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ABSTRACT 
Nowadays, crime prediction is becoming an innovative technology for law 

enforcement that police departments in the United States of America are 

introducing in their safety systems to provide the best services for the cities and 
their citizens.  

The project carried by Medical Imaging Research Center (MIRC) in 

conjunction with the Chicago Police Department (CPD) is trying to make real the 

idea of crime prediction. For now, the project is under the development of a 

crime framework for prediction that is based on a criminal spatial model, and a 

criminal social network. The presented dossier is focused on the criminal spatial 
model definition and evaluation. 

In this study we will first introduce the reader to the background related with 

spatial frameworks that other research groups and companies are using. All 

these spatial frameworks are generated in order to represent the density of 

crime and are designed using regular grids like pixel grids. However, the main 

goal of this study is to define and evaluate a new approach that is based on a 
non-uniform model (mesh model) to create the spatial framework for crime.  

In order to generate the mesh model for crime prediction, the criminal data is 

smoothed using kernel density estimation methods to obtain the criminal density 

and then, this density is non-uniformly sampled using the Floyd-Steinberg error-

diffusion algorithm. As a result, the sampling is adapted to the criminal data, 

allocating more samples in areas where the density is higher (where there are 

more data), and fewer samples where the density is lower (where there are less 

data). The samples are connected using Delaunay triangulation in order to form 

the mesh structure. Then, different node value optimization methods are used in 

order to obtain the mesh that represents as best as possible the average rate of 

crime given a set of new criminal data. These methods are based on 

expectation-maximization algorithms using Poisson distribution. Finally, the 
mesh structure is interpolated to a pixel grid. 
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The proposed method is an effective technique to obtain a spatial model 

appropriate to train prediction models and represent criminal densities, with a 

fine scale in geographical areas where there are abundant training data and low 

scale in geographical areas with few training data. The results obtained 

demonstrate that, compared to the pixel grid methods used by other research 

groups and companies, the proposed method will be better in terms of criminal 

density’s representation accuracy, adaptability to new incoming criminal data 

and prediction quality. Analyzing the results, it will be also possible to select the 

optimal number of nodes for the mesh model in order to obtain the best 
prediction and reproducibility capabilities. 

 

Keywords – crime prediction, spatial-modeling of crime, mesh model, non-

uniform sampling, Floyd-Steinberg error diffusion, Delaunay triangulation, node 

optimization, expectation-maximization Poisson maximum likelihood, 

expectation-maximization Poisson maximum-a-posteriori, mesh pixel-based 

interpolation, mesh element-based interpolation. 
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CHAPTER 1 

INTRODUCTION 

One of the challenges that crime prediction needs to face is the generation of a 

spatial framework taking into account the criminal input data to train the 

prediction systems. The database used by MIRC is the criminal record 

database from the Chicago Police Department (CPD). This criminal database is 

always being updated and has different types of information that must be 

smartly selected to train the prediction models in order to make good 

predictions. Taking into account a spatio-temporal crime prediction is important 

to take care about several things related with the given data. For example, we 

need to understand that there are different types of crimes occurring on different 

time instances and also that, depending on the type of crime and the time 

interval selected to train the prediction models, the quantity of crimes and their 

geographic distribution will vary. As an example of geographic distribution, most 

robberies and burglaries occur in the city center while most homicides occur in 

the south and west of the city.  See an example of crime geographic distribution 
in Fig. 1. 

 

Figure 1 - Geographic data distribution: Homicides between 2006 and 2013 

If the prediction models will take into account spatial and/or temporal 

prediction, is important to know which is the spatial domain of data, how large is 
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the total amount of data given a crime type or time interval and, more 
importantly, how the data is distributed in this spatial domain.  

Considering the data distribution in the spatial domain, there is the need to 

use a spatial scale to train the prediction models if a good performance of the 

predictions is desired. This spatial scale will be the single greatest contributor to 

success (or failure). The main idea is to generate a spatial model appropriate to 

train prediction models with a fine scale in geographical areas where there are 

abundant training data and low scale in geographical areas with few training 

data. Note for example that a fine scale cannot be supported to train a predictor 

model when the data is sparse or noisy and the use of a coarse scale will be 
more appropriate in these zones.  

To achieve the spatial scalable model, the approach that will be taken is 

based on the idea of Content Adaptive Mesh Model (CAMM) [1] defined for 

image processing and designed by the MIRC at IIT. This model has been used 

in medical image reconstruction, restoration and enhancement of images and 

spatio-temporal image sequence processing [2] [3] [4]. However, for crime 

spatial modeling the use of CAMM idea will be focused differently than these 

previous approaches. Now the goal is not only to represent the density of the 

data but also to generate a model adapted to this data and demonstrate the 

usefulness of the new approach for crime prediction. For this reason, as it will 

be seen during this dossier, a modified version of CAMM idea will be defined, 

based on a non-uniform node allocation taking into account the crime density 

and using different mesh node value optimization methods. The idea is to find 

the optimal spatial model taking into account the given data, the prediction 

performance, the criminal density representation and the adaptability to new 
criminal incoming data. 
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Background: Spatial frameworks for crime prediction. Other techniques. 
Crime prediction is in a gestation phase in the research environment and for this 

reason the literature isn’t very extensive. Nonetheless, there are some fields 

that are more advanced than others as for example the spatial modeling of 
crime.  

For most literature related to this field, the concept of spatial modeling of 

crime is referred to shape the crime density over a map. This can be used for 

example to detect the hot spots of crime in the city map. The implementation 

can be done easily estimating the probability density function of a certain 

historical criminal data superimposed in the city map.  

There is some literature related with the concept of hot-spot modeling in 

spatial modeling of crime and some companies have prototypes designed that 

are being used. For example, Cadcorp has a family of products named Cadcorp 

SIS in which it is possible to apply criminal hot-spots detection over a map using 

kernel density estimation techniques over regular grids (pixel grids) [5]. This 

concept also is applied in other projects like the CrimeStat Program, a spatial 

statistics program that is used for crime mapping [6] with spatial models based 
on city blocks.  

In [7], Toole, Eagle and Plotkin introduce a model to capture relationships in 

both space and time using cross- and auto-correlation measures combined with 

autoregressive models. In their system they use a regular lattice superimposed 

on a city map to estimate the density of the crime and apply correlation 

techniques. Taking into account the issue of making temporal correlations, for 

example, the crime sample data is aggregated to the nearest grid point and 
then time series to apply correlation measures are generated.  

As it can be seen in all previous projects and research studies, the concept of 

spatial modeling and post-predictions is applied using KDE and other methods 

over pixel grids or, even with less resolution, taking into account city blocks. In 

Toole’s, Eagle’s and Plotkin’s [7] a scalable method in order to perform higher-

resolution analysis is proposed. However, this method is based on a scalable 
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but regular/pixel lattice. The goal of the present project is generate a scalable 

spatial model to obtain high-resolution analysis as in [7] but taking into account 

a non-regular element like scalable meshes, instead of regular lattices. This 

means not only to represent the density of crime in the city to find hot-spots, but 

also to generate a spatial basis to apply future spatio-temporal predictions of 

crime taking into account the spatial distribution of data and using a different 

model than the used in all previous projects mentioned. The resulting model will 

be a scalable spatial model (mesh model) better adapted to the input data than 

the ones defined in the previous projects and studies mentioned. This model will 

be similar to the non-uniform model used in the CAMM designed in MIRC at IIT 
[1]. 

 

Content adaptive mesh models (CAMM) 

To implement the approach of spatial scaling for the prediction models, CAMM’s 

main idea is needed. This idea is the generation of a non-uniform mesh. In the 

original CAMM definition, this is based on the non-uniform sampling of the 

images taking into account the image content. It bases the distribution of 

samples (called nodes of the mesh) depending on the content detail of the 

image, which means placing more nodes (samples) in areas where there is 

more content detail while less nodes in other areas [1]. In addition to the 

modeling benefits, another advantage of the non-uniform sampling is that uses 

less number of nodes (pixels) that uses a uniform sampling like pixel grids to 
represent the image. This provides enormous computational savings.  

In crime prediction, the approach is based on CAMM’s idea but is slightly 

different. The idea now is to superimpose a non-uniform mesh over the spatial 

criminal data distributed in the city area, as in Fig. 2. Specifically, allocating 

more mesh nodes in geographical zones where the quantity of data is larger 

and allocate fewer nodes in zones where the data is sparse and noisy. In order 

to apply this, statistical elements as kernel density estimations (KDE) or 

smoothing filters will be used in order to obtain a crime density over the city and 

then apply non-uniform sampling using methods defined for CAMM. This will 
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achieve the spatial scale adaptability for prediction that is desired, adapted to 

the criminal density in the city of Chicago. In conclusion, it could be said that 

now, instead of Content Adaptive Mesh Model (CAMM), we have Criminal 
Density Adaptive Mesh Model (CDAMM).  

 

 

Figure 2 - Mesh model for Chicago city 
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CHAPTER 2 

ADAPTATION OF CRIME DATA FOR SUBSEQUENT MESH MODELING  

As stated in previous sections, the information used to train the system comes 

from a large database with different kinds of information. This is the Chicago 

Police Department database. For confidentiality reasons, is not possible to 

explain the information contained in this database but in this study the only 

information that will be used is the locations of crimes in the city. 

The first thing that is needed to take into account is the generation of a 

workspace for the later non-uniform sampling algorithm’s application. That 

means, apply the concept of geo-location of the crimes in a geographic space 

(in our case, the city of Chicago) and then obtain an estimation of the probability 
density function of the data allocated in this geographic space.  

Geo-location and mapping 

In this case, the concept of geo-location means the real-world geographic 
location of a determined crime in a basic and limited space (geographic map).  

The first problem that has been tackled is the extraction of a crime address in 

the database and posterior definition as a point in a 2D vector space. This 2D 

vector space is a latitude-longitude space and is limited by a squared boundary. 

