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ABSTRACT

The objective of the present Master thesis is to develop a flow separation model for 
airfoils  (2D  problems)  in  order  to  overcome  the  limitations  of  classical  potential 
models  where  flow  separation  is  not  allowed.  This  is  done  through  a  meshless 
methodology called full cloud vortex method.

This  method  computes  the  solution  in  several  steps.  First  one,  the  airfoil  is 
discretized in panels and through classical potential methods, the vorticity over each 
panel is obtained. After that, the vorticity is concentrated in a single point and shed at 
a certain distance of the panel.

Next step consists on the convection of this vorticity points under the influence of the 
flow field, the panels and the other vortices. In order to increase the accuracy, the 
final  position is  obtained from the computed velocity  through a forward  2nd order 
integration method.

In order to cope also viscous effects, a simple method to compute the diffusion of the 
vorticity of each shed vortex is also implemented.

Finally,  the pressure coefficient of each panel and the forces acting on the whole  
airfoil are computed.

Once the forces are obtained, a dynamic analysis is carried on. In order to do that, a 
simple 2 degrees of freedom spring-mass-damper model is implemented. From it, the 
position, velocity and acceleration of every node of the discretized airfoil is computed. 
The velocities and accelerations are obtained through a 2nd order finite differences 
scheme.

All the equations are implemented in Fortran, and the final program is introduced in a 
pre-post processor called GiD, which allows to generate the geometry, discretize it 
and set all the needed parameters up for for running the simulations.

Finally, in order to test the code, three geometries are tested: A cylinder, a symmetric  
airfoil  (NACA0012) and a non symmetric airfoil  (NACA4412). The results obtained 
are compared with experimental results in order to check the correct behaviour of the 
code. 

In  all  the  3  simulated  geometries,  the  results  are  in  good  agreement  with  the 
experimental ones.
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Introduction 1

INTRODUCTION

The motivation of this work is the enhancement of an existing software developed by 
CIMNE  (International  Center  of  Numerical  Methods  for  Engineering)  called 
PARACHUTES. The objective of this software is the computation of fluid-structure 
interactions of flexible structures, as fabrics. This scope is carried out through the 
development of two solvers, an aerodynamic one [6] and a structural one [7], coupled 
between them.

The structural solver, is a finite element explicit dynamic structural solver, which is a 
convenient choice due to the unsteadiness of  the problem, while the aerodynamic  
solver  uses  an  unsteady  low-order  panel  method  for  three-dimensional  subsonic 
flow.

It is in the aerodynamic part where the attention is focused. Panel methods are a 
very  powerful  way  to  compute  a  particular  kind  of  flows,  where  viscosity  and 
compressibility are neglected, called potential flows.

 Figure I.1  Boundary layer representation

One of the biggest implications of potential  flows is a consequence of neglecting 
viscosity. The boundary layer is the layer of fluid in the immediate vicinity of a surface 
where the effects of viscosity are important. Due to that, velocity near the surface is 
reduced. In this way, the boundary layer thickness is defined as the distance from the 
solid body at which the flow velocity is the 99% of the free stream velocity (see Figure 
I.1). Hence, it is obvious that if viscosity is neglected no boundary layer is developed 
nor any of the effects produced inside it, flow separation among them. Therefore, the 
fluid is always attached to the surface (Figure I.2), even at high angles of attack. As a 
consequence, the applications of this method, even if powerful, are strongly restricted 
to smooth, aerodynamic geometries and low angles of attack.



2 Flow Separation Modelling through Discrete Vortex Methods

Due to the use of this kind of formulation,  some difficulties arose when trying to 
simulate with  PARACHUTES certain kind of manoeuvres which in  real  life  would 
have  led to  boundary layer  detachment.  This  is  why a  method to  overcome this 
limitation is needed.

 Boundary layer separation occurs when the portion of the boundary layer closest to 
the wall  reverses in flow direction,  this is due to the fact  of  travelling against an 
adverse pressure gradient. As a result, the overall boundary layer initially thickens 
suddenly and is  then forced to  go  away the  surface by  the  reversed flow at  its  
bottom. The fluid flow becomes detached from the surface of the object, taking the 
form of eddies and vortices.

 Figure I.2  Detail of a lifting profile for attached (left) and detached flow (right)

From the above, the objective of the current work is to introduce an algorithm to an 
ordinary panel code in order to catch the effect of the vorticity produced inside the 
boundary layer and to allow flow detachment while trying to maintain the power of the  
panel method. In order to do that mesh-less techniques are applied based on panels 
modelled as constant strength vortices and point vortex singularities that harvest the 
vorticity  produced  by  the  panels,  allowing  to  simulate  the  macro  scale  of  the 
turbulence produced away from the profile.

The present work is structured in the following way: chapter 1 presents the basis of 
the aerodynamic model which involves the conventional scheme of a panel method 
and  the  implementation  of  a  vortex  cloud  method;  also,  all  particularities  of  the 
implementation,  as  precise  equations  used  or  corrections  needed  for  the  proper 
behaviour of the model, are shown. Chapter 2 shows the implementation of a simple 
mass  spring  model,  the  objective  is  to  lay  the  foundations  of  fluid-structure 
interactions in order to develop in the future more precise models. Chapter 3 shows 
the  interface  of  the  code  developed  and  chapter  4  the  results  obtained  with  it,  
properly compared with experimental data in order to check its validity. Finally, after a 
brief  introduction  in  chapter  5  about  the  path  to  follow  in  the  future  for  further 
developments of the code, the conclusions are presented in the final chapter.
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I.1. State of the Art

Historically, the obtainment of the parameters that determine the behaviour of airfoils 
and  the  way  to  extend  those  results  to  wing  design  had  a  huge  weight  in  the 
aeronautical field. Due to this fact, several methods have been developed in the last 
century,  every one more precise that the precedent one thanks to the increasing 
knowledge of aerodynamics.

The  first  methods  to  be  developed  were  based  on  simplified  equations,  like  the 
linearised  potential  ones  (obtained  from  inviscid  flow  hypotheses).  With  this 
procedure, methods using conformal transformations going from the flow around a 
cylinder to the flow around an airfoil were developed in the 1930s for 2D problems.  
During  this  decade,  most  fluid  dynamics  problems,  especially  in  the  field  of 
aerodynamics,  had  an  analytical  solution;  always  developed  for  simplified  or 
idealized situations ([18]).

However,  those  solutions  had  very  restricted  applications  in  the  industry.  This 
situation lead in the following years to the development of semi-analytical methods. 
These methods included perturbation techniques and scale similarity analysis which 
found  appreciable  applications  for  problems  involving  viscous  flows  or  inviscid 
compressible flows.

Numerical methods, even if they were well known since the times of Newton (in the 
1700s),  could  not  thrive  until  the  early  60s,  when  computers  achieved  certain 
maturity. In fact, the first work using computers to model fluid flows was preformed in 
July  1963  at  Los  Alamos  National  Labs,  and  it  consisted  on  modelling  a  two 
dimensional swirling flow around an object ([19]).

In 1967 the first 3D code was developed. It discretized the surface of the geometry  
with panels, giving rise to this class of techniques later known as Panel Methods. 
This first panel code was very simplified, lifting flows were not included and hence it 
was mainly applied to ship hulls and aircraft fuselages ([17]).

The first panel code for lifting bodies was developed in 1968. However, it is on the  
1980's when  a big number of panel codes were developed for airfoil analysis and 
design. Since then, panel methods are widely used for airfoil calculations since those 
methods offer a huge power of calculus with minimum computational effort.

However, due to its aforementioned limitations, in the present, other techniques have 
become  more  common  for  precision  computation  thanks  to  the  increase  of 
computational  power of  modern computers.  As an example,  the extensive use of 
finite element methods or the direct integration of the Navier-Stokes equations for 
very precise applications ([18]).

Despite  this,  panel  methods are  still  widely  used as  a  first  approximation  during 
design of aerodynamic elements. Moreover, efforts to overcome the known problems 
and provide better and useful results are ongoing nowadays.
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 Chapter 1 

AERODYNAMIC MODEL

In  this  chapter,  the  development  of  a  numerical  model  to  solve  aerodynamic 
problems through a full cloud vortex method will be developed.

Nevertheless,  before  the  model  is  developed,  some  considerations  about  the 
notation must be taken:

• Scalar variables will be represented with small letters, a .
• The derivative of any variable with respect to time will be indicated as follows: 

d a
d t

=ȧ .

• Vectors will be represented with small bold letters, a , and its module will be 
represented between vertical lines, ∣a∣ .

• To distinguish between vectors sharing the same symbol, a subscript will be 
used, a i≠a j .

• Matrices will be indicated in capital bold letters, A .
• To indicate the belonging of a variable to a vector or matrix, it will be used the 

same symbol but represented in normal letters and with a subscript indicating 
its position within the vector or matrix, a i  or Ai j .

 1.1 Preliminary Aspects

Full vortex cloud theory attempts to simulate the real flow through the solution of the 
Navier-Stokes equations. In order to express the methodology used for developing a 
functional model,  the momentum equations, shown in  (1.1) expressed in vectorial 
form, are a good starting point.

     v̇+v⋅∇ v=−∇ p
ρ

+ν∇2 v (1.1)

with v the velocity of the fluid, t the time, ρ the density of the fluid, p the pressure, 
and ν the kinematic viscosity.  In the left hand side of the precedent equation, the 
unsteadiness  (1st term)  and  the  convective  motion  of  the  flow  (2nd term)  are 
represented.  Those  are  related,  as  shown  in  the  right  hand  side,  to  pressure 
gradients (3rd term) and viscous shear stresses (4th term) inside the fluid.

In  the  real  fluid  motion  all  those  terms  occur  simultaneously  and  continuously,  
interacting  between  them.  However,  the  computational  representation  of  this 
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interaction is numerically impractical, leading to a separate computation of each term, 
proceeding iteratively through a series of small time increments Δ t .  For each time 
step the different factors of the Navier-Stokes equations are evaluated in sequence, 
allowing to the full vortex cloud method to develop particular solutions in the following 
way:

• First,  the system is  frozen in  a  precise instant  of  time,  obtaining a steady 
representation of the flow field induced by the geometry and other external 
disturbances. In this situation the flow field can be approached as a potential 
flow. This problem is solved by a classical panel method, obtaining the vorticity 
produced on the geometry.

• This vorticity is shed onto the fluid as a distribution of discrete vortex elements. 
All those vortex elements are let to freely convect under the influence of all  
other discrete vortices, panels and wind. Note that in this way, unsteadiness is 
also introduced in the computation.

• Next,  diffusion  of  all  previously  shed  discrete  vortices  due  to  viscosity  is 
computed (4th terms).

• After that, the calculation of surface pressure distribution and hence lift and 
drag (3rd term) is possible.

• Finally, the computation time is advanced by Δ t .

Intuitively, the whole procedure can be seen as if the various terms in the Navier-
Stokes equations are switched on or off at the appropriate moment of the numerical 
computation.

Following, Figure 1.1 shows a scheme of the process just described.

Figure 1.1 Computational scheme

Potential flow computation
 using panel methods

Shedding of the vorticity
onto the fluid

Vorticity Convection

Diffusion of the vorticity

Computation of the forces
acting on the body

Iteration
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In subsequent sections every box present in the scheme will be explained in detail. 

