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Quantum Algorithms for State Reconstruction

Eric Pedrol
Quantum information theory research group, ICFO, Mediterranean Technology Park Av. Carl
Friedrich Gauss 3, 08860 Castelldefels (Barcelona), Spain

E-mail: pedripoll@gmail.com

Abstract. We review quantum state reconstruction schemes. We also present a quantum state
preparation method by means of single-qubit operations and controlled not (C-NOT) gates. We aim
at finding new quantum circuit schemes with an as low as possible number of universal quantum gates.
A generalization process is carried out to link our method with a known reconstruction method. Such
generalization is later used as a verification step for Plesch et al. results [9] in finding the minimum
number of C-NOT gates necessary for a state preparation algorithm. Indeed, we demonstrate that
Plesch et al. method turns out to be the best possible configuration, in terms of the number of C-
NOT gates, for a particular arrangement of unitary gates and controlled operations. Our algorithm,
however, happens to have a lower computational depth.

1. Introduction

In the last few decades quantum information and quantum computation theory have received increasing
attention due to the belief that quantum algorithms will overcome the limits of classical computation
and classical communication [1]. Paradigmatic examples of that are the Bennett-Brassard protocol for
quantum key distribution [2] and Shor’s algorithm for number factorization [3].

A necessary step in the way to control quantum processes has to do with quantum state
reconstruction, i.e., the process of reconstructing a given quantum state by means of the most
elementary gates needed to aproximate any unitary operation, that is, unitary single qubit (quantum
bit) operations and C-NOT gates. Such set of elementary operations is known as universal quantum
gates. In this thesis we will focus in the preparation of quantum states. Such preparation will involve
to explicitly find the set of operations needed to reconstruct a given state.

A lot of effort has been put to reduce the number of resources in quantum circuits to make
quantum computation feasible since, despite the fact that, in general, a quantum state preparation is
inneficient, lowering the number of resources is always desireable since it helps in reducing the noise
due to qubits interaction with quantum gates.

This thesis is organized as follows. We first briefly mention quantum state tomography to expose
some of our motivations in this work. Next, quantum state reconstruction methods are exposed to put
things into perspective and to ilustrate what this thesis is aiming for. Quantum state reconstruction
by means of universal gate decompositions is widely emphasized and has a more detailed section since
it becomes the main theme in which this work revolves arround. This section will also serve us to
introduce complexity calculations in quantum circuits which, in turn, will be employed in the last
sections to expose the conclusions our method leads to. In the last section we introduce a recursive
algorithm for quantum state reconstruction. The reconstruction process from scratch is explained in
detail highlighting all decomposition to universal gates steps. The conceptual similarity of our method
and the one described by Plesch et al. is then stressed in the last section as well as the possibilities to
compare both of them in a unified theoretical framework.
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2. Background

2.1. Quantum state tomography

In the context of this thesis it’s worth mentioning the role played by quantum state tomography (QST)
which represents the inverse problem we are facing. QST’s aim is to find unknown state coefficients by
means of performing multiple measurements on identical quantum states. Such characterization is said
to provide a classical description of a state. In order to work properly, QST requires the measurements
to be linearly independent and to form a set in the Hilbert space of the state to be reconstructed.
Much effort has been put in QST in order to find methods which efficiently characterize quantum
states [4, 5]. In this thesis we take the opposite approach; from a classical description of a state, we
will try to find the quantum circuit that reconstructs that state using as few number of resources as
our circuit allows.

2.2. Quantum state reconstruction

In this thesis we refer to quantum state reconstruction (QSR) as the process of finding the set of
elementary operators needed to reconstruct a given quantum state starting from a known initial state.
From a more physical perspective this would correspond to find the circuital representation that
reconstructs said state. A remarkable feature of QSR lies in the use of easy-to-prepare initial states;
they are separable and, without loss of generality, all individual qubit states can be in the same state
-typically the |0〉 state is used-.

In this part of this thesis we review two methods for QSR; one involving matrix product states
(MPS) and another one by means of universal gate decomposition. The later will involve to write the
Schmidt decomposition of the state to be reconstructed and to deduce the number of operations in
each step of the reconstruction process accordingly. MPS on the other hand is a useful tool to find
the needed operators to reconstruct a state from a given initial state without explicitly addressing the
complexity problem.