The corners of the boundary have been allocated at longitudes and latitudes: (-

87.87, 42.1), (-87.87, 41.6), (-87.5, 42.1) and (-87.5, 41.6). With the boundary 

definition we obtain a squared and bordered 2D space over the Chicago city 

map where the data points will be allocated. It will be seen that a pixel grid with 

a very high resolution will represent this 2D space. 

The fact that the contents of the database are confidential prevents the use 

of geo-location systems using Internet connections as for example using Google 

Maps APIs. Due to this, other types of information and methods from the 

Chicago Police Department have been needed in order to obtain the geographic 
representation of the crimes. 
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Input generation: kernel density estimation. 
The representation of the criminal data over a bordered 2D space with latitude-

longitude axes is still not useful for the application of non-uniform sampling 

algorithms (CAMM’s initial algorithms). Returning to ideas outlined in previous 

sections, CAMM is a set of algorithms defined for the implementation over 

images. Then, we need to obtain a representation of the criminal data as a 

function in 3D such is an image 𝑓(𝑥,𝑦) in order to apply non-uniform sampling 

algorithms used in CAMM. To obtain this 3D smoothed representation of the 

data; the concept of kernel density estimation will be applied [8]. As the input 

data is bi-dimensional 𝒙 = (𝑥!"# , 𝑥!"#) because we have a latitude-longitude 

space, the density estimation will be bivariate. The bivariate density estimation 
is analogous to the one-dimensional.   

Kernel density estimation: 

In terms of statistics, kernel density estimation (KDE) is a non-parametric way to 

estimate the probability density function of a random variable. Based on a finite 

data sample (crime locations over the city) the goal of KDE is to get a 

smoothing of the data in order to obtain a density function. The equivalent name 
for signal processing is Parzen windows.  

Let (x1,x2, ... , xn) be the sample data to be smoothed. The goal is to obtain 

the probability density function f(x) using: 

𝑓! 𝒙 =
1
𝑛 Κ! 𝒙− 𝒙𝒊 =

1
𝑛𝐻 Κ

!

!!!

𝒙− 𝒙𝒊
𝐻

!

!!!

 ( 1 ) 

where K(·) is the bi-dimensional kernel; a symmetric function that is 

superimposed over the data samples, and H is the bandwith matrix (smoothing 

parameter) of dimension DxD. A range of kernel functions can be used: uniform, 

triangular, bi-weigh, tri-weigh, normal, etc…  

The explanation of equation’s (1) performance is simple: a kernel function is 

placed on each data point xi. Then, all the kernel functions are added to make 

the kernel density estimate (Fig. 4). In this project the selection of the kernel is 
always the same, a Gaussian kernel.  
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The selection of the Gaussian kernel is based on its properties for smoothing, 

allowing the definition of an identity covariance matrix, which means there’s the 
same contribution in all directions of the 2D plane. 

Another parameter to take into account is the bandwidth of the kernel. This 

parameter exhibits a strong influence on the resulting estimate. In the Gaussian 

kernel case, the bandwidth represents the dispersion of the Gaussian kernel, 

which is the contribution that data points will suffer when summing the overall 

contribution. While a large bandwidth will produce a very smoothed density 

function, a smaller bandwidth will produce a noisy density function. Therefore, 

there is a trade-off between the number of samples given in the space and the 

window size used. In Fig. 3 there is an example for a multivariate KDE changing 
the window size. 

 

Figure 3 - Multivariate KDE.  

Left (a): using a default window size. Right (b): using one-half of the default window size 

Image: Density Estimation, Frank Porter. 

	  

As can be seen, as in most density estimation literature, the concept of 

density estimation is explained as a continuous case but it is important to notice 

that in our case the criminal data is represented in a discrete domain. That 

means in a regular grid superimposed over a map. This will be the basis for the 

kernel density estimation and smoothing of the criminal data. Each cell of this 

grid will be a pixel of our probability density map, which will be the input for the 
subsequent algorithms. See Fig. 4. 
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Figure 4 - KDE estimation with resolution 300x300 and bandwidth 1/5 of a default window. 

As it has been seen, the KDE algorithm allows us to obtain a smoothed map. 

However, it is possible to make an approximation of the KDE algorithm in order 

to make the smoothed map’s computation faster and more efficiently. This 

approximation is based on a 2D histogram extraction of the criminal data, using 

the same grid resolution as the initial grid superimposed over the city map and 

then applying a smoothing based on a Gaussian filter with the same kernel used 

in the KDE case. In this case, the filter dimension and kernel size will be defined 

in order to obtain the desired smoothed map. This approach is better in terms of 

computational cost because does not need to compute the distances between 

all points and cells, and then apply the kernel, which has a high computational 
cost. 
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High-resolution initial grid definition. 
One of the most important definitions, and more influencing on the final result, is 

the initial grid definition and its resolution. As it has been said in the previous 

section, the criminal density is extracted over this initial grid and all posterior 

algorithms depend on the resolution defined. For example, the node distribution, 

the final pixel interpolation, etc... Therefore, it is important to find a suitable 

resolution for our system.  

In one of the projects mentioned in the previous background section of this 

dossier, the prediction models were defined taking into account city blocks. 

Chicago city has about 15,000 city blocks. As in this project the prediction is 

defined over a mesh, the maximum number of mesh nodes that will be tested 
will be 15,000 in order to equate to the number of city blocks in Chicago.  

It has been seen during testing that, in order to avoid the effect shown in Fig. 

5 when the mesh has 15,000 nodes (non-adapted node distribution), the 

resolution of the initial grid should be at least 800x800 pixels. With a lower 

resolution, the nodes are located in neighboring pixels and the adapted 

distribution of the mesh nodes is lost (Fig. 5). Ideally, the criminal density should 

be continuous so the higher resolution for the initial grid the better.  In this 
project we will use a 1000x1000 resolution. 

 

Figure 5 - Node location problem with low initial grid’s resolution 
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Removing initial-histogram false peaks.  False/wrong recorded CPD 
locations 

CPD has a high number of non-localized crimes (old crimes that were recorded 

without a specific location or crimes that were tagged to default locations near 

the real locations of the crimes). Therefore, the database is not 100% liable in 
terms of crime probability density reproduction.  

When the histogram of the data is represented in the “initial grid”, it is 

possible to see that there are some locations with a high peak of crimes (pixel 

peak) while all its neighbor pixels have a low number of crimes. Then, this peak 

cannot be a real peak of crime but rather a peak generated by crimes without a 

specific location that the CPD registered in the database with a standard/default 

location. These peaks, as it has been said, are not reliable to model the density 

of crime. Furthermore, after some experiment executions, it was seen that these 

peaks generated a negative impact to the mesh performance, hindering the 

node optimization. Then, before the overall CDAMM application and density 

smoothing (KDE), all these “fake peaks” will be extracted in order to obtain the 

most liable result. The next figures show the histogram with all data (Fig. 6 (a)) 
and the fake peaks extracted (Fig.6 (b)). 

 

 

Figure 6 – Left (a): Histogram with all database crimes. Right (b): Fake peaks (extracted). 
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MESH MODELING APPLIED OVER CRIMINAL DATA (CDAMM) 
After the KDE application the input needed for subsequent mesh modeling 

algorithms is generated: a function f(x,y), which is a criminal probability density 

function defined over a pixel grid (like an image). As it has been said in previous 

sections, CAMM algorithms in [1] have been designed to be applied over 

images. In CAMM, the non-uniform node allocation is based on the content 

detail of the image, which means to apply a method that extracts those high 

detailed areas (the high frequency content of the image). This is obtained 

computing the second derivative of the image, obtaining the feature map. The 

feature map is used as input for the remaining algorithms in CAMM. In 

conclusion, the algorithm will allocate more nodes in zones where the second 

derivate is high and few nodes in the other zones. See Fig 7.  

 

 
 Figure 7 – Left (a): Lena original image. Right (b): 2nd derivate over image 

  

In spatial crime modeling the goal is to allocate more nodes in zones where 

there are more data. That means, where the estimated probability function using 

KDE has higher values. Then, the application of the second derivate is not 

needed. The idea now is to pick the estimated probability function as an input 

for the next CAMM algorithms (non-uniform sampling and mesh generation) as 

if it was the result of the second derivate step applied over the image in the 

original CAMM. In Fig. 8 there are examples of node allocation results using the 
feature map computation and without using it. 
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Figure 8- Left (a): Node location using feature map as input. Right (b): Node location using the image. 

	  

In the previous KDE section, the computation of the probability density 

function has been applied over a regular/uniform grid, the same basis where an 

image is defined. This means that now there is a function f(x,y)  (probability 

density function of crime) divided or sampled by small square units called pixels 

(picture elements). The use of a higher number of pixels means the use of a 

higher resolution for the image, or in our case, for the probability density 

function estimated in the KDE step. Whereas for images the pixel value 

provides the brightness intensity of a sample, for our probability density function 

the brightness is analogous to the probability density value of a specific pixel. 

For this reason, the problem can be taken as analogous but noticing the 

difference between the non-uniform sampling goal on the crime density function 

(CDAMM) and the non-uniform sampling goal on images (CAMM). Remember 

that the non-uniform sampling idea is quite different because, as mentioned 

above, in spatial crime modeling the feature map extraction is discarded. Also, 

we will see in future sections that the interpolation methods and the node 
optimization methods will be different for CDAMM. 
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Mesh model description 
Mesh modeling of a digital image or a discrete function means to divide the 

image into non-overlapping units called mesh elements and form a grid. Unlike 

pixel grids, meshes are non-uniform, formed by irregular elements like triangles 

that have different sizes. In mesh modeling, the image is sampled by points, 

called nodes, which correspond to the vertices of the triangles. The intensity 

values are computed by interpolation of the node values that form each element. 

The mathematical description of the mesh model is defined in the following 
paragraphs. 

Let 𝑓(𝒙) be an image (or probability density function) defined over a two 

dimensional domain D, ( 𝒙 = (𝑥,𝑦)). The domain D is divided into M non-

overlapping mesh elements Dm with m=1,2,...,M. In this study, the mesh 

elements will be triangles. The advantage of triangles over, for example, 

quadrangular elements is that it is easier to represent an image with no overlap 
and no gaps between elements. 

