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Abstract. We study restricted models of measurement-based quantum computation; and we
investigate whether their output probability distributions can be sampled from e�ciently on a classical
computer. We find that even for non-adaptive models of MBQC, if this task were feasible then a major
conjecture of computational complexity theory would be violated. Finally, we show that our results
coincide with previous work that is based on the quantum circuit model.

1. Introduction

1.1. Historical Background

In 1982, Richard Feynman [11] observed that certain quantum mechanical phenomena could not be
simulated e�ciently on a Turing machine. He was trying to simulate the interaction of n particles under
the laws of quantum mechanics, but any general solution that he found exploited exponential resources
at best. Feynman pointed out that nature can carry out this simulation using nothing more than n
particles, and suggested that this type of computation might be more e�cient on a computing device
that takes advantage of quantum mechanical e↵ects, and that perhaps even computation in general
would be more e�cient on a so-called quantum computer.

David Deutsch then took these ideas further in 1985 [10] by introducing the universal quantum
computer as the quantum analogue to the universal Turing machine. He showed that just as the
universal Turing machine can e�ciently simulate any Turing machine, so too can the universal quantum
computer e�ciently simulate any quantum computer. Deutsch also showed that the universal quantum
computer can carry out computations that the universal Turing machine cannot, rendering it more
powerful. Examples of these computations are the exact modelling of any physical process and the
generation of genuine random numbers. In addition, Deutsch endorsed that a theory of quantum
complexity, analogous to classical complexity theory, deserved further investigation.

Bernstein and Vazirani did precisely this in their 1993 paper [5] and defined BQP, the primary
quantum complexity class. Informally, BQP is the class of problems that are e�ciently solvable by a
quantum computer, just as P and BPP contain the problems that are feasible for a Turing machine and
for a probabilistic Turing machine, respectively. They also highlighted that BQP contains BPP.

Up until then, the interest in quantum computing was principally theoretical, but everybody
became fascinated by the field when, in 1994, Peter Shor presented his now-famous algorithm [22, 23].
Shor’s algorithm can e�ciently find the prime factors of an integer, a problem that has no known
e�cient classical solution. Furthermore, a quantum computer capable of executing Shor’s algorithm
would be able to break many current cryptographic systems in a fraction of the time it would take a
classical computer.

In 1996, Seth Lloyd [17] proved Feynman’s 1982 conjecture [11], that a quantum computer can
simulate any local quantum mechanical system. Shor’s and Lloyd’s results proved quantum computing
as a revolutionary field at the crossroad of physics, mathematics, and computer science.

However, the requirements for building a quantum computer are physically challenging for current
technology. Is it possible to construct simpler quantum devices that already do something that a
classical computer cannot? Recent work has given concrete evidence from the field of computational
complexity that this may be possible [2, 6]. We will review this work and show that it belongs to a
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broader picture of simple quantum computations that are hard to classically simulate. First we review
quantum computing and then we look at computational complexity.

1.2. Qubits and Quantum Logic Gates

A qubit, or quantum bit, is the quantum analogue to the classical bit. Just as a bit, a qubit can take
one of two possible values: 0 or 1. The di↵erence between both is that while a bit must be either 0
or 1, the laws of quantum mechanics allow a qubit to be 0, 1, or a superposition of both. When the
system is measured, the system takes just one of these states with some probability.

The two states that a qubit may take are known as basis states, and are written as |0i and |1i.
The state of a qubit is thus described as a linear combination of its two basis states:

| i = ↵|0i+ �|1i. (1)

↵ and � are complex numbers; when the qubit is measured, |↵|2 and |�|2 each give the probability of
obtaining its associated state. The state | i is normalised so it follows that |↵|2 + |�|2 = 1.

A quantum logic gate is an operator that acts on a small number of qubits, and is represented by
a unitary matrix. For example, the Hadamard gate acts on a single qubit and its matrix representation
is H (2). This gate is very useful as it maps each basis state to a superposition of both states (2).

H =
1p
2

✓
1 1
1 �1

◆
H|0i = |+i ⌘ |0i+ |1ip

2
H|1i = |�i ⌘ |0i � |1ip

2
(2)

The Pauli gates (Pauli-X, Pauli-Y , and Pauli-Z) also act on a single qubit (3). The Pauli-X gate
is the quantum equivalent of the NOT gate as it maps |0i to |1i, and vice-versa.

