. Additionally, 20 blocks are transmitted for each of the 10

different initial channels. All the average performances and outage
probabilities plotted are obtained through averaging all the blocks
and initializations for each performance restriction.

Note that at each transmitted block, the statistics of the channel
change according to the expression in figure 5.

Following these directions the results in figures 6 and 7 were ob-
tained. Moreover, for the sake of comparison, the training sequence
that minimizes the mean square error of the channel estimation is
computed and transmitted obtaining its corresponding channel esti-
mate and error. These are fed in both (104) and (105) to illustrate the
significance of minimizing a system specific metric.

Figures 6 and 7 illustrate two important facts:

1. If the metric in (105) is actually representative of the system’s
BER when using a ZF pre-coder, the optimized P performs bet-
ter than the one obtained by minimizing the channel’s mean
square error.

2. The approximation is very tight on average, and does not seem
to have a very severe impact on the instantaneous performance.

In order to provide a quantitative reference related to this last point,
the outage probabilities are computed in both the approximated and
the real case with the analytical restriction as reference. The outage
probability is estimated using Monte Carlo and each of the obtained
outage probabilities plotted have been estimated using 2000 experi-
ments.

These outage probabilities are shown in figure 8. Which illustrates
that the impact is tolerable considering µ = 0.01. It is left for fu-
ture work to evaluate what increase in µ would lead to a very poor
performance of this approximation, and if it would entail that it is
preferable to use the MMSE since the cost function does not depend
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Figure 6.: Evaluation of approximated block to block ZF metric using Averaged
Performance GPP. Results obtained with nT = nR = 4, B = 6, ρ = 0.7,
10 initial channels, 20 blocks, 2000 averages, SNR = 20 and µ = 0.01.

on the previous channel estimate, but on the covariance matrices ex-
clusively.

10.3.2 MMSE Equalizer

The exact same strategy as in the ZF precoder applies to the MMSE
Equalizer case, although an analysis needs to be carried out for the
3 different approximations that are provided in table 3. The train-
ing sequence is obtained through each of the 3 approximations and
then the obtained estimates and errors are fed in equation (109). The
results of these experiments have been carried out for one initial chan-
nel, due to the computational cost the numerical integrations entail,
that has been used to generate a sequence of 10 blocks. Each training
sequence obtained for each block has been transmitted using 2000 dif-
ferent channel realizations that follow the first order Markov model.

In order to pick a representative realization of the channel, 100

channel realizations have been generated and, the one which, eval-
uated in the PDF, provided the highest value, was selected. The re-
sults of these experiments are shown in figures 9, 10. The parameter
∆metric is defined as in (112).

∆metric = 10log(Optimized metric)− 10log(Real metric) (112)

Where the Optimized metric is obtained by averaging estimation errors
obtained through 2000 realizations and transmissions of 10 different
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Figure 7.: Evaluation of approximated average ZF metric using Averaged Perfor-
mance GPP. Results obtained with nT = nR = 4, B = 6, ρ = 0.7, 10

initial channels, 20 blocks, 2000 averages, SNR = 20 and µ = 0.01.

blocks, i.e. 2000 realizations of Hi following Hi = Hi−1 + µEi, i =

1, . . . , 10, for all the equations that appear in table 3. This has been
done separately for each of the cases depending on the rank of the
channel matrix H and the data transmission phase SNR. During the
transmissions, once the channel estimate and the estimation error are
obtained, equation (109) is evaluated with these. This way, informa-
tion about the real obtained performance during the transmission of
data during the specific block is obtained. This parameter is then av-
eraged through the 2000 realizations and is represented in equation
(112) as Real metric.

From the results plotted in figures 9 and 10, it is possible to con-
clude that the first two approximations in table 3, i.e. the ones with
high data transmission SNR, provide a good reference both instan-
taneously and in average, while the one used for low SNR cases di-
verges more. As a matter of fact, both approximations used when
having high SNR during the transmission phase provide higher real
performances while the one in low SNR does not.