2.2.1. Matrix product state The aim in using matrix product state representation is to express the
coefficients of a general state of N qubits expressed in the computational basis as a product of matrices,

|ψ〉 =
∑

i1,...iN

A
[1]
i1
· · ·A[N ]

iN
|i1 · · · iN 〉 (1)

where A[k]
ik

are D × D matrices for k 6= 1, N and, accordingly, A[1]
i1

and A
[N ]
iN

are vectors. A state
expressed in such a way is said to be written with open boundary conditions (OBC) and D receives
the name of bond dimension. An easy way to ilustrate which role play open boundary conditions in
this scheme is by considering the following picture. Consider a chain consisting of N sites over each
one of them we place two virtual spins of dimension D. Every spin on each site is maximally entangled
with its neighboring spin belonging to a site placed next to it. According to [8], applying a convenient
map on each of the N sites,

A[k] =
d∑

ik=1

D∑
αk,βk=1

A
[k]
ik,αk,βk

|ik〉 〈αk, βk| (2)

where 〈αk, βk| is the state of the pair of spins at the k-th site, we arrive at the form of (1).

Sequential generation with ancilla We will focus on a sequential generation method for MPS which
relies on the use of an ancillary system through which, initially uncorrelated qubits of a given system,
become entangled after the sequential application of unitary operations between said qubits and a
D-dimensional ancilla. Such unitary operations can be expressed as an isometry of the form,

V =
∑
i,α,β

V iα,β |α, i〉 〈β| (3)



Quantum Algorithms for State Reconstruction 3

Figure 1. N d-dimensional qubit chain under OBC; the first and the last qubit don’t interact
directly. Two virtual spins of dimension D are contained within each qubit. The product of all A[k]

ik

gives us the coefficients of the state |ψ〉.

where, following notation from [6, 7], latin indices are linked to our physical system while greek indices
correspond to the ancillary system. In doing so, all coefficients can be grouped into matrices and the
resulting state can be expressed as

|ψ〉 =
d∑

i1,...,iN =1
〈ϕF |V iN[N ] · · ·V

i2
[2]V

i1
[1] |ϕI〉 |i1 · · · iN 〉 (4)

where d is the dimension of our state. Notice how V ik[k] are D×D matrices with bond dimension D; α
and β inidices run up to D. In order to find V ik[k] we proceed applying, from left to right, N successive
singular value decompositions (SVD),

〈ϕF |V[N ] = V ′[N ]D[N ]U[N ] (5)

Since V ′[k] and U[k] are both square matrices and using a dimensional argument we can see that
V ′[k] matrix grows exponentially with k after each step in the SVD. Notice how we have to embed 〈ϕF |
into a bigger space in order to perform the scalar product with V[N ]. To find all successive V ′[k] such
operation is performed also over the induction formula,(

M[k] ⊗ 12
)
V[k−1] = V ′[k−1]M[k−1] (6)

where M[k] contains the diagonal matrix and the right unitary from the SVD.
As pointed out in [6, 7] a truncation procedure can be carried out over the left unitary. As soon as

the number of rows exceds the number of columns in D[k] (2k > D), M[k] can be truncated to a D×D
matrix and consequently V ′k can be represented by a 2k × D dimensional matrix. In the following
steps of the SVD the dimension of M[k−j] remains constant giving rise to 2D ×D dimensional V ′[k−j]
isometries.

We conclude that those states that can be efficiently generated using the MPS formalism are
those who fulfill the condition 2k > D sooner in the SVD procedure; sequential generation with low
dimensional ancilla. On the other hand, an arbitrary quantum state cannot be efficiently generated
using this method since, in general, N qubit states contain 2N coefficients. Therefore, the condition
above cannot be fulfilled since our V ′[j] matrices need at least 2N rows and no truncation method can
be applied. Nevertheless, aditional optimizations can be performed since not all coefficients of V ′[j] are
univocally determined.