X =

✓
0 1
1 0

◆
Y =

✓
0 �i
i 0

◆
Z =

✓
1 0
0 �1

◆
(3)

As we shall see in the following sections, it is sometimes very useful to switch between the Pauli-X
basis and the Pauli-Z basis. This can be done simply using X = HZH and Z = HXH.

There are three other single-qubit gates that we will utilise here: R✓

X

and R✓

Z

are the rotations
on the Bloch sphere by the angle ✓ about the x-axis and the z-axis, respectively (4). There is another
single-qubit gate of note, the ⇡/8 gate, denoted T (4).

R✓

X

=

✓
cos( ✓2 ) �i sin( ✓2 )

�i sin( ✓2 ) cos( ✓2 )

◆
R✓

Z

=

✓
e�i✓/2 0

0 ei✓/2

◆
T =

✓
1 0
0 ei⇡/4

◆
(4)

The controlled-NOT, or controlled-X, and the controlled-Z gates act on two qubits, and are
examples of controlled gates. A controlled gate acts on a control qubit and a target qubit, performing
some operation on the target qubit if and only if the control qubit is in the state |1i. For the controlled-
NOT gate this operation is X, while for the controlled-Z gate this operation is Z (5). We can switch
between CNOT and CZ by adding two Hadamard gates on the target qubit line: one before the
controlled gate and one after.

CNOT =

0

BB@

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

1

CCA CZ =

0

BB@

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 �1

1

CCA (5)

1.3. Quantum Circuits

A quantum circuit is a model for quantum computation. The input to the circuit is a set of input qubits.
A fixed number of quantum gates is then applied to the qubits in order to perform the computation.
Finally, the qubits are either output to act as input to another circuit, or they are measured. An
example of a quantum circuit is displayed in Figure 1. This circuit creates an entangled 2-qubit Bell
state |�

xy

i, with the qubit states x, y 2 {0, 1}. Each line represents one qubit and time traverses from
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|xi H •

|yi
|�

xy

i

Figure 1: Quantum circuit to create Bell states.

left to right. First the Hadamard gate is applied to |xi and then the controlled-NOT gate is applied to
both the qubits; |xi and |yi being the control and target qubits, respectively.

A small set of quantum gates is universal for quantum computation if any unitary operation can
be well-approximated by a quantum circuit containing only those gates (by some appropriate notion of
well-approximated). Thus, only these gates are necessary to build circuits that can execute any quantum
computation. An example set of universal quantum gates is the Hadamard gate, the controlled-NOT
gate, and the ⇡/8 gate [19]. In this work, we will consider quantum circuits that may not be universal
for approximately simulating any unitary, but may be restricted in some way whether in the number
or type of gates applied in a circuit.

To be more formal we need to describe how a quantum circuit is formed given some classical
bit-string x 2 {0, 1}⇤ of length |x|. This input is the same input that you would give to a classical
computer but with a quantum circuit we prepare the |x|-qubit input |xi along with p = f(|x|) all in
the state |0i where f is some function f : N ! N. Also, given |x|, we need a description of which
gates to apply to which qubits; this description can be captured by a list L(|x|) of entries (U, (Q), t)
indicating at which time-step t to apply a unitary U to which set of qubits (Q) where L(|x|) depends
on |x|. For example, the circuit in Figure 1 is generated by the list L(|x|) = ((H, 1, 1), (Controlled-
NOT, (1, 2), 2)). We impose the condition that this list L(|x|) be generated by a classical computer in
T (|x|) time-steps where T : N ! N. We now introduce the concept of a bounded-error uniform family
of quantum circuits {Q|x| : |x| 2 N} as all quantum circuits with f(|x|) and L(|x|) both being poly(|x|),
a polynomial function in |x|.

1.4. Computational Complexity Theory

A complexity class is a set of problems that can be computed within given resource bounds. The most
common resources that are studied are amount of time and amount of memory; we will be focusing
on time. When we talk about problems or languages, we will be referring to decision problems. These
are the type of problems that output only one bit: yes or no. An example of a decision problem is
determining if a number is prime or not.