 1.2 Potential Flow

The  potential  flow  model  describes,  as  said  before,  the  physics  of  inviscid  and 
irrotational  flows.  Under  these  assumptions,  the  incompressible  fluid  equations 
reduce to

       ∇×v=0
∇⋅v=0 (1.2)

where  (1.2) models the dynamics of an irrotational fluid (upper one) and ensures 
mass conservation (lower one). Since the curl of a gradient is identically equal to 
zero, the irrotational condition given can be fulfilled by defining the velocity field as

        v=∇Φ (1.3)

with  Φ  a  scalar  function  called  velocity  potential,  which  is  a  function  of  the 
coordinates of the problem. Then, replacing  (1.3) into the continuity equation, the 
following expression is obtained

       ∇2 Φ=0 (1.4)

 1.2.1 Superposition Principle

(1.4) is  known  in  literature  as  the  Laplace  equation.  The  continuity  equation 
expressed  in  this  form  is  a  linear  equation,  which  means  that  the  principle  of 
superposition can be applied to it. This property is of big importance in the application 
of panel methods: if the Laplace equation has 2 different solutions, say Φ1  and Φ2 , 
the sum of those is also a solution of the system. Extending to N different solutions:

      Φ=∑
i=1

N

c iΦi (1.5)

with c i  being arbitrary constants. Substituting (1.5) into (1.4),

         ∇2 Φ=∑
i=1

n

c i∇
2Φ i=0 (1.6)
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This is a very important result of the Laplace equation, since it is possible to conform 
the solution of complex problems as the addition of simpler ones, reducing it to an 
algebraic search for the right linear combination of these solutions. 

 1.2.2 Boundary Conditions

This combination of solutions needs to satisfy the boundary conditions, which will 
depend  on  the  problem  under  consideration.  Typical  boundary  conditions  for 
aerodynamic problems are the following ([1], [3], [5], [9]):

• Far-field condition: the flow disturbances must disappear far away from the 
body.

• Neumann condition: solid boundary condition. The normal component of the 
flow velocity across the body’s boundary must be equal to zero. Even though, 
if transpiration is allowed, velocity is equated to a prescribed value.

• Neumann condition: non-slip condition. The component of the velocity tangent 
to the body of the layers of fluid attached to it must be zero. 

• Dirichlet condition: The value of the velocity potential is considered constant 
inside the body.

Far-field condition will be used to develop particular solutions for a free stream flow. 
Along with those particular solutions the application of one of the last three boundary 
conditions is enough for solving any problem involving potential flow. In fact, it can be 
demonstrated  that  for  potential  flow  both  Neumann  conditions  and  the  Dirichlet 
condition lead to the same physical response of the fluid on the boundary (see Annex 
A.2).  Hence, Neumann conditions are preferred since they have a direct physical 
meaning (wind velocity) and they are easier to understand.

 1.2.3 Conservation of the circulation

For simple potential flows, the combination of Laplace equation with those boundary 
conditions leads to a solution that is not uniquely determined unless the circulation 
around the body is fixed ([2], [5]).

However, in vortex cloud methods the correct amount of circulation on the body is 
given by the application of the circulation conservation on the elements shed onto the 
fluid along with the panels.



Aerodynamic Model 9

 
Figure 1.2 a) circulation integral over fluid curve 'C' b) circulation generated over an 

airfoil and over the wake developed downstream

Considering  the  circulation (Γ) around  a  fluid  curve  (Figure  1.2-a)  which  always 
passes  through  the  same  fluid  particles  in  an  incompressible  inviscid  flow  with 
conservative body forces acting, its time rate of change is given as

Γ̇= d
dt∮c

v⋅d l=∮c
v̇⋅d l+∮c

v⋅d
dt

d l (1.7)

with d l⃗  the the vector pointing in the tangent direction an infinitesimal section of the 
curve. Since C is a fluid curve, we have

v̇=a ; d
dt

d l=d v (1.8)

and therefore

Γ̇=∮c
a⋅d l+∮c

v⋅d v (1.9)

since the closed integral of an exact differential that is a function of the coordinates  
and time only is ∮c v⋅d v=∮c d (v 2/2)=0 , the second term of the right hand side of 
Eq. 2.9 is cancelled. For the first term, the acceleration a is obtained from the Euler 
equation

a=−∇( p
ρ )=− d

d l ( p
ρ ) (1.10)

substituting (1.10) in (1.9), the integral of a perfect differential around a closed path is 
obtained, yielding the result that the variation of circulation over a closed fluid curve 
is equal to zero and therefore, the circulation remains constant (Figure 1.2-b).

C
d l

v Γairfoil
Γwake

(a) (b)
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Γ̇=−∮c
d ( p

ρ )=0 → Γ=cost. (1.11)

 1.2.4 Solutions of the Laplace equation

From here, particular details on the computation of a solution using panel methods 
are explained. 

Suitable  elementary  solutions  need  to  be  chosen  in  order  to  cope  the  physical  
phenomena that take place inside the boundary layer. As mentioned, the phenomena 
producing flow detachment increase the vorticity of the fluid, so it is interesting to 
have a basic solution of the Laplace equation that represents a pure vortex ([5], [8]). 
In fact, a panel method based on surface vorticity modelling offers the advantage that 
it actually represents a direct simulation of an ideal fluid flow. The viscosity of a fluid 
is the indicator of the capacity to transmit or diffuse a certain property between close 
elements of fluid. Inside the boundary layer produced near a body (Figure 1.3-a), 
viscosity will control the velocity reduction of the flow, and hence the thickness of the 
boundary layer itself. On the other hand, potential flow can be seen as a particular  
case of the flow of a real fluid at  infinite Reynolds number (remember, Reynolds 
number is inversely proportional to viscosity) for which the fluid is unable to diffuse 
the variation of velocity due to the presence of a wall  and hence boundary layer  
becomes  a  sheet  of  infinitesimal  thickness  (Figure  1.3-b)  where  all  vorticity  is 
concentrated.  Across  this  sheet,  the  velocity  parallel  to  the  surface  changes 
discontinuously from zero (satisfying thus the non-slip condition) in contact with the 
wall to the potential flow value just outside the vorticity sheet.

Figure 1.3 Flow near a solid surface. a) Case with finite Re number: boundary layer 
formation. b) Case with Re → ∞ : Boundary layer collapsed into a vorticity sheet of 

infinitesimal thickness.

In this sense the surface vorticity model is precisely true to the physical reality of a 
flow with  infinite  Reynolds  number  (but  fully  attached)  and is  therefore  the  most 
natural of all numerical methods for potential flow analysis. Thus, the system will be 
represented in the following way: points of concentrated vorticity (point vortices) for 

V w

V w

BOUNDARY LAYER
δ→0

δ

(a ) (b)
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modelling the wake (Figure 1.4-a),  and longitudinal  elements  of  constant  vorticity 
distribution (panels) for modelling the body (Figure 1.4-b) .

Figure 1.4  Velocity induced by: a) a point vortex of strength ΔΓ placed at (x0, z0) ; b) a 
panel of strength γ  with initial and final coordinates, respectively, (x1, z1) and (x2, z 2)  

with control point at (x0, z0)

It is important to notice that both point vortices and panels try to model a particular 
motion of the fluid. The velocity field generated by point vortices are shown in global 
Cartesian coordinates in (1.12). Details on the derivation of these expressions can be 
found on Annex A.1:

   
uv=ΔΓ

2π
z−z0

(z− z0)
2+( x−x0)

2 =
ΔΓ
2π

h
R2

w v=−ΔΓ
2π

x− x0

( z−z 0)
2+(x−x0)

2 =−ΔΓ
2π

x− x0

R2

(1.12)

A point vortex placed at (x0,z0), will induce a velocity of components (uv,wv) on a given 
point with coordinates (x,z), see Figure 1.4-a.  R  represents the distance between 
the position of the point vortex and the position where it is desired to compute the 
induced velocity.  ΔΓ  represents the variation of vorticity introduced by the point 
vortex onto the fluid, which is also called the strength of the point vortex. For practical  
purposes, it is useful to keep ΔΓ  explicitly

ũv= 1
2π

h
R2 → uv=ΔΓ⋅ũv

w̃ v=−
1

2π
x− x0

R2 → w v=ΔΓ⋅w̃ v
(1.13)

(b)(a )

(x , z )

V⃗ v

V⃗ p

R2

(x2, z 2)(x1, z1) (x0, z0)

γ t̂

n̂

(x , z )

R1

(x0, z0)

R

ΔΓ
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Before moving on, note from (1.13) that if the distance between the vortex element 
and the evaluating point is reduced to zero, the induced velocity tends to infinity, for 
this reason vortex elements are also known as vortex singularities.

Now, for panels with  constant vorticity distribution,  expressions for computing the 
induced velocities are derived in panel coordinates:

u p= γ
2π [ tan−1 z

x−x2
−tan−1 z

x− x1 ]
w p=

γ
2π

ln
(x− x2)

2+z2

(x− x1)
2+ z2 =

γ
2π

ln
R2

2

R1
2

(1.14)

where  the  velocity  of  components  (up,wp)  is  evaluated  at  a  certain  point  of 
coordinates (x,z). (x1,z1) and (x2,z2) are the positions of the initial and final nodes of 
the panel, respectively (see figure 1.4-b).  R1  Represents the distance between the 
first node and the point (x,z), and R2  the distance between the second node and the 
point (x,z). γ  is the vorticity per unit length and it is called the strength of the panel, 
as in the case of point vortices. It is also convenient to keep it expressed explicitly:

ũ p= 1
2π [ tan−1 z

x−x2
−tan−1 z

x−x1 ] → u p=γ⋅ũ p

w̃ p= 1
2π

ln
(x− x2)

2+ z2

(x− x1)
2+z 2 → w p=γ⋅w̃ p

(1.15)

The previous expressions,  (1.14) and  (1.15), are expressed in the local reference 
frame of each panel, but since the coordinates of the nodes and the position where  
the velocity is desired to be evaluated will be given in global coordinates, the first 
step for computing induced velocities is transform them to the panel local system. 

On Figure 1.4-b the unitary normal, n̂=( n̂x , n̂z) , and tangent, t̂=(t̂ x , t̂ z) , vectors of the 
panel  are represented.  The origin  of  local  coordinates  is  placed at  (x0,z0),  in  the 
middle of the panel.  Therefore,  the position expressed in  global  coordinates of  a 
given point, P g=(x g , z g) , can be translated to the panel system in the following way

P l={(x g− x0) t̂ x+(z g−z0)t̂ z , (x g− x0) n̂x+(z g−z0) n̂z}=( x l , z l) (1.16)

with (x l , z l)  the coordinates of point P expressed in the local reference frame. Then, 
once the induced velocity is computed, its components have to be transformed back 
to the global system:

(ug
p ,wg

p)=(ul
p⋅t̂ x+wl

p⋅n̂x , ul
p⋅t̂ z+w l

p⋅n̂z)=γ( ũg
p , w̃g

p) (1.17)
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with (u l
p ,wl

p) and (ug
p ,wg

p) the components of the velocity induced by the panel in 
local and in global coordinates, respectively,  ũg

p=ũl
p⋅t̂ x+w̃ l

p⋅n̂x and w̃ g
p=ũ l

p⋅t̂ z+w̃l
p⋅n̂z . 

