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Abstract
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This master thesis focuses its attention in the Sum Classic model introduced by
Fabrikant et al. which is a simplification of the Internet and can be thought as a
Strategic Game. In this model the distinct agents, who can be thought as nodes in a
graph, wish to establish links of constant price to the others in order to be connected
in the resulting network. Elements of interest are then studied, like equilibria,
configurations where every agent is not interested in deviating his current strategy,
or the price of anarchy, a measure of how the efficiency of the system degrades due
to selfish behavior of its agents. After analyzing the work done so far in the area
we have developed and proved original results which study the price of anarchy in
different situations as well as the structure of equilibria. More precisely, given α,
the parameter corresponding to the cost of buying an edge, we give a new proof that
the price of anarchy is constant for α = O(

√
N) (being N the size of the network),

we show that the price of anarchy is constant for the bounded degree graphs when
α = o(N) and we show that the structure of equilibria for α < n/C for some
constant C is a very restricted one. Also, we study the question of deciding if a
given graph belonging to a certain family is an equilibrium and we show that the
corresponding decisional problem is polynomial time solvable whenever the family
considered are trees or bounded degree graphs.



Notation

N Natural numbers

Z Integer numbers

R Real numbers

O(f) = {g : N → R | ∃c ∈ R, n0 ∈ N such that |g(n)| ≤ c|f(n)| ∀n > n0}
Ω(f) = {g : N → R | ∃c ∈ R, n0 ∈ N such that |g(n)| ≥ c|f(n)| ∀n > n0}
Θ(f) = O(f) ∩ Ω(f)
o(f) = {g : N → R | ∀c ∈ R, ∃n0 ∈ N such that |g(n)| < c|f(n)| ∀n > n0}
w(f) = {g : N → R | ∀c ∈ R, ∃n0 ∈ N such that |g(n)| > c|f(n)| ∀n > n0}

Also, for a given graph G,

d(u, v) the distance between u, v in G
diam(G) the diameter of G
diam(w) the local diameter of w in G, i.e, the height of the BFS tree rooted at w
Ai(w) = {u ∈ V (G) | d(u,w) = i}
Bi(w) = {u ∈ V (G) | d(u,w) ≤ i}
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1. Introduction

1.1. Game Theory. Game Theory is a branch of mathematics devoted to
the study of models where a set of entities or players interact one with an-
other following some interests or concerns. Usually, these models correspond
to simplifications of the reality and with the study of the corresponding
games theoretical conclusions can be translated into the real world. In this
work we will be studying a model of the Internet introduced by Fabrikant
et al. but, in fact, Game Theory has many other applications in different
subjects such as economics, political science, psychology, logic, biology, etc.

Interesting concepts appear in these scenarios, as for example the notion
of Equilibria, that corresponds to an outcome for which any agent can not
improve its position choosing some alternative, assuming fixed the positions
of the other agents. Such situations might not exist: it could happen that
the game enters a dynamics where players keep acting and reacting endlessly
without never reaching a stable configuration. In the games that we will
be focusing our attention, however, Equilibria always exist and we will be
studying properties about these outcomes.

An important question that arises when Equilibria exist is: what is the lost,
in terms of quality, of an outcome formed autonomously by these selfish
agents, in contraposition of an outcome formed following a centralized plan-
ning pursuing global optimality? The Price of Anarchy is the concept to
which this question answers and it corresponds to the ratio between the
worst total cost of the worst equilibrium and the overall cost of the optimal
outcome.

1.2. Aim of this Thesis. This work is aimed at introducing myself in
the world of theoretical research in the subject of Network Creation Games,
a branch of Game Theory. This work focuses its attention on very specific
games, mainly Sum Classic but also Sum Basic, and tries to develop new and
original results. Also, it can be thought as a continuation of my PFC called
Jocs de Formació de Xarxes: introducció a la recerca where we investigated
about the game Sum Classic proving some original results. Taking this PFC
as a starting point, in this thesis we explore different directions in order to
find new results and try to close or improve some of the old PFC’s results,
too.

Finally, comment that the title of this work concerns the nature of the main
results obtained: we have shown that the price of anarchy is constant for
some ranges of the parameter α, a parameter from the model Sum Classic,
and we have given a characterization of the structure of equilibria for other
ranges of the same parameter α.
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1.3. Outline of the document. The organization of the remainder of this
document goes as following: chapter 2 introduces all the basic definitions
and results needed to understand the main results developed in the thesis,
as well as it provides an historical overview of the evolution of the research
done in this field. Chapters from 3 to 6 contain the main results of the work
that can be organized in two parts: the first part corresponds to chapters
3 to 5, dedicated to the price of anarchy for different ranges of the value α,
a parameter from the game Sum Classic. The second part corresponds to
chapter 6, devoted to the question of deciding if a given graph belonging to
a certain family is an equilibrium. In the Conclusions, we summarize and
analyze the relevance and interest of our contribution. Next, the Bibliog-
raphy consists of a list of the articles or books that have been referenced
throughout the work. Finally, in the appendix there can be found a chapter
from the PFC that complements the content of this thesis.
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2. Background

In this chapter we provide the basic definitions and tools needed to under-
stand the main contribution of this work. We define the frame where the
results are developed, and provide an historical overview useful to under-
stand the relevance of our contribution.

2.1. Strategic Games. Strategic Games is the most general kind of games
we will be working along our thesis. It models the structure formed by some
players together with the strategy they choose according to their interests
and concerns.

Definition 1. A Strategic Game is formally defined as a tuple Γ = (N,
(Si)i∈N , (ci)i∈N ) where:

• N is a set of n ≥ 2 players.
• For each player i ∈ N , Si is the set of actions or strategies available
to him. In any given game, every player has to choose as strategy one
of the actions si ∈ Si. Every element s ∈ S1 × ... × Sn, known as a
strategy profile of the game, describes a possible outcome of the game,
that is, the strategy followed by all players in the game. Given a profile
s = (s1, ..., sn), we consider that si is the strategy followed by the player
i ∈ N . Moreover, we will be also considering the set Π = S1 × ...× Sn

of all the possible profiles for the game.
• ci : Π → R is the cost function of each of the players i ∈ N . More
precisely, in any given game Γ, ci(s) is the amount that has to be paid
by player i ∈ N when the strategies of the rest of the players are the
ones specified by the strategy profile s. Thus, this cost does not depend
only on the strategy adopted by the player, but also on the strategies of
the other players. This cost function can also be seen as an indication
of the preferences of the player.

2.1.1. Nash Equilibria. An interesting concept related with Strategic Games
is the concept called Nash Equilibrium in honor of the American mathemati-
cian John F. Nash. It captures the notion of a stable configuration in the
following sense: a Nash Equilibrium, or simply equilibrium, is a configura-
tion where no player in the game wants to move since any change would
damage his own position.

Given a tuple s = (s1, ..., sn), it is usual to denote with (s−i, s
′
i) (where

1 ≤ i ≤ n) the tuple that we obtain if we substitute the i-th element of s
for the element s′i. Therefore, (s−i, s

′
i) = (s1, ..., si−1, s

′
i, si+1, ..., sn). Having

this in mind we now can define more formally what a Nash Equilibrium is:

Definition 2. Let Γ = (N, (Si)i∈N , (ci)i∈N ) be a strategic game. The strat-
egy profile s = (s1, ..., sn) ∈ Π is said to be a Nash Equilibrium if no player
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is interested in changing his strategy, that is, if no unilateral modification of
his strategy would decrease the cost that he is assuming. More formally,

∀i ∈ N, ∀s′i ∈ Si , ci((s−i, s
′
i)) ≥ ci(s)

2.1.2. Price of Anarchy. When we consider games which model how indi-
vidual agents interact with each other following selfish interests it appears
the so called concept Price of Anarchy. However, before talking about this
concept we need first to introduce what is the Social Cost.