The image function can be represented over each element as: 

𝑓 𝑥 =    𝑓 𝑥!

!

!!!

𝜑!,! 𝑥 + 𝑒 𝑥 ,      𝑓𝑜𝑟  𝑥 ∈ 𝐷! ( 2 ) 

where K is the number of nodes defining Dm, xk is the kth node belonging Dm, 

𝜑!,! 𝑥  is the interpolation basis function associated with this node and 𝑒 𝑥  is 

the interpolation error. 

Being that triangular elements are used in this study, the value of K is always 

three (K=3). Each interpolation basis function 𝜑!,! 𝑥  has support only over the 

element Dm attached to the node xk. Then, a simple model of the equation (2) 

can be defined: 

𝑓 𝑥 = 𝑓 𝑥!

!

!!!

𝜙! 𝑥 + 𝑒 𝑥 ,      𝑓𝑜𝑟  𝑥 ∈ 𝐷 ( 3 ) 
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where N is the total number of nodes over all the image and 𝜙! 𝑥  the  sum of 

all interpolation basis functions 𝜑!,! 𝑥  associated to the nth node. Note that in 

(3) the variable 𝑥 is an element contained in D.  

The interpolation with this mesh model is very accurate. For this reason, the 

interpolation error term can be neglected. Thus, the function can be 
approximated by: 

𝑓 𝑥 = 𝑓 𝑥!

!

!!!

𝜙! 𝑥 ,      𝑓𝑜𝑟  𝑥 ∈ 𝐷 ( 4 ) 

As it is said in previous sections, the feature map computation step defined in 

the generic CAMM is not used in this study. Then, the input for the next 

algorithms is directly the probability density function defined over a regular grid 

computed as it has been described in previous sections. The next algorithms 

define the mesh node allocation, the mesh generation, the node value 

computation and finally the mesh interpolation to obtain the interpolated 

probability density function based on the generated mesh. These algorithms 

are: the Floyd-Steinberg error-diffusion algorithm [9], used in order to place the 

mesh nodes according to the input function, which in our case is the probability 

density function estimated in the KDE step.  The next algorithm is the Delaunay 

triangulation algorithm [10], applied to obtain the mesh elements, using as 

connectors the resulting points (nodes) of the previous algorithm. That means 

connect the nodes in order to generate triangular elements. Then, as the 

desired result is to obtain the best mesh structure for the criminal data taking 

into account the prediction’s performance and criminal density’s accuracy 

representation, different node value optimization algorithms will be tested. 

These algorithms are the Expectation Maximization (EM) using the Poisson 

likelihood function (ML), and the Expectation Maximization (EM) using the 

Poisson maximum-a-posteriori computation (MAP). Due to the noisiness of the 

data, the EM algorithms will be computed taking into account an element-based 

interpolation. Finally, the optimized mesh will be interpolated to the initial pixel 
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grid, following a pixel-based interpolation, in order to obtain the probability 
density function. The next graph shows the structure applied: 

 

 

Node placement using Floyd-Steinberg algorithm over the KDE result 

Floyd-Steinberg algorithm is an algorithm used in image processing. This 

algorithm applies a dithering technique by diffusing the quantization error of a 

pixel to its neighboring pixels, according to a defined distribution, in order to 

reduce the effect of color quantization of an image. This algorithm is defined for 

colored images but also for gray scale images. In this study the probability 

function defined is analog to the idea of having a gray scale image. Then, for 

gray scale images that are converted to black and white format, the quantization 

is based on a threshold in order to decide the value of the pixel (0 or 1). The 

algorithm scans the image from left to right, top to bottom, quantizing pixel 

values one by one. Each time, the quantization error is transferred to the 

neighboring pixels, without affecting the pixels that already have been quantized. 

A result applied over an image and a probability density function can be seen in 
Fig. 9 and Fig. 10. 
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Figure 9 – Left (a): Original Lena image. Right (b): Floyd-Steinberg algorithm result. 

 

 
Figure 10 – Left (a): Original crime density function. Right (b): Floyd-Steinberg result. 

     

In this study, the Floyd-Steinberg algorithm is used to place the mesh nodes 

according to the values defined by the probability density function. First, the 

algorithm scans every pixel of the probability density function 𝜎(𝑖, 𝑗) and 

compares its value with a threshold q, which will be described in following 
paragraphs, in order to obtain 𝑏(𝑖, 𝑗): 

𝑏 𝑖, 𝑗 =    1, 𝑖𝑓  𝜎 𝑖, 𝑗 ≥ 𝑞
0,      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  ( 5 ) 

The idea applied over the function defined in (5) is that a node will be placed 

at the pixel (𝑖, 𝑗) when  𝑏 𝑖, 𝑗 =1, which means that the value of the pixel is 

higher than the threshold q. After this, the quantization error 𝑒(𝑖, 𝑗) for every 
pixel will be computed. 
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𝑒 𝑖, 𝑗 =   𝜎 𝑖, 𝑗 − 2𝑞𝑏 𝑖, 𝑗  ( 6 ) 

Next, the diffusion of the error is applied to the neighbor pixels, scanning the 

image line by line from left to right in odd lines and from right to left for even 

lines. This scanning method is called serpentine raster and the advantage with 

respect with the traditional left to right raster is that it yields to a better 

propagation of error diffusion. The values of the input function are recomputed 
using: 

𝜎 𝑖 + 1, 𝑗 + 1 =   𝜎 𝑖 + 1, 𝑗 + 1 + 𝑤!𝑒 𝑖, 𝑗  ( 7 ) 

𝜎 𝑖 + 1, 𝑗 − 1 =   𝜎 𝑖 + 1, 𝑗 − 1 + 𝑤!𝑒 𝑖, 𝑗  ( 8 ) 

𝜎 𝑖, 𝑗 + 1 =   𝜎 𝑖, 𝑗 + 1 + 𝑤!𝑒 𝑖, 𝑗  ( 9 ) 

𝜎 𝑖 + 1, 𝑗 =   𝜎 𝑖 + 1, 𝑗 + 𝑤!𝑒 𝑖, 𝑗  ( 10 ) 

The values of w1, w2, w3, w4, are: 

𝑤! =
!
!"

 , 𝑤! =
!
!"

,  𝑤! =
!
!"

, 𝑤! =
!
!"

 ( 11 ) 

The previous values are the same that uses the generic Floyd-Steinberg 

algorithm but these ones must be readjusted when a boundary of the image is 

reached in order to avoid error leakage. Then, depending on the scanning 

direction some of the previous weights must be set to zero. For example, when 

the pixel is on the right boundary w1 and w3 must be set to zero and the rest of 

weights (w1 and w3) must sum to one. When the pixel is on the left boundary w4 

must be zero and the remaining (w1, w2, and w3) sum one.  Finally, when the 

pixel is on the bottom boundary of the image w1, w2, and w4 must be set to zero 
while w1 must take the value of one. 

As in this study the work is done over digitized functions, the error diffusion 

explained before is equivalent to apply a filter in the spatial domain to the input 
function of the algorithm. The filter can be modeled as: 
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Η =   
1
16

0 0 0
0 0 7
3 5 1

 ( 12 ) 

The threshold q used in the quantization to obtain the function 𝑏 𝑖, 𝑗  

(equation 5) is inversely proportional to the number of nodes (N) used in the 

mesh structure. If the dimension of the regular grid used in the KDE step is MxM, 

the relation between the threshold q and the number of nodes N can be 
modeled by: 

𝑁 =
1
2𝑞 𝜎 𝑖, 𝑗 − 𝑒(𝑀,𝑀)

!

!!!

!

!!!

 ( 13 ) 

where 𝑒 𝑀,𝑀  is the quantization diffused error corresponding to the last pixel. 

Considering 𝑒 𝑀,𝑀  much smaller than 𝜎 𝑖, 𝑗!
!!!

!
!!!  the equation (13) 

can be approximated by 

𝑁 ≈
1
2𝑞 𝜎 𝑖, 𝑗

!

!!!

!

!!!

 ( 14 ) 

and 

𝑞 ≈
1
2𝑁 𝜎 𝑖, 𝑗

!

!!!

!

!!!

 ( 15 ) 

Using this approximation we have the advantage of being able to calculate 

the threshold before the Floyd-Steinberg algorithm’s computation, taking into 

account a specified number of nodes. This will be very useful in the present 

study because the definition of the desired number of nodes will be possible 
before the algorithm execution. 

 

 

 



	  

	   26	  

Delaunay Triangulation of the nodes 
After the node allocation, the algorithm applied in order to generate the mesh is 

the 2D Delaunay triangulation algorithm [10]. Using as input for the algorithm 

the result of the previous step, which is a set of points (nodes), the Delaunay 

triangulation algorithm will connect these nodes forming a triangulation with the 

condition that no point can be inside the circumference of any triangle. Then is 

easy to understand that if there are four points in the same circumference, the 

Delaunay triangulation is not unique and yields to two different triangulations. 

Also is important to know that, in average, each vertex (node) belongs to six 

elements. There is an example of the triangulation condition used in Delaunay 
in Fig. 11. 

 
Figure 11 - Delaunay triangulation with circumferences condition 

 

Next figures show mesh examples over images. Fig. 12 (a) shows the 

extracted mesh after the feature map computation (CAMM). Fig. 12 (b) shows 

the extracted mesh without the feature map computation, applying Floyd-

Steinberg plus Delaunay triangulation directly over the image. Finally, the 
extracted mesh, using the criminal spatial density is shown in Fig. 13 (CDAMM). 
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Figure 12 – Left (a): Resulting mesh using feature map as FS input (CAMM). Right (b): Resulting mesh without 

feature map computation (CDAMM). 

 

Images have always squared or rectangular boundaries and their content fills 

the entire pixel grid used. For this reason, after the Floyd-Steinberg computation, 

a certain number of nodes are placed in the image boundaries in order to obtain 
meshes with squared boundaries (the same image boundaries). See Fig 13.  