In computational complexity, notions of e�ciency are associated with the amount of time it takes
to perform a computation. If the size of a problem we want to solve is n, then if we can solve it
e�ciently, we can solve it in an amount of time that is polynomial in n. On the other hand, if it takes
time that is exponential in n to solve a problem, then this problem does not have an e�cient solution.
We now make this intuition more formal.

All the problems that can be solved within the same bounds of computational resources form part of
the same complexity class. For example, primality testing and decision versions of linear programming
can both be computed on a deterministic Turing machine in polynomial time [3], and thus form part
of the Polynomial-time class, or P. The problems in P can be solved e�ciently on a Turing machine.

Definition 1 (DTIME and P [3]). Let T : N ! N be a function. A language L is in DTIME(T (n))
i↵ there is a deterministic Turing machine that decides L in time c · T (n) for some constant c > 0.
P =

S
k�1

DTIME(nk). /

There are some problems whose solutions can be verified in polynomial time on a deterministic
Turing machine. These problems are said to be e�ciently verifiable and are part of NP, the Non-
deterministic Polynomial-time class. The problems in NP can be solved e�ciently on a non-deterministic
Turing machine.
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Definition 2 (NP [3]). A language L is in NP if there exists a polynomial p : N ! N and a polynomial-
time verifier V , or Turing machine, such that for every x 2 {0, 1}⇤,

x 2 L () 9u 2 {0, 1}p(|x|) s.t. V (x, u) = 1.

If x 2 L and u 2 {0, 1}p(|x|) satisfy V (x, u) = 1 then we can call u a witness for x, with respect to L
and V . /

The Boolean satisfiability problem is in NP [3]. It involves determining if there is an interpretation
of a given Boolean formula such that the formula is satisfied. No algorithm has been found to e�ciently
solve all instances of this problem. However, given any Boolean formula and a value for each variable
in the formula, we can e�ciently interpret whether the formula is satisfied or not. This means that the
problem is not known to be in P, but it is in NP.

It is clear that if a Turing machine can solve a problem e�ciently, then it can also verify a solution
to the problem e�ciently, and thus P ✓ NP. However, the exact relationship between these two classes
is unknown and the question whether or not P = NP is the central open question in complexity theory.

An important tool in computational complexity is the notion of an oracle where certain computers
can consult more powerful ones. For two arbitrary complexity classes A and B, AB is the class A with
an oracle for B. An oracle is able to decide decision problems for its corresponding complexity class
in a single operation. For example, in PNP a deterministic polynomial-time computer may consult an
NP oracle. Since it is not known if NPNP = NP, NP oracles could consult other NP oracles and so on.
Therefore we can define the polynomial hierarchy PH as the union of an infinite tower of increasing
classes. It is increasing in that each subsequent level has an extra NP oracle.

Definition 3 (⌃
i

, �
i

and PH [3]). ⌃0 = �0 = P. 8i � 0, �
i+1 = P⌃i and ⌃

i+1 = NP⌃i .
PH =

S
i�0

⌃
i

=
S
i�0

�
i

. /

A widespread conjecture in complexity theory states that for every i, ⌃
i

is strictly contained in
⌃

i+1, i.e. that the polynomial hierarchy does not collapse. PH collapses to the ith level if there is some
i such that ⌃

i

= ⌃
i+1. Similarly for �

i

. The smaller i is, the less believable it is that PH collapses
to this level. If a certain result were to imply a collapse of the polynomial hierarchy, then this would
provide a strong argument against believing in the result. However, this would not provide a proof
since we are not certain that PH does not collapse. For example, if P and NP were equal, then the
polynomial hierarchy would completely collapse, resulting in PH = P. Therefore, it is widely believed
that P 6= NP. In the following sections we argue against e�cient classical simulation of certain families
of restricted quantum circuits by showing that if they were possible, there would be a collapse in the
polynomial hierarchy.

So far the focus has been on deterministic classical computers but we can broaden our notion
of e�cient computation to include probabilistic computation. The Bounded-error Probabilistic
Polynomial-time class, or BPP, contains the set of problems that are e�ciently solvable on a probabilistic
classical Turing machine. This type of machine has access to random numbers which allow it to follow
the probability distribution.