Definition 3. Let Γ = (N, (Si)i∈N , (ci)i∈N ) be a strategic game. Given
a strategy profile s = (s1, ..., sn) ∈ Π, the social cost corresponding to s
is c(s) =

∑
i∈N ci(s). Therefore we can think about the social cost as the

overall sum of the individual costs.

Whenever Nash Equilibria exist, it might happen that their social cost are
not optimal, because an equilibrium is a configuration reached following
individualist interests. Instead, the optimal social cost is usually reached
in different configurations (centralized) and that is precisely what the Price
of Anarchy measures, how the efficiency of a system degrades due to selfish
behavior of its agents:

Definition 4. Let Γ = (N, (Si)i∈N , (ci)i∈N ) be a strategic game and let
E ⊂ Π be the set of Nash Equilibria. Then the Price of Anarchy is:

PoA =
maxs∈E c(s)

mins∈Π c(s)

2.2. Network Creation Games. Network Creation Games is a subject
inside Game Theory that seeks to model how a network evolves by identi-
fying which factors affect its structure and how these mechanisms operate.
Mostly this models correspond to simplified abstractions from the reality
(e.g the internet, a molecule, etc.) and once the model has been designed,
analyzing and studying the properties that can be derived from is the chal-
lenge in which theoretical research works.

Two points of view are distinguished: the dynamic one studies how the
model evolves in time or how the model evolves when increasing the network
size, and the agent-based one studies the network structure in equilibrium
situations. In our case, we will be dealing with agent-based models which
try to capture the essential structure of the Internet and we will analyze
the properties of equilibrium situations. More precisely, we will be dealing
mostly with the Sum Classic model, but in chapter 6 we will also make some
reference to the Sum Basic model. Both of them can be thought as Strategic
Games and are described in the chapters below.
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2.2.1. Sum Classic. The main model we study is specified by a parameter
α ∈ R+ and a set of players. Each player chooses the links he wishes to
establish with the other players in order to be connected in the resulting
network. Each time every player can delete, create or swap the edges he
wants in order to minimize his cost function. Captures two essential quan-
tities: the cost incurred for the edges bought by that agent and the quality
of the connection through the formed network.

Thinking in the context of Strategic Games we formally define the model
Sum Classic as the tuple Γα = (N, (Si)i∈N , (ci)i∈N ) defined in the following
way:

• α ∈ R+ is a fixed parameter for the game.
• Si = P(N \ {i}) for all i ∈ N , that is, every player buys the links he
wishes to the other players.

• Given s = (s1, ..., sn) ∈ Π the communication graph corresponding to
s is the undirected graph G(s) defined as:

G(s) = (N, {(i, j) | i ∈ sj ∨ j ∈ si})
It corresponds to the network formed once every agent has made its
choice.

• The incurred cost by player i ∈ N corresponding to the strategic vector
s is defined as:

ci(s) =

{
∞ if G(s) is not connected
α|si|+

∑
j ̸=i dG(s)(i, j) otherwise

where dG(s)(i, j) is the distance between vertices i and j in graph G(s)
(often we will omit the subindex G(s) if the graph can be understood
from the context). As we explained before notice that it contains the
cost incurred by the bought links, α|si|, and the cost corresponding to
the quality of the connection through the network,

∑
j ̸=i dG(s)(i, j).

Finally, a clarification about the notation we will be using throughout this
work: given a strategy configuration s, and a pair i, j ∈ N , we call (directed)
link (i, j) to refer that j ∈ si, whereas we call (undirected) edge (i, j) to refer
that i ∈ sj or j ∈ si (an undirected edge of the resulting communication
graph).

2.2.2. Sum Basic. A variation of the classical sum model, is the called sum
basic. In this model we consider the graphs to be undirected and just con-
sider deviations that consists in swapping one edge. More precisely an undi-
rected graph G is in equilibrium iff for every edge uv in G and every node
w, swapping the edge uv for the edge uw does not strictly decrease the sum
of distances from u to all other nodes in G.
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The interest of this model is that it captures a very important side from
the classical sum model, the swapping edges deviations. If one can say
something about this model, it seems reasonable to think that one can try
to translate this result into the classical sum model.

2.3. Historical overview. In this sections we give a general review of the
most important results in the field of Network Creation Games involving
the two studied models.

2.3.1. Sum Classic. Fabrikant et al. are who introduce in [5] the model
Sum Classic. In this first paper the authors show that for α < n2 the
price of anarchy is O(

√
α) and that for the particular case of trees the price

of anarchy is upper bounded by 5. Also, they show that calculating the
best response for general graphs is NP-hard and they conjecture the called
Tree Conjecture which states that there exists a constant A for which all
equilibriums for α > A are trees.

Later, in 2003, Lin H. shows in [8] that the price of anarchy is constant

for α = O(
√
n) and α = Ω(n3/2). Independently from Lin, in 2006, Albers

et al. in [1], show that the price of anarchy is Θ(1) for α ≥ 12n⌊log n⌋
and that, for α < n, the price of anarchy is upper bounded by the quantity

15

(
1 + min

{
α2

n , n
2

α

}1/3
)
. This later result implies that the price of anarchy

is constant for α = O(
√
n). Also, Albers et al. disprove the Tree Conjecture

showing an example of non tree equilibrium for α > A for every constant A.

After this, Demaine et al. in [4], prove that the price of anarchy is constant

for α = O(n1−ϵ) with ϵ ≥ 1/ log n and they obtain a bound 2O(
√
logn) for

+ α < 12n log n. Finally, in [9], Mihalák shows that for α > 273n every
equilibrium is a tree and, as a consequence, that the price of anarchy is
constant for α > 273n.

Therefore, as we can see, one of the main interests in Network Creation
Games has been enlarging the range of values of the parameter α for which
the price of anarchy is constant. As a summary, we can see this in the table
below: the only undefeated interval is the range from O(n1−ϵ) to 273n.

α 0
√

n/2 O(n1−ϵ) 273n ∞
PoA ≤ 6 Θ(1) 2O(

√
logn) < 5

Fig. 1. PoA bounds for different values of α

Apart from this, there have been other interests in the same field. As ex-
plained before, another point of view from the Network Creation Games is
to consider the dynamic side, that is, giving a rule to decide at each step
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which agent plays following a specified algorithm, study wether the resulting
network evolves to an equilibrium or not. Up until now, however, there have
not been many results in relation with this topic, and all we can comment is
the article [6] where Lenzner et al. show that, although considering natural
dynamics which converge in slightly modified related versions of the model,
there exist best response cycles to such dynamics in the general model.

Finally, others related results that have been obtained are, finding non trivial
equilibrium graphs, as Albers did in [1] and extending the model to non
connected graphs, for example, see [3].

2.3.2. Sum Basic. Althought there is less literature for this model we can
still give a list of interesting and nice results. Alon et al. in [2] are who
introduce this model and give the first results. They show that the only equi-

librium trees are the stars and give a bound of 2O(
√
logn) for the diameter

of equilibrium graphs. Also, they introduce the concept of distance-uniform
and almost-distance-uniform graphs (explained in a later section), and show
that every sum equilibrium graph induces certain diameter related distance-
uniform and almost-distance-uniform graphs. Finally they propose a conjec-
ture stating that distance-uniform and almost-distance-uniform graphs have
logarithmic diameter which would imply a poly-logarithmic upper bound for
the diameter of equilibria.