As mentioned in [10] the training sequence obtained by minimiz-
ing the approximated metric and the training sequence obtained by
minimizing the channel estimation mean square error perform very
much alike. Therefore, from now on the analysis carried out will be
done with the Zero Forcing precoder metric.
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Figure 8.: Outage probabilities corresponding to the experiment in figure 6

10.4 confidence ellipsoids and markov bound

In this section the description of the experiments carried out to evalu-
ate which of the two approximations performs better is included. In
both cases, a probability related to the outage probability is specified.
As already illustrated in figures 1 and 3 the metric restriction is ac-
tive in the SDP-GPP cases while the power restriction is not in the
SDP-MPP cases. Therefore, for simplicity i.e. in order to avoid power
equalization, this specific analysis will be done using the GPP formu-
lation as basis. In the experiments, the restriction in performance is
the same for both approximations and only α or ε will vary. Since
the parameter ε should actually represent the outage probability, α is
picked to be fix while ε is equalized in order to obtain the same out-
age probability. Experimentally, this means that the parameter ε has
been increased or decreased until the estimated outage probability of
both Confidence Ellipsoids and Markov Bound is the same. There-
fore, considering the outage probability to be fixed and specifying a
certain performance that both methods will try to achieve, the only
degree of freedom left is the compromise average performance - train-
ing power that will illustrate which of the two methods provides the
best solution.
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Figure 9.: Evaluation of approximated block to block MMSE Equalizer metrics in
table 3 using Averaged Performance GPP, with parameters nT = nR = 4,
SNR = 20 dB in the first case, nt = 2, nr = 4 and SNR = 20 dB, in
the second case and nt = nr = 4 and SNR = −5 dB in the third case,
ρ = 0.7, 10 blocks and 2000 averages.

10.4.1 MMSE

The above described experiment has been carried out for the chan-
nel’s estimate mean square error. The results are portrayed in figures
11 and 12.

Both the Confidence Ellipsoid and the Markov Bound based ap-
proximations lead to good performances in case of using the channel
estimate mean square error. Specifically, the training sequence ob-
tained by using the Confidence Ellipsoid approximation outperforms
the one obtained by using the Markov Bound approximation. As
mentioned in chapter 7, the Confidence Ellipsoid approximation fits
an ellipsoid that represents events, estimation errors, that occur with
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Figure 10.: Evaluation of average approximated MMSE Equalizer metrics in table
3 using Averaged Performance GPP, with parameters nT = nR = 4,
SNR = 20 dB in the first case, nt = 2, nr = 4 and SNR = 20 dB, in
the second case and nt = nr = 4 and SNR = −5 dB in the third case,
ρ = 0.7, 10 blocks and 2000 averages.

probability α in a ellipsoid that, using the metric matrix, represents
the required performance.

An increase in the parameter α represents a larger ellipsoid to be
included in the second one, and therefore an added difficulty. Hence,
in the case illustrated in figure 11 using the Confidende Ellipsoid
approximation does not outperform the use of the Markov Bound
approximation as much as in the case in figure 12.

Additionally, the outperforming of the Confidence Ellipsoid ap-
proximation might be due to the use of the MMSE as metric. The
metric matrix in the case of MMSE describes a hypersphere, which is
not skew in any of the dimensions and therefore, might be easier to
adapt to.
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Figure 11.: Evaluation of approximations using GPP with MMSE metric with pa-
rameters: nT = 4, nR = 2, B = 6, ρ = 0.7, α = 0.5 and 2000 averages.

10.4.2 Zero Forcing Precoder

The same experiment has been carried out with the Zero Forcing Pre-
coder. Only one block has been simulated in each case, since two
different training sequences generate two different channel estimates
which lead to a different metric in the following block. This contra-
dicts the aim of this experiment which is to evaluate the performance
of the two different approximations given the same metric. Results
from this experiment are illustrated in figures 13 and 14.