 
Figure 13 – Resulting mesh for the criminal spatial probability density function estimated. 

 

The problem in criminal spatial modeling is that the probability density 

functions do not take up all the 2D input space used for KDE to compute the 

criminal density function. For this reason, using nodes in boundaries to maintain 

the squared space for the mesh, as it is done for image case, generates big 

triangles that decrease the interpolation quality.  Due to this interpolation 
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problems related with the boundaries of the mesh, a modification of the 

Delaunay triangulation result is applied. The modification consists on deleting 

the elements formed with any of the nodes allocated in the squared boundary of 
the image. The resulting mesh, applying the modification, can be seen in Fig. 14. 

 

Figure 14 – Resulting mesh after boundary elements removal 

However, with the previous approach, the mesh boundaries could vary 

depending on the number of nodes used to form the mesh. For example, using 

3000 nodes as in Fig. 15 (b) the mesh covers an area bigger than the area 
covered by a mesh that is formed using 200 nodes (Fig. 15 (b)).  

 

         

Figure 15 – Left (a): Mesh with 200 nodes.  Right (b): Mesh with 3000 nodes 

This is happening because the Floyd Steinberg algorithm allocates the nodes 

where the probability is higher and tries to distribute the specified number of 

nodes in the most important parts of the density function. Then, in order to 

obtain the same covered area with a high-resolution mesh and a low-resolution 

mesh, a fixed mesh boundary should be defined. This boundary was defined by 

adding nodes alternating in the pixels that are located in the city’s geographical 



	  

	   29	  

exterior boundary. See examples in Fig. 17. The following figure shows the city 
area and the approximated geographical boundary (Fig. 16). 

 

Figure 16 – Chicago city area. 

 

 

Figure 17 – Left (a): Node distribution with 200 nodes plus fixed mesh boundary. Right (b): Node distribution 
with 3000 nodes plus fixed mesh boundary   

As it can be seen, thanks to the fixed boundary definition, the area covered 

by the mesh will be the same (Fig. 17 - 18). Then, this will make the future 

results between different meshes comparable even if these meshes have 
different number of nodes. 
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Figure 18 – Left (a): Mesh with 200 distributed nodes plus fixed boundary. Right (b):  Mesh with 3000 
distributed nodes plus fixed boundary   

However, with this definition, there’s a huge waste of nodes and a lot of small 

triangles generated between boundary nodes that are not relevant. For this 

reason, another fixed boundary was defined. In this approach, the fixed mesh 

boundary was defined taking into account a corner detector (Harris corner 

detector [11]) in order to find the corners in the city boundary and allocate nodes 

on them.  In this case, there are not a huge amount of small triangles generated 

with the boundary nodes added and the number of nodes used to generate the 

fixed boundary is much lower. With this boundary, the area covered by the 

mesh is always the same and fewer nodes are needed in order to define it. This 
will be the approach that will be used in future tests. See Fig. 19. 

 

Figure 19 – Mesh with fixed boundary defined using Harris 
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Mesh interpolation 
A mathematical definition of the mesh representation model has been defined in 

previous sections. Based in previously defined equation (4), the resulting 
restored image can be represented by 

𝑓 𝑥 = 𝑓 𝑥!

!

!!!

𝜙! 𝑥 ,      𝑓𝑜𝑟  𝑥 ∈ 𝐷 ( 16 ) 

where N is the total number of nodes, 𝑓 𝑥!  is the nodal value and 𝜙! 𝑥  is the 

interpolation function corresponding to the node 𝑥!. 

The nodal value of a specific node contributes, on average, to the 

interpolated value of six mesh elements. An example of the contribution can be 
seen in Fig. 20. 

 
Figure 20 - Element intensity contribution of a single node 

Until now, the mesh modeling equations have been described taking into 

account interpolation functions associated to each node. Then, the mesh 

elements’ interpolations have been defined using the named “interpolation basis 

functions”. The problem with this basis functions is the difficulty associated with 

the computations taking into account that each element has different shapes 
(irregular elements). 

In these cases (finite-elements), a master element is often used to 

circumvent this difficulty. A master element typically has a simple geometric 

shape, over which the function interpolation can be easily computed. Then, the 

computation over an arbitrary element, as the mesh elements, is carried out by 
first mapping it into the master element [2]. See Fig. 21. 
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Figure 21 – Interpolation of the irregular element Dm to D 

Being 𝒖 = 𝑠, 𝑡 ,𝒖 ∈ 𝐷 a coordinate of the master element, the inverse 

mapping from an irregular element is:  

𝑤!!! 𝐩 =
1
𝐽!

𝑥! !,! 𝑦!(!,!) − 𝑥!(!,!)𝑦!(!,!) + 𝑦!(!,!) − 𝑦!(!,!) 𝑥 + 𝑥!(!,!) − 𝑥!(!,!) 𝑦
𝑥!(!,!)𝑦!(!,!) − 𝑥!(!,!)𝑦!(!,!) + 𝑦!(!,!) − 𝑦!(!,!) 𝑥 + 𝑥!(!,!) − 𝑥!(!,!) 𝑦

 ( 17 ) 

where 𝐩 = 𝑥,𝑦 ,𝐩 ∈ 𝐷! are the coordinates in the irregular mesh element, 

𝑛 𝑚, 𝑘 ;   𝑘 = 1,2,3 the global index of node n expressed as the 𝑘!! node of the 

𝑚!! mesh element 𝐷!; and 𝐽! is the Jacobian of the mapping which expresses 

the change in the area: 

𝐽! = 𝑑𝑒𝑡
𝑥!(!,!) − 𝑥!(!,!) 𝑦!(!,!) − 𝑦!(!,!)
𝑥!(�,!) − 𝑥!(!,!) 𝑦!(!,!) − 𝑦!(!,!)  ( 18 ) 

Finally, the 𝑛!! node interpolation function, 𝜙! 𝐩  is: 

𝜙! 𝐩 =    𝜙!(!,!)(
!∈!

𝑤!!! 𝐩 ) ( 19 ) 

where 𝜙! 𝐮  is expressed by the interpolation functions over the master 

element: 

𝜙! 𝐮 = 𝑠,   𝜙! 𝐮 = 𝑡,   𝜙! 𝐮 = 1− 𝑠 − 𝑡 ( 20 ) 

In this project, two projections will be used. The first one is based on a 

projection of the mesh into a pixel grid (pixel-based). The second one is a 

modification of the previous one in order to interpolate the mesh and obtain the 
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integration of the density function over each element, that is to say the volume 
under each element (element-based).  

In both cases, the mesh interpolation follows the equation (16) defined in this 

section. However, the interpolation matrix and the result will be different 
depending on the type of interpolation used.  

 

Pixel-based interpolation 

Taking into account the pixel case, the equation (16) can be rewritten using the 
discrete form, as: 

𝐟 =   𝚯𝐦 ( 21 ) 

being 𝐟 the column vector that represent all the pixels (M pixels) of the 

interpolated image, 𝚯 the interpolation matrix (sparse matrix) formed by the 

interpolation functions associated to each node (ϕ!), and 𝐦 the column vector 
that represent the mesh node values (N nodes). That is, 

𝐟 =
f(0)
⋮

f(M − 1) !"#

𝐦 =
n(0)
⋮

n(N − 1) !"!

𝚯 =   
ϕ!(0) ⋯ ϕ!(0)
⋮ ⋱ ⋮

ϕ!(M − 1) ⋯ ϕ!(M − 1) 𝐌𝐱𝐍

 ( 22 ) 

Using this equation, a projection from the mesh model to a pixel model is 
generated. 

 

 

Element based interpolation 
With the element-based interpolation the result should represent the density 

function integrated over each mesh element, therefore, the result after the 

interpolation will be a list of element values (not an image over a pixel grid as in 

the previous explained interpolation). Then, the interpolation matrix 𝚯 in 
equation (16) will have a different definition.  
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Figure 22 shows an element with base ABC. The corresponding nodal values 

are D, E, and F. The integration of the density function over ABC is the volume 

under the surface DEF. This volume is linearly proportional to the node values D, 

E, F. Therefore; the interpolation matrix will contain the coefficient of 
proportionality between the three node values and the volume.  

 

Figure 22 - Mesh element 

The volume of the previous element can be represented as:  

𝑉𝑜𝑙𝑢𝑚𝑒!"!#!$% = 𝐷 + 𝐸 + 𝐹 ·
𝐵!"
3  ( 23 ) 

being D, E, and F the node values and 𝐵!" the base area of the element, which 
is defined following Heron’s formula as: 

𝐵!" = 𝑠(𝑠 − 𝐴)(𝑠 − 𝐵)(𝑠 − 𝐶);  and    𝑠 = !!!!!
!

 ( 24 ) 

Equation’s (23) definition for a specific element is equivalent to equation (16) 

taking into account the three nodes that represent this element. Remember that 
equation (16) represents the interpolation step. Therefore,  

𝑉𝑜𝑙𝑢𝑚𝑒!!! = 𝐷 ·
𝐵!!!
3 + 𝐸 ·

𝐵!!!
3 + 𝐹 ·

𝐵!!!
3 =

𝐵!!!
3 ,

𝐵!!!
3 ,

𝐵!!!
3 ·

𝐷
𝐸
𝐹

≈ 𝚯𝐞𝐥𝐢 ·𝐦𝐞𝐥𝐢 ( 25 ) 

being 𝐦𝐞𝐥𝐢 the values of the nodes that form element ‘i’ and 𝚯𝐞𝐥𝐢 the interpolation 

matrix for the element ‘i’. It can be clearly seen that the coefficients in the 

interpolation matrix will be the same for the nodes that form a specific element. 
The coefficient for the three nodes that form element ‘k’ would be:  

Φ =
𝐵𝑎𝑠𝑒!"!#!$%  !