Going a little further in [10], Nikoletseas et al. using a probabilistic method
show an alternative structural characterization of equilibriums and partially
settle positively the conjecture of Alon et al. giving poly-logarithmic upper
bounds on the diameter of equilibriums for special cases.

On the dynamic side Lezner in [7] proposes a dynamics for trees that guar-
antees convergence in at most a cubic number of steps. In contrast to this
result, he also shows that when playing the same dynamics in general graphs
there exists best response cycles.

2.4. A relevant result. In this section we comment one classic result that
we will be using throughout the later sections. It is a very useful proposition
which translates the problem of upper bounding the price of anarchy to the
problem of upper bounding the diameter of a given equilibrium.

Theorem 1 ([4]). The price of anarchy for any equilibrium graph G is
O(diam(G)).

In this way, in order to prove that the price of anarchy is constant for a
specific range of values of α it is enough to prove that the diameter of
equilibrium graphs is constant for the same range of values of the parameter
α.
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2.5. Relation with PFC. As we explained before, this work can be thought
as a continuation of my old PFC Jocs de Formació de Xarxes: una Intro-
ducció a la Recerca. My PFC was an introduction to the model of Sum
Classic. There, we mostly dealt with the special case of trees: the main
contributions are showing that equilibrium trees have logarithmic diameter
and that deciding if a given tree is an equilibrium is a problem that can be
solved in polynomial time. As a continuation, in this work we have com-
pleted this last result, proving that the same holds for the family of bounded
degree graphs (upper bound), that is, it can be decided in polynomial time if
a given bounded degree graph (upper bound) is or not an equilibrium. Also,
in some way, analyzing the price of anarchy for distinct ranges of α and
studying the metric structure of equilibrium graphs, can also be thought as
a continuation of the PFC, in the sense that new related ideas and problems
are being explored.

Finally, we mention that the results that we will be using from our PFC
will be tagged with [PFC] in the result’s statement and their proofs can be
found in the appendix.
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3. The Price of Anarchy when α = O(
√
n).

One of the first approaches to the conjecture that the price of anarchy is
constant for all values of α was proving that the price of anarchy is constant
for α = O(

√
n). In this chapter we comment one of the proofs taken from

[8] and present a new original proof.

3.1. A new original proof. The biggest challenge of this work has been
trying to prove that the price of anarchy is constant for α < n/C. The
difficulty of this problem is remarkably high but, although we have not been
able to prove it, some of the arguments we used could be adapted to prove a
simpler result. Here we present a proof that the price of anarchy is constant
for α = O(

√
n) which uses new and original ideas.

Lemma 2. Let u, v, w be vertices from a connected graph G with v, w ̸∈
B3(u). Then there exists at least one node u′ ∈ B3(u) for which.

|d(w, u′)− d(w, v)| > 1

Proof. Because w ̸∈ B3(u) if ϕ = u − u1 − ... − um−1 − w is a minimal
length path from u to w, then it is clear that m = d(u,w) > 3 and that there
exist subindices i1, i2, i3 such that uij ∈ Aj(u) for j ∈ {1, 2, 3}. From this
we get that the distances d(u,w), d(ui1 , w), d(ui2 , w), d(ui3 , w) are distinct.
Since the set of integer values x for which |x − d(w, v)| ≤ 1 has cardinality
at most three, we conclude that there is one node from the set u, ui1 , ui2 , ui3
verifying the statement’s inequality.

□

Lemma 3. In any equilibrium graph G with diam(G) > 14, if u is such that
|B3(u)| = minw∈V (G) |B3(w)|, then

|B3(u)| ≤
α

7((diam(u)− 7)/14)2

Proof. Pick u = u0 − u1 − ... − um with m = diam(u) a maximal min-
imal length path starting at u. Now consider the balls B3(u7i) for i =
0, ..., ⌊ m/7⌋ . Then, clearly B3(u7i) ∩ B3(u7j) = ∅ for i < j because if
for the contrary there exists some w ∈ B3(u7i) ∩ B3(u7j) this would imply
7j = d(u, u7j) ≤ d(u, u7i) + d(u7i, u7j) ≤ d(u, u7i) + d(u7i, w) + d(w, u7j) ≤
7i+ 3 + 3 < 7i+ 7, a contradiction with i < j.

Next, let us consider that a node w at distance diam(u) buys the link (w, u)
and let ∆c be its respective cost increment. Notice that for any v ∈ B3(u7i)
the distance reduction incurred by w when it buys the link (w, u) will be at
least:
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(1 + 7i+ 3)− ((m− 7i)− 3) = 7 + 14i−m

Therefore, if m′ = (m− 7)/14:

∆c ≤ α+

(m−7)/14∑
i=0

|B3(u7i)|(7 + 14i−m) ≤

≤ α+ |B3(u)|
(m−7)/14∑

i=0

(7 + 14i−m) ≤

≤ α+ |B3(u)|
(
(m′ + 1)(7−m) + 7m′(m′ + 1)

)
=

= α+ |B3(u)|
(
−14m′(m′ + 1) + 7m′(m′ + 1)

)
=

= α− |B3(u)|
(
7m′(m′ + 1)

)
≤ α− |B3(u)|7m′2

But if diam(G) > 14, we must have diam(u) > 7 and if the graph is in
equilibrium:

|B3(u)| ≤ α/(7m′2)

which is what we wanted to prove.

□

Theorem 4. In any equilibrium graph G the following inequality holds:

diam(G) ≤ 14 + 4
√
14

α√
n

Proof. Let us assume that the diameter of the graph is greater than 14. Let
u ∈ V (G) be such that |B3(u)| = minw∈V (G) |B3(w)| and u′ be an arbitrary
node satisfying d(u, u′) > 3. We define M1(v1, v2) = {w ∈ V (G) | |d(w, v1)− d(w, v2)| ≤ 1}
and IA(x) to be 0 or 1 depending if x ̸∈ A or x ∈ A, respectively. Then:

∑
v∈B3(u)

|M1(v, u
′)| =

∑
w∈V (G)

∑
v∈B3(u)

IM1(v,u′)(w) ≤
∑

w∈V (G)

|B3(u)|−1 = n(|B3(u)|−1)
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This implies that there exists a node u′′ ∈ B3(u) with |M1(u
′′, v)| ≤ n (1− 1/|B3(u)|).

Now, if we consider the two additive deviations that are obtained adding, in-
dividually, the links (u′′, v) and (v, u′′), and call ∆c(u′′) and ∆c(v) their
respective cost increments we get:

0 ≤ ∆c(u′′) + ∆c(v) ≤ 2α− (n− |M1(u
′′, v)|) ≤ 2α− n/|B3(u)|

And now applying the previous lemma, we reach the conclusion:

2α2 ≥ n

|B3(u)|
· |B3(u)|7((diam(u)− 7)/14)2 ≥ 7n

196
(diam(G)/2− 7)2

which is clearly equivalent to the statement’s inequality and where we have
used that diam(u) ≥ diam(G)/2 due to triangular’s inequality.

