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ABSTRACT 
 

This document aims to find a good approximate solution of the water profile that 

occurs in open canals with a spatially varied flow concerning an increasing discharge.  

An introduction to the Spatially Varied Flow and its applications in natural and 

artificial canals is presented and a detailed deduction of the governing equation is done. 

The equation that describes this flow condition is an Ordinary Differential Equation. 

A numerical code is then written in order to solve the ODE that defines the water 

profile. The location of the internal boundary condition stands as a key step for a 

successful computation and a systematically procedure to determine it is described. All 

physically possible locations and their associated implications are also discussed.  

All possible situations regarding the Increasing Spatially Varied Flow occurring in a 

two slope rectangular canal are studied and the impossible situations are briefly 

explained. In the cases where a Hydraulic Jump occurs further computations are 

carried out in order to obtain a final water profile that fulfills both internal boundary 

conditions. 

Additionally, the water profile obtained in a street drainage canal is analyzed to 

understand the way it commonly fails. 

Key words: spatially varied flow, increasing discharge, control point, side spillway, 

street drainage canals. 

  



RESUMÉ 
 

Le travail exposé dans ce document vise à trouver une bonne approximation de la 

solution du profil du niveau de l’eau rencontré dans les canaux ouverts présentant un 

flux à variation spatiale dans le cas d'un débit croissant. 

Tout d'abord, une introduction de l'écoulement à variation spatiale est faite et ses 

diverses applications dans les canaux naturels et artificiels sont présentées. Le 

raisonnement menant à l'équation représentative du problème est ensuite exposé. 

L'équation décrivant la condition sur cet écoulement est une équation différentielle 

ordinaire. 

Ensuite, nous présentons l'algorithme développé et visant à résoudre cette équation 

différentielle ordinaire afin de calculer le profil du niveau de l’eau. La détermination de 

la condition aux limites interne constitue une étape clé en vue d'une bonne résolution 

numérique du problème, une procédure systématique pour y parvenir est décrite. Les 

différentes localisations physiquement possibles et leurs effets associés sont également 

abordés. 

Tous les cas de figure concernant un écoulement à variation spatiale causé par un débit 

croissant au sein d'un canal rectangulaire à double pente sont étudiés et les situations 

impossibles sont brièvement expliquées. Dans les cas où un ressaut hydraulique 

apparaît, de plus amples calculs sont menés afin de parvenir à un profil du niveau de 

l’eau qui satisfait les deux conditions aux limites internes.  

Enfin, le profil du niveau de l’eau obtenu dans le canal d'évacuation d'une rue est 

analysé afin de comprendre les raisons qui font que celui-ci n'évacue pas 

convenablement l'eau, ou pire, qu'il déborde. 

Mots clés: écoulement à variation spatiale, débit croissant, point de contrôle, side 

spillway, canal d'évacuation d'une rue. 

 

 

  



I.  INTRODUCTION 
 

Water has played an important role on human progress from the very beginning. Civil 
engineers have the responsibility to make use of water resources in a sustainable way 
which does not endanger the nature neither the social cohesion. 

Rivers are the natural courses where water flows. Humans have tried to modify the 
course of water for many reasons. An illustration of that are open canals, which are 
artificial courses where water flows by gravity having a free water surface.  

Therefore a basic understanding of flow in open canals is essential to prevent flooding 
and to make a good use of the scarce hydric resources that communities have available. 

The way water flows along canals has been studied since the beginning of hydraulics. 
Before the development of computers, the main problem engineers had to face was to 
solve the governing equations that usually are ODEs.  In most cases closed-form 
solutions cannot be computed except in highly-simplified situations. As computer tools 
developed numerical approximations of the solutions became feasible. 

This document is focused on a specific kind of flow occurring in open canals, the 
Spatially Varied Flow (SVF). The Spatially Varied Flow consists on a steady state flow 
that has a non-uniform discharge resulting from the addition or diminution of water 
along the course of the flow. The adjective “spatially” denotes that the flow rate 
changes in space.  

The interactions between the inflow or outflow and the main body of the flow need to 
be taken into consideration, the added or diminished water will cause disturbance in 
the energy or momentum content of the flow. For this reason the hydraulic behavior of 
a Spatially Varied Flow gets more complicated compared to a flow of constant 
discharge (Gradually Varied Flow). 

The Spatially Varied Flow can occur in many situations and its behavior determines 
the capacity of the whole hydraulic structure.   

For example in human-made structures such as side-canal spillways on dams or street 
drainage canals this type of flow occurs. If the hydraulic capacity of these canals 
reaches its limit, flooding may occur, causing big problems. 

This type of flow has not been studied as deeply as the Gradually Varied Flow, where 
backwater curves are described and the location of a possible hydraulic jump is 
determined. As a matter of fact, few books mention the Spatially Varied Flow, Chow 
(1959) and Subramanya (1982) are two of them.  In those books, only few cases of this 
type of flow are studied. Moreover one slope canals with trapezoidal cross sections are 
the only ones considered. 

For the reasons mentioned above a further analysis of the Spatially Varied Flow is 
considered worthy to be carried on.   



I. OBJECTIVES 
 

In this document the Spatially Varied Flow is firstly approached from a physical point 
of view, governing equations are found from scratch. Assumptions considering different 
type of SVF are needed to be taken into consideration since the derivation of the 
governing equations differs in each case. 

The governing equations are deduced for increasing and decreasing flow, nevertheless 
only the Increasing Spatially Varied Flow is considered henceforth. 

Secondly using Matlab, a numerical code is written to solve the governing equation for 
a one slope canal. The location of the Integration Starting Point is a key step that 
requires a careful analysis.  

The numerical code is benchmarked using the data of some test cases extracted from 
technical literature.  The solution obtained for the numerical code is compared with the 
solutions found by other authors. This testing verifies that the numerical code written 
works correctly. 

Once the numerical code is ensured to work properly, further analysis is carried out. 

The one slope canal is implemented on some particular cases, for example a flat canal 
and a “U” shaped canal used as a street drainage collector. Real data used by designers 
is considered in this case. Special attention is given to the maximum water level since 
street drainage collectors have some water level restriction. May those limits be 
exceeded, flooding would occur. 

Lastly, the hydraulic behavior of two slopes canal where an Increasing Spatially Varied 
Flow occurs is determined. 

The canal is considered as two independent reaches and the solution for each one is 
found using the same methodology as for the one slope canal. The possible interaction 
between both reaches is then considered and a final solution is found where the internal 
boundary conditions for both reaches are fulfilled. 

  



II. HYDRAULIC ENGINEERING APPLICATIONS 
 

The Spatially Varied Flow occurs in many situations representing phenomena from a 
very different scale. Examples below represent both increasing and decreasing 
longitudinal flows. 

 

Increasing Spatially Varied Flow 

 

The Increasing SVF can be found in canals of very different lengths that collect water 

from a different water body, its function is to transport the diverted excess flow. 

Side Overflow collecting canal in dams spillways  

 

 

Figure 1: Hoover Dam, between Nevada and Arizona, USA. 



 

Figure 2. Fuensanta Reservoir, Albacete, Spain. 

Road and Street Drainage Canals 

 

Figure 3. Street Drainage Canals ISVF. 

The following real case reported by the author shows the behavior of a street drainage 

canal during the first minutes of a summer storm: 

 

Figure 4. Overflow in a street drainage canal. 

It can be seen that during the first minutes of the storm the water in successfully 

drained by the canal. The inflow rate increases so that the canal cannot drain all the 

receiving water and the water overflows the canal. Note that the drainage capacity of 

the canal is also decreased by some debris. 



Roof Rain Gutters 

 

 

Figure 5. Roof Rain Gutter ISVF. 

Once the roof rain gutter reaches its capacity no big flooding occurs but the time water 

reaches the sewer system is significantly increased. 

Decreasing Spatially Varied Flow 

 

There are basically to types of flows where a decreasing SVF can occur: the flow on a 

side weir a flow over a bottom outlet.  

 Side weirs 

They are used widely in order to divert flows from rivers, channels, sewers and 
reservoirs. Some examples of side weirs are:  a flood overflow structure in a river 
channel to divert excess flow to protect downstream infrastructure from flooding and a 
storm-water overflow in a combined sewer to prevent overloading. 

A basic scheme of side weir is shown in Figure 6. 

 

Figure 6. Elevation view of a Side Weir DSVF. 

In this case the amount of outflow rate depends on the water level. 



Bottom outlet canal reach 

A different decreasing SVF is the flow occurring over a bottom outlet. 

 

Figure 7. Bottom outlet DSVF. 

In this case the amount of outflow rate also needs to be determined. 

  



III. MATHEMATICAL DESCRIPTION OF THE 

SPATIALLY VARIED FLOW 

General laws that describe the flow along an open-canal are briefly defined in this section. 