Definition 4 (BPP [3]). A language L is in BPP if and only if there exists a probabilistic Turing
machine M with input x such that

• 8x, M runs in poly(|x|) time.

• 8x 2 L, Pr[M(x) = 1] � 2
3 .

• 8x /2 L, Pr[M(x) = 0] � 2
3 . /

If we replace the probabilistic Turing machine in the definition of BPP by a quantum Turing
machine, or quantum circuit, we obtain the class BQP. The Bounded-error Quantum Polynomial-time
class contains all the decision problems that are e�ciently solvable by a quantum computer. We can
define BQP using a bounded-error uniform family of quantum circuits as described in Section 1.3.

Definition 5 (BQP [5]). A language L is in BQP if and only if there exists a polynomial-time uniform
family of quantum circuits {Q|x| : |x| 2 N} with input x such that

• 8|x| 2 N, Q|x| takes n = f(|x|) qubits as input and outputs one bit.
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• 8x 2 L, Pr[Q|x|(x) = 1] � 2
3 .

• 8x /2 L, Pr[Q|x|(x) = 0] � 2
3 . /

The decision version of integer factorisation is known to be in NP because the prime factors of
a number just need to be multiplied together to verify the answer. This problem is one of the most
famous problems in BQP due to Shor’s algorithm, which provides an e�cient solution.

Finally, we define the classical complexity class PP, which is very powerful as it contains NP, BPP,
and BQP. Just as BPP, the Probabilistic Polynomial-time class contains problems that are e�ciently
solvable by a probabilistic Turing machine.

Definition 6 (PP [3]). A language L is in PP if and only if there exists a probabilistic Turing machine
M with input x such that

• 8x, M runs in poly(|x|) time.

• 8x 2 L, Pr[M(x) = 1] > 1
2 .

• 8x /2 L, Pr[M(x) = 0] > 1
2 . /

While the definitions of PP and BPP look very similar, there is a di↵erence between the two classes.
To contrast the two, for BPP the probability of giving the incorrect solution to a problem is a constant,
whereas in PP this probability can depend on |x|.

2. Concepts and Tools

As mentioned the focus of this work is to concentrate on models of quantum computing that are
restricted in some sense. We can have sets of quantum circuits that are restricted in some sense as
will become clear in the next section. In this section, we introduce the tools that we need to show
that simulating restricted quantum circuits are hard for a classical computer to simulate: sampling as
a form of simulation; postselection; and measurement-based quantum computing.

2.1. Sampling as a Form of Simulation

If BPP = BQP then a classical computer could e�ciently simulate any e�cient quantum computation.
Here simulate means up to some approximation, so any computation done on a quantum computer is
achievable by a classical computer. There are di↵erent notions of simulation to this and the notion of
simulation we focus on is exact sampling [2, 6, 24]. That is, if a classical computer can e�ciently and
exactly reproduce the probability distribution (or elements of the probability distribution) produced
by a quantum circuit. Therefore, anything produced by these quantum circuits is contained in BPP.

2.2. Postselection

To postselect is to condition a probability space on the occurrence of a specific event. In other words,
it is to dispose of all the runs of a computation in which a specific event does not occur. By employing
postselection, the Boolean satisfiability problem can be solved e�ciently – we give all the variables
random values and postselect on the formula being satisfied. If we allow a quantum computer to
postselect on its measurement outcomes, the resulting class is PostBQP.

Definition 7 (PostBQP [1]). A language L is in PostBQP if and only if there exists a polynomial-time
uniform family of quantum circuits {Q|x| : n 2 N} with input x such that

• 8|x| 2 N, Q|x| takes n = f(|x|) qubits as input and outputs a postselection bit-string P of length
at most poly(|x|) and an output bit O.

• Pr[P = (0, 0, 0, . . . , 0)] > 0.

• 8x 2 L, Pr[O = 1|P = (0, 0, 0, . . . , 0)] � 2
3 .

• 8x /2 L, Pr[O = 0|P = (0, 0, 0, . . . , 0)] � 2
3 . /

Similarly, if we allow a probabilistic classical Turing machine to postselect, the resulting class is
PostBPP [14]. A result by Aaronson [1] highlights the relationship between PostBQP and the classical
complexity class PP that we defined previously.