2.2.2. Quantum state preparation with universal gate decompositions Plesch and Brukner showed in
[9] that the number of C-NOT gates needed to reconstruct a general state in a quantum circuit, in
comparison with some previous work of M. Möttönen et al. [10, 11], can be reduced to 23

24 2n for an
even number of qubits. Also, further improvement on the reduction of the number of computational
steps was achieved by reducing its circuit depth up to, at most, half the number of C-NOT gates in
the circuit. Their procedure is based on performing clever Schmidt decompositions of the states to
be reconstructed and defining later the set of operations needed to sequentially reconstruct the state
after the application of four steps. We will review the process they followed during the reconstruction
process. Since Plesch and Brukner threatment only focuses in the total number of C-NOT gates for
state reconstruction we will first review C-NOT gates.
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C-NOT gates C-NOT operations, and controlled gates in general, are performed over two registers.
One of the registers, known as the control qubit, is composed of a single qubit whose form in the
computational basis {|0〉 , |1〉} determines whether an operation over the other register -the target
qubit- is perfomed or not. In the case of a C-NOT gate said operation acting over the target qubit is
an addition modulo 2 operation, meaning that the target qubit is flipped if, and only if, there’s a |1〉
in the control qubit. The circuital representation of a C-NOT gate is sketched in Figure 2.

|x〉 • |x〉
|y〉 |x⊕ y〉

Figure 2. C-NOT gate. The control qubit, propagating over the quantum wire on top, determines
if an addition modulo 2 operation is performed over the target qubit on the bottom.

Lower bounds This part of the thesis will be useful to understand one of the main practical limitations
of quantum circuits, that is, the exponential growth of resources with the number of input qubits for
a given state. As shown in [9], any N qubit quantum state can be characterized using 2N+1 − 2
parameters; amplitudes and individual phases. Notice how orthogonal conditions and the omision of
a global phase contribute to this sum.

Each single-qubit unitary gate can introduce two parameters at most on each qubit. No additional
parameters can be introduced if we apply two or more single-qubit operations successively over a qubit;
its action can be simplified as if only one operation was implemented. To avoid this problem C-NOT
gates in conjunction with one-qubit rotations are used. It can be shown that, in general, unitary
single-qubit operations do not commute with multi-qubit gates. There exist, however, commutation
rules who limit the number of parameters achievable using those operations to

4k + 2N (7)

where k is the number of C-NOT gates and N is the number of qubits. Since the number of accessible
coefficients grows linearly with k and N it’s straightforward to see that the number of resources can
only grow exponentially. The result above can be used to find the required minimum amount of C-
NOT gates needed to reconstruct an N qubit state. If we obtain a bigger number of resources than
the theoretical limit a reconstruction method is susceptible of further optimizations.

Quantum state reconstruction It will now be shown how quantum states are reconstructed from a
given quantum circuit. This process describes the scheme used by Plesch et al. but the methodology
itself can be generalized to any particular quantum circuit. The starting point is the state |0〉⊗N over
which a total of four steps are applied to reconstruct the state. The number of resources involved in
every step depends on the number of qubits of the state we want to reconstruct. The goal is to arrive
at the state,

|Ψ〉 =
χ∑
i=1

αi |ψ〉i |φ〉i (8)

at the end of the process, where χ = 2 N
2 for an even number of qubits and χ = 2 N−1

2 for an odd
number of qubits -for the odd case |φ〉i ∈ H2

N+1
2

and |ϕ〉i ∈ H2
N−1

2
.

When the number of qubits is even they are separated into two halves and over one of them a
transformation is applied to convert the state |0〉⊗

N
2 to a state whose coefficients in the computational

basis are the Schmidt coeffcients αi from (8). The basis of states will simply be the expansion of a
N
2 qubit state in the computational basis |i〉; written in binary, {|00 . . . 0〉 , |00 . . . 1〉 , . . . , |11 . . . 1〉}. It
is known from [10, 11] that this state can be prepared, unitary single qubit operations appart, using
2 N

2 − N
2 − 1 C-NOT gates.
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In the second step N
2 C-NOT gates are utilized to match the computational basis state vectors

obtained for the first N
2 qubits in the first step onto the remaining qubits. After this step the form of

the state will be,

∣∣Ψ̃〉 =
2

N
2∑

i=1
αi |i〉 |i〉 (9)

The last two steps are devoted to bring the computational basis to the Schmidt bases of (8).
This can be done via two unitary operations that, in general, each of them employ 23

48 2N − 3
2 2 N

2 + 4
3

C-NOT gates [12]. The total number of C-NOT gates, ignoring lower order terms, can be shown to be
Neven
C−NOT < 23

24 2N . Since steps three and four have the highest order in the number of resources and
they can be done in parallel the depth of the circuit is 23

48 2N , being 2N

N the lower theoretical limit. For
the case of an odd number of qubits and performing similar operations they get Nodd

C−NOT < 115
96 2N ,

being the depth of the circuit 115
192 2N .