Once the constitutive equations are introduced, the governing equation for the Spatially 

Varied Flow can be deduced. 

One-Dimensional Method of Flow analysis 

The presence of the boundaries in open canals causes the velocity vectors of the flow to have 

components in the three coordinate directions, not only on the longitudinal direction but also 

in the two normal directions to the flow. The same happens to the pressure gradient. 

In Figure 8 velocity distributions in different type of cross sections can be observed. In any kind 

of cross-section it is known that the velocity is zero at the solid boundaries and gradually 

increases as the distance to the boundary gets greater. 

 
Figure 8. Velocity Distribution. 

A Three-Dimensional Analysis considers these velocity profiles, resulting in a very complex 

analysis. However, it can be simplified and yet give meaningful results by considering a One-

Dimensional approach, the mean of the cross section velocities and pressure gradients for 

each cross section are taken as representative values. 

Mean velocity  

The mean velocity � in terms of the � direction can be defined as: 
� = 	 1� · �	 · 
�.

�  

Considering the Discharge as:  = � · � This leads to a new definition of it: 
	 = 	�	 · 
�.

�  

Therefore, two coefficients are introduced to adequately represent the non-uniformity of 
the velocity distribution through the transversal section. 



Boussinesq Coefficient ? 

This coefficient is defined so that the momentum principle can be expressed in terms of 
V: 

The momentum flux is written as:	� = �����	     besides, it’s known that:  � =� �	�
�.� 	O, 
 Thus it’s deducted that:    � = � ����.����  

Coriolis Coefficient ? 

 This coefficient is defined so that the Kinetic Energy can be expressed in terms of V: 

The Kinetic Energy is written as: �. �.= � �����    besides, it’s known that:  �. �.=
� ���	�
�.� , Thus it’s deducted that:    	� = � �� !."#�!  

These two coefficients are equal to 1 if the velocity distribution is indeed uniform and 
are greater that one in any other case. As the velocity distribution gets less uniform the 
coefficients get greater than 1. 

Continuity Equation 

It is the expression that represents the law of conservation of mass applied in an open 

canal flow. 

Considering a steady state flow of the SVF it’s noticed that the volumetric rate of flow 

is not constant along the canal since there is a lateral addition or withdrawal. Figure 9 

illustrates the case of an increasing SVF. 

 

Figure 9. Increasing Spatially Varied Flow. 

Being  $  the initial discharge and  %∗	 the rate of addition or substraction of 
discharge: 

(�) = $ + � %∗ · 
�*$   [1] 



Energy Equation 

The Bernouilli equation is used to represent the energy equation in the 1D Analysis for 

steady open canal flow: 

+ = , + - · ./01 + � · ��23 
In this paper 1 ≤ 0.15 and then the assumption	./01~	1 is always valid.  
Hence,  

+ = , + - + � · ���8  [2] 
 Which can be written as well as:   + = , + - + � · 9��8�� [3] 
Momentum Equation 

The momentum principle in fluid mechanics is based on Newton’s second law of 

motion, stating that the external forces applied in a control volume are equal to the 

rate of change of the momentum. 

Figure 10 is used to deduce the expression for the momentum: 

 

Figure 10. Momentum Control Volume. 

Being :; the external forces applied to each considered section: 
<: = :;1 − :;2 = 	�(	� − 	�) 

:;1 = �� · ℎ?� · @	  and 	:;2=�� · ℎ?� · @ 
Note that @ = � · 3 and ℎ?�	is the centroid and can be defined as: ℎ? = �A·���  

Then the momentum can be written as: � = � · ℎ? + 9�8� [4] 
Friction Losses 

It’s considered that the friction losses are adequately represented by Manning’s 
formula: 



� = �BCA�/� · E$�/� [5] 
This expression links mean velocity, hydraulic radius and bottom slope making use of 

the Manning number, which is considered constant along the canal. 

Governing Equations for Inflow and Outflow 

In order to deduce the constitutive equations for the SVF, some assumptions are 
considered: 

� Incompressible fluid 
� Hydrostatic pressure, steady state solution. 
� 1D Analysis 
� Manning friction looses 

� Prismatic canals, then 
F�F*	G = 0. 

Inflow and Outflow cases will be studied separately; different equations are used to 
describe the flow in the canal. 

Flow with Increasing Discharge 

In this type of Spatially Varied Flow, an appreciable portion of the energy loss is due 
to the turbulent mixing of the added water and the water flowing in the canal. In most 
cases, these losses are relatively high and uncertain. For this reason the momentum 
equation is more convenient than the energy equation when modeling the flow. 

Figure 11 shows a control volume representing a ISVF: 

 

Figure 11. Increasing SVF Control Volume. 

From the Figure 11, on the direction parallel to the bottom slope it can be written 
that: 

�� −�� =	H� − H� +I · 0JK1 − :L  [6] 



Where:  ��	,�� is the momentum at each cross section, 

H� , H� is the pressure force, 
I · 0JK1 is the weight of control volume  ∆� in the � direction , I · 0JK1 =@�E$ · ∆�. 
:L is the friction force, :L = @�EO · ∆�.  

Thus, 

∆� = 	−	∆H +I · 0JK1 − :L  [7] 
Dividing equation [7] by ∆� and taking limits as ∆� → 0: 

�Q�* =	− �R�* + @�E$ − @�EO [8] 
with  

�R�* =	�ST�GUV�* = @� �G�* 
Besides, from the 1D analysis it’s known that:     � = ����� = ���/�,  
Deriving this expression: 

�Q�* = �� · W�9�* · �9� − � · ���* · ���X [9] 
By definition: 

�9�* = %∗	  
and 

���* = Y · FGF* + F�F*	G , being a prismatic canal: 
���* = Y · FGF* 

Thus equation [9 ]results in: 
�Q�* = �� · W%∗ · �9� − 9��� · Y · FGF*X [10] 

Using equation [10], equation [8] can be rewritten as: 

�G�* = Z[\Z]\	�^_[`∗a���\^_[�a��b     [11] 

Equation [11] is the governing equation for the ISFV, it can be seen that is an ODE 

where 
�G�* is defined in terms of - and �. 

Flow with Decreasing Discharge 

This type of flow can be understood as a flow diversion where the diverted water does 
not affect the energy head. The specific energy is not affected by the water leaving the 
main flow. Therefore the energy equation is suitable to solve this kind of flow. 

This can be sum up as an extra assumption:  

� The withdraw of water does not affect the energy content per unit of 
mass of the water in the canal. 

Differentiating the energy equation [3] with respect to �: 



�c�* = �d�* + �G�* + e�8 W�9�� · �9�* − �·9��� · ���*X [12] 
Considering again that: 

�9�* = %∗	the lateral discharge, and   ���* = Y · FGF* for prismatic 

canals. 

By definition: 
�c�* = −EO and �d�* = −E$ .  

Finally equation [12] can be simplified and rewritten as: 

�G�* = Z[\Z]\	e_[`∗a���\e_[�a��b  [13] 

Equation [13] is the governing equation for the DSFV, it can be seen that is again an 

ODE where 
�G�* is defined in terms of - and �. 

General Expression 

The same structure can be seen by taking a close look to both governing equations. A 
general expression is then written representing both cases: 

�G�* = Z[\Z]\	fg_[`∗a���\g _�a��b     [14] 

Where:  

For a Decreasing SVF : µ = O  and  	h = 1 
For an Increasing SVF:  µ = O  and h = 2 
Although both cases are represented in equation [14 ], this equation is not the ODE 
aimed to solve by numerical methods. Assumptions taken in each case differ a lot from 
the other. A clear example of these differences is found in %∗: the amount of inflow is 
known while the amount of outflow depends on the water level -, the sought variable. 
Therefore it is believed that analyzing each type of Spatially varied Flow separately 
would lead to simpler computations, deal with both flows as a general case would not 
be a practical approach. 

In this paper the subject of study is the Spatially Varied Flow with Increasing 
discharge, so the equation dealt with is equation [11]. 

  



IV. NUMERICAL APPROACH OF THE SPATIALLY 

VARIED FLOW 
 

Once the flow has been characterized by a governing equation, equation [11], a 

numerical code is written, which computes the water profile for any given cross 

section’s canal geometry as well as for any given bottom slope, as long as the 

assumption ./01	~	1 is acceptable. 
 The water profile can be simply computed by integrating the governing equation along 

the canal, considering the appropriated internal boundary conditions.  This integration 

is approximated using a numerical method, which is a discrete method that computes 

an approximate solution using a certain ∆� in a great amount of discrete points. 

The key step to carry out the integration successfully is to determine the Integration 

Starting Point,  the numerical  integration should be started here. If the canal has two 

reaches an Integration Starting Point is independently found for each of them.  

The Integration Starting Point is usually located in the so called Control Point.  