Theorem 1 (Aaronson [1]). PostBQP = PP.
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2.3. Measurement-based Quantum Computing

Measurement-based quantum computing is a model for quantum computation [20, 21]. It is known to
be equivalent to the quantum circuit model, meaning that its associated complexity class is also BQP.
In this model, we prepare an entangled resource state and then we perform single-qubit measurements
on it in order to achieve the desired result. Formally:

(i) Given the size |x| 2 N of input x 2 {0, 1}⇤, we generate a universal resource state | 
R

(|x|)i of
poly(|x|) qubits. Universal means that for an appropriate choice of measurements, we can simulate
any quantum circuit using this state. This state must also be generated in poly(|x|) time.

(ii) We make single-qubit measurements that come from a finite, countable set of measurements {M
i

}:
(a) Adaptivity: the choices of measurements depend on the outcomes of previous measurements.
(b) Corrections: the measurement outcomes are random, so unwanted operators are applied to

the output called byproducts. We must make corrections to the output to account for these
operators.

The choices of measurements and the corrections to be applied are both determined by a classical
computer in poly(|x|) time. For clarity, we have just mentioned qubits but we could use higher-
dimensional systems.

3. Restricted Quantum Computation Models of Measurement-based Quantum
Computing

In this section we describe the restricted quantum circuits that we will be studying. These are
motivated by measurement-based quantum computing but as we shall see later, encompass many circuits
conjectured to be hard to simulate.

3.1. Restricted Quantum Circuits

Let RQP be a set a of quantum circuits that prepare a universal resource state | 
R

(|x|)i and then make
non-adaptive single-qubit measurements on the state. The quantum circuits in this set thus compute
what we described in Section 2.3, with the exception that the measurements are not adaptive and that
unwanted byproducts in between rounds of measurements do not emerge. This means that all the
measurements may be carried out simultaneously.

We can define PostRQP as the class of problems that are e�ciently solvable by RQP circuits (and
not polynomial-time uniform family of quantum circuits {Q

n

: n 2 N} as in PostBQP) if these are
allowed to postselect on their measurement outcomes. If PostRQP = PostBQP, then by Theorem 2 and
by the well-known conjecture that the polynomial hierarchy does not collapse we can infer that it is
very unlikely that a classical computer can e�ciently sample from the probability distributions of RQP
circuits.

Theorem 2 If PostRQP = PostBQP and the probability distributions generated by the quantum
circuits in RQP could be sampled from e�ciently via classical randomised computation, then the
polynomial hierarchy would collapse to PH = �3.

Proof. If we assume that classical simulation of RQP circuits is e�cient, in order to e�ciently simulate
PostRQP we just need to allow the classical computations to postselect, giving PostBPP = PostRQP. By
our first condition and by Theorem 1 we have PostBPP = PP =) PPostBPP = PPP. For any complexity
class A, P(PA) = PA; since PostBPP is contained in P⌃2 = �3 [14], we have PPostBPP ✓ P(P⌃2 ) = �3.
Toda’s theorem states that PH ✓ PPP [25], which implies that PH ✓ PPP = PPostBPP ✓ �3 and since
PH ◆ �3, we have PH = �3.
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3.2. Implementing PostBQP in the Measurement-based Quantum Computing Model

As we can see in Theorem 3, we achieve the power of PostBQP in the general model of measurement-
based quantum computing by adding postselection. We show that if we allow postselection then there is
no need for circuits to become adaptive, however non-adaptive measurement-based quantum computing
and postselection is exactly PostRQP. Therefore PostRQP = PostBQP. We can then apply Theorem 2
and conjecture that these computations are hard to classically simulate:

Theorem 3 The computational complexity of a general measurement-based quantum computing
model grows from BQP to PostBQP if we allow postselection. The model also does not have adaptive
measurements.

Proof. First we prepare the universal resource state as before. The next step is to remove adaptivity
by performing postselection on all qubits but the last. This eliminates the emergence of unwanted
byproducts. We introduce postselection by accepting the outcome of the last qubit if and only if the
other qubits are all measured to be 0. Since we only accept measurement outcomes if they are 0, choices
of measurement that were adaptive in the original model now always depend on the same value (0)
meaning that postselection can fully replace adaptivity. Finally, we can use the postselection register
to e�ciently compute all the problems in PostBQP.