□

As an immediate corollary we get:

Corollary 1. The price of anarchy is constant whenever α = O(
√
n)

Let us now make some considerations about our proof:

• The proof consists in choosing two suitable nodes u, u′ and then con-
sider all the 2|B3(u)| additive deviations, i.e. deviations of cardinality
one, consisting in buying the links (u′, v) and (v, u′) for v ∈ B3(u). By
a continuity-like argument, expressed by Lemma 2, we can bound in
a clever way the average cost increment, which is an upper bound of
the minimum cost increment, thus finding two appropriate deviations.
Finally, since we have certain degree of freedom in choosing u, u′, we
can choose a suitable u by lemma 3 to get the desired result.

• We could think to consider a different general set for lemma 2 in order
to achieve a similar conclusion (e.g. consider a path, a cycle, etc.
instead a ball of radius three). However, we have found out that the
balls of radius k ≥ 3 are the optimal sets in the following sense: if we
does not consider a ball of certain radius r, then we can find always
situations breaking the continuity-like argument.

• One can easily notice that f(n) =
√
n is the asymptotically largest

function that one can consider using the same arguments for α =
O(f(n)) in order to reach a constant size diameter.

• Therefore, the only thing we think that can be improved about our
argument is maybe the bound given by lemma 3. It would be interesting
to think about this in order to find a better bound to improve our result.
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3.2. The classical proof.

Theorem 5 ([8]). The price of anarchy is O(1) whenever α is O(
√
n). More

generally, the price of anarchy is O(1 + α/
√
n).

Proof. We use theorem 1 so all we have to do is improve our bound on the
diameter which we will call d. Consider two nodes u, v at distance d(u, v) = d
and let d′ = ⌊(d − 1)/4⌋. Consider ∆c the cost increment corresponding to
the deviation that consists in adding the link (u, v) respect u. Notice that:

(1) 0 ≤ ∆c ≤ α− (d− 1)|Bd′(u)|/2

Because for any w ∈ Bd′(u), v contributes in ∆c in the value:

d(v, w)−(1+d(u,w)) ≥ (d(u, v)−d(u,w))−1−d(u,w) ≥ d−1−2d′ ≥ (d−1)/2

where we have used the triangular inequality.

On the other hand, consider all the deviations that consist in adding individ-
ually and independently the links (u,w) for each w ∈ Ad′(u), and consider
∆c′ the sum of all the corresponding cost increments obtained evaluating at
u:

∆c′ ≤ α|Ad′(u)| − (n− |Bd′(u)|)(d′ − 1)

Hence, there exists at least one of this deviations for which its cost incre-
ment, call it ∆c′′ will be:

(2)

0 ≤ ∆c′′ ≤ α|Ad′(u)| − (n− |Bd′(u)|)(d′ − 1)

|Ad′(u)|
< α− (n− |Bd′(u)|)(d′ − 1)

|Bd′(u)|

Putting together (1) and (2) we get that:

n
4α
d−1 + 1

≤ n
α

d′−1 + 1
< |Bd′(u)| <

2α

d− 1
<

4α

d− 1
+ 1

This in turn implies that:

d <
4α√
n− 1

+ 1 < 8α/
√
n+ 1
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3.3. A comparison between both proofs. Now we are able to compare
the two proofs, analyze in which points one is better than the other one and
study what questions arise from this comparative:

• First, we notice that our original proof provides a worst bound with
respect α and n since 8 < 4

√
14.

• Secondly, our proof seems rather more complex than the classical one.
• Moreover, the classical proof seems to be closed whereas there is some
point in ours that could be improved.

• We also notice that in our proof we use about the order of |B3(u)|
additive deviations whereas in the classical proof we use about the
order of |A⌊(d−1)/4⌋(u)| additive deviations. It is an interesting exercise
trying to think which one of these options is better, and there are some
observations we can make following the assumption that we are using
these general methods explained when developing the two proofs:

– Intuition says that as more additive deviations one considers in
order to build some result, one should obtain the worst bounds.

– The least number of additive deviations one considers in order
to build some result, less tractable seems the expression obtained
when considering the addition of all the cost increments.

According to these observations, which cardinality, |B3(u)| or |A⌊(d−1)/4⌋(u)|
is more appropriate? We have not been able to answer to this ques-
tion: it seems that |B3(u)| is a local quantity, since 3 is O(1) respect
the diameter, whereas |A⌊(d−1)/4⌋(u)| depends of a parameter which is
a non constant function of the diameter, so it should seem that that
last cardinality should be greater than the first but, still, we have not
found any argument to prove it.

4. The Price of Anarchy for bounded degree graphs
when α = o(n)

In this chapter we analyze an upper bound for the price of anarchy when the
family of graphs considered is the bounded degree one (upper bounded) and
give a simple proof that shows that the price of anarchy is constant when
α = o(n) for bounded degree graphs (upper bounded).

4.1. Bounded degree graphs (upper bounded). The family of bounded
degree graphs (upper bounded) is well motivated since in real networks it
seems more reasonable to find an upper bounded number of them. What we
are going to do, is to adapt the result of theorem 1, where we found an upper
bound for the price of anarchy in terms of the diameter of any equilibrium
graph.
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We start precisely defining this family of graphs:

Definition 5. Let us denote by Xc, for c > 0, the family of graphs such
that the degree of every node is upper bounded by c.

Proposition 1. The price of anarchy for the family of graphs Xc is O(dcd−1/n),
where d is the diameter of any equilibrium graph G ∈ Xc of n nodes.

Proof. First, let us bound the worst social cost for equilibrium graphs.
Indeed we have that for each k ≥ 1, |Ak(u)| ≤ ck−1 implying that:

∑
u,v∈G

d(u, v) =
1

2

∑
u∈G

∑
v∈G

d(u, v) ≤ 1

2

∑
u∈G

diam(u)∑
k=1

kck−1 ≤

≤ 1

2

∑
u∈G

dcd+1 − (d+ 1)cd + 1

(d− 1)2
=

n

2

dcd+1 − (d+ 1)cd + 1

(c− 1)2

The, given any equilibrium graph G ∈ Xc its social cost will verify:

c(G) = α|E|+
∑
u,v

d(u, v) ≤ αnc

2
+
n

2

dcd+1 − (d+ 1)cd + 1

(c− 1)2
= αnc+O(ndcd−1)

On the other hand, any social cost is lower bounded by α(n− 1) + (n− 1)2

because we need at least n − 1 edges to guarantee the resulting graph to
be connected and because d(u, v) ≥ 1 for any distinct u, v. Putting these
inequalities together we get that the price of anarchy is upper bounded by:

αnc+O(ndcd−1)

α(n− 1) + (n− 1)2
= O(dcd−1/n)

□

As a remark, we notice that the price of anarchy for this family of graphs
has a smaller bound than the general one, so in the remote case that the
conjecture of the constant price of anarchy for every α was false, one could
think to restrict the family of graphs to the bounded degree one (upper
bounded) and see if the analogous conjecture is true there.

4.2. Constant price of anarchy for Xc when α = o(n). In [4] Demaine
et al. shows that for a given ϵ ≥ 1/ lnn the price of anarchy is constant
for α = O(n1−ϵ). In this section we present a simpler proof of an almost
equivalent fact (notice that, in fact, slightly stronger) when we restrict the
family of graphs to be Xc.
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Proposition 2. For α = o(n) the price of anarchy is constant for the family
Xc.

Proof. Consider any node u ∈ G ∈ Xc. Then consider the deviation
corresponding to u that consists in buying all the links (u, v) for v ∈ A2(u).
Then calling ∆c the respective cost increment we get:

∆c ≤ c2α− (n− c)

Now, making n → ∞ we get that c2α − (n − c) → −∞ because α = o(n)
and c is a fixed constant. This implies that there exists some n0 for which
c2α − (n − c) < 0 for all n > n0 and thus the corresponding ∆c is also
negative. In this way, the diameter of any equilibrium graph in Xc is upper
bounded by n0 which does not depend on n. Therefore, by theorem 1 the
price of anarchy is constant for the family of graphs in Xc and for α = o(n),
as we wanted to see.