The Control Point is the only position where the critical depth -? can occur, which is a 
water level easily to be computed and it does not depend on the reach slope. Its 

location depends on the combination of all the parameters affecting the flow such as 

the slope, the cross-section geometry, the roughness coefficient.   

If the Control Point is found along the canal reach the Integration Starting Point is 

located there and the water level in this position is the critical depth. If the Control 

Point is located elsewhere, the Integration Starting Point is found in the upstream or 

downstream extreme of the reach and the value of the water level has to be 

determined. 

Control Point 

The possible locations of the Control Point are here discussed, their associated 

Integration Starting Point location and value are also presented. 

The Control Point is located where the Transitional Profile line and the Critical Depth 

line cross.  Each condition is represented by one equation, both equations are 

introduced in the next section. 

 

 



There are basically three possible situations: 

1) Control Point Located Downstream the Canal. 
In this case the Transitional profile does not reach the Critical depth line in the 
canal length and the position of the Control Point is found downstream the 
canal. 

In this case the Integration Starting Point is located in the downstream 

extreme, the value of the water level might be the Critical depth in the case of a 

single slope canal. If another canal reach is found downstream, the value of the 

water level is given by the initial water level of the second reach which is a 

subcritical flow. In any case the flow is subcritical along the reach studied. 

 

Figure 12. Integration direction if Control Point located downstream. 

2) Control Point Located In the Canal 
In this case it exists a point from the canal reach � such that both lines cross. 
The Control Point is located along the canal and so the Integration Starting 
Point is located at this position. The integration is carried out upstream and 
downstream the Control Point. 
 
The flow is subcritical at the beginning of the canal or reach, goes through a 
critical depth, and proceeds being supercritical.  
 
Note that since the amount of water increases along the canal, it’s not intuitive 
to determine if the supercritical depth is higher or lower than the subcritical 
flow occurred some meters upstream.  
 

 

Figure 13. Integration direction if Control Point Located in the canal reach. 

3) Control Point Located Upstream the Canal 
In this case the Critical depth line reaches the Transitional opofile upstream the 
reach domain, this can only occur if the Initial Discharge i is not zero. The 



Control Point is located upstream the canal, in other words. The Starting 
Integration Point is the initial position of the canal or reach and its condition is 
determined by the previous reach in the case of two slope canal. The flow is 
supercritical along the canal. 
 

 

Figure 14. Integration direction if Control Point Located Upstream 

Critical Depth Line 

Given a canal cross section’s geometry and a certain discharge, the critical depth is 
defined as the water depth such that the water is flowing with the minimum specific 
energy. Other canal properties such as the bed slope and the roughness do not influence 
the critical flow condition. 

This condition can be expressed as:  
�j�G = 0, being � = 	- + � 9����	 then �j�G = 1 − e9�8�� · Y 

The Froude Number associated to the flow is defined as: :k� = e9��8�� · Y 
Thus, 

:k = 
�l3�Y�

 

Hence, the critical flow condition can be described as the water level - such that the 
Froude Number is one.  

:k? = 9
�m8 �n�no

 = 1 

Rearranging the terms a new expression that characterizes the critical flow is obtained:  

� − 8��b = 0  [15] 
Note that equation [15] depends on , which is variable along the canal in Spatially 
Varied flow conditions. In opposition to the Gradually Varied Flow it can be seen that 
for the SVF the Critical depth line is not a straight line parallel to the bed slope. 

No term regarding the bottom slope or the roughness coefficient does appear in 
equation [15], the critical depth line is independent on the bottom slope canal. 



Transitional Profile 

The transitional profile indicates the water level that might be presented if the 

transition from subcritical flow to supercritical flow should occur. This is a method 

presented by Smith (1967): 

The governing equation [11] is rewritten in terms of: 

- The actual discharge:    = �pEO  
- The modified normal discharge:	B�q 9rl�s�tu�a�� ·_̀   with   B = �pE$ 
- The critical discharge modified by the Boussinesq term :   ? = l8��^b   
        Being � the conveyance of the canal: � = �B� · CA�/� · E$�/� 

Hence,  

�G�* = E$ �\v __rwx��\v __yx�     [16] 
The Transitional Profile for a given � is determined by:   B� = ? 
Which can be rewritten as: 

�pE$
m1 + 2���3�� · %

= 	m3��� · Y 

Squaring the equation at both sides and rearranging: 

z�Z{�s�tu�a�� ·_̀ = 8��^b   [17] 
Equation [17] turns to be ill-conditioned, which leads to unwanted numerical errors 
when writing the numerical code. Figure 15 shows YH = L(-), for a given � = 10| and 
a given data from a case presented in the next section, Test Case 1. 



 

Figure 15. Ill-conditioned Transitional Profile. 

For this reason equation [17] is simplified: 

}∗9 = �� WZ[b� − 8��^z�X [18] 
Considering a constant inflow rate:    (�) = $ + %∗ · �, 

�~ = ���[�� \a��tu��− 9[}∗ [19] 
Note that equation [19] is � = L(-) in opposition of the intuitive expression - = L(�), 
this late expression cannot be found explicitly because of the multiple existence of the - 
term. 

The Control Point is then located on the intersection of both lines, where both 
equations [15] and [19] are fulfilled. Appendix 1 explains the method used to make the 
intersection using Matlab. 

Remark that by keeping all the others parameters constant, as the Bed Slope of the 
canal is reduced the Control Point tends to be located further down the canal. The 
Critical Depth Line doesn’t depend on the bottom slope while the Transitional Line 
gets flatter as the canal slope does.  

Control Point for a rectangular canal   

In this particular case an explicit formula for the Control Point can be obtained since 
equation [15] can be simplified, expressing  - in terms of . In this case there is no 
need to compute the intersection of two lines using Matlab. The computations are kept 
are general as possible, the assumption regarding a constant inflow rate is not taken 
into account. 



In this case:  � = � · - , and then Y = F�FG = � , equation [15] can be rewritten as: 
-? = 9�/���/�·8w/�     [20] 
Remark that the general expression (�) = $ + � %∗ · 
�*$ 	, thus equation [20] defines -? in terms of �. 
On the other hand, the Transitional Profile equation [18] can be adapted to the 
Rectangular case: 

%∗$ = 12�Ei- − 3��-���� � 
Note that  � = ���/�B  , thus in the rectangular case:  � = ��/�G�/�(�Gs�)�/�B 
So the Transitional Profile equation for this case gets as: 

}∗9[ = �� WZ{G − 8B�^ · (�Gs�)�/���/�G�/� X [21] 
Equation [20]  can be introduced into equation [21], substituting - for an expression in 
terms of � . An explicit expression for the Control Point [22] is obtained, where both 
conditions are satisfied. 

}∗9[ = ��
�
��Z[��/�8w/�9�/� − 8w�/�B�� �_�����aw�s��

�/�

^��/�9�/�
�
��  [22] 

The Control Point is the position � where this equation is fulfilled. 
By this explicit method the same result is obtained. Note that a small difference may 
exist between the previous procedure and the analytic procedure. This difference 
decreases as the computation interval	∆� does. 
Integration by 4th Order Runge-Kutta 

Once the integration Starting Point is located the computation of the water level at 
every position can be made. The integration of the Ordinary Differential Equation 
(ODE) that describes the Increasing SVF needs to be solved. 

For that, the 4th Order Runge-Kutta (RK4) method is chosen since is an explicit 
iterative method for the approximation of solutions of ODEs. 

Equation [11] is integrated using RK4 that computes -�s� or -�\� knowing -� . 
Cosidering  [11] = :(�, -) 
The Water Level downstream the Control Point can be computed as: 



-�s� = -� + 16 S�� + 2�� + 2�� + ��V 
In which: 

�� = ∆� · :(��, -�) 
�� = ∆� · :(�� + 12∆�, -� + 12��) 
�� = ∆� · :(�� + 12∆�, -� + 12��) �� = ∆� · :(�� + ∆�, -� + ��) 

 

In an analog way the Water Level upstream the Control Point can be computed as: 

-�\� = -� − 16 S�� + 2�� + 2�� + ��V 
Where ��	, ��	, ��	, �� are computed in the same way as above. 

  



V. VALIDATION TEST 
 

In this section some Test Cases are benchmarked, the data is found in technical 

literature. The results computed using the numerical code are compared with the 

results found in the books. The purpose is to prove that the code works properly to 

later be able to extend the computations to some cases of interest. 

The results from these computations are basically shown using graphs, it is considered 

that the rough behavior of the canal is the most important result. Additional results 

are shown such as numbers when dealing with exact positions, basically the position of 

the Integration Starting Point. 

The notation of the Figures describing the situations is shown: 

- Transitional Profile and Critical Depth line. 

Critical Depth line. 
 

Transitional Profile. 
 

Table 1. Critical depth and transitional profile One slope legend. 