The corollary of Theorem 3 is that PostRQP = PostBQP since measurement-based quantum
computations that are adaptive and non-adaptive are exactly the same after postselection.

Theorem 4 The output probability distribution of any quantum circuit that is a general non-
adaptive measurement-based quantum computer (i.e. an RQP circuit) is hard to e�ciently sample
from classically assuming the polynomial hierarchy does not collapse at any level.

Proof. If in this case we denote RQP as the set of restricted quantum circuits that generate a universal
resource state followed by universal non-adaptive single-qubit measurements, then by Theorems 2 and
3 and by the conjecture that PH does not collapse, it is immediate that they are hard to sample from
classically.

3.3. Cluster State Measurement-based Quantum Computing

A cluster state quantum computer, or a one way quantum computer, is a quantum computer that is
based on the MBQC model. It was formulated by Raussendorf et al [20, 21]. As in the general model,
it involves preparing a resource state and performing adaptive measurements on it.

Consider a set of n qubits, each in the |+i state. We apply a poly(n) number of CZ gates between
di↵erent qubit pairs in order to create an entangled resource state. This state is denoted a cluster state.
We then apply single-qubit measurements in the basis R�✓

Z

XR✓

Z

, which corresponds to the states that
are on the equator of the Bloch sphere. In order to implement adaptivity, we: (i) flip certain angles
✓ ! �✓ depending on measurement outcomes, (ii) flip certain measurement outcomes depending on
previous measurement outcomes.

As a general example we show how to simulate the application of an arbitrary single-qubit gate U
on an input state |0i via adaptive measurements. This is done by using the fact that any single-qubit
unitary U can be decomposed into Bloch sphere rotations such that U = R✓3

Z

R✓2
X

R✓1
Z

H. The circuit
that carries out this simulation is displayed in Figure 2.

We begin with a set of 4 qubits, which we entangle in order to create a resource state, as described
above. We then measure each of the first three qubits, with the measurement bases of the qubits 2
and 3 depending on the outcomes of previous measurements, as displayed in Figure 2. The resulting
state | i of the fourth qubit is dependant on all the previous measurement outcomes, and simulates
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|+i • R✓1
Z

H

|+i • • R(�1)M1
✓2

Z

H

|+i • • R(�1)M2
✓3

Z

H

|+i • H

Figure 2: Implementation of U |0i in the cluster state model. The double lines represent a classical
wire that transports a classical bit.

the circuit:

| i = ZM3XM2ZM1U |0i
Pr[M4 = 0] = h0|ZM3XM2ZM1U |0i = h0|XM2ZM1U |0i = hM2|U |0i

If M2 = 0 : 4th qubit simulates the circuit.

If M2 = 1 : flip M4 and 4th qubit simulates the circuit.

If we postselect on all measurements except the final one giving 0, then we know the outcome and
thus the measurements can be non-adaptive. The resulting circuit is displayed in Figure 3. This circuit
belongs to the set of quantum circuits that prepares a cluster state, rotates each qubit i by angle ✓

i

about the z-axis, and finally applies Hadamard gates to the qubits and measures them non-adaptively.
As restricted as the computational power of this set of quantum circuits is, Theorem 3 applies to it,
meaning that its power grows substantially up to PostBQP if we allow postselection. Furthermore, by
Theorem 4, we can conclude that these circuits cannot be simulated e�ciently on a classical computer.

|+i • R✓1
Z

H

|+i • • R✓2
Z

H

|+i • • R✓3
Z

H

|+i • H

Figure 3: An example of a circuit that simulates the non-adaptive cluster state model. The gates
enclosed in the box are diagonal in the local Pauli-Z basis.

An interesting observation to note at this point is that this result concurs with the result of Bremner
et al [6], which they formulated with the aid of IQP circuits. They define an IQP circuit as one in
which each gate is diagonal in the local Pauli-X basis; with each input qubit in the state |0i, and a
measurement of each qubit as output. We could use the relation HZH = X (??) to build circuits
where each qubit line begins and ends with a Hadamard gate and all the gates in between are diagonal
in the local Pauli-Z basis; these circuits are equivalent to IQP circuits. The set of non-adaptive cluster
state circuits that we defined above corresponds exactly to IQP circuits: the gates are all diagonal in
the local Pauli-Z basis as the box in Figure 3 indicates, and each qubit line ends with a Hadamard
gate and a subsequent measurement. The states of the input qubits also agree with the IQP formalism
since |+i = H|0i.