In this case it is easier to find a training sequence P that provides
a small projection of CMMSE over Iadm, than a training sequence that
allows C−1

MMSE to have the same shape as Iadm.
Considering that the Markov Bound approximation provides a bet-

ter relation performance - training power according to figures 13 and
14, from now on only the Averaged Performance cases will be consid-
ered due to simplicity and its equivalence to using the Markov bound
approximation.

10.5 averaged performance

Due to simplicity the average performance case will be considered
from now on. Additionally, it has already been showed that the
Markov Bound approximation for the ZF equalizer case, which is
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Figure 12.: Evaluation of approximations using GPP with MMSE metric with pa-
rameters: nT = 4, nR = 2, B = 6, ρ = 0.7, α = 0.1 and 2000 averages.

equivalent to the averaged performance for ε = 1, performs better
than the confidence Ellipsoid approximation. In this experiment sec-
tion the two different problem formulations are considered for the
Zero Forcing pre-coder metric. The MMSE Equalizer is disregarded
due to time limitations. The Zero Forcing pre-coder has been pri-
oritized since the optimization of the training sequence provides an
improvement in the resulting metric while in the case of the MMSE
Equalizer the performance is very similar to the one obtained when
using the MMSE as metric.

In order to be able to compare the performance of the training
sequence resulting of both problems, it is required that both use the
same training power. The intuitive way of forcing this to happen,
is to find the solution to the GPP, calculate its power and use it as
restriction for the MPP.

As shown in figure 1 this can not be done since in the SDP-MPP
the power restriction is not active.

10.5.1 MPP: The need of power equalization

Considering the facts stated above, it is necessary to force the MPP to
reach the required power in order to be able to compare the solution
provided by each problem. For this purpose, first of all a power re-
striction that forces the MPP to reach a higher power than required is
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Figure 13.: Evaluation of approximations using GPP with ZF pre-coder metric
with parameters: nT = 4, nR = 2, B = 6, ρ = 0.7, α = 0.5, SNR =
20 dB and 2000 averages. 10 Channel Realizations.

found. Once this is done, the power constraint that forces the desired
training signal power is found by bisection.

10.5.2 GPP and MPP: a performance comparison

The results of the experiment using the metric for the ZF pre-coder
are shown in figures 15 and 16.

The conclusion one can get of these results is that when using
power equalization the Averaged MPP and GPP provide very sim-
ilar solutions, both in performance and outage probabilities. As a
matter of fact, the training sequences are practically identical and it
is possible that the differences are due to numerical errors.

Considering the results at hand, there is no inherent advantage
in any of the two problems with respect to the other. Using GPP
or MPP will only depend on if the system is forced to guarantee a
specific performance independently of the power, or use a specific
power independently of the performance. With the last option, it is
necessary to keep in mind that power equalization is required.
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Figure 14.: Evaluation of approximations using GPP with ZF pre-coder metric
with parameters: nT = 4, nR = 2, B = 6, ρ = 0.7, α = 0.1, SNR =
20 dB and 2000 averages. 10 Channel Realizations.

10.5.3 How far from optimal are the solutions?

In order to provide an idea of how close from optimal the training
sequence obtained from the SDP - Markov Bound formulation is, its
the performance has been compared to the performance of the train-
ing sequences obtained using the built-in optimization function in
MATLAB, fmincon, which is capable of guaranteedly converging to a
local minimum of the averaged performance GPP and MPP with no
approximations, provided an initial point.

In the experiments, the solution obtained from the SDP formulation
is provided to fmincon as initial point, as well as 100 random white
Gaussian sequences that are guaranteed to fulfill the constraints be-
fore being set as initial points. Specifically, the function has been set
to use interior-point methods to converge to a solution.

In the figures that illustrate the solutions the performance or power
and the outage probabilities of:

1. the training sequence obtained from the SDP formulation,

2. the training sequence obtained after the optimization using the
SDP solution as initial point,

3. the best solution obtained with the white initialization,

4. the average solution obtained with the white initialization and
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Figure 15.: GPP with ZF pre-coder metric using power equalization to compare
averaged MPP and GPP solutions, with parameters nT = nR = 4,
B = 6, ρ = 0.7, SNR = 20 dB, µ = 0.01, 10 initial channels, 20 blocks
and 2000 averages.