The Control Point, if existing, is located in their intersection. If not, its position 

can be guessed by taking a careful look of the functions. 

 

- Water Level and Bottom Slope 

Subcritical Flow. 
 

Supercritical Flow. 
 

Bottom Slope. 
 

Table 2. Water profile. One slope legend. 

This graph provides a rough idea about the total elevation of the flow. 

 

- Froude Number: 

 

Froude Numbers associated to each Water Level are plotted. The same 

colors used in the previous graph are kept for better understanding. 

The cross section of all the cases found in literature is a trapezium, the canal width 

increases as the water level does. The � step is taken when running the numerical code 

is ∆� = 0.2	|. 



The three cases found are presented and then a discussion considering the results is 

done. 

Test Case 1 

This case is Found in Subramanya (1982), the location of the Control Point is the only 

aspect that can be compared in this case , since no further analysis is made by the 

author. The Control Point is  computed using a tabular method. 

The method consist on increasing  - by ∆- = 0.5 or 1 m and computing  �~  using 
equation [19], on the other hand �? is computed as: �? = 9y}∗  with ? = l8��^b . The - 
coordinate that shows the best fiting for the � coordinate determines the Control Point 
location. 

This Case is implemented considering two different linear flows %∗, as it is done by the 
author. 

Test Case 1.A.:   

Canal Data 

Geometry Trapezoidal 
Canal Bottom Width � = 5	| 

Tangent Inv. XS | = 1 

Bed Slope Ei = 0.1 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge % = 	2		|�/0/| 

Canal Length � = 100	| 

Boussinesq coefficient � = 1.25 
Manning Coefficient K = 0.015 

Table 1. Test Case 1 Data 

Subramanya (1982) finds the Integration Starting Point at: 

Integration Starting Point 

x 39	| 

y 2.6	| 
Table 2. Test Case 2 ISP location Literature. 

The numerical method  locates the Integration Starting Point at: 

Integration Starting Point 

x 36.3	| 

y 2.36	| 
Table 3. Test Case 2 ISP location. 

Which correspond to the Control Point location since this location is found along the 
canal. 



The interaction between the transitional profile and the critical depth line are shown in 
the Figure 16: 

 

Figure 16. Test Case 1.B. Critical Depth and Transitional profile. 

This leads to a difference of 2.7	| on the	�, which can be also expressed as: �.��� · 100 =6.9	%. 

By analogy on the - axis it leads to a difference of	0.24	|, which can be also expressed 

as: 
$.���.  · 100 = 9.23	%. 

These differences are not tolerated. It’s considered that the tabular solution for the 
Control Point, which is in this case the Integration Starting Point, is a rougher 
approximation than the numerical one since the discretization is done considering 
bigger space steps. However, a further analysis comparing the method presented in this 
paper with other technical literature is needed. 

The water profile and the value of the Froude number associated can be seen in the 
graphs obtained from the numerical code: 

 

Figure 17. Test Case 1.A. Water Profile and Bottom Slope. 



 

Figure 18. Test Case 1.A. Froude Number. 

Note that to guarantee stability when integrating, it’s needed to start from - a little 
bit higher or lower than 	-? = 2.36	|: 

Upstream section:  -¡R = -? · (1 + 0.06) = 2.5	|						 
Dowstream section: -¡R = -? · (1 − 0.03) = 2.28	|  

This operation though causes small disturbances that can be found Figure 17 and 
Figure 18. 

Figure 18 gives relevant information about the type of flow that occurs in each position � of the canal. First the flow is subcritical, Froude <1, until it gets to the Control 
Point where the flow gets critical, Froude =1. Finally it continues as supercritical flow, 
Froude>1, until the end of the canal. 

Test Case 1.B.:   

The case is repeated for %∗ = 3 £�¤ £⁄  , in this case only the results concerning the 

Integration Starting Point are presented since it’s considered that a further analysis 

would get to the same conclusions as the previous case. 

By analogy Subramanya (1982) obtains the Integration Starting Point at: 

Integration Starting Point 

x 56	| 

y 4	| 
Table 4. Test Case 1.B. ISP location Literature. 

Similar result is obtained by using the numerical code: 

Integration Starting Point 

x 51.7	| 

y 3.61	| 
Table 5. Test Case 1.B. ISP location. 

Which correspond again to the Control Point location. 



 

Figure 19. Test Case 1.B., Critical Depth and Transitional profile. 

Again, a significant difference is presented when comparing the �	value. 
This leads to a difference of 4.3	| on the	�, which can be also expressed as: �.�¦  · 100 =7.7	%. 

By analogy on the - axis it leads to a difference of	0.39	|, which can be also expressed 

as: 
$.��� · 100 = 12.25	%.  

Again these differences are considered too great to be accepted due to the method used 
by Subramanya (1982). 

Test Case 2.     

Jain (2001) finds the Control Point location by giving random values of � and checking 
if both sides of the equation match by a trial an error procedure. The governing 
equation is also solved with the same procedure. 

Jain (2001) uses the following data: 

Canal Data 

Geometry Trapezoidal 
Canal Bottom Width � = 3	| 

Tangent Inv. XS | = 0.5 

Bed Slope Ei = 0.15 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge % = 	4		|�/0/| 

Canal Length � = 122	| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 6. Test Case 2 Data. 

Jain (2001) finds the Integration Starting Point at: 

Integration Starting Point 

x 55	| 

y 5.88	| 
Table 7. Test Case 2 ISP location Literature. 



The Integration Starting Point using the numerical code is located at: 

Integration Starting Point 

x 53.06	| 

y 5.81	| 
Table 8. Test Case 2 ISP location. 

 

Figure 20. Test Case 2. Critical Depth and Transitional profile. 

This leads to a difference of 0.04	| on the	� coordinate, which can also be expressed as: �.�¦¦ · 100 = 2.54	%. 

By analogy on the - axis, it leads to a difference of	0.02	|, which can also be expressed 

as: 
$.$�¦.§§ · 100 = 1.19	%. 

The flow is Subcritical until it reaches the Control Point at � = 49.94	| then it turns 
Supercritical. 

Small differences can be observed comparing the two methods, these differences can be 
accepted, it can be considered that both methods lead to the same result. 

The water profile and the value of the Froude number associated to each water level 
care shown: 

 

Figure 21. Test Case 2. Water Profile and Bottom Slope. 



 

Figure 22. Test Case 2. Froude Number. 

Note that to guarantee stability when integrating, it’s needed to start from - a little 
bit higher or lower than 	-? = 5.81	|, in other words, it’s needed to get away from the  
critical depth. 

Upstream section:  -¡R = -? · (1 + 0.01) = 5.87	|						 
Downstream section: -¡R = -? · (1 − 0.01) = 5.75	|  
 

The flow is subcritical until it reaches the Control Point at � = 53.06	| and then it 
turns supercritical. 

A Water Profile Comparison  

Once the Control Point in found, Jain (2001) proceeds with the water profile 
computation for certain positions �. The results are compared: 

Values located upstream the Integration Starting Point: 

x [m] Jain (2001) [m] Numerical code [m] Difference [m] 

x = 0 y = 2.6 y = 2.92 0.32 
x = 25 y = 4.7 y = 4.76 0.06 

Table 9. Test Case 2.  Water Level Profile Comparison, Upstream. 

Values located downstream the Integration Starting Point: 

x [m] Jain (2001) [m] Numerical code [m] Difference [m] 

x = 90 y = 6.74 y = 6.75 0.01 
x = L =122 y = 7.38 y = 7.38 0.00 

Table 10. Test Case 2. Water Level Profile Comparison, Downstream. 

Comparing the values obtained by the two methods, it’s observed that the greatest 

difference is: 0.32	|	which can also be expressed in a percentage as:			$.��	�.  · 100 = 12.3%.  

Test Case 3. 

The same case is presented in Chow (1959) and French (1985). In this case a similar 

tabular procedure used by Subramanya (1982) is used to compute the Control Point as 

well as the water profile. 



The data used in this case is: 

Canal Data 

Geometry Trapezoidal 
Canal Bottom Width � = 3	| 

Tangent Inv. XS | = 0.5 

Bed Slope Ei = 0.1505 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge i = 	3.72		|�/0/| 

Canal Length � = 122	| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 11. Test Case 3 Data. 

The authors find the Integration Starting Point at: 

Integration Starting Point 

x 49.98	| 

y 5.39	| 
Table 12. Test Case 3 ISP location literature. 

Similar result is obtained by using the Numerical Code: 

Integration Starting Point 

x 49.94	| 

y 5.41	| 
Table 13. Test Case 3 ISP location. 

The computations are shown in Figure 23: 

 

Figure 23. Test Case 3. Critical depth and Transitional Profile. 

This leads to a difference of 0.04	| on the	�, which can be also expressed as: $.$���.�§ · 100 = 0.08	%. 