In order to simplify the notation, from now on the subscript 'g' will not be written when 
referring to global coordinates.

 1.2.5 The panel method

In order to apply the boundary conditions, an appropriate selection of the domain with 
its contour must be done (Figure 1.5-c). For this task, it is important to remember 
that, in order to fulfil the circulation conservation, the region enclosed by the selected 
boundary  domain  must  not  contain  any  kind  of  fluid  elements,  otherwise  these 
equations become invalid and hence useless for practical purposes. Therefore, the 
boundary of the domain is chosen to trace back the surface slightly inside the airfoil,  
just enough to keep outside the vortex sheet of each panel which, in any case, has 
infinitesimal thickness.

Once the boundary is defined, it is divided into a set of panels, each one with its local 
reference  system  (Figure  1.5-b),  which  are  straight  segments  with  a  sheet  of 
constant strength vortices bonded to them.

 

Figure 1.5  a) Reference system; b) Discretization of the airfoil; c) Definition of the inner 
(body) and outer (fluid) domains

The fluid motion generated by each panel will induce a certain velocity on the other 
panels. It is important to compute this contribution in order to apply the Neumann 
boundary conditions, which set the value of the velocity over each panel.

α

V⃗ w

z

x

n̂1

t̂ 1

n̂2

t̂ 2n̂i

t̂ i

n̂ j

t̂ j
n̂N

t̂ N

Outer domain

Inner domain

⋯

⋰ ⋯

(c)

(a) (b)
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The velocity induced by one panel to another can be computed in different ways, for 
example through the integration of the induced velocity over the panel length in order 
to have the mean contribution. However, for numerical reasons this is not practical. 
An approximated way to compute this contribution consists on defining a control point 
with coordinates (x0,z0) in the middle of each panel (see Figure 1.4-b). After that, the 
contribution of a given panel j  to a panel i  is considered as the the velocity induced 
by  the  panel  j  to  the  control  point  (x0,z0)  of  panel  i . Taking  into  account  the 
contribution of all panels to a given panel i, the following expression is obtained

  v i=∑
j=1

N

v ij
p+vw (1.18)

where v i  is the total velocity on the control point of panel i , N  is the total number of 
panels,  v ij

p  is  the  velocity  induced on the  control  point  of  panel  i  by panel  j , 
obtained from  (1.15) and  vw  the wind velocity, whose components in the x and z 
direction are, respectively,  v wcosα  and vwsinα , with  α the angle of attack (Figure 
1.5-a).

Once the total velocity acting on the panel is computed, the boundary conditions can 
be applied, see  (1.19). The projection of the velocity tangent to the panel must be 
zero due to the non slip condition (upper one) represents the non slip condition, while  
the normal projection (lower one) represents the solid body condition. 

 
{∑j=1

N

v ij
p+v w}⋅t̂ i=0

{∑j=1

N

vij
p+vw}⋅n̂ i=0

(1.19)

Expanding the different terms present in  (1.19) leads to the following expression of 
the Neumann boundary conditions for panel i :

∑
j=1

N

K ij
t⋅γ j+(vw cosα⋅̂t ix+v wsinα⋅̂t iz)=0

∑
j=1

N

K ij
n⋅γ j+(vw cosα⋅n̂ix+v wsinα⋅n̂ iz)=0

(1.20)

K ij
t  and K ij

n  are called the tangential and normal influence coefficients, respectively,  
and they are functions of the geometry only; even if they are dimensionless, they can 
be seen as the velocity induced by a panel  j ,  with  an unitary constant strength 
vortex distribution on it, to another panel i . Their respective expressions are
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K ij
t =ũ ij

p⋅t̂ ix+w̃ ij
p⋅t̂ iz

K ij
n=ũ ij

p⋅n̂ix+w̃ ij
p⋅n̂iz

(1.21)

(1.20) is applied to all  the panels in the tangential  direction.  In  (1.22),  the global 
system of equations obtained is expressed in matrix form.

    [K 11
t ⋯ K1j

t ⋯ K 1N
t

⋮ ⋱ ⋮
K i1

t K ij
t ⋮

⋮ ⋱ ⋮
K N1

t ⋯ ⋯ ⋯ K NN
t ]{γ1

⋮
γi

⋮
γN

}={
−(vw cosα⋅t̂ 1x+vwsin α⋅t̂ 1z)

⋮
−(vwcos α⋅t̂ ix+vwsin α⋅t̂ iz)

⋮
−(vw cosα⋅̂t Nx+vwsin α⋅t̂ Nz)

} (1.22)

With the projection of the wind velocity along the axes of the panel as known term 
and, hence, placed in the right hand side of the equation. In a compact way

       K t γ=vw (1.23)

were vw  stands for velocity contribution of the wind. For simplicity, the expression for  
the  solid  body  boundary  condition  is  not  presented  here  since  it  is  completely 
equivalent to the non-slip condition.

The application of both boundary conditions leads to a well posed problem with a set 
of N linear equations with N unknowns (the strength of the panels, γi ).

At this point,  one of the two Neumann conditions have to be chosen. Since both 
conditions are equivalent, this selection is carried out under the light of computational 
criteria: note that the diagonal of the matrix of influence coefficients  K  represents 
the self-induced velocity of each panel to its own control point. Applying  (1.14) for 
obtaining this value, it is found that a constant strength vortex distribution induces on 
itself a tangential velocity equal to −γ/2  and a normal velocity equal to zero.

This means that the use of solid body boundary condition leads to a zero diagonal  
matrix.  Such a system of equations is extremely ill-conditioned and its solution is 
extremely delicate. On the other hand, the non slip condition generates a diagonal 
dominant  matrix,  which  has  less  problems  to  be  solved.  Therefore,  this  is  the 
condition chosen.

Since disambiguation between conditions is no longer needed, the  t superscript on 
the matrix  of  influence coefficients,  which stands for tangential,  will  be no longer 
written explicitly.
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 1.2.6 Vorticity and circulation conservation

Under the assumptions made, the procedure shown so far should implicitly fulfil both 
circulation  and  vorticity  (the  total  amount  of  vorticity  must  be  zero)  conservation 
equations; however  due to discretization and computational errors it  could not be 
true. In order to avoid this problem, both circulation and vorticity conservation are 
enforced explicitly.

 1.2.6.1 Circulation correction

Taking a look on the matrix of influence coefficients (1.22), each column represents 
the tangential  velocity  induced by panel  j , with  a vorticity  distribution  of  unitary 
strength, to the control point of all the other panels, included itself. If this velocity is 
integrated over the length of each panel  i , the sum represents the total circulation 
Γ j  produced by panel j  on the closed boundary of the airfoil (Figure 1.6), namely

Γ j=γ j∑
i=1

N

K ij⋅Δ l i (1.24)

with Δ li the length of panel  i . As said before, due to the circulation conservation 
equation  this  value should  be zero.  Therefore,  the  influence coefficient  of  higher 
value is selected from each column (excluding the coefficients present in the matrix 
diagonal) and it is replaced by a linear combination of the other coefficients ([8]), 
namely

    K max , j=− 1
Δ lmax

∑
i=1

i≠max

N

K ij⋅Δ li (1.25)

ensuring that the net circulation around the boundary of the airfoil  implied by the 
numerical model is identically zero.

Figure 1.6  Computation of the circulation around a closed curve

ΔΓ
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 1.2.6.2 Vorticity correction

The  vorticity  generated  over  a  given  panel  j  with  a  constant  strength  vortex 
distribution is computed as:

    ΔΓ j=γ j⋅Δ l j (1.26)

Therefore, the total amount of vorticity produced by the whole profile is

∑
j=1

N

ΔΓ j=∑
j=1

N

γ j⋅Δ l j=0 (1.27)

Adding (1.27) to each one of the equations on (1.22), the conservation of circulation 
is ensured, leading to the following expression:

  ∑
j=1

N

(K ij+Δ l j)⋅γ j+(vw cosα⋅̂t ix+v wsinα⋅̂t iz)=0 (1.28)

This equation leads to a system of equations analogue to (1.23), namely

        K̃ · γ=vw  (1.29)

were K̃ ij=K ij+Δ l j . At this point, it only remains to invert the matrix [ K̃ ]  with any of 
the methods available to find the strength γ  of the vorticity distributions.

       γ=K̃−1· vw (1.30)

 1.3 Shedding

As mentioned in the beginning of this chapter, the vorticity is continuously produced 
on  the  surface  of  the  airfoil,  it  is  shed  onto  the  fluid  and  let  freely  to  convect.  
Numerically, an increase of vorticity is produced on the surface of each panel on a  
given  time  step.  The  value  of  this  increase  of  vorticity,  obtained  from  (1.26) is 
concentrated into vortex points and then shed onto the fluid (Figure 1.7), releasing 
N  new vortex elements during the next time step. Hence, in a certain instant of time 

there will be N v  vortex elements. Once shed, the strength associated to the vortex 
points remains constant in time during the rest of the computation.
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Figure 1.7  Shedding of a point vortex of strength ΔΓ  at a distance ε  from a panel of 
strength γ

Ideally, the distance from the panel at which each vortex element is shed is given by 
the mean path (ε)  travelled by a particle in a fluid due to diffusion.

ε=√ 4
3 νΔ t (1.31)

However,  for  high  Reynolds  number,  this  distance  becomes  very  small  and,  as 
shown in the following section, this leads to an overestimation on the computation of 
the velocity induced by the point vortex to the panel from which it is shed. Therefore,  
it  is  better  to  choose  a  higher  distance  for  placing  new released  point  vortices.  
Empirically, a good option is to place them at a distance equal to a quarter of the 
mean panel length ([1], [5], [9]).

 1.3.1 Effect of shed vortices on strength computation

These new vortex elements introduce a perturbation in the fluid which needs to be 
taken  into  account  when  applying  the  boundary  conditions.  Therefore,  (1.28) is 
modified to introduce the velocity induced by each vortex element to every control 
point. For a given panel

∑
j=1

N

( K̃ ij)⋅γ j=−(vwcos α⋅t̂ ix+vw sinα⋅t̂ iz)−∑
k=1

N v

ΔΓk⋅( ũik
v⋅t̂ ix+w̃ik

v⋅t̂ iz ) (1.32)

Defining  v ik
v = ũik

v⋅t̂ ix+w̃ik
v⋅t̂ iz  and  v t=vw+∑

k=1

N v

ΔΓk vk
v ,  the  matrix  form  from  (1.32) is 

obtained

       K̃ · γ=v t (1.33)

Δ l

γ
ε

ΔΓ
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Again, the computation of the strengths is direct.

      γ=K̃−1·v t (1.34)

 1.3.2 Vorticity and circulation conservation

As in the case of the panels,  the vorticity and circulation produced by the vortex 
singularities are often non conserved due to computational errors, hence they must 
be enforced in a similar way than in the precedent case.