Since their result is over the theoretical limit this suggests that further optimizations are possible.

3. Recursive algorithm for quantum state reconstruction

As pointed out, our goal is to find a quantum circuit that reconstructs an arbitrary quantum state.
An additional problem to focus will be the complexity of our circuit which will be considered in the
last part of this section.

An approach to our problem can be done by considering a circuit like the one in Figure 3. We
begin with a state composed of N uncorrelated qubits in the state |0〉⊗N . A unitary operation U is
performed over the first qubit yielding,

U |0〉 = α0 |0〉+ α1 |1〉 (10)

where αi are the Schmidt coefficients for the first qubit of the state we want to reconstruct, namely,

|ψ〉 =
1∑
i=0

αi

∣∣∣ϕ[1]
i

〉 ∣∣∣φ[2...N ]
i

〉
(11)

where we have added the square bracket superscript to make explicit which qubits are represented by
each vector.

|0〉 U • W

|0〉

V0 V1
... |Ψ〉

|0〉

Figure 3. Nqubit algorithm for state reconstruction.

What follows is an anti-controlled gate, V0, whose target registers are the remaining N − 1 qubits
and whose action over them is to give us the Schmidt basis state for the rest of qubits. Next is a
controlled gate, V1. Again, the target registers are the N −1 qubits used in the prior gate. To simplify
V0 and V1 action over |0〉⊗N−1 we can write down,

Vi

∣∣∣00 . . . 0[2...N ]
〉

=
∣∣∣φ[2...N ]
i

〉
(12)

We quickly notice the purpose of the U unitary operation here; it produces a superposition of
states, each one of them will allow two separate operations to act over the rest of qubits. The last
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|0〉 U • W

|0〉 U0 • W0

V1

|0〉

V00 V01

|Ψ〉
...

|0〉

Figure 4. N qubit quantum reconstruction algorithm. V0 is depicted in detail. All the elements of
V0 are contained within the dashed box.

operation is another unitary operation, W , that transforms the first qubit from the computational
basis to a Schmidt basis of the state we want to reconstruct,

W
∣∣∣i[1]
〉

=
∣∣∣ϕ[1]
i

〉
(13)

It is straightforward to see that in order to make (12) possible, Vi must obbey particular conditions.
The main point is to notice that Vi also prepare states from |0〉⊗N−1 input; we can use the same circuit
arrangement from Figure 3 to reconstruct

∣∣∣φ[2...N ]
i

〉
-this time to reconstruct states with N −1 qubits-.

In short, the way to proceed in trying to solve how Vi must look like will be to recursively apply the
same circuital construction from Figure 3 and all involved operations until we are left with Vi1i2...
operations acting over one single qubit.

If, for instance, we take a look inside V0 we will see that it will contain two unitary operations
acting over the second qubit, U0 and W0, whose action over it will be analogous to the one seen in the
first qubit. This circuit arrangement and all involved operations can be seen in Figure 4. In this case
U0 will give us the Schmidt coefficients of the second qubit of the state to be reconstructed, α′i,∣∣∣φ[2...N ]

0

〉
=

1∑
i=0

α′i

∣∣∣ϕ′[2]
i

〉 ∣∣∣φ′[3...N ]
i

〉
(14)

while W0 will give us the Schmidt states,
∣∣∣ϕ′[2]
i

〉
, of the second Schmidt decomposition for the second

qubit. In a similar fashion, new V0i operations inside V0 takes us to,

V0i

∣∣∣00 . . . 0[3...N ]
〉

=
∣∣∣φ′[3...N ]
i

〉
(15)

By recursively applying this method N−1 times to our circuit, either to V0 and V1, we will end up
with a set of 2-qubit controlled gates instead of the multi-qubit controlled gates we had at the begining.
Notice also how single qubit Uo and W0 operations inside controlled V0 operation, and successive U0i
and W0i inside V0i, become controlled operations.