5. the worst solution obtained with the white initialization,

are represented.

10.5.3.1 GPP: MMSE

The first of all experiments of this kind has been carried out with a
GPP formulation using the MMSE as metric. The results are provided
in figures 17 and 18.

As shown in figure 17, the solution provided by fmincon when us-
ing the SDP solution as initial point performs better than the rest. In
some cases solutions that are derived from a random initial sequence
perform better than the SDP solution although it is not a general ten-
dency.

10.5.3.2 GPP: Zero Forcing Pre-coder

The same experiment has been carried out with the zero forcing pre-
coder metric. This experiment has the particularity that, the number
of transmitted blocks is set to 1. In this case, since the performance
of the SDP is being evaluated, independently of how the metric per-
forms, the block to block evolution of the metric is irrelevant. Again,
a relevant channel is picked as initial for each of the points. The
results of this experiment are illustrated in figures 19 and 20.

In this case, it is very much obvious that the SDP solution per-
forms better than any of the solutions obtained using white initial
sequences. Following the tendency of the previous experiment, the
solution provided by fmincon with the SDP solution as initial point
improves slightly, but more than in the MMSE case.
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Figure 16.: GPP with ZF pre-coder metric using power equalization to compare
averaged MPP and GPP solutions, with parameters nT = nR = 4,
B = 6, ρ = 0.7, SNR = 20 dB, µ = 0.01, 10 initial channels, 20 blocks
and 2000 averages.

10.5.3.3 MPP: MMSE

In this case the experiments have been carried out with the MPP
problem. The methodology is analogous to the GPP with the dif-
ference that a equalization is required to obtain a training sequence
that reaches the power constraint. The solution of the SDP after equal-
ization is fed to the fmincon function. The results of this experiment
are shown in figures 21 and 22.

Again, the training sequence obtained by using the SDP solution
as initial point performs better than the rest, and slightly better than
the SDP solution itself.

10.5.3.4 MPP: Zero Forcing Precoder

In this case the same exact methodology as in the GPP zero forcing
pre-coder case as been used, with the additional fact of equalizing the
power of the training sequence obtained from the SDP solution. The
results of this experiment are illustrated in figures 23 and 24.

As in the previous cases the performance of the SDP solution is
better than the ones resulting by using the white sequences. In the
same way as in the GPP case, the solution provided by fmincon func-
tion when using the SDP solution as initial point performs best, and
with a greater margin than in the MMSE case.

10.5.3.5 GPP and MPP: Equivalent problems

According to the results obtained in figure 15 the solutions of the
SDP formulations of the GPP and MPP problems result in very simi-
lar training sequences. Additionally, a similar result in performance
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Figure 17.: Power of different solutions for the Averaged GPP using MMSE as
metric with system parameters nT = nR = 4, B = 6, ρ = 0.7, and 2000

averages.

is obtained both in figures 19 and 23 when these solutions are pro-
vided to the fmincon function. In order to verify if this behavior still
holds after the optimization by the use of the function fmincon an ex-
periment has been designed. In this experiment, an initial point is
obtained through solving the averaged GPP in SDP form. After that,
this initial point is fed to fmincon. The power of the resulting solution
is computed and fed as restriction, with later power equalization, to
the averaged MPP in SDP form. This point is fed then again to fmin-
con to solve the MPP. In this case, the ZF pre-coder metric has been
used for only one channel realization and one block. The obtained
result is illustrated in figure 25.

Figure 25 reveals that the performance - training sequence power
ratio is practically identical when using the two methodologies. Con-
sidering that the SDP formulation of the MPP and GPP provide al-
most identical solutions, and lead to same solution when the non-
relaxed version of the problem is at hand, it is possible to conclude
that the two problems are equivalent. A mathematical proof of this is
included below.