 1.3.2.1 Circulation conservation

If the velocity contribution of each vortex element is expressed separately

    K̃⋅γ=vw+ΔΓ1v1
v+…+ΔΓk vk

v+…+ΔΓN v
vN v

v (1.35)

the total circulation produced by a given vortex element k over the airfoil is computed 
as the sum of all terms of vector ΔΓk vk

v  multiplied by its corresponding panel length

Γk=ΔΓk∑
i=1

N

v ik
v⋅Δ l i=0 (1.36)

Now, in order to enforce zero circulation, highest element in vector v k
v is replaced by a 

linear combination of the other elements, namely

       vmax, k
v =− 1

Δ lmax
∑
i=1

i≠max

N

vik
v Δ li (1.37)

 1.3.2.2 Vorticity conservation

The total amount of vorticity produced by panels and shed vortices will be

∑
j=1

N

γ j⋅Δ l j+∑
k=1

N v

ΔΓk=0 (1.38)

and introducing (1.38) into (1.32)
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∑
j=1

N

( K̃ ij)⋅γ j=−(vwcos α⋅t̂ ix+vw sinα⋅t̂ iz)−∑
k=1

N v

ΔΓk ṽ ik
v (1.39)

with ṽ ik
v =( ũik

v⋅t̂ ix+w̃ ik
v⋅t̂ iz+1) , and in compact form

      K̃⋅γ=vw+∑
k=1

N v

ΔΓk ṽk
v=ṽ t (1.40)

Thus, the new strengths are computed in the following way

       γ=K̃−1 ṽ t (1.41)

 1.3.2.3 Shed vortices near the panel surface

The induced velocity is computed on a single point, assuming it as the mean value  
over the whole panel. This assumption is reasonable when the vortex is far enough, 
because the variation in the induced velocity between different parts of the panel is 
low. But if the vortex is close to the control point, the variations are high, leading to a  
huge overestimation of the induced velocity and hence of the vorticity computed over 
this panel. As an example, in Figure 1.8 are shown the computed velocities for a 
vortex element placed at ε=0.1  (close to the panel) and ε=1.0  (far from the panel):

Figure 1.8  Velocity induced by a vortex element over the panel

One way to overcome this problem is to divide the panel into sub-elements, each one 
with its own control point (Figure 1.9) where the induced velocity is computed. Taking 
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the average of all these velocities the estimation of the induced velocity is improved.

Figure 1.9  Computation of induced velocities by a point vortex over a sub-discretized 
panel

The minimum number of sub-elements ( ns ) to be used can be computed from the 
following formula ([8]):

ns=1+round (2Δ l i
R ik ) (1.42)

The velocities  ũ ik
v  and  w̃ ik

v  used  for  evaluation  of ṽ k
v are  then  replaced  by  the 

average values computed on all sub-elements, namely

     ũ ik
v = 1

2πns∑n=1

ns {zn−zk
Rnk

2 } ; w̃ ik
v =− 1

2πns∑n=1

ns {xn−x k

Rnk
2 } (1.43)

where (xn,zn) are the coordinates of the control point of each sub-element n. From 
this  point,  the  computation  of  vorticity  is  carried  out  in  the  same way  as  in  the 
precedent section.

Summarizing, it  is recommended to follow the indications listed below in order to 
compute correctly the influence of vortices over panels:

• For  gap  ratios  ε/Δ l i>1.0 ,  normal  surface  vorticity  modelling  will  suffice 
without the use of sub-elements.  ε  is defined here as the gap between the 
free vortex k and the nearest pivotal point belonging to panel i .

• For  1.0>ε /Δ l i>0.4 ,  sub-elements  should  be  used  when  calculating  the 
inducing velocity due to vortex element k.

ΔΓk

V⃗ k
v
(n=1)

ns

2

1

V⃗ k
v
(n=2)

V⃗ k
v
(n=ns )

⋰

⋰



22 Flow Separation Modelling through Discrete Vortex Methods

• For  ε/Δ li<0.4 ,  the  use  of  sub-elements  does  not  introduce  further 
improvements in the computation of induced velocity,  thus the effect of the 
given vortex is neglected in order to avoid the introduction of big errors in the 
model.

 1.4 Convection

Vortex elements are free to move inside the fluid domain. Convection will be carried 
on under the influence of the wind, panels and other vortices (Figure 1.10).

Figure 1.10  Induced velocities on a given point P i  due to the effect of the wind (vw) , 
point vortices (vvk) , and panels (v pi)

This influence is computed in the following way (note that in the case of point vortices  
does not exist self-induction)

u jx
c =(vw cosα)+∑

i=1

N

γ i ũ ji
p+∑

k=1
k≠ j

N v

ΔΓk ũ jk
v

w jz
c =(vw sinα)+∑

i=1

N

γ i w̃ ji
p+∑

k=1
k≠ j

N v

ΔΓk w̃ jk
v (1.44)

where  (u jx
c ,w jz

c )  are  the  convective  velocities  of  vortex  element  j  placed  on 
coordinates (xj,zj) Thus new coordinate location (xj',zj')  of the vortex element  j  is 
computed using a first order finite differences scheme, namely

ΔΓk

Wind

γi

vvk

vw

v pi
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x j '=x j+u jx

c Δ t
z j '= z j+w jz

c Δ t
(1.45)

With this method, the curve path of every vortex element is approached as a straight 
line within the given time step. This leads to an accumulated error on the trajectory of  
the point vortex, as observed in the following example: Considering the motion of a 
couple of point vortices of strength  ΔΓ  separated by a certain distance  d  (Figure 
1.11), the exact trajectory described by each one of them is a circular path. However,  
using the scheme proposed in (1.45) this is not true.

Figure 1.11  Convective motion of a pair of vortices of unitary strength ΔΓ  separated by 
an unitary distance d

This  variation  can  be  seen  as  the  introduction  of  artificial  diffusion,  which  is 
undesirable. In order to reduce this error, the following scheme is proposed: Having 
convected all vortices, the convection velocities are recalculated at the new location. 
The original  convective  velocity  and the new one are then averaged (see Figure 
1.12), having a better estimate of the vortex convection since the curvature of the 
drift  path is now taken into consideration. This scheme is equivalent to a forward 
finite differences integration method of second order

    
x j '= x j+

1
2 (u jx

c +u jx '
c )Δ t

z j '= z j+
1
2 (w jz

c +w jx '
c )Δ t

(1.46)

Every averaging computation is counted as one corrective iteration. Repeating this 
process and taking the average of the initial convection velocity  (u jx

c ,w jx
c )  and the 

latest estimate  (u jx '
c , z jz '

c ) ,  it  follows that the final predicted drift  path matches the 
actual path followed by a vortex element.

True drift path

Numerical estimation 
(5 steps computation)

d

ΔΓ1

ΔΓ2
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Figure 1.12  One iterative correction for the convective drift path

The  obvious  drawback  of  this  method  is  that  for  each  corrective  iteration  a  full  
computation of the convection for all vortices shed so far is needed. However, when 
the number of  vortices  present  in  the fluid  is  high,  two corrective  iterations offer 
results which are accurate enough.

Another important aspect to take into account is the fact that, due to free convection, 
one  or  various  vortex  elements  may  go  inside  the  body.  If  happens,  circulation 
produced by the given vortex element is no longer zero. To avoid this situation, the  
circulation correction itself is used to detect whether the vortex element lies either 
inside of outside the body profile. Ideally, can be stated for the vortex element k that

• if ΔΓk∑
i=1

N

v ik
v⋅Δ l i=0  the unit vortex is outside the body,

• if ΔΓk∑
i=1

N

v ik
v⋅Δ l i=ΔΓk  the unit vortex is inside the body.

However, as mentioned in the previous section, if vortex is in close proximity to the 
wall, the inherent inaccuracy in the computation of the induced velocity would lead to 
erroneous results. An acceptable procedure which works extremely well is to omit the 
contribution of circulation produced by the vortex to the nearest panel, say  n ,from 
the  circulation  check.  In  this  way,  the  previous  statements  are  modified  in  the 
following way:

• ΔΓk∑
i=1
i≠n

N

v ik
v⋅Δ l i<0.5ΔΓk if the unit vortex is outside the body,

• Δ Γk∑
i=1
i≠n

N

v ik
v⋅Δ l i>0.5ΔΓk if the unit vortex is inside the body.

A common strategy is then to remove any vortices element detected to be inside the 
body.  Then,  the  circulation  check  is  modified  in  order to  take  into  account  this 
reduction of vorticity:

-----   
∆R1

∆R2  
  *

→ True dirft path
→ Displacement over first time step
→ Displacement over second time step
→ Average of ∆R1 and ∆R2 

∆R1

∆R2

∆R2
∗
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      ∑
i=1

N

γ iΔ l i+∑
k=1

N v

ΔΓk=ΔΓrem (1.47)

with  ΔΓrem  the sum of the vorticity of all removed vortex element. Hence,  (1.39) is 
modified in the following way

    ∑
j=1

N

( K̃ ij )⋅γ j=−(vwcos α⋅t̂ ix+vw sinα⋅t̂ iz)−∑
k=1

N v

ΔΓk ṽ ik
v +ΔΓrem (1.48)

Finally, the strength is computed in the usual way

     γ=K̃−1Ṽ t (1.49)

with Ṽ t  expressed in the following way

       Ṽ t=−(vwcos α⋅t̂ ix+vw sinα⋅t̂ iz)−∑
k=1

N v

ΔΓk ṽ ik
v +ΔΓrem (1.50)

 1.5 Diffusion

The method use here for simulation of viscous diffusion is the so called 'random walk' 
model. The principle involved is to subject all of the free vortex elements to small 
random displacements which produce a scatter equivalent to the diffusion of vorticity  
in the continuum. To describe such flow, the curl of the Navier-Stokes momentum 
equation  is  computed  and,  after  that,  all  elements  rearranged,  expressing  the 
variation  of  vorticity  in  time  as  a  function  of  both  convection  and  diffusion  (the 
pressure term is cancelled since the curl of a gradient is always zero).