By analogy on the - axis it leads to a difference of	0.02	|, which can be also expressed 

as: 
$.$�¦.�� · 100 = 0.37	%. 



Really small differences can be observed comparing the two methods; both methods 
lead to the same result. 

The water profile and the value of the Froude number associated can be seen in the 
following figures: 

 

Figure 24. Test Case 3, Water Profile and Bottom Slope. 

 

Figure 25.Test Case 3, Froude Number. 

Note that, again, to guarantee stability when integrating it’s needed to start from - a 
little bit higher or lower than	-? = 5.41	|: 

Upstream section:  -¡R = -? · (1 + 0.02) = 5.52	|						 
Downstream section: -¡R = -? · (1 − 0.01) = 5.36	|  

This operation is not noticed  in Figure 24 neither in Figure 25 because the deviation in 
very small, 2%. 

Again the flow is subcritical unti it reaches the Control Point at � = 49.94	| to finally 
flow in a supercritical regime. 

Water Profile Comparison 

Once the Integration Starting Point in found, Chown (1959) proceeds with the water 
level computation. The results are compared. 

 

 

 



Values located upstream the Integration Starting Point: 

x [m] Chow (1959) [m] Numerical code [m] Difference [m] 

x = 0 y = 2.62 y = 2.70 0.08 
x = 3 y = 3.01 y = 3.05 0.04 
x = 7.6 y = 3.43 y = 3.47 0.04 
x = 15.3 y = 3.95 y = 4.00 0.05 

Table 14. Test Case 3. Water Level Profile Comparison, Upstream. 

Values located downstream the Integration Starting Point: 

x [m] Chow (1959) [m] Numerical code [m] Difference [m] 

x = 60.9 y = 5.68 y = 5.72 0.04 
x = 76.2 y = 6.07 y = 6.12 0.05 
x = 91.5 y = 6.41 y = 6.44 0.03 
x = 106.8 y = 6.72 y = 6.75 0.03 

x = L = 122 y = 6.96 y = 7,02 0.06 
Table 15. Test Case 3. Water Level Profile Comparison, Downstream. 

Comparing the values obtained by the two methods, it’s observed that the greatest 

difference is: 0.06	|	which can also be expressed in a percentage as:			$.$ 	�.$� · 100 = 0.85%. 

It is a really small difference,  the numerical code computes the same approximation as 

Chow (1959). 

Discussion  

Once the results implementing the Test Cases on the numerical code are compared 

with the results found by the technical literature, it can be concluded that the 

numerical code works correctly and it finds a good approximation of the ODE that 

governs the Increasing SVF. 

However, some sensitivity is detected when running the code in Matlab regarding the 

initial approximations used for  fzero functions. 

All the cases shown until now represent the same type of open canal: a trapezoidal 

canal with a great slope and a length of 100 m or more. 

Henceforth the numerical code is used to compute new cases not found in literature 

that represent different kind of situations with civil engineering applications. 

  



VI. WATER PROFILE: ONE SLOPE CASES 

Small bed slope canal 

Here it’s considered the case where the bottom slope ,So, is such that the Control Point 

is located downstream the given canal, i.e.�¡R > � . Hence, the Starting Integration 
Point is located at �¡R = � and the integration can be carried out upstream covering 

the whole canal length. 

For this case Test Case 3 is modified by diminishing E$ so that the condition 
mentioned above is fulfilled. All the other Inputs are considered the same as Test Case 

3. 

The data in this case is: 

Canal Data 

Geometry Trapezoidal 
Canal Bottom Width � = 3	| 

Tangent Inv. XS | = 0.5 

Bed Slope Ei = 0.09 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %i = 	3.72		|�/0/| 

Canal Length � = 122	| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 16. Small Slope Case Data. 

Integration Starting Point location: 

Integration Starting Point 

x 122	| 

y 8.56	| 
Table 17. Small Slope Case ISP location. 

 

Figure 26. Small Slope Case Critical depth and Transitional profile. 



It can be seen that the Control Point would be located downstream  � = 122	|, but 

since the canal is shorter, the integration is started at � = 122	|. . It is considered that 

the outlet is free, the water level reaches the Critical depth at the end of the canal. 

The water profile is computed integrating upstream the Integration Starting Point. The 
resulting water profile as well as the value of the Froude number associated to each 
water level can be seen in the graphs obtained from the numerical code, Figure27 and 
Figure 28: 

 

Figure 27. Small Bed Slope. Water Profile and Bottom Slope. 

 

Figure 28. Small Bed Slope Case 4. Froude Number. 

The flow is Subcritical along the entire canal and the Froude number increases 

continuously in the flow direction reaching the value of 1 at � = 122	|. 

Flat slope canal 

Finally to conclude with the Trapezoidal Canals an extreme case where the bed slope is 

zero is presented here.  

For this case Test Case 3 is modified using  E$ = 0. All the other inputs are considered 
the same as Test Case 3. 

 

 

 



The data in this case is: 

Canal Data 

Geometry Trapezoidal 
Canal Bottom Width � = 3	| 

Tangent Inv. XS | = 0.5 

Bed Slope Ei = 0 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %i = 	3.72		|�/0/| 

Canal Length � = 122	| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 18. Flat Slope Case Data. 

The Integration Starting Point location is: 

Integration Starting Point 

x 122	| 

y 8.56	| 
Table 19. Flat Slope Case ISP location Literature. 

In this case the Transitional Profile has no physical sense since for any case �~ is 
negative, see equation [19]. No Control Point is computed. 

Hence for any flat slope canal the Integration Starting Point is located at the end of 

the canal, no matter the amount of later inflow, the geometry, the canal length or any 

other variable. Again, it’s considered a free outlet, so the water level reaches the critical 

Depth at  � = �, the Integration Starting Point. 
Note that the value of -¡R = -? = 	8.56	| is the same than from the previous case, the 

small slope case, the critical depth does not depend on the bottom slope. 

The water profile and the value of the Froude number associated can be seen in Figure 
29 and Figure30: 

 

Figure 29. Flat Slope Case. Water Profile. 



 

Figure 30. Flat Slope Case. Froude Number. 

Remark the way the Froude number reaches the critical value Fr=1. Comparing it with 

the small slope Case it can be seen that for any flat or zero slope Case the critical 

condition is reached exponentially while for the other cases it is reached asymptotically. 

“U” Shaped canal 

This case is studied since its cross-section is usually present in most of the drainage 

canals used in the city drainage system. It is an ISVF where the dimensions of the 

canal and the cross section are significantly smaller that all the cases previously 

presented, the discharges used are also very small compared to the ones dealt up to 

now. 

Cross section used as street drainage collectors: 

 

Figure 31. Cross Sections used by ACO Company. 

Here the cross section dealt with is shown in Figure 32 which is a simplification of real 

sections shown in Figure 31 (units in meters): 



 

Figure 32. “U” Shaped Cross Section. 

Note that in this case the maximum water level is determined as any rain collector, in 

this case -£©* = 0.15	|. 

In Appendix 2  it’s shown how the Area and the width as a L(-) are computed for 

this case. 

In this section two cases are shown in the same figure,  the results are presented using  

two different inflow rates. 

The data used for this case is: 

Canal Data 

Geometry “U” Shaped 
Canal Width � = 0.15	| 

Bed Slope Ei = 0.01 
Up. Initial Discharge i = 	0	|�/0 
Lateral Discharges %i = 	0.003	|�/0/| %i = 	0.004	|�/0/| 

Canal Length � = 5| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 20. “U” Shaped Data. 

In this case ∆� = 0.02	|. 

For the two cases the Integration Starting Point is located downstream the canal end, 

so the Integration Starting Point is located at: 



Integration Starting Point 

x 5	| 

y 0.085	| 
Table 21. U” Shaped Cases ISP location. 

The results regarding the water level in the two cases are presented in Figure 33, the 

orange line represents the maximum water level that can reach the flow along the 

canal: 

 

Figure 33. U” Shaped. Water Profiles and bottom slope. 

It can be seen that for a lateral inflow rate of  %i = 	$.$$�	£�/¤£ = 3 ª/¤£  , the green line, 

the flow doesn’t exceed -£©* while for a lateral inflow rate of  %i = 	$.$$�	£�/¤£ = 4 ª/¤£  , 

the blue line, the flow exceeds -£©* in the most part of the canal length, which can be 

considered a total failure of the hydraulic structure, the water cannot be drained using 

this rain gutter. 

This illustrates a common situation that occurs in the urban drainage field, the rain 

gutter canal cannot drain the water that can pass through by the canal grill. This 

problem could be solved if the hydraulic behavior of the canal is taken into 

consideration. If the section height was increased the hydraulic performance of most 

street drainage streets would be significantly improved. Its height should be computed 

using a basic knowledge of the Increasing Spatially Varied Flow. 