Recall that the problems solved by fmincon are the ones in equations
(113) and (114).

minimize tr((R−1 + P̃HS−1P̃)−1Iadm)

s.t. tr(PPH) ≤ P
(113)
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Figure 18.: Outage probabilities of different solutions for the Averaged GPP using
MMSE as metric with system parameters nT = nR = 4, B = 6, ρ = 0.7,
and 2000 averages.

minimize tr(PPH)

s.t. tr((R−1 + P̃HS−1P̃)−1Iadm) ≤
1
γ

(114)

Consider now that the function tr((R−1 + P̃HS−1P̃)−1Iadm) can be
written as in (115)

1
A2 tr((R−1/A2 + P̃H

n S−1P̃n)
−1Iadm), (115)

where P̃n is equivalent to matrix P̃ but normalized to have unitary
power, and the constant A is the scaling P̃n requires to recover P̃.
This implies that, the metric will decrease when the power of the
training sequence A2 is increased since the term dominates the entire
expression. Analogously, function tr(PPH) can be expressed, using
the same notation, as in equation (116).

A2tr(PnPH
n ) (116)

In this case, the function is increased when the constant A increases,
which is the exact opposite behavior, with respect to A, that is found
in (115).

Being this so, in order to minimize the metric function, i.e. first
equation in (113), a training sequence P will be selected so that is
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Figure 19.: Metric of different solutions for the Averaged GPP using ZF precoder
metric with system parameters nT = nR = 4, B = 6, ρ = 0.7, SNR = 20,
and 2000 averages.

tightly fulfills the power restriction since a minimization of the metric
is intended. In other words, minimizing the training sequence power
as much as possible will lead the problem to achieve the high bound
set on the metric since a decrease in power leads to an increase in
metric and vice versa.

In the experiments, the value of the cost function in the optimal
point found is fed as restriction to the MPP, meaning that, in this case
the MPP formulation can be written as (117)

minimize tr((R−1 + P̃HS−1P̃)−1Iadm)

s.t. tr(PPH) ≤ tr(PGoptPH
Gopt),

(117)

where PGopt is the solution found for the GPP problem in (114).
Finding this point implies that no point that provides a metric 1

γ uses
less power than tr(PGoptPH

Gopt).
In the case in (117), the power restriction will be fulfilled tightly as

well, since in order to minimize the metric as much as possible the
higher bound on the power will be reached.

A point that uses this amount of power and provides a metric over
1
γ would contradict the problem in (117), since from (114) it is known
that a training signal that provides a smaller metric with the same
power exists.

On the other hand, if the metric obtained were below 1
γ this would

contradict the problem in (114), since then a scaled version of the
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Figure 20.: Outage probabilities of different solutions for the Averaged GPP using
ZF precoder metric with system parameters nT = nR = 4, B = 6,
ρ = 0.7, SNR = 20, and 2000 averages.

optimal training sequence found with (117), in order to fit the perfor-
mance requirements, would provide a lower training power require-
ment. Hence, the two problems are mathematically equivalent which
is consistent to the results in figure 25.
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Figure 21.: Metric of different solutions for the Averaged MPP using MMSE as
metric with system parameters nT = nR = 4, B = 6, ρ = 0.7, and 2000

averages.
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Figure 22.: Outage probabilities of different solutions for the Averaged MPP using
MMSE as metric with system parameters nT = nR = 4, B = 6, ρ = 0.7,
and 2000 averages.
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Figure 23.: Metric of different solutions for the Averaged MPP using ZF precoder
metric with system parameters nT = nR = 4, B = 6, ρ = 0.7, SNR = 20,
and 2000 averages.
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Figure 24.: Outage probabilities of different solutions for the Averaged MPP using
ZF precoder metric with system parameters nT = nR = 4, B = 6,
ρ = 0.7, SNR = 20, and 2000 averages.
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Figure 25.: Result obtained by using the SDP solution as initial point to fmincon
for both averaged GPP and MPP, with parameters nT = nR = 4, B = 6,
SNR = 20 dB, ρ = 0.7 and 2000 averages.
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11
S U M M A RY

In this thesis different alternatives to find an optimal, application ori-
ented, training sequence to estimate a MIMO channel have been an-
alyzed. In order to be able to motivate the steps followed during
this master thesis some preliminary knowledge about convex opti-
mization has been provided. Additionally, MIMO channels and their
modeling is introduced in order to ease the comprehension of the
thesis.