3  ( 26 ) 
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Now equation (16) will be rewritten as:  

𝐟 =   𝚯𝐦 ( 27 ) 

being 𝐟 the column vector that represent the volume values for each element (T 

elements) of the interpolated image, 𝐦 the column vector that represent the 

mesh node values (N nodes) and 𝚯 the interpolation matrix, sparse matrix of 
dimension TxN, formed by the interpolation functions defined in this section.  

It is possible to make an approximation of this interpolation matrix (element 

based) by using the interpolation matrix computed for the pixel case and adding 

all the interpolation coefficients corresponding to pixels inside a specific element. 

That is to say that we obtain the coefficients for each element by adding the 
coefficients corresponding to pixels inside each element. 

This type of interpolation will be used in the optimization algorithms (EM) in 

order to better represent the crime density. Using an element-based 

interpolation, the optimization algorithm will try to optimize the nodes that better 

represent the integration of the density function under each element (volume 

under the element). With this approach, several problems related with the 

noisiness of the data and criminal peaks will be solved. This issue will be 
explained in future sections. 

 

Compute mesh node values. Optimization methods.    
As it has been said, the use of a determined nodal value or another will give 

different results in the interpolation computation: 𝐟 =   𝚯𝐦. The node 

computation methods used in [1] won’t be used because they are based on the 

representation of an image, which could be the same image used to extract the 

mesh, a noisy image, etc... In crime prediction, however, the mesh should be 

optimized taking into account that the crimes represented follow a Poisson 

distribution (same approach used in reconstructions from emission tomography 

[4]). Then, the optimization algorithms should be based on a distribution like the 
one defined by Poisson: 
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𝑓 𝑥; 𝜆 = Pr 𝑋 = 𝑥 =
𝜆!𝑒!!

𝑥!  ( 28 ) 

Poisson distribution expresses the probability of a given number of events "𝑥" 

(crimes) occurring in a fixed interval of time and/or space if these events occur 

with a known average rate "𝜆" and independently of the time since the last 
event.  

Using the EM Poisson algorithms the idea is to optimize the node values in 

order to obtain the interpolated mesh that represents, as best as possible, the 

average rate of crime "𝜆" over the city taking into account the criminal data "𝑥" 

and the mesh structure defined, which is adapted to this data. These methods 

are the Expectation Maximization (EM) using the Poisson likelihood function, 

and the Expectation Maximization (EM) using the Poisson maximum-a-
posteriori computation.  

As it has been explained in the previous section, the EM algorithm will be 

defined taking into account an element-based interpolation. It was found during 

testing that an EM algorithm based on a pixel interpolation did not represent 

properly several areas of the city. These areas were usually areas with low 

number of crimes in general (big mesh triangles) but with several pixels or 

smaller zones inside the triangle with a peak of crimes. After the optimization 

step using a pixel-based EM, the mesh did not model the crime density 
generated by the peaks so it was not representing properly the overall density.  

However, with an element-based approach in the EM algorithm, the previous 

problem is solved and then the node values are computed in an optimal way, 

representing the criminal density as best as possible. This is due to the fact that 

the likelihood function is calculated taking into account elements. This means 

that the EM algorithm finds the node values that better represent the integration 

of the probability density over each element, maximizing the likelihood function 

𝑓 𝒙;𝝀 , computed for each element. Therefore, in the EM algorithm, the criminal 

data "𝒙" will be a list with the total amount of crimes inside each of the mesh 

elements (volume under the element) and the interpolated result "𝝀"  will 
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represent the interpolated mean of each element. In conclusion, as it has been 
said, the problems with the peaks mentioned above are solved.  

Finally, after the node values optimization (EM convergence), the node 

values computed will be interpolated to a pixel grid (pixel-based interpolation) in 

order to obtain the average rate of crime over a pixel grid and compute the 
performance of the model. 

 
	  

Expectation-Maximization with Poisson likelihood function. EM-ML 

Using the EM with Poisson likelihood function, the idea is to find the mesh node 

values that maximize this likelihood (28), given the mesh structure and the noisy 

data "𝒙", organized taking into account element volumes (a list with the total 

number of crimes inside each element). In conclusion, the node values will be 

the ones that generate the interpolated mesh that best represents the average 

rate of crime "𝝀" for the given data "𝒙". 

Poisson maximum likelihood (ML). Expectation-Maximization algorithm: 

In the EM algorithm we define the interpolation matrix as 𝑯 = 𝚯𝑻 where 

elements of H are ℎ!". Also, the mesh node values are defined as 𝒇𝒏𝒐𝒅𝒆= m. 

Note that 𝚯𝑻 and m are the variables defined in equation (27). The new 

incoming criminal data "𝒙", or “noisy data” represents the total amount of data in 

each element (density volume). 

Then, the Expectation-Maximization functions that obtain the node values 

maximizing the Poisson likelihood function are: 

𝑓!"#$!
(!!!) =

𝑓!"#$!
(!)

ℎ!!!!!
ℎ!"

𝑥!
ℎ!"𝑓!"#$!

(!)
!!

 ( 29 ) 

 

call 𝑐! =
!!

ℍ!�!"#
(!)

!

; and then:   𝑓!"#$!
(!!!) =

!!"#$!
(!)

!!!!!!
ℍ!𝑐 ! ( 30 ) 

where ℎ!" are the elements of the projection matrix 𝑯 = 𝚯𝑻, 𝑥! is the element ‘i’ 

total number of crimes, and 𝑓!"#$!
(!!!) is the value of node ‘j’ for the EM trial (n+1). 
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Expectation-Maximization with Poisson maximum-a-posteriori. EM-MAP 
Sometimes, the EM-ML algorithm explained in the previous section is very 

sensitive to the data and the resulting interpolated meshes are too noisy (taking 

into account the final pixel-based interpolated mesh (or average rate of crime)). 

For this reason, the maximum a posteriori (MAP) option will be tested. The EM-

MAP is a Bayesian method that, instead of maximizing the Poisson likelihood 

function, maximizes the maximum-a-posteriori Poisson probability. This means 

that the MAP algorithm takes into account a prior probability in the maximization 

step. With this prior probability the MAP uses a smoothing mechanism and 
therefore tries to avoid the ML algorithm sensitivity when the data are noisy. 

 

Poisson maximum-a-posteriori (MAP). Expectation-Maximization algorithm: 

As it has been said, the MAP algorithm tries to maximize the maximum-a-
posterior probability. Let denote the MAP estimate as: 

𝑓! = 𝑎𝑟𝑔𝑚𝑎𝑥!! log𝑝 𝑥; 𝑓! + log𝑝(𝑓!)  ( 31 ) 

The prior probability is defined as: 

𝑝(𝑓!)~𝑒 !!"(!!)  ( 32 ) 

Where 𝛽 is a scalar weighting parameter and 𝑉(𝑓!)  the potential function, 
that will be defined and tested in two different ways. 

   In order to compute the equation (31), a one-step-late (OSL) expectation-

maximization should be defined: 

 

Expectation step:  

𝑧!" =
𝑥!ℎ𝑓!

(!)

ℎ!"!𝑓!!
(!)

!!
 ( 33 ) 

Maximization step: 

𝑓!
(!!!) =

𝑧!"
ℎ!" + 𝛽

!
!!!
𝑉(𝑓) !!(!)

 ( 34 ) 

Then, the OSL-MAP expectation-maximization algorithm will be defined by: 
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𝑓!
(!!!) =

𝑓!
(!) !!!!"

!!"!!!!
(!)

!!
!

ℎ!" + 𝛽
!
!!!
𝑉(𝑓) !!(!)

 ( 35 ) 

 

As it can be seen, the EM algorithm defined by equation (35) is the same as 

used in the previous step (29) but with the modification of the term multiplied by 

𝛽 in the denominator of the function, which represents the prior probability. 

When 𝛽 value is zero, the EM algorithm is maximizing the likelihood function 

(ML). When 𝛽 is different from zero, the EM is maximizing the maximum-a-
posteriori probability (MAP). 

There are several definitions of the potential function 𝑉 𝑓  depending on the 

kind of data that the mesh is going to model. As there are not past examples for 

crime modeling, two 𝑉 𝑓  definitions will be tested in order to find which one 
gives the best results. 

The first potential function 𝑉 𝑓  defined is based on Green’s paper [12]. The 
potential function is defined as: 

𝑉 𝑓 = − 𝑤!,!𝜙
𝑓! − 𝑓!
𝛿!,!

 ( 36 ) 

Where 𝜙 represents a function that is non-negative, symmetric about 0, and 
monotonically increasing for positive values of its argument 

𝜙 𝑢 = 𝑐! 𝑙𝑜𝑔 𝑐𝑜𝑠ℎ 𝑐!𝑢 =
27
128 𝑙𝑜𝑔 𝑐𝑜𝑠ℎ  (

16
3 3

𝑢) ( 37 ) 

Then, 

𝑉 𝑓 = − 𝑤!,!
27
128 𝑙𝑜𝑔 𝑐𝑜𝑠ℎ  

16
3 3

𝑓! − 𝑓!
𝛿!,!

 ( 38 ) 

Where 𝑤!,! are the weights that define the desired smoothing. In this project, 

the 𝑤!,! values will be set to one for neighbour nodes. This means that the 

algorithm will take into account neighbor nodes as correlated locations where a 

smoothing is needed. It is a similar approach as a filter for images, which does 
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local smoothing.  From now on, the potential function defined in (38) will be 
named “Eq1”. 

 

In order to delete the variable ‘𝛿’ and work only with one variable ‘𝛽’ in the 

EM algorithm, another potential function 𝑉 𝑓  will defined. This one follows the 
method in [3]. The other potential function that will be tested is: 

𝑉 𝑓 = 𝑤!,!
!,!

𝑓! − 𝑓! ! ( 39 ) 

From now on, the potential function defined by equation (39) will be named 
“Eq2”. 
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CHAPTER 3 

TESTS AND RESULTS: 
In this chapter, several experiments will be tested in order to evaluate the 

CDAMM performance, compare it with the basic pixel model, and also to find 

the optimal number of nodes for the mesh model taking into account the 

adaptation, prediction and reproducibility capabilities. To obtain relevant and 

comparable results between models there’s the need to define standard 

situations for each one of the next experiments taking into account different 
factors. 