         ω̇=−v⋅∇ω+ν∇ 2ω (1.51)

To compare the relative importance between the convective and diffusive terms (first 
and second term, respectively,  in the right hand side of  (1.51)) it is convenient to 
normalise the previous equation by means of length and velocity scales, for instance 
a characteristic length of the geometry, like the chord ( c ), and the velocity of the free 
undisturbed flow ( vw ), obtaining the following dimensionless form:

     ω̇ '=−(v '⋅∇)ω '+ 1
Re

∇2 ω ' (1.52)
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where the Reynolds number is defined by

       Re=
vw c
ν

(1.53)

For infinite Reynolds number, (1.52) describes the convection of vorticity in an viscid 
flow. At the other end of the scale, for very low Reynolds number flow,  the viscous 
diffusion  term will  predominate.  Then,  returning  to  the  dimensional  equation,  for 
purely diffusive motions, (1.52) becomes

       ω̇=ν∇ 2 ω (1.54)

and expressing the laplacian of the vorticity in polar coordinates

ω̇=ν{∂2 ω
∂ r 2 +

1
r
∂ω
∂ r } (1.55)

 1.5.1 Diffusion Implementation

Integrating equation (1.55) for a diffusing vortex of initial strength ΔΓ  centred on the 
origin  of  the  (r,θ) plane, the  vorticity  distribution  (fig.  15-a)  in  space and time is 
obtained ([2]):

ω(r , t)= ΔΓ
4π ν t

e(−
r2

4 ν t) (1.56)

Physically, this equation represents how a certain amount of vorticity, which is initially 
concentrated at the origin of coordinates at t=0  is spread uniformly in all directions 
of the domain as time goes on. However, another interpretation of equation (1.56) is 
possible:  It  can  be  notice  its  similarity  with  the  Gaussian  probability  distribution 
function (p.d.f.). In fact, if the distribution of vorticity  ω(r ,t )  is divided by the total 
vorticity concentrated in the vortex element  ΔΓ , this equation can be seen as the 
distribution of provability of finding the vortex element, with all vorticity concentrated 
on it,  in a given position inside the domain for a given time. The interpretation is 
consistent,  having  higher  probability  to  find  the  vortex  element  near  its  original  
position (indeed, initially the probability is one) and raising the probability to find it far  
away as the  elapsed time increases,  interpreting  the time as  a kind of  standard 
deviation.
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Figure 1.13 Vorticity diffusion of a vortex point of unitary strength ΔΓ =1  and unitary 
kinematic viscosity of the fluid ν=1  at a time t=1s . a) lateral view; b) Upper view

Thus, taking a small area δ A  (see fig. 1.13-b) and integrating de p.d.f over it, the 
total probability p of finding the vortex inside is obtained:

   p=∫
A

ω(r , t)
Δ Γ

δ A=∬
r θ

[ 1
4 πν t

e(−
r2

4 ν t)]r δθδ r (1.57)

An appropriate strategy then is to displace each vortex element i  in the radial and 
angular directions by amounts  r i ,  and  θi  over the time interval  ∆t  such that the 
probability density distribution given by (1.57) is satisfied.

It  is  seen that  the  probability  density  distribution  (1.57) does not  depend on the 
direction  taken,  hence,  the  choice  in  the  θ direction  should  be  done  with  equal 
probability.  Thus,  for  every  vortex  element  i ,  it  may  be defined  a  θi  value, 
independently of r , by the following equation

        θi=2π Q̃i (1.58)

where Q̃i  is a random number within the range 0.0< Q̃i <1.0.

The radial scattering of vortex elements it is better decided by first integrating (1.57) 
between θ=0 and 2π obtaining

p '=∫
r
{ 1

2ν t
e
− r 2

4 ν t}r δ r (1.59)

p'  is  then  the  probability  that  a  given  element  will  lie  within  the  band  of  area 
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comprised between r  and r+δ r . However, it is more useful to find the probability P 
that an element will lie within a circle of radius r . This can be found by integrating p'  
from r=0  to r , namely

   P=∫
r
{ 1

2 ν t
e
−

r2

4ν t}r δ r=1−e(−
r 2

4ν t ) (1.60)

where  the  constant  of  integration  has  been  set  at  value  unity  to  ensure  zero 
probability as the target area radius r approaches zero and total probability (P=1) 
when r goes to infinity, i.e., it is considered all the domain. At this point the value of P 
is determined by selecting a random number P̃ i  within range 0.0-1.0. Thus for the 
vortex element i , (1.60) becomes

    P̃ i=1−e
(− r i

2

4ν t) (1.61)

and from which the radial random shift ( r i ) is obtained

 r i={4ν t ln (1/ P̃ i )}
2 (1.62)

As said before, the scatter of the N v  vortex elements is then determined by selecting 
N v  random numbers  in  the  range  0.0-1.0  for  both P̃ i  and  Q̃i .  Those  random 

numbers are generated in the following way: First an arbitrary real number P̃1  in the 
range 0.0-1.0 is chosen to seed the process. In order to ensure randomness, in the 
current  work  the  Fortran  function  SYSTEM_CLOCK  is  used,  which  returns  the 
number of milliseconds elapsed since noon, January 1, 1970. This value is divided by 
1·109  in order to obtain a number smaller than one. Then, the following expression is 
evaluated

    P2=(A+ P̃1)
5 (1.63)

where A is an arbitrary 'real' constant with enough decimal figures. The final random 
value P̃2  is obtained by assuming its real part equal to 0 and retaining the figures  
after the decimal point of P2 . The process may be repeated indefinitely using P̃2  as 
the next seed for the next random number. Expressed for the i−th  random number

    P i=(A+ P̃i−1)
5 (1.64)

So far, it is considered diffusion over the finite time t taken in one single step only. If 
diffusion is considered over a succession of small time increments Δ t , the angular 
and radial displacements of element i  during time Δ t  will be
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Δθi=2πQ i

Δ ri={4 νΔ t ln (1/P i )}
1
2

(1.65)

Thus, after the increment Δ t  the new position coordinate location (x i
d,zi

d) of vortex 
element i  will be

 
x i
d=x i+Δr i cosΔθi

z i
d=z i+Δ ri sinΔθi

(1.66)

The application of this procedure to all  N v  shed vortex elements over several time 
steps yields to a good approximation of the diffusion of the vorticity in the fluid.

 1.6 Forces

Last step is the computation of the forces acting on the airfoil. This is done thanks to 
the momentum equation from which pressure distribution are obtained and from them 
the coefficients of pressure, lift and drag.

Following the same procedure than in the precedent sections, once convection and 
diffusion have been completed in the numerical simulation, they are eliminated from 
the Navier-Stokes equation, which reduces to

   −1
ρ

∇ p=v̇ (1.67)

At any point on the body surface the velocity parallel to the surface following potential  
flow analysis is given by v=γ(l)  ([8]).  Hence, (1.67) gives the pressure gradient in 
the direction of the airfoil boundary l , namely

    
1
ρ

∂ p
∂ l

=−γ̇ (1.68)

from which we may derive a numerical expression for the change in surface pressure 
over the panel i  ( Δ pi ) during the discrete time step Δ t , namely

    Δ pi=−ρ
γ iΔ l i
Δ t

=−ρ
ΔΓi

Δ t
(1.69)

For vortex cloud modelling, the vorticity is being continually produced and shed as a 
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distribution of discrete vortices ΔΓi  at each time step. This equation thus provides a 
simple  way  for  computing  the  surface  pressure  distribution  in  the  vortex  cloud 
simulation of an unsteady flow.

For full  vortex cloud modelling in which potential  flow surface vorticity is shed as 
discrete vortices from all  surface elements during each time step,  (1.69) may be 
integrated directly to obtain the surface pressure at any point on the body, yelding

p i= p1+∑
j=1

i

Δ p j=p1−
ρ
Δ t ∑j=1

i

ΔΓ j (1.70)

From here,  the summation of the vorticity term will  be expressed implicitly in the 
following way:

   ΔΓi=∑
j=1

i

ΔΓ j (1.71)

The pressure of all panels is expressed relative to the pressure value p1  applicable 
at an arbitrary panel 1. A suitable technique is to set p1  equal to zero initially, in this 
way, (1.71) becomes

   p i=−
ρ
Δ t

ΔΓi (1.72)

All the p i  values obtained may then be searched to find the highest value pmax . This 
value may then be raised a certain  Δ p  to equals the stagnation pressure of the 
approaching flow

Δ p=p∞+
1
2
ρ∞ v∞

2 − pmax= p∞+
1
2
ρ∞ v∞

2 −
ρ
Δ t

ΔΓmax (1.73)

if all  p i   values are increased by the same amount, all static pressure values will  
then be  expressed relative to  p∞  and from them, the pressure coefficient (cp) for 
every panel i  is directly computed.

p i=Δ p− ρ
Δ t

ΔΓ i= p∞+
1
2
ρ∞ v∞

2 −
ρ∞

Δ t (ΔΓ i+ΔΓmax)

pi−p∞=
1
2
ρ∞v∞

2 −
ρ∞

Δ t (ΔΓi+ΔΓmax)

cp i=
pi− p∞

1
2
ρ∞ v∞

2
=1− 2

v∞
2 Δ t

(ΔΓi+ΔΓmax)
(1.74)
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Integrating p i  over the panels, the force in its normal direction is obtained. The force 
coefficients are computed as the summation of the forces of all panels divided by the 
kinematic pressure of the free stream and projected on x or z direction

   Cf x=(∑i=1

N

piΔ li n̂i

1
2
ρ∞ v∞

2 c )⋅x̂ ; Cf z=(∑i=1

N

piΔ li n̂ i

1
2
ρ∞ v∞

2 c )⋅ẑ (1.75)

However,  if  lift  and drag are wanted,  projection must be done in the normal and 
tangent directions with respect to the wind

     Cl=(∑i=1

N

piΔ li n̂ i

1
2
ρ∞ v∞

2 c )⋅sinα ; Cd=(∑i=1

N

piΔ li n̂ i

1
2
ρ∞ v∞

2 c )⋅cos α (1.76)

 1.7 Vortex merging enhancement

Due to convection, some vortex elements may fall very near to one from another, and 
due to its singular nature, the velocities induced will be very high. Hence, when this 
eventuality takes place, it is decided to merge the vortices. This improves the results 
obtained and also has the effect of reduce the computational cost.

The criterion used for merging vortices is the following: if distance is below a certain 
tolerance, they will be merged. Two limits are defined for the tolerance depending on 
the distance of the vortices from the leading edge: If they are at a distance equal to 
1.5 the chord of the airfoil or less, the tolerance is defined to be as the 0.5% of the  
chord. If the distance from the origin is greater, the tolerance is raised to a 2% of the 
chord. The reason is that far vortices has a very low impact on the induced velocity 
over the panels, so a more aggressive merging does not introduce important errors, 
and in this way, computational cost is further reduced.

In order to demonstrate the advantage of using this technique, the flow across a 
cylinder have been tested for both cases, using the vortex merging technique and 
without using it. The cylinder have been discretized with 130 panels and the number 
of  time  steps  have  been  set  to  700  with  a  time  step  of  0,02  second.  Due  to 
computational  limitations,  the  maximum  number  of  vortex  elements  have  been 
restricted to 10.000. In Figure 1.14 the developed wake is shown for both cases.
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Figure 1.14 Wake developed behind a cylinder with vortex merging enabled (left) and 
disabled (right)

Table 1.1 Comparison between computational times and number of shed vortices for vortex 
merging enabled and disabled

Merging enabled Merging disabled
Computation time 16 minutes 2 hours 44 minutes

Number of shed vortices 1171 9964

When no merging is applied, the number of shed vortices raises very fast, making the 
computational  cost  increase  exponentially.  In  fact,  after  only  250  steps,  the 
simulation  reaches  the  maximum  number  of  vortices  allowed,  avoiding  a  further 
development  of  the  wake  (See  Figure  1.14  (right)).  In  this  situation,  if  proper 
simulations are wanted without  using merging techniques,  the maximum value of 
vortices to be stored have to be very high, leading to the computational effort in terms 
of memory and time to be prohibitive. 

In this way, all advantages that bring the panel methods in front of other techniques 
as  finite  differences or  finite  element  methods disappear.  Hence,  the  use  of  the 
merging technique is strongly recommended.
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 Chapter 2 

STRUCTURAL MODEL

In this chapter, the development of a numerical model to solve dynamic structural  
systems of multiple degrees of freedom will  be developed. However,  the basis to 
develop this model and explain all the concepts involved will be presented through a 
two  degrees of  freedom mass-spring-damper system,  which  will  also  be used to 
validate the model.