Two different problem formulations have been considered using
the two major relevant design parameters, which are performance
and power. The first approach intends to minimize the training se-
quence power while guaranteeing a specific performance (GPP1), while
the second approach maximizes the performance given a specific
training power budget (MPP2). Once these two different problems
are formulated, two different approximations based on confidence el-
lipsoids and the Markov Bound are analyzed and applied to each of
the problems. These approximations, together with some other, allow
to convexify the problem.

Later on, additional reformulations and approximations, based on
the Schur-complement and the Cauchy inequality respectively, are
forced upon the relaxed problems to be able to express them as a
Semi Definite Programs. Once this has been done, metrics designed
for specific systems are considered. Specifically, the Zero Forcing pre-
coder and the MMSE Equalizer have been considered since they act
linearly on either the transmitted or received signal. The system spe-
cific metric for the Zero Forcing precoder requires the knowledge of
the current channel, which of course is unknown. Therefore, a first
order Markov model is forced upon the channel and the previous
channel estimate is used instead. In the case of the MMSE Equalizer
the system specific metric is highly non-convex, and some approxi-
mations are needed to obtain a convex expression.

The performance, outage probabilities and restriction fulfillment of
both the MPP and GPP formulation are analyzed during the mas-
ter thesis, together with an analysis of the impact of the mentioned
approximations. Additional experiments have been carried out in or-
der to measure the impact on performance the approximated metrics

1 Guaranteed Performance Problem
2 Maximized Performance Problem
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summary

have on the system, and a comparison to using a non-system specific
is provided.

Finally, in order to try to evaluate how far from optimal the solu-
tions to the SDPs are, MATLAB optimization routines initialized in
the SDP solution and white sequences are used to solve the original
problems.
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12
C O N C L U S I O N S

The experiments carried out in the thesis suggest that approximation
based on the Markov Bound performs better than the one based on
Confidence Ellipsoids for the Zero Forcing precoder metric.

The Confidence Ellipsoids approximation requires the inverse of
the estimation error covariance matrix to have the same shape as the
metric matrix for the restriction to be tight. If this shape is not easy
to achieve, more power will be used in reaching the required perfor-
mance than the strictly necessary.

This can as well be interpreted as the difficulty of modifying the
shape of the confidence ellipsoid to the one defined by the metric.
If the ellipsoid defined by the metric is difficult to achieve, a higher
power will be required by the training sequence to reduce the con-
fidence ellipsoid and still be representing the same probability. On
the other hand, the Confidence Ellipsoid approximation allows to
find better solutions when using the channel estimate’s MSE. This
implies that when the shape limitation is not specially skew in any of
the directions, and therefore shape considerations do not represent
the main difficulty, the use of the Markov Bound approximation is
outperformed by the use of the approximation based on Confidence
Ellipsoids. This may have its origin in the statistical considerations
forced upon the confidence ellipsoid during its design, in which the
shape of the distribution is taken into account. It is considered that
further analysis is required to completely explain the behavior of both
approximations, which is left for further work.

The approximation used, to be able to express the problems as
SDPs, also have a significant impact on the solution. The Cauchy
inequality negatively impacts on the MPP formulation since the re-
striction on power is never tight. This has its origin in the fact that
the Cauchy inequality is only met with equality when the two vec-
tors at hand are parallel. In this specific case, one of the two is an
optimization variable and no information about the second, which
represents the noise covariance in time, is provided in the optimiza-
tion problem. This implies that it is rather unlikely that the optimal
vector and the vectorized covariance matrix are parallel. The use of
the Cauchy inequality also reduces the problems’ feasible set which
can leave the optimal solution out.
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conclusions

Additionally, the approximated restriction favours some solutions
over others. Although this last fact impacts all the SDP formulations
considered in the thesis, by solving the SDP-GPP formulation using
Confidence Ellipsoids, for specific cases in which an analytical solu-
tion can also be found, the optimal point is found. This means, that
for these cases the approximation has no detrimental impact on the
feasible set, i.e. the optimal point still belongs to it.