 

EXPERIMENT 1: 

   As it has been described in previous sections, one of the goals is to generate 

a spatial model with high reproduction capabilities and high adaption to new 

incoming criminal data. The following experiment is an iterative experiment 

defined in order to analyze two things:  the first one is the reproduction accuracy 

of the historical probability density function. The second one is the adaptation 

capability taking into account new incoming criminal datasets. This datasets will 

represent the current and new data that the police department will collect after a 

certain amount of time. For both cases, reproduction accuracy and adaptation 
capability, the CDAMM will be compared with the basic pixel model.  

The basic steps for the experiment are the following: first, generate a basic 

mesh structure (non-uniform node location) using the historical criminal density. 

Using this basic mesh structure, the optimal node values will be computed 

taking into account new incoming criminal datasets using the EM algorithms 

defined in previous sections. In order to compute the adaptation capability of the 

model, this step will be computed several times/trials creating an iterative 

experiment. Finally, the optimized mesh will be interpolated to a pixel grid and 

the representation accuracy will be computed. Let’s analyze the steps with 
detail: 
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   First of all, an historical criminal density function is generated using KDE and 

the criminal data from several past years, for example 5 years, 10 years, etc. In 

our system, this density is computed over a high-resolution pixel grid of 

1000x1000 pixels using 10 years of criminal data, which means a total amount 

of 4 million crimes for Chicago city area. From now on, this density will be 
named “true density”.  

After this “true density” generation, a computation of the basic mesh node 

allocation over the “true density” will be made and a basic mesh structure will be 

defined. This is extracted by using Floyd-Steinberg and Delaunay triangulation 

algorithms. The idea now is to use the basic mesh structure to model the 
criminal density of new incoming criminal datasets.  

   The incoming criminal datasets will be named “noisy datasets”. This “noisy 

datasets” will represent different datasets that the police department collects 

after a specific time interval. For example, the data of the last week or the data 

of this week... So, the idea is to shape the “noisy datasets” with the basic mesh 

structure defined, optimizing the node values with the EM algorithms in order to 

represent them. Finally the optimized meshes will be interpolated to a pixel grid 

with the same resolution than the “true density” grid and the reproduction 

accuracy will be computed. In our experiments, as the new daily or weekly 

incoming data from the police is not available, this “noisy data” will be randomly 

generated from the historical data following a Poisson distribution. This will 
effectively simulate the new daily/weekly criminal incoming data.  

As it has been said, the idea is to compare the performance of the new 

implementation (CDAMM) with the other criminal spatial modeling methods 

based on uniform grids, as the ones defined in [5] [6] [7], taking into account the 

same number of nodes and pixels. Then, a pixel grid will be defined and a 

similar system than the explained before will be used in order to compare it with 

the mesh model. This pixel grid will be named “low resolution grid” and will be 

defined with the same number of pixels as number of nodes used to define the 

basic mesh. After the “low resolution grid” pixel value optimization, this “low-
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resolution grid” will be interpolated to the pixel grid with the same resolution 
than the “true density” (high-resolution grid). 

The variation of the optimized mesh node values and the variation of the 

optimized pixel values for different datasets of new incoming data will be 

compared. The idea is to demonstrate that, taking into account different 

incoming data sets or “noisy datasets”, the mesh node’s values variation will be 

very low compared with the pixel’s values variation in the “low resolution” grid 

because the mesh will be more adapted to the historical data (non-uniform node 
distribution). This will be demonstrated in future sections. 

 

Experiment 1 scheme:

 

Criminal	  data	  	  

Histogram	  

Smooth	  

Extract	  mesh	  

Node	  
optimization	  

Interpolate	  
mesh	  

Density	  (mesh	  
interpolated)	  

Extract	  low	  
resolution	  pixel	  

grid	  

Pixel	  
optimization	  

Interpolate	  
pixel	  grid	  

Density	  (low-‐
pixel	  

interpolated)	  

Loop	  

POISSON	  
"Noisy	  data"	  
X	  days	  

Use	  in	  both	  
optimization	  

steps	  

Compute	  SNR	  
uniformity	  

Compute	  
accuracy	  
(PSNR)	  
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“True density” representation accuracy. 
The first issue that will be analyzed is based on the representation accuracy of 

each model taking into account the “true density”. To measure this accuracy, 

the PSNR between the interpolated maps and the “true density” has been 
computed.  

Representation accuracy: comparison between mesh modeling and pixel 
grid modeling. 
Different computation methods for the node values have been defined in 

previous sections. These ones are: EM-ML and EM-MAP (with two different 

potential functions). As it has been said, these ones are expectation-

maximization algorithms and they are trying to model the “noisy data” following 

a Poisson distribution.  A comparison between the interpolated mesh using 

these different mesh methods and the interpolated “low resolution” pixel grid will 

be made in order to demonstrate that the mesh model has better accuracy than 
the pixel model. See Fig 23. 

 

Figure 23 - SNR (accuracy) evolution increasing number of Nodes/Pixels. 

The previous image (Fig 23) represents the accuracy’s (PSNR) evolution 

increasing the number of mesh nodes (or pixels). The data that the EM 

algorithms try to shape (“noisy data”) has a time interval of 15 days, which are 

16,000 crimes approximately. The “initial grid” has 1000x1000 resolution. The 𝛽 

value for the MAP algorithm is fixed to 100 (𝛿 = 1 for “Eq 1”), which is the value 
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that gives the best result. The highest number of nodes/pixels tested is 15,000 

in order to equate to Chicago city blocks.  

As it can be seen in Fig. 23, the mesh model has much better accuracy than 

the pixel model. Using the pixel model, the accuracy increases when more 

pixels are used. This is because the more pixels used, the higher resolution has 

the pixel grid and then, the better is the accuracy. However, the pixel model 

does not reach the mesh accuracy, even if the number of pixels is increased to 

15,000. In order to reach the point where the lines of both models get in touch, 

the number of pixels should be higher. 

Taking into account the mesh result, it is possible to see that, if a high 

number of nodes are used, the accuracy value decreases. This is happening 

because, when using a high number of nodes to define the model, the 

interpolated mesh is noisier. Therefore, as the interpolated mesh is compared 

with a smoothed probability density function (‘true density’), the representation 

accuracy is worse. At first glance it seems that, taking into account the 

representation accuracy, the less nodes used the better. However, we will see 

in future sections that, when it comes to choose the optimal number of nodes for 

our model there is a trade-off between the accuracy and other desired 

capabilities (adaptability to data and prediction quality) for our model. 

As it has been seen in Fig. 23, the accuracy’s difference between the 

different mesh node optimization methods is very low. The MAP algorithm has 

given several convergence problems when the 𝛽 value is too high and the 𝛽 

testing values have been restricted. It is believed that the convergence problem 

is a practical problem and is probably generated by a wrong selection of the 

prior probability function given the data that is being modeled. This convergence 

problem has generated that the difference between MAP result with the highest 

𝛽 value without convergence problems and ML result is very low. Therefore, the 

contribution of the prior probability in the EM steps has been minimum. For 

example, in the previous image (Fig. 23), the MAP algorithms are computed 

with 𝛽 = 100, which is the highest beta value without convergence problems; 

and the difference between the ML result and the MAP result is minimum. Also, 

it can be seen that there’s a little difference between the MAP using “Eq1” and 



	  

	   46	  

“Eq2”, which are the equations (38) and (39) presented in previous sections. In 

conclusion, due to the MAP convergence problem, the prior probability term is 

not contributing enough to make a difference with the ML result and then the 

use of one or the other potential functions (“Eq1” or “Eq2”) is irrelevant. 

It is important to notice that the accuracy value computed in this section 

largely depends on the number of crimes in a specific time interval, that is to 

say, the total amount of data in the “noisy dataset”. As it has been explained in 

previous sections, when the data is noisy (few data) the ML interpolated mesh 

becomes noisy and this affects to the representation accuracy. Therefore, a test 

trying different “noisy datasets” with different crime quantities has been 

performed in order to compare the evolution of the differences between MAP 
and ML. 

 

Figure 24 - PSNR (accuracy) evolution increasing the number of nodes using different “noisy datasets” 

The previous image (Fig. 24) represents the mesh’s accuracy (PSNR) 

evolution when the number of mesh nodes is increased; taking into account 

different sized “noisy datasets”. The “noisy datasets” defined are: 15 days data, 

which are 16,000 crimes approximately; 2% (1/50) of the total amount of crimes, 

which are 83,100 crimes approximately; 10% (1/10) of the total amount of 

crimes, which are 400,000 crimes approximately; and using all the data, which 

are 4 million crimes. Again, 𝛽 = 100  for MAP (𝛿 = 1 for “Eq 1”). 
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With these results it is possible to extract several conclusions. First, and the 

most obvious is that the more data used the higher is the accuracy. Then, as it 
has been said, the accuracy depends on the data of the noisy dataset.  

Analyzing the Fig. 24 we can also compare the results of both node 

optimization methods (ML and MAP). When the model is defined with higher 

number of nodes and the data is noisy, the ML interpolated mesh will be noisy 

too. As it has been said before, the MAP algorithm is defined to avoid the noise 

sensitivity of the ML algorithm. Taking into account the 15 days “noisy dataset” 

it is possible to see that the difference between the MAP and ML results is 

higher when the mesh number of nodes is increased. However, the more data 

has the “noisy dataset”, or the less number of nodes are used, the less 

difference between ML and MAP. As we have convergence problems in the 

MAP algorithm and the 𝛽 value used is fixed to 100 the difference between both 

methods is very small. Therefore, from now on, the MAP algorithm will be 

discarded because of the convergence problems that, as it has been said 

before, are probably generated by a wrong selection of the prior probability 
function for the given data. 

Finally, it is possible to see that, when the data is noisier, fewer mesh nodes 

can do it better. Although at first glance it seems that the fewer number of nodes 

for our mesh the better, we will see in future sections that a high number of 

nodes will give us high prediction capabilities in our system (desired behavior). 