The notation used during this chapter to represent scalars, vectors, and matrices, as 
well as its derivatives is the same used in chapter 1.

 2.1 2D model

The objective of this part is to study the motion of the airfoil under the effect of the 
aerodynamic loads, setting the basis of the methodology used to compute the fluid-
structure interactions in order to develop more complex models in future projects.

Since the loads applied to the system are not constant in time, a dynamic analysis is  
carried on. The scheme used is shown in Figure 2.1. The airfoil  is reduced to an 
infinitely rigid rod of length equal to the chord of the wing (c) with a given mass and 
inertia (with respect to the geometric center) per unit of length. 

The degrees of freedom of the system are the vertical displacement hs  (z direction) 
and the rotation θs  around a certain point  P s , where the stiffness of the system is 
concentrated. The stiffness is represented by two springs with recovery constant K l  
for the vertical movement and K r  for the rotational one. Also, P s  will be considered 
the origin of the reference of the whole structural model.

Real systems also present a certain level of damping due to internal frictions and/or 
the application of external non-conservative forces, therefore, damping is also taken 
into account through the damping coefficients c l  for the vertical movement, and cr  
for the rotational one. However, and for the sake of clarity,  this component is not 
represented if Figure 2.1.
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Figure 2.1  Structural scheme

Both degrees of freedom, the vertical displacement and the rotation, are stored in the 
vector u

   u={u1

u2}={hs

θs} (2.1)

Notice that both degrees of freedom are time dependent  (hs(t ) ,θs( t)) . In this way, 
the vertical displacement along the length of the rod at any time h (x , t)  is computed 
through equation (2.2).

        h (x , t )=hs(t)−θs( t)⋅x (2.2)

where x is the distance in x direction between the origin of coordinates, P s , and the 
point of the rod where it is wanted to compute h (x , t) . 

Once all parameters are defined, the equations of motion of the system are obtained 
using the Lagrange expression ([15]):

      d
dt

∂E k

∂ u̇ i
+

∂ E p

∂ u i
+

∂Ed

∂ u̇i
=Q i (2.3)

where E k  is the kinetic energy of the system, E p  the potential energy, in this case 
elastic strain energy, and Ed  the dissipative energy. Q  is the vector containing the 
loads applied to the system and  Qi  the component applied to the  i -th degree of 
freedom, where i=1,2, ... , N f  (number of degrees of freedom). 

The rod is considered unidimensional and with uniform lineal density μ . Therefore, 

hs

K l

z

P s

θs

x
Pcm

xcm

K r
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the total kinetic energy is

  E k=
1
2∫c

μ ḣ2dx (2.4)

Introducing (2.2) into (2.4)

    Ek=∫
c

1
2
μ ( ḣs−θ̇s x )2dx=1

2∫c (μ ḣs
2−2μ x ḣs θ̇s+μ x2 θ̇s

2)dx (2.5)

For a given instant of time, ḣs  and θ̇s  are constant and they can be taken outside of 
the integral, yielding

  Ek=
1
2 [ ḣs

2∫
c

μ dx−2 ḣs θ̇s∫
c

μ x dx+θ̇s
2∫

c

μ x2dx ] (2.6)

From (2.6), the following parameters can be defined

      ∫
c

μdx=m (2.7)

∫
c

μ x dx=S s=m xcm (2.8)

      ∫
c

μ x2dx= I s=I cm+m xcm
2

(2.9)

where m  is the mass per unit of length of the airfoil, S s  the moment of first order and 
I s  the moment of inertia, both with respect to  P s ,  I cm  the moment of inertia with 

respect  to  the center  of  mass  Pcm  (which  is  assumed to  be  coincident  with  the 
geometric center), and xcm  the distance between P cm  and P s . By substituting (2.7), 
(2.8), and (2.9) into (2.6), the expression for the kinetic energy is obtained

    Ek=
1
2 (m ḣs

2−2S s ḣs θ̇s+I s θ̇s
2) (2.10)

E p  and E p  are computed through equations (2.11) and (2.12)

E p=
1
2
K l hs

2+1
2
K rθs

2 (2.11)

 Ed=
1
2
c l ḣs

2+1
2
cr θ̇s

2 (2.12)
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The application of equation (2.3) for every degree of freedom is now possible using 
the expressions obtained on (2.10), (2.11) and (2.12). As a result, N f  equations are 
obtained  for  N f  unknowns,  shown  in  equation  (2.13),  leading  to  a  well  posed 
problem.

    
m ḧ−S cm θ̈+cl ḣs+K l h=F z

I cm θ̈−S cm ḧ+cr θ̇s+K tθ=M s
(2.13)

And in matrix form

     [ m −S s

−S s I s ]{ḧs

θ̈s}+[c l 0
0 cr]{ḣs

θ̇s}+[K l 0
0 K r]{hs

θs}={F z

M s} (2.14)

which will be used in subsequent developments in a compact way

M⋅ü+C⋅u̇+K⋅u=Q (2.15)

The complete analysis of this kind of systems involve the following steps:

• Modal analysis, which is the solution of the free undamped system in order to 
obtain the natural angular frequencies and the eigenmodes of the system. 

    M⋅ü+K⋅u=0   (2.16)

• Solution of the complete system.

For  complex  systems  with  many  degrees  of  freedom,  numerical  methods  are 
mandatory for  computing a solution. However, due to the simplicity of the current  
system, an analytical solution can be derived. This analytical solution will be used in 
order to evaluate the validity of the numerical methods implemented in the present  
work.

 2.2 Analytical solution

The system presented in (2.16) presents a typical eigenvalue problem which leads to 
an  oscillatory  solution.  Therefore,  an  appropriate  tentative  solution  for  u  is  the 
following one

       u=φ⋅e jω t (2.17)
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where  ω  is the angular frequency of oscillation and  φ  is a vector containing the 
amplitudes  of  the  different  degrees of  freedom,  hs  and  θs  in  the  current  case. 
Substituting (2.17) into (2.16) and rearranging the terms

  (K−ω2⋅M )φ=0 (2.18)

The trivial solution of the system is given by φ  equal to zero, which represents an 
undisturbed system at rest.  Since what  is wanted is the behaviour of the system 
under aerodynamic disturbances, this is not a valid solution.

If the non trivial solution is sought, the system is considered disturbed already, with a 
value for φ  different from zero. Therefore, the term between brackets is imposed to 
be equal to zero in order to fulfil equation (2.18)

    K−ω2⋅M=0 (2.19)

In this way, the problem is reduced on searching the angular frequencies that lead to 
the fulfilment of (2.19).

 2.2.1 Analytical computation of the natural angular frequencies

Taking equation (2.19) and multiplying by the left by the inverse of the mass matrix

  M−1⋅K−ω2⋅I=0 (2.20)

where [ I ]  is the identity matrix. Now, carrying out the operations

        M−1= 1
m I s−S s

2 [ I s S s

S s m ] (2.21)

 M−1⋅K= 1
m I s−S s

2 [ I sK l S s K r

S s K l m K r ] (2.22)

M−1⋅K−ω2⋅I= 1
mI s−S s

2 [ I s K l−ω2 S sK r

S s K l mK r−ω2]=0 (2.23)

The solution of (2.23) is obtained by computing the determinant of the matrix, yielding

      ω4−(m K r+I s K l )ω2+K l K r(m I s−S s
2)=0 (2.24)
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In  order  to  solve  (2.24),  the  following  change  of  variable  is  introduced:  ω2=λ , 
yielding

λ2−(mK r+I sK l )λ+K l K r(m I s−S s
2)=0 (2.25)

which is an ordinary second order equation. After operating and rearranging terms, 
the result for λ  is obtained

   λ=1
2 [ (m K r+I s K l )±√(m K r−I s K l )

2+4S s
2K l K r] (2.26)

From (2.26) the solutions for ω  are obtained

ω=±√λ (2.27)

Following, a quick analysis of the possible solutions for ω  is presented.

The first term in  (2.26) will be always greater than zero, and so do the both terms 
inside the square root. Therefore, the two possible solutions for  λ  will  be always 
different  between  them.  However,  it  is  important  to  analyse  the  possibility  of  a 
negative solution of λ , which will lead to a non oscillating solution of the motion of 
the free undamped system. The limit value of the square root that leads to ω  to be 
equal to zero is

   (m K r+ I sK l )−√(mK r− I sK l )
2
+4 S s

2 K l K r=0 (2.28)

Higher values of the square root will lead always to non oscillatory solutions. After  
some operations on (2.28)

        S s=√m I s (2.29)

Substituting the definitions of S s=m xcm  and I s= I g+m xcm
2  onto (2.29) yields

          m xcm=√m( I g+m xcm
2 )→m2 x cm

2 =mI g+m2 xcm
2 → I g=0 (2.30)

It means that in order to obtain non oscillating solutions, the moment of inertia of the 
airfoil around its geometric center must be negative (which is physically impossible)  
or zero, i.e., the mass of the system is concentrated in P cm , which is not the current 
case. Hence, the solutions for λ  will always be positive.
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From λ , two pairs of solutions for ω  are obtained. Since a certain angular frequency 
ω  and its negative (−ω)  represent the same frequency in counter-phase, they can 
be considered the same solution, leading to only two unique different solutions for the 
angular frequency.

      
ω1=+√λ1

ω2=+√λ2
(2.31)

ω1  and  ω2  are particular  solutions that  fulfil  equation  (2.19) and are called  the 
natural angular frequencies of the system, ωn .  

When the system oscillates at a natural frequency, the elastic and inertial forces are 
equal in modulus and cancel between them. Hence, any load applied at ωn  will find 
no resistance from inertial forces nor from elastic ones. Thus, the amplitude of the 
oscillation will increase in time leading to a divergence of the solution, which means, 
in the case of a structural system, the collapse of the structure.

 2.2.2 Analytical computation of the eigenmodes

Returning to equation  (2.18), it is wanted to know the amplitude of each degree of 
freedom when the system is loaded at a particular ωni .

 (K−ωn i
2 ⋅M )φ i=0 (2.32)

where  φ i  is  the  eigenmode  associated  to  ωni ,  hence,  there  will  be  as  many 
eigenmodes as natural frequencies. However, for every natural frequency the term in 
brackets  become  singular,  which  means  that  the  system  is  undetermined.  The 
solution is then obtained by assigning an arbitrary value to one of the degrees of 
freedom, discarding one of the equations and solving the remaining system to obtain 
the other ones. The system obtained for the current case is shown in equation (2.33).

  
( I s K l−ωn i

2 )φ1,i+(S s K r )φ2,i=0

(S s K l )φ1,i+(mK r−ωn i
2 )φ2,i=0

(2.33)

Assigning to the first component of the eigenmode  φ1, i  a value equal to one, the 
second component of the eigenmode is obtained from the second equation in (2.33),

  φ2, i=−
S s K l

mK r−ωn i
2 (2.34)

and therefore, the solution for each eigenmode will be
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        φ i={φ1

φ2}i (2.35)

This solution is further modified since it is a common practice to normalize it by its  
component of higher value

    φ̄i=
1

φmax ,i {φ1

φ2}i (2.36)

Since the system is undetermined, the value given to φ1, i  can be an arbitrary value 
different from one, and the solution obtained would be still  the eigenmode of the 
system  associated  to  ωni .  In  this  way,  the  modulus  of  the  eigenmode  rests 
undetermined, but not its shape, i.e., the way the different degrees of freedom act  
with respect to the other ones. In a general way, it is said that a multiple of a given 
eigenmode is still an eigenmode of the system.