□

5. The structure of equilibria when α < n/C.

The conjecture that the price of anarchy is constant for any value of α
has been answered affirmatively for a wide range of values of α but, still,
for the range o(n) < α < 273n the conjecture remains unproven. In this
chapter we give a necessary condition for a graph to be in equilibrium for
this range of α. More precisely, we show that the structure of the graph is
a very concrete one: a structure having a strong relation with the notion of
distance-almost-uniformity introduced by Alon et al. in [2].

This chapter is divided into three parts: we start commenting the first idea
from where the main results of this chapter appeared. Next we refine this
idea and develop the main result about the structure of equilibrium graphs,
and finally we analyze the relation between this structure and previous work.

5.1. A first approach. The challenge of proving that the price of anarchy
is constant for α < n/C for some positive constant C > 1 was the starting
point from which this first idea appeared. More precisely, the idea was to
consider what happens when every agent buys links to everyone. By the
result of additive deviations explained in more detail in chapter 6 we knew
that there’s no need to consider additive deviations of cardinality greater
than 1, so it was enough to consider all the additive deviations of cardinality
exactly one. The interesting thing that happens when considering all the
sum increments of these deviations is that we can interchange the order
of the summation reaching an expression that can be bounded using an
interesting trick.
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Remark 1. Let x1, ..., xk, n be positive natural numbers with x1+....+xk ≤ n
and write M = maxki=1 xi. Then

x21 + ...+ x2k ≤ ⌊ n/M⌋ M2 + (n mod M)

In particular,

x21 + ...+ x2k ≤ n2

Proof. We can use the fact that any convex function defined over a compact
attains its maximum on the boundary of the same compact, for the function
f(y1, ..., yk) = y21 + ...+ y2k over the compact

KM,n = {(y1, ..., yk) | y1 + · · ·+ yk = m ∧ 1 ≤ yi ≤ M}
with m ≥ n and taking into the account that the function ⌊ m/M⌋ M2 +
(m mod M) is increasing in m.

□
Theorem 6. Let ϵ = ϵ′ = 5/6 and C = 48. Then all equilibrium graphs
for α < n/C of diameter greater than some constant C0 verify the following
inequality:

∣∣∣∣{u ∈ V (G) |
diam(w)
max
i=1

|Ai(w)| > n(1− ϵ)

}∣∣∣∣ > n(1− ϵ′)

Proof. Let G be an equilibrium graph and consider all the additive devia-
tions of cardinality 1 obtained considering all the pair of nodes in G. Adding
all the respective cost increments and calling ∆c such sum we obtain:

0 ≤ ∆c = n2α+
∑
u,v

∑
w∈V (G)

min(d(v, w) + 1, d(u,w))− d(u,w) <

< n2α+
∑

w∈V (G)

diam(w)∑
i,j=1

|Ai(w)||Aj(w)|(min(i, j+1)−i) ≤ n2α−
∑
w∈G

diam(w)∑
i=1

∑
j<i−1

|Ai(w)||Aj(w)| =

= n2α−
∑

w∈V (G)

 ∑
j<i≤diam(w)

|Ai(w)||Aj(w)|

−
diam(w)∑

i=2

|Ai(w)||Ai−1(w)|

 =

= n2α−
∑

w∈V (G)

(
∑diam(w)

i=1 |Ai(w)|)2 −
∑diam(w)

i=1 |Ai(w)|2

2
−

diam(w)/4−1∑
i=1

|Ai(w)||Ai+1(w)|

 =
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< n2α− n(n− 1)2

2
+

3

2

∑
w∈G

diam(w)∑
i=1

|Ai(w)|2

Where, in the last step, we have used the arithmetic-geometric inequality
x2+y2 ≥ 2xy. Now assume that G does not verify the statement’s inequality,
this implies that there is at least nϵ′ = 5n/6 nodes w verifying

d(w)∑
i=1

|Ai(w)|2 ≤ ⌊ n/(n/6)⌋ (n/6)2 +O(n) = n2/6 +O(n)

Using the previously proved observation. And for the rest of nodes, for which

there might be at most, n(1−ϵ′) = n/6, we will have that
∑diam(w)

i=1 |Ai(w)|2 ≤
(n− 1)2. Thus:

∑
w∈G

diam(w)∑
i=1

|Ai(w)|2 ≤ n3

(
5

62
+

1

6

)
+O(n2) =

11

36
n3 +O(n2)

From here that there exist at least one cost increment with value greater than
or equal:

α−
n3 − 3·11

36 n3

2n2
+O(1) = α− n

24
+O(1) < − n

48
+O(1)

Finally, taking the limit n → ∞, from some n0 on, we will have that the
upper bound of the increment will be negative, and as consequence the graph
G would not be in equilibrium. Therefore, the diameter of any equilibrium
graph not satisfying the statement’s property is at most C0 = n0, and thus,
the conclusion now follows.

□

Notice that, although this condition could seem a bit strange at first, it is just
defining a graph for which almost all the vertices have a set of equidistant
vertices containing almost all nodes, an thus, defining a rather strong metric
structure in the considered graph. So, let’s develop this idea a little further
in the next section.

5.2. Logarithmic size distance-regular set. After this first idea which
seems natural and interesting one could think if there is something to do
to improve this result. A refinement was noticed when we realized that
there’s no need to consider all the additive deviations of cardinality exactly



18 CONTENTS

one: a better result is obtained if we only consider for a fixed agent, all the
additive deviations of cardinality one involving that specific player. With
this improved idea, one can get nicer numbers with less effort.

Theorem 7. For α < n/8 all equilibrium graphs verify:

∣∣∣∣{u |
diam(u)
max
i=1

|Ai(u)| > n/6

}∣∣∣∣ > n/2

Proof. Define Av(u), for a node v, to be

Amax(0,r−1)(u) ∪Ar(u) ∪Amin(r+1,diam(u))(u)

where r = d(u, v). Observe that if we fix a node v and we consider all the
additive deviations of cardinality 1 when v buys all the possible links (v, u)
and u buys (u, v), when u ∈ V (G), then calling ∆c the sum of all cost
increments we get:

∆c ≤ 2nα−
∑

u∈V (G)

(n− |Av(u)|)

Next, assume that

| {u | |Av(u)| > n/2} |≤ n/2

Then
∑

u∈V (G) |Av(u)| < n · n/2 + (n/2) · (n/2) = 3n2/4 and:

0 ≤ ∆c ≤ 2nα−
∑

u∈V (G)

(n− |Av(u)|) < −3n2

4
+

∑
u∈V (G)

|Av(u)| ≤ 0

a contradiction. From here, we deduce that:

| {u | |Av(u)| > n/2} |> n/2

Finally, the conclusion follows since |Av(u)| > n/2 implies that either |Amax(0,r−1)(u)|, |Ar(u)|
or |Amin(diam(u),r+1)(u)| has cardinality greater than n/6.