Because of this, we can see that there is a trade-off between the accuracy and 

prediction capability to select the optimal number of nodes for our mesh, 

obtaining the best possible accuracy and also the best possible predictability. 

This “trade-off” will be analyzed in future sections using a new experiment 

(Experiment 2). 
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Comparison between CDAMM method and CAMM method designed for 
images in [1] 

First of all, it is important to remember that the mesh goal in this project is 

different than the mesh goal defined in [1]. As it has been explained in previous 

sections, the “feature map” computation in the CAMM algorithm defined in [1] 

has been deleted in order to allocate the mesh nodes in high criminal density 

areas instead of high frequency zones of the images. However, those changes 

may influence the accuracy representation of the interpolated mesh. For this 

reason, a comparison between the accuracy results with this new model and the 

one defined in [1] will be made in order to evaluate the differences. For the next 
graphic, the “noisy dataset” has been generated using 15 days of criminal data: 

 

Figure 25 –Accuracy comparison between old-mesh model and modified-mesh model. 

The previous image (Fig. 25) represents the interpolated mesh accuracy 

comparison between the mesh method defined in [1] (old model (CAMM)) and 

the modified method defined in this project (new model (CDAMM)).  

   As it can be seen, the difference between both lines, which represent the old 

mesh model (CAMM) and the modified method (CDAMM), is minimal. Then, 

using the modified mesh model does not harm the mesh representation 

accuracy. This is a nice result because the accuracy is very similar with a 

different node distribution, defined in order to have greater allocation of nodes in 

high density areas, less allocation of nodes in low crime density areas and 

therefore, obtaining a scalable mesh taking into account the density of crime in 

the city.  
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Model’s uniformity: adaptation capability of the model. 
As it has been said in previous sections, the goal of the modified mesh 

(CDAMM) is to obtain a scalable model taking into account the criminal data, 

with high resolution in high-density areas and low resolution in low-density 

areas. Then the idea is to demonstrate that the mesh will be more adapted to 

new incoming criminal data than uniform grids as the ones defined in [6] [5] [7]. 

With the next results, the advantages of using scalable models as meshes in 

order to obtain an adapted spatial framework for prediction instead of using 
uniform models as pixel grids will be clearly demonstrated. 

 

Adaptation capability: comparison between mesh modeling and pixel grid 

modeling. 

The next results are extracted from the “Experiment 1” defined before. This 

experiment is iterative, which means that the node/pixel value is computed 

several times/trials. In each trial, a different “noisy dataset” is used (for example, 

15 days of criminal data). The “noisy datasets” represent different criminal data 

collected by the police in a specific time slice. As it has been said before, the 

incoming data from the police is not available, then, the “noisy dataset” its 
random generated from the historical data following a Poisson distribution. 

   After the loop with a specific number of trials (in our test, 50 trials), the mean 

and variance of each node/pixel value among trials is computed in order to 

extract the “SNR-1” for each node/pixel of the model. Then, we compute the 
mean and variance of the “SNR-1” across all nodes/pixels of the model. 

In order to understand the results, we need to know that a low SNR-1’s 

variance across the nodes implies that the “SNR-1” values for all the 

nodes/pixels of the model are very similar (uniform). Also, a high SNR-1’s mean 

across the nodes implies that, for a large majority, the node/pixel variance 

among trials has been small while the node/pixel value was high. That is to say 

the node/pixel values have been practically the same in all the trials. Both 

results in conjunction imply that the model is adapted to the incoming data 
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taking into account several trials and the relationship among all nodes/pixels of 
the model. Therefore, this is the result that we expect for our mesh model. 

The next graphs (Fig. 26) represent the SNR-1’s variance and mean across 

the nodes/pixels taking into account different number of nodes (or pixels) used 

in each model. The “initial grid” has a 1000x1000 pixel resolution, each “noisy 

dataset” has 15 days of criminal data (16,000 crimes), the “true density” is 

generated with all 10 years past data (4 million crimes). The node value 
optimization method used is ML. 

 

Figure 26 Left (a) – SNR variance across nodes and pixels comparison. Right (b): SNR mean across nodes and 
pixels comparison. (SNR-1) 

 

As it can be seen in Fig. 26 (a), SNR-1’s variance for the pixel model is 

higher than the SNR-1’s variance for the mesh model for all the number of 

nodes/pixels tested. Here we found the first flaw of the pixel model because the 
model has a non-uniform “SNR-1” value among pixels, which is not desired.  

In Fig. 26 (b) we can analyze the SNR-1’s mean. It is possible to see that the 

value is higher using pixel case for almost all number of nodes/pixels defined. 
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However, it is important to note that for the pixel model, when the mean value is 

high the variance value is high too. That is to say, when there is a good result in 

one issue (mean), the other issue (variance) is really bad. In conclusion, the 

good results are countered. To make the comparison between the models 

properly, the SNR of the “SNR-1” is computed. This means computing a SNR 

value with the results of the previous two graphs (SNR-1’s mean in Fig. 26 (b) 

and SNR-1’s variance in Fig. 26 (a)). The next figure shows the result.  

 

Figure 27 – SNR(SNR-1) for mesh model. Uniformity 

When the value displayed in Fig. 27 is high it means that the model has a 

high SNR-1’s mean and a low SNR-1’s variance. That is to say, a low variance 

of each node/pixel values among trials and a low variance of the SNR-1 across 

all the nodes/pixels of the model (desired performance). Therefore, as the 

SNR(“SNR-1”) shown in Fig. 27 is much higher for the mesh model it is clearly  

demonstrated that the mesh, thanks to the non-uniformity approach, is more 

adapted to the criminal data than the pixel model, which is not adapted because 
of its uniformity.  

In the previous sections we have seen that, when the data is noisy, the less 

number of nodes for our mesh model the better accuracy obtained. However, 

we can see in Fig. 27 that the more nodes, the higher adaptation capability. As 
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the desired model not only has to have high adaptability but also high predictive 

and reproducibility capabilities, it is necessary to make a final experiment in 

order to find which is actually the best number of nodes taking into account the 

desired performance. The next experiment is the “trade-off” experiment 
mentioned in previous sections (Experiment 2).    

 

EXPERIMENT 2: 
The next experiment will be performed in order to demonstrate the “prediction” 

and“reproducibility” capabilities of the mesh. As we have seen in previous 

sections, there’s a trade off when defining the optimal number of nodes for the 

mesh model. Experiment 2 will show the results that will help us to decide which 

is the optimal number of nodes taking into account the desired capabilities of 

the designed mesh. Again, we need to define a standard situation in order to 

obtain relevant results. 

For the next experiment, a cross-validation system will be defined. In order to 

do this, we need to define an iterative test. For each trial, the number of mesh 

nodes will be fixed and the total amount of data (10 years of criminal data) will 

be divided randomly in two different groups (named folds). For each fold, the 

histogram on the “initial grid” will be computed. This histogram will be the “noisy 

data” (𝑥!"#$!, 𝑥!"#$!). Then, for each fold, a mesh will be extracted and the mesh 

node values will be optimized taking into account the EM element-based 

algorithms explained previously and the “noisy data” organized by elements (list 

of element values). After the optimization step, both meshes will be interpolated 

using a pixel-based interpolation and the density for each fold in a specific trial 
will be obtained (𝜆!"#$!, 𝜆!"#$!). 

One of the measures that will be evaluated is the “prediction” capability of the 

pixel-interpolated result (the Poisson likelihood). This likelihood will be 

computed for each fold, taking the mesh interpolated density (pixel-based 
interpolation) of one of the folds as the Poisson mean "𝜆!"#!!"(average rate of 

crime), and the “noisy data” of the other fold as the noisy data "𝑥!"#!!"  (for the 

other case is: "𝜆!"#!!" and "𝑥!"#!!"). The likelihood function is computed for each 
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pixel of the interpolated mesh and then is multiplied for all pixels because the 

crimes are spatial independent. The equation, for example, taking into account 
the "𝑥!"#!!" and "𝜆!"#!!" case is: 

𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑖𝑜𝑛!"#!! 𝑥!"#!! , 𝜆!"#!! =    𝑝𝑜𝑖𝑠𝑠𝑝𝑑𝑓(𝑥!"#$!!

!"#$%&'

!

   ,   𝜆!"#$!!   ) ( 40 ) 

However, the Poisson likelihood values are very low and the product of all the 

likelihood values for all pixels tend to 0. Therefore, the measure will be taken 
into account applying the logarithm such that: 

𝑝 𝑥!"#!! , 𝜆!"#!! =    log𝑝𝑜𝑖𝑠𝑠𝑝𝑑𝑓(𝑥!"#$!! ,
!"#$%&'

!

     𝜆!"#$!!   ) ( 41 ) 

If the Poisson probability function is: 

𝑝𝑜𝑖𝑠𝑠𝑝𝑑𝑓 𝑥; 𝜆 = Pr 𝑋 = 𝑥 =
𝜆!𝑒!!

𝑥!  ( 42 ) 

The logarithm is: 

log  (𝑝𝑜𝑖𝑠𝑠𝑝𝑑𝑓 𝑥; 𝜆 ) =   𝑥(log 𝜆)− 𝜆 − log  (𝑥!)   ( 43 ) 

And finally, the “prediction” value taking into account, for example, "𝑥!"#!!" 

and "𝜆!"#!!" is: 

𝑝 𝑥!"#!! , 𝜆!"#!! =    𝑥!"#$!!(log   𝜆!"#$!!)−   𝜆!"#$!! − log  (𝑥!"#$!!!)  
!"#$%&'

!

) ( 44 ) 

Finally, the mean between the Poisson likelihood for one fold using the data 

of the other fold and vice versa will be calculated (Cross-validation). From now 

on, the measure will be named “prediction” and will be computed for each trial 
as: 

prediction = [!"#$%&'%(!!"#!! !!"#!! ,!!"#!! !!"#$%&'%(!!"#!! !!"#!! ,!!"#!!
!