 

 

  



VII.  WATER PROFILE: TWO SLOPES CASES 
 

In this section different situations regarding an Increasing SVF on a rectangular open 

canal with two different slopes are presented and analyzed. 

A one slope case is taken as the Initial Case, the canal is divided in two equal reaches 

and the bottom slope of the reaches is gradually modified in order to obtain a wide 

range of different situations that represent all the possible cases.  All the other 

variables such as the geometry and the discharge rate are kept constant to assist the 

comparison among the cases. 

Reach 1 is the canal reach found upstream the position where the bottom slope 

changes, its bottom slope is E$1. 
Reach 2 is the canal reach found downstream that point, its bottom slope is E$2. 
The Transition Slope Point (TSP) is the position where the slope changes its value. 

Each reach is approached as an independent single slope canal. Reach 2 is considered a 

one slope canal with an amount of upstream initial discharge. The position of the 

Integration Starting Point at each reach is then determined. Subsequently the 

interaction between both reaches is taken into consideration in order to compute the 

water profile along the entire canal. The location of Control Points and the subsequent 

Intersection Starting Points is again the key step to succeed on the resolution of the 

problem. 

Figure 34 shows the possible situations of a two slope canal when considering different 

locations of the Integration Starting Points. All cases are studied in detail . 

In Appendix 3 the basically functions that the numerical code performs in order to 

obtain the water profile for any case can be seen. 

 

 

 

 

 

 



Figure 34. Two slope cases



The grey cells correspond to impossible situations which are briefly explained while the 

possible cases are covered in detail. 

For the following cases some notation needs to be mentioned for a good understanding 

when looking at the results presented in this document: 

Reach 1. Subcritical Flow. 
 

Reach 1. Supercritical Flow. 
 

Reach 2. Subcritical Flow. 
 

Reach 2. Supercritical Flow. 
 

Bottom Slope Canal. 
 

Table 22. Two slopes. Main legend. 

Control Point figures as well as Froude number figures are not presented in this 

section, it is considered that at this stage of the proceedings the flow characteristics can 

be understood without this support graph. However, both figures can be found in 

Appendix 4 in needed.  

 

A complementary legend is here shown which is used in some of the cases presented in 

this section, when a Hydraulic Jump needs to be computed: 

 

Reach 2. Supercritical Flow 
from R1.  

Reach 1 and 2. Subcritical 
Flow from R2.  

Reach 1 and 2. Conjugated 
Supercritical Flow from R2.  

Tabla 23. Two slopes. Extra water profiles for Hydraulic Jump legend. 

Initial Case 

Table 24 shows the data used to compute the Initial Case. 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slope Ei = 0.05 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %∗ = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 



Table 24. Two slope Initial Case data 

The Initial Case consists simply on a subcritical flow along the entire canal, the 

Control Point is located downstream the end of the canal. 

Hence the Integration Starting Point is located at: 

Integration Starting Point 

x 100 m 
y 2.52 m 

Table 25. Two slope Initial Case ISP location. 

Integrating the canal governing equation upstream the Integration Starting Point the following 

water profile is obtained: 

 

Figure 35. Two slope Initial Case Water Profile 

From this case the following cases are derived by modifying the bottom slope. 

The canal is divided in two equal reaches 50 m long.  

Case 1 

Firstly the slope of the Reach 2 is decreased. The following results are thus expected: 

- The Control Point 1 position is expected to be found downstream Reach 1 since 

Reach 1 can be seen as a shorter version of the Initial Case. 

- Meanwhile, the position of Control Point 2 is expected to be found downstream 

since Reach 2 can be seen as a shorter and flatter version of the Initial Case. 

 

The data used for this case is: 

 

 

 

 



Canal Data 

Geometry Rectangular 
Canal Width � = 4	| 

Bed Slopes Ei1 = 0.05 Ei2 = 0.01 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %∗ = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 26. Two slope Case1 data. 

The Integration Starting Points are found at: 

Integration Starting Points 

x1 50 m 
y1 - 
x2 100 m 
Y2 2.52 m 

Table 27. Two slope Case1 ISP locations. 

Remark that no information is given regarding the water level - at � = 50	|, the 

position of Integration Starting Point 1. This is so since the water level at this position 

is not -? as it would be it if Reach 1 was an independent canal. The water level is given 
by the integration of the water profile in Reach 2. In other words, Reach 1 water level 

depends on Reach 2, the flow along the canal depends on a boundary condition found 

at the end of the canal. 

The integration of the entire canal is done in the upstream direction. 

Hence the water profile is: 

 

Figure 36. Two slope Case1 Water Profile. 

The flow is subcritical along the whole canal. 



Case 2 

This case is the opposite case of Case 1, the slope of Reach 1 is decreased while the 

slope of Reach 2 is kept equal to the Initial Case’s slope. 

By analogy to Case 1, the same assumptions can be made. The canal is expected to be 

subcritical in all its length since the only modification done from the Initial Case is 

decreasing the slope of the reach of the canal. 

The data used for this case is: 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.01 Ei2 = 0.05 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %∗ = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 28. Two slope Case 2 Data. 

The integration Starting Points are again found at: 

Integration Starting Points 

x1 50 m 
y1 - 
x2 100 m 
Y2 2.52 m 

Table 29. Two slope Case2 ISP locations. 

Again the flow is subcritical along the canal and the water level at the Transition Slope 

Point depends on the downstream condition. Although the Integration Starting Point is 

the same, the Water Profile takes a different shape: 



 

Figure 37. Two slope Case 2 Water Profile. 

Case 3.1. 

The previous case, Case 2, is slightly modified by increasing the bottom slope of Reach 

2 such as the Control Point 2 is now located at Reach 2.  

In this case the data used is: 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.01 Ei2 = 0.06 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %∗ = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 30. Two slope Case 3.1. Data. 

The integration Starting Points are located at: 

Integration Starting Points 

x1 50 m 
y1 - 
x2 75.9 m 
Y2 2.09 m 

Table 31. Two slope Case 3.1. ISP locations. 

The integration is also started at Reach 2, upstream and downstream the Integration 

Starting Point 2, which is in this case Control Point 2. After that the integration can 

be continued in Reach 1 using as the Integration Starting Point (boundary condition) 

the water level found from Reach 2. 

The water profile is then: 



 

Figure 38. Two slope Case 3.1. Water Profile. 

The flow is subcritical until it reaches the Control Point 2 at � = 76.3	| to go on as a 

supercritical flow. 

Case 3.2. 

The same situation could be given being Reach 1 slope higher than Reach 2 Slope. 

However, the range of slope values that give such situation is very narrow. One of these 

cases is: 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.065 Ei2 = 0.057 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %∗ = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 32. Two slope Case3.2. Data. 

The Positions of the Integration Starting Points are: 

Integration Startig Points 

x1 50 m 
y1 - 
x2 91 m 
Y2 2.36 m 

Table 33. Two slope Case 3.2. ISP locations. 

In this case, if the entire canal would have Reach’s 1 Slope the Control Point would be 

located between the Transition Slope Point and the end of the canal. In other words 

Control Point 1 is located along Reach 2 and so the Integration Starting Point 1 is the 

Transition Slope Point. 



Reach 2 slope is very similar to Reach 1 slope and so Control Point 2 is located a little 

bit downstream the supposed Control Point 1, but still in Reach 2. 

The computations of this case would be very similar to the ones for Case 3.1. 

Case 4 

Here the previous case, Case 3.1., is slightly modified by increasing the bottom slope of 

Reach 2 such as the Control Point 2 in found upstream the Transition Slope Point. 

 In Case 4 the data used is: 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.01 Ei2 = 0.07 
Up. Initial Discharge i = 	0	|�/0 

Lateral Discharge %∗ = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 34. Two slope Case 4 Data. 

Integration Starting Points 1 and 2 are located at: 

Integration Starting Points 

x1 50 m 
y1 1.59  m 
x2 50 m 
Y2 1.59 m 

Table 35. Two slope Case4 ISP locations. 

The flow in the whole Reach 2 in then supercritical while the flow in Reach1 is 

subcritical. That is to say, the Integration Starting Point 1 and 2 are the same point, 

the Transition Slope Point. This situation is possible since Reach 1 is flat enough so 

that Control Point 1 would be located downstream the Transition Slope Point while 

Reach 2 is steep enough so Control Point 2 would be located upstream the Transition 

Slope Point. 

 In the Transition Slope Point the water level is known, it is the Critical Depth -?, in 
this particular case -? = 1.59|. 

Therefore the water profile is computed upstream (Reach 1) and downstream (Reach 2) 

this Integration Starting Point: 



 

Figure 39. Two slope Case4 Water Profile. 

Case 5.1. 