□

The next step, was to play a little around with these new numbers, and try
to exploit the properties underlying an equilibrium graph. Here is were we
could manage to discover a piece more of information relating this necessary
condition in connection with distance-uniformity.
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Definition 6. Let ϵ > 0 and f : N → R a function. We say that a graph
G is f(n), ϵ-almost-distance-uniform if there exists an r such that

| {u ∈ V (G) | ∃i ∈ {0,±1} , |Ar+i(u)| ≥ n(1− ϵ)} |> f(n)

Lemma 8. Let A1, A2, ..., A7 be sets subsets of some set of cardinality n
of at least n/6 elements. Then there exists two distinct subsets of them
X,Y ∈ {A1, A2, ..., A7} such that |X ∩ Y | ≥ n/126.

Proof. First we prove the following inequality:

|A1 ∪ ... ∪A7| ≥
7∑

i=1

|Ai| −
∑

1≤i<j≤7

|Ai ∩Aj |

Indeed, pick x ∈ A1 ∪ ... ∪ A7 and consider the maximum set of subindices
i1, ..., ik such that x ∈ Ai1∩...∩Aik . The number of times that x is counted in

|A1∪...∪A7|−
∑7

i=1 |Ai|+
∑

1≤i<j≤7 |Ai∩Aj | equals to
(
k
0

)
−
(
k
1

)
+
(
k
2

)
. If k = 1

or k = 2, then
(
k
0

)
−
(
k
1

)
+
(
k
2

)
= 0, wether if k ≥ 3 then 1−k+k(k− 1)/2 ≥

1−k+k > 0. Since this number is greater than or equal to zero we conclude
the result.

Finally, using this inequality we get that:

n ≥ |A1 ∪ ... ∪A7| ≥
7∑

i=1

|Ai| −
∑

1≤i<j≤7

|Ai ∩Aj | ≥
7n

6
−

∑
1≤i<j≤7

|Ai ∩Aj |

So that one of the values |Ai ∩Aj | is at least:

(7n/6− n)(
7
2

) =
n

126

□

Lemma 9. Let G = (V,E) be and undirected graph such that for any seven
distinct vertices u1, ..., u7 there exists at least one pair (i, j) with 1 ≤ i <
j ≤ 7 such that uiuj ∈ E. Then G contains Kr+1 as a subgraph if n ≥ 21r.

Proof. We prove it by induction on r. For r = 1 the proposition is trivially
true. Assume now that it is true for some r and let’s see that it’s true for
r + 1:

Let us assume the contrary, that n ≥ 21r+1 and that there does not exist a
copy of Kr+2 inside G. Writing ∆ the maximum degree of the graph, then
∆ < 21r because otherwise, if there was a node v with adjacent vertices
v1, ..., vm with m ≥ 21r, then by the induction hypothesis we would have a
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copy of Kr+2 in the set v, v1, ..., v21r . Thus, |E| ≤ (21r − 1)n/2. On the
other hand, the relation (ui, uj) ∈ E, for some 1 ≤ i < j ≤ 7 for any seven

distinct vertices u1, ..., u7 implies that |E| ≥ (n7)
(n−2

5 )
= n(n− 1)/42. Hence we

have that:

n(n− 1)/42 ≤ |E| ≤ (21r − 1)n/2 ⇔ n ≤ 21r+1 − 20 < 21r+1

Which is a contradiction because we had assumed n ≥ 21r+1.

□

Now we are ready to show the main result that can be seen as a consequence
of the theorem 7 and the previous lemmas:

Corollary 2. Let f(n) = log21(n/2) and ϵ = 125/126. Then, any equilib-
rium graph for α < n/126 is f, ϵ−almost-distance-uniform.

Proof. Consider the set X =
{
u ∈ V (G) | max

diam(u)
i=1 |Ai(u)| > n/6

}
which

we know by the previous lemma that |X| > n/2. For any u ∈ X let i(u)

be the index such that |Ai(u)(u)| = max
diam(u)
i=1 |Ai(u)|. Consider the re-

lation ∼ defined in X with the rule u ∼ v iff |i(u) − i(v)| ≤ 1. Then
observe the following, for any seven distinct nodes u1, ..., u7 ∈ X, we have
by the previous lemma that there exists two of them, say ui, uj, such that
|Ai(ui)(ui) ∩ Ai(uj)(uj)| > n/126 and thus, if ui ̸∼ uj then if ui, uj buy the

links {ui, uj} and {uj , ui} respectively, for the sum of the increment costs
∆c1 and ∆c2, respectively, we have that:

∆c1 +∆c2 ≤ 2α− |Ai(ui) ∩Ai(uj)| < n/126− n/126 = 0

And therefore either ∆c1 < 0 or ∆c2 < 0, giving a contradiction. Hence,
for any seven distinct nodes u1, ..., u7 ∈ X we must have ui ∼ uj for
some i, j with 1 ≤ i < j ≤ 7. Next, consider the undirected graph H =
(X, {(u, v) | u, v ∈ X ∧ u ∼ v}). By what we have just proved, for any seven
distinct nodes u1, ..., u7 ∈ V (H) uiuj is an edge of H for some i, j with
1 ≤ i < j ≤ 7 so by the previous lemma, there exists a set Y of cardinal-
ity log21(|X|) = log21(n/2) for which all nodes are related with each other
by the relation given by ∼. Finally, considering M = maxu∈Y i(u) and
m = minu∈Y i(v) we have that |M −m| ≤ 1 so that taking r = M −m + 1
the inclusion:

Y ⊆ {u ∈ V (G) | ∃i ∈ {0,±1} , |Ar+i(u)| ≥ n(1− ϵ)}

gives the result.
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□

5.3. Connection with distance regular graphs. The following two def-
initions were introduced by Alon et al. in [2].

Definition 7. Let ϵ > 0. We say that a graph G is ϵ-distance-uniform if
there exists a positive integer r such that for every u ∈ G, the set of nodes
at distance r from u has cardinality at least n(1− ϵ).

Definition 8. Let ϵ > 0. We say that a graph G is ϵ-almost-distance-
uniform if there exists a positive integer r such that for every u ∈ G, the set
of nodes at distance r− 1, r or r+1 from u has cardinality at least n(1− ϵ).

Now we can see that the definition of ϵ, f(n)-almost-distance-uniform is quite
natural and what is doing is just relaxing the condition of being ϵ-almost-
distance-uniform a little further. In relation with these two new definitions
we have the following result:

Theorem 10. [2] Any sum equilibrium graph G with n ≥ 24 vertices and
diameter d > 2 lg n induces an ϵ-distance-almost-uniform graph G′ with n
vertices and diameter Θ(ϵd/ lg n) and an ϵ-distance-uniform graph G′ with
n vertices and diameter Θ(ϵd/ lg2 n).

Reading the proof of the previous theorem one sees that the graph G′ is
induced as a power of G, that is, we consider G(k) for a suitable k, where
every pair of distinct nodes u, v in G(k) is joined by an edge iff dG(u, v) ≤ k.

Therefore, here we have found an interesting element, the distance-uniformity
which apparently is a common property in both Sum Classic and Sum Basic
in one sense or another.
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6. Deciding if a given graph is an equilibrium

Finding the best response for any player in general graphs was shown to be
an NP-hard problem by Fabrikant et al. [5]. A closely related question is
that of deciding if a given G(s) is an equilibrium. The main aim of this
chapter is to show that this last question is polynomial time solvable for
trees and bounded degree graphs (upper bounded). In order to reach this
conclusion, the main result studies additive deviations, i.e, the deviations
that consist in just adding links. More precisely, we do not only give a
nice property about additive deviations, we also point out that the intrinsic
difficulty of studying deviations arises from the swapping deviations rather
than from the additive ones.