=

! !!"#!! ,!!"#!! !!(!!"#!! ,!!"#!!)

!
       

( 45 ) 
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Another measure that will be computed is the “reproducibility”. With this 

measure we are trying to evaluate the reproduction capabilities of the mesh. 

This measure’s behavior is similar to the one of reproduction accuracy 

evaluated in the previous experiment. In this experiment, however, the 

“reproducibility” represents the similarity between the interpolated densities of 
the folds (𝜆!"#$!, 𝜆!"#$!). The similarity between the densities will be measured 

using the minimum squared error (MSE) computation. This measure will also be 
computed for each trial. 

𝑀𝑆𝐸 𝜆!"#$!, 𝜆!"#$! =
1

𝑁!"#$%&
(

!!"#$%&

!

𝜆!"#$!! − 𝜆!"#$!!)
! ( 46 ) 

After an established number of trials, the “prediction” and “reproducibility” 

mean among trials will be computed. These two values will correspond to a 

specific number of used mesh nodes. Therefore, this iterative system based on 

cross-validation will be computed for different specified number of mesh nodes 

in order to find the optimal number of nodes that give the best pair of values. 

The idea is to show how this two measures, “prediction” and “reproducibility” 

vary taking into account different number of mesh nodes used. The next graph 
shows the experiment scheme: 

 

Criminal	  data	  	  Histogram	  x1	  

Smooth	  

Extract	  mesh	  

Node	  optimization	  
(EM	  element-‐

based)	  

Interpolate	  mesh	  
(pixel	  based)	  

Lambda_1	  

Histogram	  x2	  

Smooth	  

Extract	  mesh	  

Node	  optimization	  
(EM-‐Element	  

based)	  

Interpolate	  mesh	  
(pixel	  based)	  

Lambda_2	  

"Prediction"	  p(x1,	  
lambda_2)	  

"Prediction"	  p(x2,	  
lambda_1)	  

"Reproducibility"	  

MSE(lambda_1,	  
lambda_2)	  
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“Prediction” and “Reproducibility” evolution taking into account different 
number of mesh nodes 

As it has been explained in the previous section, the defined test will show the 

“prediction” and “reproducibility” measures, taking into account different number 

of mesh nodes. The mesh node optimization method used for next tests is ML 

with an element-based interpolation, optimizing the node values in order to 

obtain the best representation of the criminal density function. The “intial grid” 
has a 1000x1000 resolution and the number of trials for the experiment is 20. 

In order to understand the “reproducibility” result it is important to know that a 

high MSE value represents low similarity between the interpolated maps 
(𝜆!"#$!, 𝜆!"#$!), and therefore low reproduction capabilities. Fig. 28 shows the 

“reproducibility” result for the mesh model with different number of nodes. 

 

Figure 28 - “Reproducibility” for the mesh model taking into account different number of nodes 

As it can be seen in Fig. 28, when the mesh is defined with a high number of 

nodes the “reproducibility” worsens (the MSE value is higher, then the similarity 

between interpolated meshes is smaller). This is happening because each of 
the interpolated meshes (𝜆!!"#!, 𝜆!"#$!) has been optimized using different “noisy 

datasets” (𝑥!"#$!, 𝑥!"#$!). Therefore, when the mesh is defined with a high 

number of nodes, the mesh has a higher resolution and their own “noisy dataset” 

will be better represented, which means that the similarity will be worse because 

it’s representing a different dataset. This is representing, in a similar way, the 
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reproduction’s accuracy evaluated in previous sections. In that case, when the 

mesh was defined with a high number of nodes, the interpolated mesh was 
noisy and therefore, the reproduction’s accuracy decreased. 

Taking into account the “prediction” result, as the logarithm has been applied 

in order to avoid a trend toward zero, negative values will represent lower 

probabilities and the nearer to zero are the values, the higher will be the 

probability. In conclusion, when the result is approaching to zero, the prediction 
capability is higher. Fig. 29 shows the “prediction” evolution for the mesh model: 

 
Figure 29 – “Prediction” for the mesh model taking into account different number of nodes 

Analyzing the result shown in Fig. 29 it is possible to understand that the 

prediction capability of the mesh increases when the mesh is defined with a 

high number of nodes (the “prediction” value is nearer to zero). This is 

happening because the mesh is increasing its resolution when more nodes are 
used.  

The “prediction” has also been computed taking into account a uniform model 

(pixel grid) in order to demonstrate again that the mesh model offers many 

improvements compared with the pixel models used in other projects. Fig. 30 

shows the “prediction” value taking account a non-uniform model (mesh model) 
and a uniform model (pixel grid). 



	  

	   57	  

 
Figure 30 – “Prediction” comparison between models (mesh model VS pixel model) 

With this result it is clear that the “prediction” capability for the mesh model is 

far better than the “prediction” capability for the pixel model. While the 

“prediction” values for the mesh model are around 10! the mesh “prediction” 
value for the pixel model are around 10!. 

 

As we have seen, in order to obtain high “reproducibility” (Exp 2) and 

reproduction’s accuracy (Exp 1), the mesh model should be defined with a low 

number of nodes. However, in order to obtain high “prediction” capabilities (Exp 

2) and high adaptation capabilities (Exp 1), taking into account new criminal 

datasets, the mesh model should be defined with a high number of nodes. 

Therefore, as it has been said in all previous sections there’s a trade off 

between these capabilities when it comes to select the optimal number of nodes 

for the mesh model. Fig. 31 shows the trade-off for “prediction” and 
“reproducibility” taking into account the mesh model. 
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Figure 31 – “Prediction” VS “Reproducibility” taking into account different number of nodes. 

Again we can see that the more nodes used, the worse “reproducibility” but 

the better “prediction” (trade-off). It is important to remember that the maximum 

number of nodes tested is 15,000 because the total number of city blocks in 

Chicago is 15,000. Therefore, the optimal number of nodes should be less than 

15,000. As we want the best possible value for both (“prediction” and 

“reproducibility”), which means the better possible value for one of them without 

harming the other (trade-off), it seems that, after Fig. 31 analysis, the optimal 
number of nodes for the mesh model will be around 5,000.  

Returning to Fig. 27 and assuming that the mesh model has 5,000 nodes and 

the pixel model 5,000 pixels, we can conclude that the mesh outperforms the 

pixel model in terms of adaptation capability, since the SNR(“SNR-1”) for the 

mesh case is 1.7 dB while the SNR(“SNR-1”) for the pixel case is 0.6 (the mesh 
is three times better) 
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CONCLUSIONS 
It has been clearly demonstrated that the mesh-based spatial model is better to 

generate a criminal spatial framework than a pixel-based spatial model for 
several reasons.  

As it has been said, one of the goals was to generate a spatial model with 

high reproduction capabilities and high adaptation to new incoming data. The 

results have demonstrated that the mesh model has better accuracy and 

adaptation capabilities than the pixel model. With “Experiment 1” we have seen 

that the mesh model outperforms the reproduction accuracy of the pixel model. 

Taking into account the mesh model accuracy, the results have shown that 

when the data is noisy (which will be the most common case), fewer number of 

mesh nodes can do it better. However, taking into account the other desired 

capabilities, a low number of mesh nodes is not is not entirely desired, there is a 

trade-off.  Also, the results have shown that the accuracy’s difference between 
different mesh node optimization methods (ML and MAP) is very low.  

The MAP method gave us convergence problems when beta was high. It has 

been concluded that this is generated by a practical problem probably appeared 

by a wrong selection of the prior probability function given the data that is being 

modeled. Therefore, the MAP algorithm is discarded for now. In future works, 

other prior probability functions could be tested in order to solve the 

convergence problem and compare the MAP algorithm with the ML algorithm. 

However, with ML the obtained results have been good enough and with a very 
low computational cost.  

Another conclusion extracted with the results is that the modification of the 

old mesh modeling method (CAMM) [1] does not harm the mesh representation 

accuracy. This is a very good result taking into account that, with a modification 

of the model in order to obtain other desired capabilities for our spatial 

framework (adaptation, prediction, etc), the reproduction accuracy (which was 
one of the capabilities that the old mesh model already had) is equally as good. 
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“Experiment 1” has also shown that the mesh model performs its function, 

generating a scalable model taking into account the criminal data spatial 

distribution. With the results we have seen that the mesh model is more 

adapted to the incoming datasets than the pixel model. This is due to the non-
uniformity node distribution approach for the mesh model. 

The results have shown that the more nodes the better adaptation capability. 

However, the model not also has to have high adaptability but also high 

“prediction” and “reproducibility” capabilities. Therefore, with “Experiment 2” we 

have been able to evaluate all the desired capabilities and also to find the 

optimal number of nodes for the spatial framework in order to obtain the best 
pair of values (“prediction” and “reproducibility”).  

As it has been said, the “reproducibility” represents in a similar way the 

reproduction accuracy evaluated in Experiment 1. In both cases, when the mesh 

is defined with a high number of nodes the reproduction capability worsens. This 
happened because the interpolated meshes were noisier.  

Taking into account the “prediction” value (prediction capability), it has been 

seen that the mesh-based model outperforms again the pixel-based model by a 

huge difference and also that the prediction capabilities increased when the mesh 
was defined with a high number of nodes (because of the resolutions increase).  

Finally, the optimal number of nodes has been fixed to 5,000, taking into 

account the trade-off between the reproduction capabilities (which improved with 

a mesh model with a low number of nodes) and the prediction capabilities (which 

improved with a mesh model with a high number of nodes). With this number of 

mesh nodes we obtained the best pair of values possible. Also, with the optimal 

values, the mesh model adaptation capability is three times better than the pixel 
model and the prediction capability is five orders of magnitude better.  

In conclusion, this study has shown the definition of an adaptive mesh model 

for crime prediction (criminal spatial framework). With the results shown, it has 

been clearly demonstrated that the mesh model outperforms the pixel model in all 

the analyzed capabilities and also that the optimal number of mesh nodes taking 
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into account our dataset and city (Chicago) is approximately 5,000. 
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