Bremner et al then show that by allowing IQP circuits to postselect, their computational power
becomes PostIQP. They then show that IQP circuits with a postselection register may simulate any
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computation in PostBQP (the reverse inclusion is immediate), and therefore PostIQP = PostBQP. Using
this result they show that if a classical computer were able to e�ciently simulate IQP circuits, then
the polynomial hierarchy would collapse. Our result is exactly the same but it was formulated via the
cluster state model of measurement-based quantum computing.

3.4. Teleportation-based Quantum Computing

Teleportation-based quantum computing is another measurement-based model of quantum computing.
It is based on the quantum teleportation of qubits, which was formulated by Bennett et al [4], and
of quantum gates, proposed by Gottesman and Chuang [12]. In this manner, we can use quantum
teleportation to prepare a resource state and to apply single-qubit measurements.

Consider a 2-dimensional matrix of qubits, as shown in Figure 4. Each node denotes a qubit and
each edge represents that the two qubits are in the maximally entangled state | i = CZ|+,+i. Let
| i denote the total state of all the qubits, and let a site denote a circled region that surrounds 2, 3
or 4 qubits. We can project each site to span {

��0̃
↵
= |00 . . . 0i,

��1̃
↵
= |11 . . . 1i} using the projector

⇧ =
��0̃
↵
h00 . . . 0| +

��1̃
↵
h11 . . . 1|. The state ⇧| i leaves a single qubit at each site and is a cluster

state [15]. A cluster state can be created like this if we allow postselection. As in Section 3.3, we have
cluster state, the ability to perform non-adaptive single-qubit measurements (now via teleportation),
and the ability to postselect. As before, we can apply Theorem 3 to show that the power of this model
is now PostBQP, and we can deduce by Theorem 4 that this model cannot be simulated e�ciently on
a classical computer.

. . .

. . .

...
...

...

Figure 4: Valence bond solid or matrix product state.

It is worth noting that Terhal and DiVincenzo formulated the same result using non-adaptive
quantum circuits [24]. They derive non-adaptive quantum circuits from adaptive quantum circuits by
introducing a random bit string r; r is a prior guess of the outcome of all the adaptive measurements
performed. Then, by using the gate teleportation result of Gottesman and Chuang [12] they show
that non-adaptive quantum circuits can be made to have a constant-depth. They finally show that if
the classical simulation of these restricted quantum circuits were e�cient, then BPP = BQP and the
polynomial hierarchy would collapse.

3.5. Linear Optical Measurement-based Quantum Computing

Browne and Rudolph [7] have shown that we can create cluster states using linear optics. In their
formalism, they use photon number states as qubits, which they entangle using beam splitters and phase
shifters. They also argue that since arbitrary adaptive single-qubit measurements are easy to perform
on photons, this scheme is universal for quantum computation. We can restrict the computational
power of this model by removing adaptivity. If we add postselection, we can apply Theorems 3 and 4,
and argue as before that this scheme is hard to simulate classically.

Aaronson and Arkhipov [2] have shown that BosonSampling is not e�ciently solvable by a
classical computer. BosonSampling is the problem of sampling the output distribution of a linear
optical quantum computer that is non-adaptive. They use the KLM theorem [16] which states
that single photon sources, linear optical elements (beam splitters and phase shifters) and adaptive
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measurements are universal for quantum computation. By allowing this model postselect, they show
that there is no need for adaptivity. Since postselection is allowed, the associated complexity class
PostBosonP of this scheme is equivalent to PostBQP. Using this result they show that if a classical
computer could e�ciently solve the BosonSampling problem, then the polynomial hierarchy would
collapse. Our result is the same except that we formulated it using cluster state measurement-based
quantum computing.

4. Conclusions and Future Outlook

We have presented restricted quantum circuits and we have shown them to be facets of the same result
since for all of them, PostRQP = PostBQP. We can obtain similar results for di↵erent universal resource
states such as the AKLT state [8, 9, 18]. We may also be able to use the methods described in [13] to
find novel circuits that go beyond the cluster state model.
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