 2.2.3 Analytical computation of the displacements

The direct solution of equation (2.15) is very hard to compute, even with the help of 
numerical  methods.  Hence,  in  order  to  simplify  the  problem,  a  transformation  of  
coordinates is introduced taking advantage of the property of  orthogonality of  the 
mass and stiffness matrices with respect to the natural modes (see Annex A.4). In 
this way it is possible to obtain a completely decoupled system, i.e., with only one 
unknown per equation.

 2.2.3.1 Modal coordinates

A given  displacement  of  u  can  be  approximated  as  a  linear  combination  of  all 
natural modes. For the current case

      u=q1 φ1+q2 φ2+...+q N f
φN f (2.37)

Since two degrees of freedom are considered, only the two first terms in the right 
hand side are needed

    u=q1 φ1+q2 φ2 (2.38)

And in matrix form:
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      {u1

u2}=[φ1 φ2 ]⋅{q1

q2} → u=Φ⋅q (2.39)

q  can be seen as the degrees of freedom of the system expressed in a different 
reference system of coordinates, called modal coordinates. The variables defined in 
geometric coordinates  u  are related with  the modal  variables through the modal 
matrix  Φ  (from  it  comes  the  name  of  the  reference  system),  which  is  a 
transformation matrix.

At this point, care must be taken to avoid confusions between the flow potential  Φ  
and the modal matrix  Φ .  It  was decided to maintain the notation because is the 
usual one to be found in reference books for both variables. However, note that the 
modal matrix will always be represented in bold letters.

 2.2.3.2 Modal decomposition

Since  the  natural  modes  are  orthogonal  between  them (it  is  enforced  during  its 
computation), modal matrix Φ  is invertible. Hence,  equation (2.39) can be solved for 
any vector u . Nevertheless, it is possible to use the normal coordinates directly on 
the  dynamic  equilibrium  equation  without  computing  them.  Introducing  (2.39) on 
(2.15) yields

     M⋅Φ⋅q̈+C⋅Φ⋅q̇+K⋅Φ⋅q=Q (2.40)

Now multiplying (2.40) by the transpose of the modal matrix ΦT

    ΦT⋅M⋅Φ⋅q̈+ΦT⋅C⋅Φ⋅q̇+ΦT⋅K⋅Φ⋅q=ΦTQ (2.41)

From (2.41), the following parameters are defined

• ΦT⋅M⋅Φ=M̄ , which is called the generalized mass matrix,
• ΦT⋅K⋅Φ= K̄ , which is called the generalized stiffness matrix,
• ΦT⋅Q=Q̄ , which is called the generalized load vector.

Due to the orthogonality of K  and M  with respect to the natural modes, the K̄  and 
M̄  matrices are diagonal. In this way, if the damping matrix C  is supposed also to 

be orthogonal with respect to the natural modes, the system will become decoupled. 
Nevertheless, need to be notice that for an arbitrary damping matrix  C ,  it  is not 
guaranteed its orthogonality with respect the normal modes. As a consequence, the 
modal decomposition method is no longer applicable.
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The way to overcome this problem is to use a damping matrix proportional to M  and 
K . The damping matrix defined in this way is known as the Rayleigh damping matrix  

[7].

    C=αM+β K (2.42)

with  α  and  β  the  Rayleigh  damping  coefficients.  This  hypotheses  has  a  big 
advantage:  with  it,  the  orthogonality  of  C  with  respect  the  normal  modes  is 
guaranteed  and  the  modal  decomposing  method  can  be  applied  through  an 
equivalent definition of the generalized mass and stiffness matrices for the damping 
matrix

• ΦT⋅C⋅Φ=C̄ , which is called the generalized damping matrix.

For  the  current  case,  and  introducing  (2.42) into  (2.41),  the  following  system  is 
obtained

        [m̄1 0
0 m̄2]{q̈1

q̈1}+[ c̄1 0
0 c̄2]{q̇1

q̇2}+[ k̄ 1 0
0 k̄2]{q1

q2}={Q̄1

Q̄ 2} (2.43)

with  c̄ i=α m̄i+β k̄ i .  In  this  way,  a  completely  decoupled  system  of  equations  is 
obtained,  reducing the problem to the solution of  N f  oscillators.  In  the following 
section the general solution of a mass-spring-damper system with a single degree of 
freedom is presented.

 2.2.3.3 Damped system with a single degree of freedom

Each one of the lines of (2.43) represents a damped mass-spring system

          m̄i q̈ i+ c̄i q̇ i+ k̄ i qi=Q̄ i (2.44)

In order to simplify the notation, the solution will be developed for the generic system

  m q̈+c q̇+k q=Q (2.45)

The solution of this problem is well known and is equal to

q=e
− c

2m
t[(q0−

p
k )cos(ωd t )+

1
ωd ( q̇0+

c
2 m(q0−

p
k )sin (ωd t ))]+ p

k (2.46)
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where  q0  and  q̇0  are the initial conditions at  t=0  for the variable  q  and its first 
derivative, respectively. ωd  is called the damped angular frequency

 ωd=√ k
m

−( c
2 m)

2

(2.47)

From this expression it is defined a particular value for the damping, c , which leads 
to  ωd  to be equal to zero, i.e., the system becomes non-oscillatory. This value is 
called critical damping

        ωd=0=√ k
m

−( ccr

2m )
2

→ ccr=2mωn (2.48)

with ωn=√k /m

If  damping is equal to  ccr ,  no oscillations will  be produced in the solution of the 
system.  Now it  can  be  defined  the  damping  ratio  as  the  proportion  of  damping 
applied with respect the critical damping. 

ζ= c
ccr

(2.49)

It is a simpler and more useful way to define the damping since it does not depend 
on the geometric and material properties of the system:

• For  ζ<1  →  Underdamped  system.  The  system  exhibits  an  harmonic 
response with an exponential decay.

• For ζ=1  → Critical damping. The system returns to its equilibrium position in 
the least time without oscillations. 

• For  ζ>1  →  Overdamped  system.  The  system  returns  to  its  equilibrium 
position in a non oscillating way but it takes longer than in the critical case.

Since the system proposed in the current work has two degrees of freedom, only two 
natural modes will be obtained. Imposing the desired damping ratio for each mode, it 
is possible to define a system of equations to obtain the appropriate value of α  and 
β .  This procedure is chosen because the meaning of the damping ratio is more 
intuitive  than  the  values  of  the  Rayleigh  coefficients.  The  system  of  equations 
proposed is the following:
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 {α m̄1+β k̄ 1=2ζ1 m̄1ωn1

α m̄2+β k̄2=2ζ2 m̄2 ωn2}→{ α
2ωn1

+
βωn1

2
=ζ1

α
2ωn2

+
βωn2

2
=ζ2} (2.50)

After solving this system of equations, the expressions of α  and β  with respect to 
ζ1  and ζ2  are obtained

        α=2ω1 ω2( ζ1 ωn2−ζ2ωn1

ωn2
2 −ωn1

2 ) ; β=2(ζ2 ωn2−ζ1ωn1

ωn2
2 −ωn1

2 ) (2.51)

Now, introducing the definitions of natural frequency and damping ration into (2.46)

    

q=e−ζωnt [(q0−
p
k )cos (ωn√1−ζ2 t )+ ]

[ +1
ωn√1−ζ2 (q̇0+ζωn(q0−

p
k )sin (ωn√1−ζ2 t ))]+ p

k

(2.52)

the unsteadiness is introduced through the variation of the applied loads from one 
step to the following one. For a given step i, with Δ t  the time interval between steps, 
the variation in the modal coordinates will be the following

    

Δ qi=e−ζωn Δ t[(Δ qi−1−
p
k )cos (ωn√1−ζ2 Δ t )+a ]

[b+ 1
ωn√1−ζ2(Δ q̇ i−1+ζ ωn(Δ qi−1−

p
k )sin (ωn√1−ζ2 Δ t ))]+Δ pi

k

(2.53)

Since this is an exact analytical solution of (2.45), no stability issues arises from the 
length of the chosen time step, therefore it will be the same as in the aerodynamic  
procedure.

 2.3 Numerical solution

The procedure used to obtain a numerical solution is similar to the analytical case,  
i.e., computation of natural frequencies and eigenmodes in the first place, and  the 
subsequent computation of the displacements. However, numerical techniques will  
be used in each one of these steps.
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 2.3.1 Numerical computation of the eigenmodes

Due to its simplicity and low computational cost, the method chosen for computing 
the eigenmodes is the so called Stodola method ([12]), which is an iterative method 
that allows to approximate in successive steps the value of each component of every 
eigenmode of  the  system.  Returning  to  the  equation  of  an  undamped,  unloaded 
system

 K⋅φ−ω2⋅M⋅φ=0 (2.54)

Equation  (2.54) is  an  homogeneous and lineal  problem with  φ  as  an  unknown, 
where it is wanted to obtain the non trivial solution.

The solution of φ  for a given iteration will be represented between brackets with a 
subscript indicating the iteration number. Therefore, assuming an initial guess (φ)0  
(iteration number 0) and substituting it in the second term, the problem is reduced to 
solve an static equivalent problem

K⋅(φ )1=ωn
2⋅M⋅(φ )0 (2.55)

In (2.55) ωn
2  can be seen as an scaling factor, and since multiples of an eigenmode 

still represents the same eigenmode, it can be set to one for simplicity. Thus, if matrix  
K  is non singular, this system has a single solution (φ)1 .

   (φ )1=K−1⋅M (φ )0  (2.56)

(φ)1  can  be  used  as  a  new  guess  in  the  following  step,  obtaining  the  new 
approximated  solution  (φ)2  Repeating  several  times  this  process,  the  solution 
converge to the fundamental mode, which is the eigenmode engaged by the lowest 
natural frequency (See Annex A.4).

Note, that every new approximation (φ)i  will be magnified or reduced with respect to 
the previous (φ)i−1  depending on the value of the determinant of K−1M . This leads 
after certain iterations to precision problems if the values become very big or very  
small. In order to overcome this issue, the new modal vector (φ)i  is normalized after 
each iteration by  its component of  higher value (φmax)i .

    ̄(φ )i=
1

(φmax)i
(φ )i  (2.57)
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 2.3.1.1 Convergence criterion

For  a  given  normalized  solution  ̄(φ )i ,  a  way  to  measure  the  convergence  is 
measuring the variation of its components with  the respective components of  the 
previous solution ̄(φ )i−1 :

̄(φ1)i− ̄(φ1)i−1

̄(φ1)i−1

≃
̄(φ2)i− ̄(φ1)i−1

̄(φ2 )i−1

≃⋯≃
̄(φN f )i− ̄(φ1 )i−1

̄(φN f )i−1

(2.58)

all  these coefficients will  be equal  between them and equal  to  0 when the exact  
modal vector is obtained.

The convergence criterion  consist  on  impose that  the  coefficient  of  higher  value 
(higher  error),  which  may be different  in  each iteration,  must  be below a certain 
tolerance. This tolerance is chosen to be a 0.1% of variation.