Moreover this chapter closes material from my old PFC: Jocs de Formació
de Xarxes: una Introducció a la Recerca. To be more concrete, in my old
PFC we showed that the problem of deciding if a tree is an equilibrium is
in P, whereas in this work we have completed this result showing that also
deciding if a given bounded degree graph (upper bound) is an equilibrium
belongs as well to P.

Definition 9. An additive deviation of cardinality k relative to a player i
is a strategy change of the form s′ = (s−i, s

′
i) with si ⊆ s′i and |s′i| = |si|+k.

Proposition 3 (PFC). Let G = (V,E) a connected graph. For any additive
deviation of cardinality k ≥ 2 strictly decreasing the cost function of some
player, there exists another additive deviation of cardinality k − 1 strictly
decreasing the cost value of the same player

Definition 10. We say that a deviation for some player i is critical if the
respective cost increment is strictly negative.

From the previous proposition we obtain the following consequence:

Proposition 4. Let i be any node with degree d and assume that i has some
critical deviation. Then, if the set Dk is the set of deviations for the player
i for which i has degree k in the resulting communication graph, then the set
∪d+1
k=1Dk contains a critical deviation for player i.

Proof. Take the minimum k such that there exists a critical deviation s′ =
(s−i, s

′
i) for i in the set Dk with s = (s−i, si). We claim that k ≤ d+ 1:

Assume the contrary, that k > d+ 1, then we see that we can find a critical
deviation for player i in Dk−1. Suppose that si = {j1, ..., jr} and that s′i =
{h1, ..., hs}. Clearly if there were some of the links (jl, i) for some l = 1, ..., r
then there is a critical deviation in Dd−1 contradicting the minimality of k.
In this way, s−r = k−d > 1, so we can consider the deviation s′′ = (s−i, s

′′
i )

where s′′i = {h1, ..., hr} and the deviations s′j = (s−i, s
′
ij) ∈ Dk−1 with s′ij =

{h1, ..., hr, hr+1, ..., hr+j−1, hr+j+1, ...., hs} for each j = 1, ..., s−r. Next, call
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∆c,∆c′,∆c′′,∆cj and ∆c′′j the cost increments corresponding to deviations

from s to s′, from s to s′′, from s′′ to s′, from s to s′j and from s′′ to s′j,
respectively. Then, looking at the proof of proposition 4:

∆c = ∆c′′ +∆c′ ≥
∑s−r

j=1∆c′′j
s− r − 1

+ ∆c′

From where we deduce that there exists some j with ∆c′′j ≤ s−r−1
s−r (∆c−∆c′).

Notice that by minimality of k we have that ∆c′ ≥ 0. This together with
∆c < 0 by hypothesis gives:

∆cj = ∆c′ +∆c′′j ≤ (s− r − 1)∆c

s− r
− ∆c′

s− r
< 0

And thus the contradiction is reached.

□

As consequences of proposition 4 we have:

Corollary 3. Let c ≥ 1 a positive integer. Given G ∈ Xc we can decide
in polynomial time if it is a Nash equilibrium.

Proof. Since we can compute the cost increment of a given deviation in
O(n2) and there are at most

(
n

c+1

)
+
(
n
c

)
+ ... +

(
n
0

)
= O(nc+1) deviations

for each node we conclude that deciding if a given graph G ∈ Xc is a Nash
equilibrium can be done in O(nc+4) steps.

□
Corollary 4 (PFC). We can decide if a given tree is a Nash equilibrium
in polynomial time.
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7. Conclusions

In this final chapter we summarize the work we have done so far, analyze if
the aims of thesis have been achieved and comment what we think it should
be interesting to develop in the future as a continuation.

First of all, we have introduced all the machinery and results needed to
understand the elements in which the work focuses its attention, the Network
Creation Games and one of its most important models, the Sum Classic. We
have introduced the concept of Strategic Games so that we have been able to
define the model Sum Classic as a Strategic Game, we have done a general
historical overview to better understand the relevance of the results we have
found and we have talked about a very basic result which we frequently use
in the proofs from our results, which transforms the problem of bounding
the price of anarchy to the problem of bounding the maximum diameter of
equilibrium graphs.

In the next chapters we have explained and developed a list of original
results. Starting with the range α = O(

√
n) we have presented our original

proof of the well-known result that the price of anarchy is constant for this
range of α, and analyzed our proof versus the classic proof. From here we
have moved to the range α = o(n), where, after introducing the family of
bounded degree graphs (upper bound), we have been able to prove that
the price of anarchy restricted to this family of graphs is constant for this
range of values of α. After this, we have tackled the range α < n/C,
the most difficult one, and seen that equilibrium graphs have a very rigid
structure strongly related with distance-uniformity, a concept which had
already appeared when considering the model Sum Basic. We think that
this is the most important result we have developed in this thesis.

Furthermore, we have also analyzed in what complexity class belong the
problem of deciding if a given graph is an equilibrium for restricted classes
of graphs and, surprisingly enough, we have shown that such decisional
problem can be solved in polynomial time for trees and bounded degree
graphs (upper bounded).

For the future research we considerate that it would be interesting trying
to develop a little further the result about distance-uniformity of equilib-
rium graphs for the range α < n/C. It would be interesting if we could
prove the same result for exactly ϵ-almost-distance-uniformity instead of
log21(n/2), 125/126-almost-distance-uniformity, although we do not know if
it can be true or not. Also, we think that the original proof that the price of
anarchy is constant for α = O(

√
n) is interesting enough and that a better

bound may exist for lemma 3. In that case, it could generate a proof for a
wider range, although we do not think the arguments used independently



7. CONCLUSIONS 25

from lemma 3 could be used to prove that the price of anarchy is constant
for α < n/C.

Another important open question is about the computational complexity of
deciding if a given graph is an equilibrium or not belongs. We have seen
that the same question for trees or bounded degree (upper bound) has as
answer the class P so then, what about the general case? We think that this
question is very related to the problem of finding the best response for some
given player, but although it is known that this problem belongs to NP-
hard, we have not been able to reach any conclusion. The most we can say
is that we think that the general problem should be in Co-NP. Furthermore
we guess that it also is Co-NP hard.

As a personal experience, I think that this work has helped myself to develop
and improve a wide range of skills. I have learned to read specialized papers
and to identify and summarize the most relevant ideas of the article. Also,
I have trained my maths skills and developed my creativity when building
the proofs of the different results. In general, I think that I have enjoyed
doing this thesis and I recognize the worth of it as it has helped to introduce
myself in the world of theoretical research.





Appendix A

PFC’s proofs

In this appendix we show the results from my PFC that are related with
the content of the present thesis. We have only included the proofs from the
results that appear in the previous chapters. For the other ones, only the
statement is included.

A.1 Additive deviations

Proposition 3 Let G = (V,E) a connected graph. For any additive devia-
tion of cardinality k ≥ 2 strictly decreasing the cost function of some player,
there exists another one of cardinality k−1 with the same effect for the same
player.

Proof. Assume that s′i = si ∪ {j1, ..., jk} corresponds to an additive devi-
ation of cardinality k strictly decreasing the cost function of player i, being
∆c(i) the cost increment corresponding to i. Also, put that x(w) and xl(w)
are the distances in G from w to i and jl, respectively. Notice that:

x(w)+(k−1)min

{
x(w), min

1≤l≤k
xl(w) + 1

}
≥
∑

1≤l≤k

min

{
x(w),min

h̸=l
xh(w) + 1

}

because only two different cases can take place:

(1) If min {x(w),min1≤l≤k xl(w) + 1} = x(w). Then equality is attained in
the previous inequality because x(w) + (k − 1)x(w) = kx(w).