In this case the Initial Case is modified so that the location of Control Point 1 is 

located along Reach 1, so that it corresponds to the Integration Starting Point 1. This 

can be done by increasing the bottom slope. The Integration Starting Point 2 is kept at 

the end of the canal; in this case is chosen a flatter slope than the Initial Case’s slope 

so that the results are clearer. 

The following results are expected: 

- Reach 1 is integrated upstream and downstream Integration Starting Point 1. 

- Reach 2 is integrated upstream the Integration Starting Point 2. 

 

Therefore both water profiles do not match at the Transition Slope Point and a further 

analysis needs to be carried out. For this reason an extra figure is shown to make the 

reasoning clearer. The water profile is shown, and once the conclusion is obtained, the 

bottom slope is shown for a general idea of the whole problem.  

The data used for this case: 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.09 Ei2 = 0.04 
Up. Initial Discharge %∗ = 	0	|�/0 

Lateral Discharge i = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 36. Two slope Case 5.1. Data. 

The Integration Starting Points are found at: 



Integration Starting Points 

x1 20.11 m 
y1 0.86  m 
x2 100 m 
Y2 2.52 m 

Table 37. Two slope Case5.1. ISP locations. 

The water profile considering each reach is then: 

 

Figure 40. Two slope Case5.1. Independent Water Profiles. 

It can be seen that water profiles from both reaches do not match at all. Moreover, the 

flow gets supercritical in Reach 1 while the flow in Reach 2 is subcritical. It can be 

deduced then that a Hydraulic Jump is occurring in order to match the conditions from 

both reaches, the Hydraulic Jump is the hydraulic solution to overcome this 

discontinuity. 

The position of the Hydraulic Jump can be found in Reach 1 or in Reach 2. 

Hydraulic Jump in Reach 2 

Firstly it is assumed that the location of the Hydraulic Jump is in Reach 2: 

- The conjugate depth line of the water profile in Reach 2 is computed, which 

corresponds to a supercritical flow. 

- A new water profile is computed in Reach 2 using as the Integration Starting 

Point the water level at the Transition Profile given by Reach 1, since the 

Integration Starting point corresponds to a supercritical flow, the water Profile 

computed is also in supercritical flow conditions. 

 

Hence, if the Hydraulic Jump does exist in Reach 2, it is located where both lines cross. 

The following figure shows the just mentioned computations: 



 

Figure 41. Two slope Case5.1. Hydraulic Jump in R2. 

In Figure 40 it can be seen that the water profile computed from Reach 1, the green 

line, suffers some instabilities, so this behavior lacks of physical sense. This senseless 

tendency can be explained as follows: the water level increases until reaching the 

Critical Depth (at � = 53.1	|) from that point the integration loses stability. 

The derivate is 
FGF* → 	∞ ,  this can be easily seen in equation [16], when  = ? the 

denominator is zero and so the derivate tends to ∞. Taking a careful look to the 

Runge-Kutta Numerical Method it can be seen that once  
FGF* → 	∞, then  �� → 	∞, and 

that’s the reason why the integration loses its physical sense. 

Starting from the supercritical condition given by Reach 1 the flow has the tendency to 

increase until it reaches the critical condition, it wouldn’t have any physical sense that 

the flow would turn more supercritical in order to cross the conjugate line so that the 

Hydraulic Jump could occur.  

Thus the Hydraulic jump is not located in Reach 2.  

Hydraulic Jump in Reach 1 

The Hydraulic Jump is then sought is Reach 1 using the same procedure: 

- The water profile from Reach 2 is lengthened in Reach 1. This is done 

integrating upstream using the condition given by the water profile in Reach 2, 

which is a subcritical flow.  

- The conjugate of this new water profile is computed, that corresponds to a 

supercritical flow.  

 

Hence, if the Hydraulic Jump does exist in Reach 1, it is located where the conjugate 

water profile crosses the supercritical water profile from Reach 1. The following table 

shows the just mentioned computations: 



 

Figure 42. Two slope Case 5.1. Hydraulic Jump in R1. 

It can be seen that the conjugated water profile crosses the supercritical water profile 

from Reach 1 before losing its physical sense, the Hydraulic Jump occurs in Reach 1. 

Hydraulic Jump ¬ = ®. ®®	¯ 

Table 38. Two slope Case 5.1. Hydraulic Jump Location. 

Note that once the computed lines reach the critical depth, in other words when the 

computed water profile and its conjugate cross, they lose their physical sense for the 

same reason explained when computing the Hydraulic Jump in Reach 2. 

Then the final water profile is the one shown in Figure 43: 

 

Figure 43. Two slope Case 5.1. Water Profile. 

The flow is subcritical until it reaches Control Point 1 at � = 20.11	|, then it turns 

supercritical until � = 41.11	|, where hydraulic Jump occurs, the water level increases 

in a really short section and then it flows in subcritical conditions until the end. 

Case 5.2. 

Case 5.1 is slightly modified in order to obtain a different result; the bottom slope of 

Reach 2 is decreased in such a way that no Hydraulic Jump can be found in Reach 1. 

In this case:  

 



Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.09 Ei2 = 0.015 
Up. Initial Discharge %∗ = 	0	|�/0 

Lateral Discharge i = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 39. Two slope Case 5.2 Data. 

The Integration Starting Points are situated at:  

Integration Starting Points 

x1 20.11 m 
y1 0.86 m 
x2 100 m 
Y2 2.52 m 

Table 40. Two slope Case 5.2. ISP locations. 

The same procedure is done, next table shows at the same time the computations done 

when the Hydraulic Jump is sought in both reaches: 

 

Figure 44. Two slope Case 5.2 Hydraulic Jump in S1 or S2. 

It can be seen that: 

- The Hydraulic Jump is not found in Reach 2 for the same reasons presented in 

Case 5.1 

- The Hydraulic Jump is not found in Reach 1 because the Conjugate Water 

Profile from Reach 2 does not cross the supercritical water profile from Reach 1. 

- The subcritical water profile computed in Reach 1, integrating upstream the 

Transition Slope Point taking the condition given by  Reach 2, does cross the 

subcritical flow from Reach 1. In that point does not occur a Hydraulic Jump 

since both water profiles correspond to a subcritical flow. 



 

Finally the Water Profile of the entire canal is: 

 

Figure 45. Two slope Case 5.2 Final Water Profile with bottom slope. 

By decreasing the bottom slope of Reach 2 the flow in this reach gets more subcritical 

which can be translated to a higher water level. That leads to a more supercritical flow 

when computing the conjugate, which means higher velocities and smaller water levels 

and so the Conjugate line does not cross the supercritical line of Reach 1. 

The extreme case could be computed; in that case Reach 2 would be so subcritical that 

its computation lengthened in Reach 1 would be higher than the computed water 

profile for reach 1 and then it conditions the entire canal. 

Case 6 

Now the slope in Reach 2 is increased by contrast with Case 5.2., Control Point 2 is 

aimed to be located along Reach 2. 

In this case: 

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.09 Ei2 = 0.06 
Up. Initial Discharge %∗ = 	0	|�/0 

Lateral Discharge i = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 41. Two slope Case 6 Data. 

The Integration Starting Points are situated at:  

 



Integration Starting Points 

x1 20.11 m 
y1 0.86 m 
x2 75.9 m 
Y2 2.09 m 

Table 42. Two slope Case6 ISP locations. 

Note that both ISP correspond to the Control Points for each reach. 

The water profiles computed independently are shown in Figure 46: 

 

Figure 46. Two slope Case 6 Independent Water Profiles. 

The water profiles do not match, that means than further computations need to be 

carried out.   

Keeping the same procedure as in Case 5.1., the computation to find the Hydraulic 

Jump at  Reach 2 is done. 

These computations are shown in Figure 47: 

 

Figure 47. Two slope Case5.2 Hydraulic Jump in S1 

It can be seen that in this case the lines computed do cross in Reach 2, that is to say 

the Hydraulic Jump does occur in this reach.  

Hydraulic Jump ¬ = °. 	¯ 

Table 43. Two slope Case 6 Hydraulic Jump Location. 



It can be seen that the water level from supercritical flow increases until it reaches the 

conjugate water profile. In the previous cases, Cases 5.1 and 5.2, this phenomena could 

not happen since the conjugate line was lower that the supercritical line. 

In Figure 48 is the final water profile, this extra figure is shown for a better 

understanding of this complex situation: 

 

Figure 48. Two slope Case5.2 Final Water Profile. 

The flow is subcritical until it reaches Control Point 1 when it turns supercritical. 

During the first meters of Reach 2 the flow is still supercritical until a Hydraulic Jump 

occurs, and then the flow is again subcritical. This characteristic is maintained until it 

reaches Control Point 2, where the flow turns again supercritical. 

Lastly the water profile is shown considering the bottom slope: 

 

Figure 49. Two slope Case 6 Final Water Profile with bottom slope. 