The next step will be to calculate the number of necessary resources needed to implement such
circuit.

3.1. Resources analysis

We are about to analyse the number of resources of our circuit. Prior to that we will try to decompose
some of the circuit components to elementary operations, namely, C-NOT gates and single qubit
unitary operations. We can see in Figure 4 how, already in the first recursion step, some controlled
unitary operations appeared. That is, operations with the circuital form shown in Figure 5.

•
u

Figure 5. Controlled operation gate. Operation u in target qubit is performed if, and only if, there’s
a |1〉 in the control qubit on top.
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σx • σx

u
=

u

Figure 6. Controlled/Anti-controlled gate equivalence.

|0〉 U ′ • σx • W

|0〉

V0 V1

|Ψ〉...

|0〉

Figure 7. N qubit circuit employing only controlled gates and single qubit unitary operations.

It is known from [13] that such gates can be implemented using four single qubit operations and two
C-NOT gates. Complexity calculation will become much simpler if we consider the counting process
from inside out. After N −2 successive recursions, Vi1...iN−2 operations can completely be decomposed
into C-NOT gates and single qubit operations provided they will be composed exclusively of single
qubit operations and controlled gates. Since Vi1...iN−2 are embedded inside controlled operations,
Vi1...iN−3 , all unitary single qubit operation and C-NOT gates contained inside will in turn be controlled
operations and controlled C-NOT gates respectively. As we have seen, single qubit operations become
controlled operations if they are under the influence of a control qubit while C-NOT gates become
controlled C-NOT gates, also known as Toffoli gates. A Toffoli gate acting over a set of qubits
has the effect |x, y, z〉 → |x, y, z ⊕ xy〉. Additionally, from [13] we also see that a Toffoli gate can
be again decomposed into eight single qubit unitary operations and six C-NOT gates. The total
number of resources can then be deduced applying this recursive method. Our goal is to find the
total number of unitary single qubit operations, PN , and C-NOT gates, QN , of our circuit. That is,
Total number of resources = PN +QN . To start with, we can express an N qubit circuit like the one
in Figure 3 as a circuit formed by controlled gates and unitary single qubit operations, that is, we get
rid of anti-controlled gates and reexpress them as controlled gates. This can be done using the rule
from Figure 6. In doing so, the left unitary operation σx appearing in Figure 6 can be included inside
U operation. Figure 3 circuit can then be equivalently expressed as the one shown in Figure 7.

It is then noticeable how this circuit can be expressed as a sum of two controlled operations,
whose content is known, plus three unitary single qubit operations. The resources calculation is
simply a matter of counting the number of elements inside those two controlled gates applying the
rules mentioned above. Knowing that V0 and V1 operations contain PN−1 single qubit operations and
QN−1 C-NOT gates we get the induction formula,

PN = 8PN−1 + 16QN−1 + 3 (16)

QN = 4PN−1 + 12QN−1 (17)

We know that any one-qubit state only needs one single qubit rotation to be reconstructed. This
allows us to find a closed form for PN and QN ,

PN = 0.024× 24.2N + 1.76× 20.8N + 2.53 (18)

QN = 0.015× 24.2N − 0.68× 20.8N + 0.92 (19)

which clearly gives a higher number of resources even for low values of N when compared with [9].
Yet, further improvements in our method can be achieved if we realize that our circuit is just another
particular case as the one exposed at Plesch and Brukner paper; an optimization rule can be used if
we find out how to link both methods as we show in the next section.
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|0〉 U • W

|0〉

V
|Ψ〉...

|0〉

Figure 8. N qubit algorithm for state reconstruction. Only one multi-qubit operation is needed in
this alternative method.

3.2. Reformulation of our quantum circuit and generalization of Plesch and Brukner method

The circuit from Figure 3 can be shown to be equivalent to that of Figure 8, whose U output allows
the C-NOT gate to flip the second qubit. V will then act over two different N − 1 qubit orthogonal
states.