The system specific metrics when assuming a first order Markov
model on the channel, do not severely impact the system’s perfor-
mance if the channel varies slowly. All the metrics and approxi-
mations considered perform well excepting for the MMSE Equalizer
metric for low SNR. Additionally, when compared to the training se-
quence obtained by minimizing the estimation’s mean square error,
the resulting performance is very similar to the result when using the
system specific metric for the MMSE Equalizer.

The training sequences obtained by solving both the averaged MPP
and GPP using the ZF precoder metric and MMSE are compared to
the solution provided by optimizing the original problem with MAT-
LAB built-in function fmincon using white sequences and the solu-
tion to the SDPs as initial points. The result of this last optimization
outperforms all the rest, and generally the SDP solutions perform
better than the local minimum found by fmincon when using white
sequences as initial points. Finally, both problems are experimentally
shown to be equivalent in original form, and in convexified form
when power equalization is applied to the MPP formulation.
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C O N T R I B U T I O N S

The contributions provided by this thesis are:

• An application of the experimental method proposed in [11]
to solve the problems formulated in [10] and its corresponding
analysis.

• An analysis of the impact of the approximations used for the
application specific metrics proposed in [10] on the system’s
performance.

• A theoretical and experimental assessment of the Confidence El-
lipsoid approximation and the Markov Bound approximation.

• An evaluation of how far from optimal the solution of the SDPs
are compared to the solutions obtained when using white se-
quences as initial points for local minimizing methods.
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F U RT H E R W O R K

Possible directions for further work could be:

1. Analyze the impact on the increase of the parameter µ in the
cases in which the metric relies on the previous channel esti-
mate and compare it to the performance obtained by minimiz-
ing the channel’s mean square error.

2. Use an alternative relaxation in the MPP problem to obtain a
SDP formulation that does not rely on the Cauchy inequality,
using, for example, the strategy suggested in [14].

3. Consider other applications and metrics that could arise from
these.

4. Analyze the impact on the perceived BER when using training
sequences that are tailored to the application

5. Analyze the cases in which the Confidence Ellipsoid based ap-
proximation outperforms the Markov Bound approximation.
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Part V

A P P E N D I X



A
M P P : A N A LY T I C A L S O L U T I O N : P R O O F

The cost function, i.e. the average metric can be expressed as in (118).

tr
{
(IT

T ⊗ IR)(R−T
T ⊗ RR + (PH ⊗ I)(S−T

Q ⊗ S−1
R )(P⊗ I))

}
(118)

where using that IT = I, SR = RR and the properties in (87)-(89),
can be expressed as in (119).

tr
{
(R−T

T + PTS−T
Q P∗)⊗ IRR−1

R

}
(119)

Using that tr(A⊗B) = tr(A)tr(B), the trace of the Kronecker prod-
uct in (119) can be expressed as product of traces, where the second
factor does not depend on P and is a constant, i.e. has no relevance in
the cost function. This entails that the optimal training problem can
be solved by using the cost function (120).

tr(R−T
T + PTS−T

Q P∗) (120)

Which is exactly the same problem that is solved in Theorem 2 in
[9].
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B
S D P F O R M U L AT I O N : P R O O F

If Q and R are hermitian, the condition:[
Q S
SH R

]
≥ 0 (121)

is equivalent to the conditions:

R ≥ 0

Q− SR†S
H ≥ 0

S(I− RR†) = 0

(122)

as mentioned in [4].
The restriction in performance can be expressed as (123)

tr(Iadm
1/2CMMSEIadm

H/2) ≤ ε

γ
, (123)

which considering that the equation in the trace is a quadratic
form and CMMSE is positive semidefinite it is possible to say that
Iadm

1/2CMMSEIadm
H/2 ≥ 0. By adding an additional positive semidef-

inite hermitian matrix M it is possible to write with additional restric-
tions that will be added later, that

M− Iadm
1/2CMMSEIadm

1/2 ≥ 0 (124)

which using the equivalence (121)-(122), forcing M ≥ 0 and con-
sidering that CMMSE is invertible and semidefinite positive, can be
expressed as in (125). [

M Iadm
1/2

Iadm
H/2 C−1

MMSE

]
≥ 0 (125)

It is necessary now to add a constraint that forces that the restriction
(123) is fulfilled.