Case 7 

In this case the slope of Reach 2 is increased so the flow is supercritical along the entire 

reach. 

For this case the data used is:  

 

 



Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.09 Ei2 = 0.07 
Up. Initial Discharge %∗ = 	0	|�/0 

Lateral Discharge i = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 44. Two slope Case 7 Data. 

The Integration Starting Points found are: 

Integration Starting Points 

x1 20.11 m 
y1 0.86 m 
x2 50  m 
Y2 - m 

Table 45. Two slope Case 7 ISP locations. 

Note that no information regarding the water level in Integration Starting Point 2 is 

given. Integration Starting Point 2 is located in the Transition Slope Point, which 

means that the flow in Reach 2 is supercritical, the water level in that position is given 

from the flow upstream, from Reach 1, and then the integration can be proceeded 

downstream, in Reach 2. 

Therefore the water profile is computed in Reach 1, upstream and downstream 

Integration Starting Point 1 and then it is computed downstream in Reach 2. The 

water profile is shown in Figure 50 : 

 

Figure 50. Two slope Case 7 Water Profile with bottom slope. 

In this case the flow is subcritical the first meters of Reach 1 until it reaches the 

Control Point 1 and it turns supercritical. The water flows supercritical all the rest of 

the canal, along the entire Reach 2. 



Case 8 

A similar case of Case 7 in shown here, the same characteristics are sought while 

permuting the bottom slopes. 

In this Case:  

Canal Data 

Geometry Rectangular 
Canal Width � = 4| 

Bed Slopes Ei1 = 0.07 Ei2 = 0.09 
Up. Initial Discharge %∗ = 	0	|�/0 

Lateral Discharge i = 	0.5		|�/0/| 

Canal Length � = 100| 

Boussinesq coefficient � = 1 
Manning Coefficient K = 0.015 

Table 46. Two slope Case 8 Data. 

The Integration Starting Points are located at: 

Integration Starting Points 

x1 44.94 m 
y1 1.47 m 
x2 50  m 
Y2 - m 

Table 47. Two slope Case 8 ISP locations. 

Note that the same reasoning is used to justify the lack of information regarding the 

water level in Integration Starting Point 2, its value depends on the upstream flow, in 

Reach 1. 

The water profile is shown in Figure 51: 

 

Figure 51. Two slope Case 8 Water Profile with bottom slope. 



As well as Case 7, in this case the flow is subcritical the first meters of Reach 1 until it 

reaches the Control Point 1 and it turns supercritical.  

Impossible Cases 

Finally the grey cells that represent impossible cases that cannot occur in reality are 

briefly presented in the next section. 

I-1 

Being So1>So1, this case would represent a Subcritical flow in Reach 1 and a 

Supercritical flow in Reach 2. This would be an extreme case of Case 3.2. , with 

Control Point 1 located at the Transition Slope Point and Control Point 2 also located 

at the Transition Slope Point, so So1=So2, which is not considered here since it’s 

supposed So1>So2. 

I-2 

Being So1<So1, this case would represent a Subcritical-Supercritical flow in Reach 1 

and a Subcritical flow in Reach 2. 

Assuming that the flow is Subcritical-Supercritical is Reach 1, a steeper slope, So2, 

would lead to a more Supercritical flow, there is no chance that given these conditions 

a Subcritical flow could occur in Reach 2. 

I-3 

Being So1<So1, this case would represent a Subcritical-Supercritical flow in Reach 1 

followed by a Subcritical-Supercritical flow in Reach 2. 

Again, assuming the flow is Subcritical-Supercritical is Reach 1, a steeper slope, So2, 

would lead to a more Supercritical flow where its Control Point would be located 

upstream the Transition Slope Point. 

 

  



VIII. CONCLUSIONS AND FUTURE DEVELOPMENT 
 

This document finds an approximate solution for the water profile for one slope and 

two slope canals for a spatially varied flow with an increasing discharge. The procedure 

has been kept as general as possible. 

The numerical code is ready to be implemented on any kind of geometry cross-section, 

the only step that should be carried out would be writing the function that expresses 

the area, the canal width and the wet perimeter in terms of water level. 

The numerical code has been successfully validated using some cases found in technical 

literature. 

The same structure could be used to analyze the spatially varied flow with decreasing 

discharge. In this case some assumptions regarding the amount of outflow rate should 

be studied and finally the numerical code could be modified to find the water profile. 

The numerical code used to solve the Ordinary Differential Equation works correctly 

despite of the great sensitivity shown regarding first approximations. The numerical 

code could be improved to avoid such inconveniences. However, it cannot be forgotten 

that the numerical code is considered a mathematical tool to solve a physical problem, 

thus the code itself is not considered as the main objective of this document.  

This document can be seen as a kick-off study of the spatially varied flow with 

increasing discharge. The general approach of two slope cases can be considered the 

first step to analyze multiple slope cases with this type of flow. The interaction 

between both reaches is described and its possible implications are carefully explained. 

A further study might find the approximate solution of the water profile for a K −slope 
canal. The challenge would be found in writing the code that considers independently K − 1 interactions to later compute a final water profile. All physical concepts could be 

extracted from this document as the problem was dealt as general as possible.  
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APPENDICES 

APPENDIX 1. Control Point computation.  

 

In this appendix the intersection of Transitional Profile and Critical Depth Line is 

described, this computations using Matlab require a careful look. 

Matlab doesn’t deal with explicit expressions, there are two ways to find the 

intersection between this two functions: by plotting them discretely and finding an 

approximation of the intersection point (�, �) or by finding the two adjacent points 
between which the intersection occurs and computing the intersection point as a point 

between the two adjacent points 

The second method is used in the numerical code written. Note that one of the 

equations dealt with, equation [xTP] expresses � = �(�). For this reason the 
discretization is considered using ∆� steps. 

Defining a certain ∆�, two vectors �	
 and ��� are computed, which correspond to the 
value of � equations [xTP] and [CD] for different values of �. 

A � vector is created with all the values of � where the computation is carried out. 

The Difference vector (�) = �	
(�) − ���(�) is computed as well as the product vector: 
�(�) = �(�) · �(� + 1), where � denotes a generic component of � vector. 

Note that the relative position of the two functions is not know in advance, in order to 

keep generality, the sign of the product of the differences is the determinant value in 

opposition of the value of the difference itself. 

 The first � where this difference changes its sign, i.e. the first negative coordinate of � 
vector, corresponds to ����. The intersection has already occurred. Figure below 
illustrates the situation described. 



 

 

Then two new variables are defined:  ���� =	���� and ���� =	������ 

The ���� is defined as ���� =  !"#$�!%&'(
)  , �	
(���� 	) and ���(����) are then computed. 

Then ��� = �	
(���� 	) − ���(����) is computed. 

- If the absolute value of ��� < + ,being + a certain tolerance previously defined, 
the computations are stop and it is considered the intersection to be found at 

����. 
In this paper it is used + = 0.05	/ 
 

- If  ��� · ��� < 0, then ���� =	����, since the intersection is found between 
���� and ����. 
 

- If ��� · ��� > 0, then ���� =	����, since the intersection is found between 
���� and ����. 

In the case where ��� ≥ + a iteration process is started using the new definition of 
���� or ����  until the condition is fulfilled. 

                  

 

 

  



APPENDIX 2. “U” Shaped Area Computations. 

The Area and the Width are computed for an “U” shaped canal. 

The cross-section of this canal can be analyzed as a rectangle plus a semi 

circumference.  

Area Computation 

For  � < 2   :

The main challenge to compute the area of semicircular bottom relies on 

expressing the area in terms of �, the water depth.

First the area is expressed in terms of  3. From figure below and considering
that the area of the flow section is the area of the section minus the area of the 

triangular portion:   4 =	 �)2
) · 23 − �

)22 · 6�73 · 28963



The previous equation can be rewritten in terms of � because:

8963 = :;�!
; <  which lead to 3 = =>8896 :;�!

; <

Finally:    4 = �
)2

) :2 · =>8896 :;�!
; < − sin	(2 · =>8896 :;�!

; <)<

For � ≥ 2:

The area can be simply expressed as:   4 = B;C

) + 22 · (� − 2)

Width Computation 

For  � < 2   :

The width (D) can be computed in terms of 3 : D = 22 · 6�73

Then:   D = 22 · sin	(=>8896 :;�!
; <)

For � ≥ 2:

The width is:   D = 22



APPENDIX 3. Main instructions of the numerical code. 



APPENDIX 4. Control Point Locations and Froude Number for 

Two Slope Cases. 

 

Case 1 

 

 

 

Case 2 

 

 



 

Case 3 

 

 

 

Case 4 

 

 

 



Case 5.1. 

 

 

 

Case 5.2. 

 

 

 



Case 6 

 

 

 

Case 7 

 

 

 



Case 8 

 

 