(2) If min {x(w),min1≤l≤k xl(w) + 1} = xr(w)+1 for some r with 1 ≤ r ≤
k. Then, adding up the equality:

(k − 1)min

{
x(w), min

1≤l≤k
xl(w) + 1

}
=
∑
l ̸=r

min

{
x(w),min

h̸=l
xh(w) + 1

}
and the inequality:

27
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x(w) ≥ min

{
x(w),min

h̸=r
xh(w) + 1

}
The statement’s inequality is reached.

Thus, if we consider the k distinct possible additive deviations that corre-
spond to the relations s′i = si∪h̸=l {jh}, the respective cost increments ∆cl(i)
for l = 1, ..., k, we obtain that:

∆c(i) = kα−
∑
w∈V

(
x(w)−min

{
x(w), min

1≤l≤k
xl(w) + 1

})
≥

≥ 1

k − 1

(
k∑

l=1

(k − 1)α+
∑
w∈V

min

{
x(v),min

h̸=l
xh(w) + 1

})
=

1

k − 1

k∑
l=1

∆cl(i)

Therefore if by hypothesis ∆c(i) < 0, then there exists some l with ∆cl(i) <
0, as well.

□

Corollary 4 We can decide if a given tree is a Nash equilibrium in poly-
nomial time.

Proof. First of all, it is enough to decide if given a node w there exists
some critical deviation with respect w. Also, since any node in a tree is
a cut vertex it is enough to show that the same question can be decided in
polynomial time in the case where w is a node connected to just one subtree
T ′. But by corollary 3 this last answer can be answered in at most O(n5)
steps. Therefore, the conclusion now follows.

□

A.2 Logarithmic diameter for equilibrium trees

Mihalák et. Al proves at [9] shows that for α > 273n, all equilibriums
are trees and thus, since the price of anarchy for trees is well known to
be constant, extends the previously proven range of values α for which the
price of anarchy is constant. In the conclusions of the same paper, the
authors propose a very natural open problem: study if the diameter of any
equilibrium graph is at most logarithmic. The aim of this chapter is to
answer affirmatively to this question, in the special case when the graphs
considered are trees.

We start with some definitions:
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Definition 11. Let T = (V,A) be a tree, u1, ..., uk ∈ V and T1, ...., Tk

pairwise disjoint subtrees of T verifying i ∈ Ti for all i = 1, ..., k and T =
∪k
i=1Ti. Then we say that (u1, T1)− ....− (uk, Tk) defines a chain in T if the

path u1 − u2 − ...− uk is contained in T .

Definition 12. Given a tree T = (V,E) we say that the chain (u1, T1)−...−
(uk, Tk) in T is monotone increasing if the links between the nodes ui, ui+1

are exactly (ui, ui+1) for each i = 1, ..., k − 1.

Definition 13. For a tree T = (V,E) we say that the two edges e1, e2 ∈ A
have attractive orientation if e1, e2 come exactly from the links (u1, v1),(u2, v2)
respsectively, and d(u1, v2) = d(u2, v1), as shown in figure below. Moreover,
we say that the distance between the two attractive edges e1, e2 is d(v1, v2).

..

uk

.

· · ·

.

u2

.

u1

.

T1

.

T2

.

Tk

In relation with these definitions we can prove the following propositions:

Proposition 5. Any equilibrium tree does not contain two edges with at-
tractive orientation at a distance at least one unit from each other.

Proposition 6. Any tree T not containing two edges with attractive orien-
tation at a distance at least one unit, contains one monotone chain (u1, T1)−
...− (uk, Tk) with k ≥ diam(T )/2− 1.

Finally, we are able to prove the logarithmic inequality for equilibrium trees
using these previous results.

Theorem 11. For any equilibrium tree T we have:

diam(T ) < 2 lg n+ 3

Corollary 5. The diameter of any equilibrium graph for α > 273n is upper
bounded by 2 log n+ 3.

A.3 The Price of Anarchy when α < n/C

In this chapter we make a summary about the results in the PFC that talked
about the price of anarchy when α < n/C. Broadly speaking, we proposed
a conjecture implying that the price of anarchy is constant for α < n/C for
some C and proved that the conjecture is true for some particular cases.

A conjecture
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Definition 14. Given a graph G and two nodes u, v, we define the set
Mk(u, v) = {w | |d(u,w)− d(v, w)| ≤ k} and mk = minu,v∈G |Mk(u, v)|.

Conjecture 1. For all k ≥ 0 there exist constant Ck, Dk > 1 for which for
any graph G with diam(G) > Dk, mk < n/Ck.

Notice that the condition Ck > 1 is needed for the proposition to not be
obvious. Also it is important to notice that we are asking some depen-
dence with respect the diameter of the graph verifying the property because
|Mk(u, v)| = n for k > diam(G) and, intuetively, it seems that a greater
diameter implies a value less than mk.

Proposition 7. If the conjecture is true for k = 1 then the price of anarchy
is α < n(C1 − 1)/2C1 is Θ(1).

The main relevance of this conjecture and its implication is that we have
transformed the original problem thought in a particular model from the
theory of the Network Creation Games in a result for general graphs. Next,
we analyze the most natural ideas that have been considered in showing the
conjecture for the case k = 0.

Some observations and considerations about the conjecture

First, notice that it is difficult to say something about the quantity |M0(u, v)|
if u, v are not chosen in some particular way because, in general, the globality
of a structure of cardinality big enough is hard to capture with, at most, a
constant number of local dissections. In other words, it seems reasonable
that a quantity of the order of N = Θ(1) it is not restrictive enough for,
just picking N pairs of prefixed nodes and choosing a constant C > 1, not
being able to add conveniently the nodes and edges necessary to complete a
graph breaking the condition |M0(u, v)| < n/C for each one of the N pairs.

Thus, the first idea that one considers in order to consider the globality of
the graph in the approximation to the quantity m0 consists in calculating
the mean m̄ of the quantities |M0(u, v)| and upper boundingm0 for m̄. From
here the following proposition:

Proposition 8. For a graph G = (V,E) with |V | = n, we have that

(
n− 1

diam(G)
− 1

)
≤ m̄ ≤ n−

(n− 1
2)diam(G)

n− 1
+

diam(G)2

n− 1

The conclusions we can extract are the following ones:

(1) First, the upper bound we have obtained by the mean m̄ is not good
enough to proof the conjecture for the case k = 0 because



A. PFC’S PROOFS 31

lim
n→∞

inf
1

n

(
n−

(n− 1
2)d

n− 1
+

d2

n− 1

)
= 1 ̸< 1

where the infimum is taken over all possible values of d corresponding
to the diameter of the graph of n vertices.

(2) In second place, the fact that the lower bound is almost n/diam(G),
lineal respect n, makes us think that probably there exists a big quan-
tity of pairs u, v with |M0(u, v) > n/diam(G) and, as a consequence,
the proof of the conjecture, in case of being true, would not be easy.

The conjecture proven in particular cases

If the previous section we have just made a couple of considerations that
show the difficulty of proving, in general, the conjecture for the case k = 0,
next we give two results that settle partially the conjecture:

The first result is k = 1 and G a tree.

Proposition 9. Let T be a tree with diam(T ) > 4. Then m1 < n/2.

The second case corresponds to k = 0 and diam(G) = Θ(n).

Proposition 10. Let C > 1. Then there exists a constant C ′ > 1 such that
for every graph G verifying diam(G) = n/C we have that m0 < n/C ′.
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