By obtaining the trace of the expression in equation (124) the ex-
pression in (126) is obtained.

tr(M) ≥ tr(IadmCMMSE) (126)
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sdp formulation : proof

To assure that tr(IadmCMMSE) ≤ ε
γ , the restriction tr(M) ≤ ε

γ is re-
quired. Grouping all the restrictions up to the point (127) is obtained.

tr(M) ≤ ε

γ[
M Iadm

1/2

Iadm
H/2 C−1

MMSE

]
≥ 0

M ≥ 0

(127)

Assuming that the covariance matrix CMMSE is semidefinite-positive
and invertible, the LMI in (127) is equivalent to (128).

M � Iadm
1/2CMMSEIadm

H/2

tr(M) ≤ ε

γ

M � 0

(128)

Recall that M is an optimization variable and that CMMSE directly
depends on a second optimization variable. From (128) it follows
that, any pair M, CMMSE that fulfill the restrictions fulfill (123). In
the same way, for any CMMSE that fulfills the restriction (123), it is
possible to find an auxiliary matrix M that fulfills the restrictions in
(128). As a matter of fact, a trivial way of expressing this matrix M
would be M = Iadm

1/2CMMSEIadm
H/2.
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C
Z F P R E C O D E R , R E A L M E T R I C : P R O O F

Recall from equation (101) and (100), after just applying the product’s
distributive property, the metric can be expressed as (129).

JZF(H̃, H) = E
{

x(t)H [(HĤ†)H(HĤ†)− (HĤ†)H −HĤ† + I]x(t)
}

(129)
by using H = Ĥ − H̃ and simplifying the expression, the metric

can be written as (130).

JZF(Ĥ, H̃) = E
{

xH(t)(H̃Ĥ†)H(H̃Ĥ†)x(t)
}

(130)

It is important to notice that this expectation is computed within
a block, and therefore, the only random variable that is affected by
it is x(t). Additionally, the trace of the metric will be computed in
order to take advantage of its rotatory property. Using this combined
with the Kronecker product properties (131) and(132), mentioned in
Appendix 1 in [10], the metric can be finally expressed as in (105).

tr(AB) = tr(BA) = vecH(AH)vec(B) (131)

vec(ABC) = (CT ⊗A)vec(B) (132)

97



B I B L I O G R A P H Y

[1] I. Barhumi, G. Leus, and M. Moonen. Optimal training design
for MIMO OFDM systems in mobile wireless channels. Signal
Processing, IEEE Transactions on, 51(6):1615–1624, 2003.

[2] M. Biguesh, S. Gazor, and M.H. Shariat. Optimal training se-
quence for MIMO wireless systems in colored environments. Sig-
nal Processing, IEEE Transactions on, 57(8):3144–3153, 2009.

[3] E. Björnson and B. Ottersten. A framework for training-
based estimation in arbitrarily correlated rician MIMO channels
with rician disturbance. Signal Processing, IEEE Transactions on,
58(3):1807–1820, 2010.

[4] Stephen P Boyd. Linear matrix inequalities in system and control
theory, volume 15. Siam, 1994.

[5] Stephen Poythress Boyd and Lieven Vandenberghe. Convex opti-
mization. Cambridge university press, 2004.

[6] Tim Brown, Persefoni Kyritsi, and Elizabeth De Carvalho. Practi-
cal Guide to MIMO Radio Channel: with MATLAB Examples. Wiley.
com, 2012.

[7] Dongning Guo, Shlomo Shamai, and Sergio Verdú. Mutual infor-
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