It must be noted that in our previous method only the first column of Vi matrices was determined
while the rest of coefficients were undefined. The same happened with all successive Vi1i2...iN−1

operations obtained after all the recursive steps had been applied. That method introduced a lot of
freedom in the way to choose Vi matrices and a big number of resources to implement that circuit were
needed as a result. Being a recursive method also generated an exponential number of computational
steps since no parallel operations could be carried out. By redefining our circuit with a unique N − 1
qubit operation we are restricting the number of degrees of freedom during the reconstruction process.
This makes the task of characterizing V much more complex than characterizing V0 or V1 alone.
However, it will be shown that there exist a link between our method -now reformulated in Figure 8-
and Plesch and Brukner’s one. We will later use [12] results, showing the number of C-NOT gates
necessary to construct an arbitrary unitary gate, to deduce the number of C-NOT gates needed in
our circuit. To convince ourselves we will try to reconstruct (8) using the circuit from Figure 8. This
would correspond to the case where V acts over N − 1 qubits; only the first qubit is separated from
the rest. We will then link all computational steps in said circuit to the one used in [9].

Schmidt coefficients of the state to be reconstructed are introduced inside U in order to obtain
them after the action of the state |0〉 over U . Schmidt states, |ϕi〉, can be found analogously using W .
The only difference lies in the way |φi〉 states are constructed, using a single V operation,

V |i〉 |0〉⊗N−2 = |φi〉 (20)

We know that (20) orthogonality can be achieved using one single operation since |0〉 |0〉⊗N−2 and
|1〉 |0〉⊗N−2 are already orthogonal; they select different columns from V matrix.

We could also choose to perform the Schmidt decomposition of the first two qubits and the rest of
qubits. In the circuital implementation that would have meant that U and W would have no longer
be single qubit unitary operations but two qubit operations; they would serve us to find the Schmidt
coefficients of the

∣∣∣ϕ[1,2]
i

〉 ∣∣∣φ[3,...,N ]
i

〉
states. In a similar way we should have to use two C-NOT gates

this time, one between the first and the third qubit and another one between the second and the fourth
one. In the general case C-NOT gates are applied between j and k + j qubits being j = 1, . . . , k. A
more general notation to express the state splitting can be adopted too,

∣∣∣ϕ[1,...,k]
i

〉 ∣∣∣φ[k+1,...,N ]
i

〉
. At

this point it can be noted that Plesch and Brukner method is just a particular case with k = N
2 for an

even number of qubits and k = N−1
2 for an odd number and the step described above would correspond

to the second step of their method. In the same way U corresponds to the first step -in which Schmidt
coefficients are introduced- while W and V correspond to steps three and four respectively -where a
change of basis is performed to obtain the Schmidt bases-.

Having found such relationship between our method and the one described by [9] the natural
question that arises is that if there exist any k with a lower bound for the number of resources than
the one found in that paper. To prove that we need to find the number of resources for particular
factorizations of the Hilbert space for N qubits for k between 1 and N

2 . In terms of C-NOT gates, W
will be a k-order operation while V ∝ O (N − k) [12]. U , on the other hand, is a unitary operation
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k
1 2 3 4 5 · · · 49 50 51 · · ·

N

2 1
3 4 6
4 21 9 27
5 101 26 30 113
6 445 106 47 116 475
...

. . .
100 · · · 2.6× 1030 1.2× 1030 2.6× 1030 · · ·

Table 1. Number of resources needed to reconstruct an arbitrary state as a function of N and k.
Simulation was runned for states with N qubit states up to N = 100.

that prepares a state with Schmidt coefficients using |0〉⊗k as an initial state. Having always the same
input state means that only the first column of U will be defined, less number of resources will be
needed to construct U when compared to W or V .

If we define f (N, k) as the minimum number of resources to prepare a state with a (N − k, k)
qubit division then, in the complexity calculation procedure, U must account only for the minimum
amount of necessary resources to reconstruct a k qubit state. In fact, f (N, k) can be calculated by
simply applying a recursive procedure. Given N and k, U resources can then be found as the quantity
that minimises the number of resources for a k qubit state with a (k − k′, k′) division; among all k′
we can choose from we are only interested in the one that minimises the number of resources. This
method is thought to find a lower bound in case that it exists for alternative k values. The total
number of resources will then be,

f (N, k) = g (k) + g (N − k) + k + min
k′
{f (k, k′)} (21)

where mink′ {f (k, k′)} accounts for the minimum value of the resources to construct U for a given k
and g (k) represents the number of resources for a unitary operation [12]. Since N > k it will be seen
that f (k, k′) can be found following a recursive process starting from min {f (2, k′)} = f (2, 1) = 1.
Notice also that we have introduced a k parameter in (21) to account for the C-NOT gates used in
the second step of our process. For this particular problem, the number of resources in terms of the
number of qubits and k turns out to be 23

48
(
22k + 22(N−k))− 3

2
(
2k + 2N−k

)
+k+ 8

3 + mink′ {f (k, k′)}.
From Table 1 it can be seen that the best possible configuration is that of Plesch and Brukner since
the lowest value for the number of resources corresponds to k = N

2 for even qubit states and k = N−1
2

for odd states. If we numerically solve (21) it can be seen that the number of resources coincides
with respect Plesch and Brukner method either for even and for odd qubit states. What’s more, the
recursive application of Plesch and Brukner method didn’t reduce the number of resources even for low
N values. It was clear that our method coudn’t improve the number of resources for big N ; U doesn’t
contribute in the leading order. Regarding the depth of the circuit, when considering low N values,
the use of a recursion method to implement Plesch and Brukner on U allows to reduce the number of
computational steps in the global circuit with respect [9].

4. Conclusions

The study of matix product states under open boundary conditions can be understood as an approach
to quantum state reconstruction by means of an auxilliary system. The main goal was to identify
the correspondences between A

[k]
ik

matrices and the V operations we would later use explicitly to
reconstruct a given state.

Setting aside the fact that an arbitrary state can’t be efficiently generated using an ancillary
system, addressing this problem was actually an attempt to find which states could be efficiently
reconstructed using appropriate values for D. That method also served to demonstrate that additional
optimizations could be carried out.
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The study of a recursive algorithm was useful in the sense that it provided the necessary
tools to develop a consistent method for QSR employing quantum circuit diagrams -being Schmidt
decompositions maybe the most remarkable of those tools-. This part of the work also served us to
envisage where our work should be aimed towards. The key point was to find a connection between our
algorithm and the one used by Plesch and Brukner. This technical approach allowed us to explicitly find
all the involved gates needed and, in short, to perform complexity calculations; something previously
unachievable given that we were exclusively dealing with operations without finding any circuital
scheme. That method also underlined the inconveniences of using a recursive algorithm such as the
inherent increase in the number of computational steps. In order to improve our method it was obvious
that the main task should be devoted to reduce Vi resources.

Regarding the results obtained in the method we later used for state reconstruction, it was clear
that additional optimizations could be carried out provided that we were obtaining higher values in
the number of resources than in Plesch and Brukner’s method; at that point we already knew that
such method was just another particularization like ours. The next question to be tackled was if Plesch
and Brukner method could be improved or, at least, completed. By “completed” we mean verifying
that no other lower bounds with the same number of resources could be found for alternative k values,
i. e., that Plesch and Brukner method uses the best possible state division. A direct analysis of our
deduced expression for the number of resources already shows that f (N, k) tends to 23

24 2N for an even
number of qubits and 115

96 2N for the odd case when N → ∞. This led us to think that, in case it
existed, a lower bound could exist only for low values of N . An argument showing the plausibility of a
better result than Plesch and Brukner’s was that maybe decreasing the number of registers of U and
W at expenses of V using k < N

2 , f (k, k′) contribution to the total resources sum would be negligible
or low enough giving rise to a lower bound. At the end, our process is using a more refined method
than that of Plesch and Brukner since we are using this same method to deduce the minimum number
of resources for U . [9] on the other hand is using an already existing bound to prepare states in the
first step of the process. It has to be noted, however, that our recursion method allows to find a lower
depth for our circuit.

Although, no lower values in the number of resources have been found in the process of verification
of Plesch and Brukner, we believe this method provides a strong argument since it completes theoretical
results for a particular quantum circuit which has the lowest known values in the number of resources
and computational steps so far.
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