 2.3.1.2 Computation of the second natural mode

An important characteristic is the orthogonality of the natural modes with respect the 
mass  and  stiffness  matrices.  Taking  advantage  of  this  property,  the  modes 
associated to frequencies higher than the fundamental one can be obtained.  

The methodology is essentially the same, but for every iteration, orthogonality with 
respect to the first mode needs to be enforced. Hence, if the approximation of the 
first mode is poorly obtained, the approximation of the second mode will be also bad.

Starting with the first tentative vector of the second mode, (φ2)0 , it can be expressed 
as a linear combination of the different eigenmodes of the system

  (φ2)0=q1 φ1+q2 φ2+...+qN f
φN f

        (2.59)

where q i  are the weighting coefficients of the linear combination. However, in order 
to satisfy the orthogonality condition, the contribution of the first mode must be zero. 
This is obtained subtracting directly the contribution of the first mode to the tentative 
solution

   
(φ2)0

∗=(φ2 )0−q1 φ1

(φ2)0
∗
=q2φ2+⋯+qN f

φN f

(2.60)

where (φ2)0
∗  is now orthogonal to φ1 . In order to obtain the value of q1 , all terms in 
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equation (2.59) are multiplied by φ1
T⋅M , namely

φ1
T⋅M⋅(φ2)0=q1(φ1

T⋅M⋅φ1)+q2(φ1
T⋅M⋅φ2)+⋯+qN f

(φ1
T⋅M⋅φN f

) (2.61)

As said before, due to the orthogonality property of the natural modes, all terms but 
the first one in the right hand side of equation (2.61) will be zero. In this way q1  is 
obtained.

  q1=
φ1
T⋅M⋅(φ2)0
φ1
T⋅M⋅φ1

(2.62)

Once the vector  (φ2)0
∗  is obtained, the Stodola method is applied in the same way 

than in the first case. Following, the steps necessary to obtain φ2  are listed:

• A guessing vector (φ2)0  is proposed.
• The value of q1  is computed through (2.62)
• Then, the orthogonal vector (φ 2)0

∗  is determined by (2.60)
• The solution vector is computed with (2.56),
• and normalized, obtaining ̄(φ2)1 .
• The process starts again with ̄(φ2)1  as the new guess.

 2.3.1.3 Computation of higher natural modes

Even if the model proposed has only two degrees of freedom and hence only two 
eigenmodes, the Stodola method can be easily automatized for systems with higher 
degrees of freedom.

Once the second eigenmode is obtained, the following eigenmode can be computed 
in the same way as in the precedent section. The guessing vector  (φ3)0  will be a 
linear combination of all the natural modes of the system

   (φ 3)0=q1φ1+q2φ 2+...+qN f
φN f

(2.63)

and the contribution of the first and second eigenmodes must be subtracted in order 
to maintain the property of orthogonality.

      
(φ3)0

∗=(φ3)0−q1 φ1−q2 φ2

(φ3)0
∗
=q3φ3+⋯+qN f

φN f

(2.64)
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The same procedure as in the precedent section is applied for the computation of q1  
and q2 .

q1=
φ1
T⋅M⋅(φ3)0
φ1
T⋅M⋅φ1

; q2=
φ2
T⋅M⋅(φ3)0

φ2
T⋅M⋅φ2

(2.65)

Expressed in a general way, for a given iteration i , the guessing vector of the m-th 
eigenmode needs to be orthogonal to the m-1 precedent modes:

        (φm)i
∗
= ̄(φm )i−∑

k=1

m−1

qki φk (2.66)

with 

   qki=
φk
T⋅M⋅(φm)i
φk
T⋅M⋅φk

(2.67)

In this way, all the eigenmodes of the system can be computed.

 2.3.2 Numerical computation of the natural angular frequencies

If  the eigenmodes obtained in the precedent section are the exact solution of the 
system, then, for the given mode m, equation (2.68) is identically true with only one 
value for ωm .

   K⋅φm=ωm
2 M⋅φm (2.68)

In this situation, ωm  is the natural angular frequency of the system associated to the 
natural mode φm .

However,  due  to  computational  errors  and  to  the  fact  that  the  eigenmodes  are 
obtained in  a  limited number of  iterations,  the  vectors  obtained in  the  precedent 
section are approximations of the eigenmodes and (2.68) is no longer true.

In this case,  (2.68) represents an overdimensioned  system of  N f  equations with 
one unknown, ωm .

In order to obtain ωm , the system is multiplied by the left by φm
T , yielding
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      φm
T⋅K⋅φm=ωm

2 (φmT⋅M⋅φm) (2.69)

Since φm
T⋅K⋅φm  and φm

T⋅M⋅φm  are scalar values, ωm
2  will be

   ωm
2 =

φm
T⋅K⋅φm

φm
T⋅M⋅φm

(2.70)

ωm
2  is the so called Rayleigh coefficient (see  [12] and  [13]), and the value of  ωm  

obtained from it is the best approximation to the actual natural frequency.

 2.3.3 Numerical computation of the displacements

The modal  decomposition  technique  is  also  applied  using  the  eigenmode matrix 
obtained in the precedent section. Therefore, the equation to be solved is also (2.45). 

The numerical method used to obtain the displacements consists on approximate the 
first  and  second  derivative  of  the  modal  coordinates  by  finite  differences,  more 
precisely using the central  differences scheme (see Annex A.5).  Following,  (2.71) 
and (2.72) show the computation of the velocity and acceleration of the variable q i , 
respectively.

   q̇ i=
q i+1−q i−1

2Δ t
(2.71)

         q̈ i=
q i+1−2q i+qi−1

Δ t 2 (2.72)

where q i , q̇ i  and q̈ i  represent the modal variables in a given time step i, and its first 
and  second  derivatives,  respectively.  q i−1  is  the  value  of  the  modal  variable 
computed in the precedent time step and  q i+1  its value in the following time step. 
Substituting (2.71) and (2.72) into (2.45), the system to solve is obtained

m
Δ t 2 (q i+1−2 qi+qi−1)+

c
2 Δ t (qi+1−q i−1)+k qi=Q (2.73)

Operating and rearranging terms, the value of q i+1  is obtained.
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   q i+1=( m
Δ t 2 +

c
2Δ t )

−1[Q+( 2m
Δ t 2 −k)qi+( c

2 Δ t−
m

Δ t 2)qi−1] (2.74)

When computation starts, there is no value for  q i  and  q i−1 .  Since the system is 
supposed initially at rest, a reasonable initial condition is to consider both equal to 
zero. 

In this case, stability is not implicitly guaranteed ([7]), therefore some considerations 
must to be done regarding to the chosen time step. Applying the Nyquist theorem, 
the time step used must be at least the half of the period of the higher eigenmode of 
the system. For safety, a time step equal to an eighth of the period is used

Δ t=
T max

8
= π

4ωmax
(2.75)

 2.4 Computation of the displacement of the airfoil

After  both  the  analytical  or  the  numerical  procedure,  the  values  of  the  modal 
coordinates are obtained. From them , the values of the displacement  hs  and the 
rotation θs  are computed through the application of (2.37), yielding

 {hs

θs}=q1 φ1+q2 φ2 (2.76)

Once  the  values  of  hs  and  θs  are  known,  the  displacement  of  all  the  nodes 
appertaining  to  the  airfoil  can  be  computed.  For  a  given  panel  node  P i  with 
coordinates (x i , zi) , its new coordinates (x i ' , z i ')  will be

  {x i '
zi '}={P x

P z}s+[cos(θs) −sin(θs)
sin(θs) cos (θs) ]{Rx

R z}i+{0
hs} (2.77)

where {Ri}={P i}−{P s} .

Also, the velocity, computed with (2.71), needs to be stored since it will affect to the 
aerodynamic computation during the evaluation of the tangential wind velocity on the 
control points. ḣs  And θ̇s  are computed through (2.78)

{ḣs

θ̇s}=q1 φ̇1+q2 φ̇2          (2.78)
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Thus, the structural velocity at the control point of the panel i 

v i
s={ḣs

0 }+θ̇s{−Rz

Rx }i (2.79)

with v i
s  the structural velocity at point i . And its projection in the tangential direction

  ṽ i
s=vx

s · t̂ ix+v z
s · t̂ iz (2.80)

Therefore (1.48) needs to be modified in the following way

∑
j=1

N

( K̃ ij )⋅γ j=−(vwcos α⋅t̂ ix+vw sinα⋅t̂ iz)−∑
k=1

N v

ΔΓk ṽ ik
v +ΔΓrem+ṽ i

s       (2.81)
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 Chapter 3 

SOLVER

The model developed in the previous chapters has been integrated in a pre-post 
processor called GiD. This software is chosen due to the simplicity of integration of  
external  codes,  allowing  to  generate  geometries,  mesh  them  and  introduce  all  
settings needed to compute any given solution.  In order to do that,  personalized 
GUI's  can  be  implemented  through  a  series  of  configuration  files,  written  in  a 
dedicated programming language. For more information see  [16].

In the argot of GiD, the personalized GUI's are called problemtypes. In the present 
case, the problemtype is called Tourbillon, which is the French word for vortex. In the 
following sections, all parameters of the problemtype developed during the current 
thesis are explained in detail. Also, all configuration files can be found in Annex C.

 3.1 Problemtype

All  parameters needed to carry on the simulation are present in the problemtype  
menu problem data (see Figure 3.2) and divided in  four tabs:

• SIMULATION COND.: Here are found all variables related to the simulation 
settings

• FLUID/GEOM COND.: Here, all  parameters related to the flow field can be 
found. Also the characteristic length can be introduced.

• STRUCTURAL COND.: This tab is hidden unless the structural computation is 
selected. All variables related to the structural computation will be found in this 
tab.

• POTENTIAL COND.: As in the case of the structural conditions tab, this tab is 
hidden unless the potential computation is selected. Here, all variables related 
to the potential computation will be found.

Figure 3.1 Problem data menu
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In the following sections, the different parameters that can be found inside each one 
of them are listed and explained.

 3.1.1 Simulation conditions

In this tab, all numerical related parameters can be found. 

• Title: Title of the simulation. It will be used to name all result files generated 
by the program. Blank spaces are allowed and the maximum length is limited 
to 50 characters.

• Time inc:  Time increment between one step and the next one. Its value is 
expressed in seconds.

• total time steps: This variable is expressed in number of steps. If it is wanted 
to simulate a certain period of time, the number of steps will be the division of  
the total time to the time increment

number of steps= total time
Δ t (3.1)

• shed vortex:  Number of vortex to be stored. Due to memory limits and in 
order to reduce the computational time, the number of shed vortices to be 
stored can be limited. Once the maximum value of allowed vortices is reached, 
the older ones will  be removed. The effect introduced to the results by this 
procedure is analysed in the following chapter. The value of this variable is 
expressed in number of vortices.

• convective iterations: Number of the corrective iterations for the convective 
motion as explained in Chapter 1.4. The value of this variable is expressed in 
number of iterations.

• shedding dist.: Distance from the panels where the new shed vortices will be 
placed. The value of this variable is expressed in chord units.

• Vtx  attenuation:  This  variable  is  an  artificial  way  to  introduce  a  viscous 
dissipation of the vorticity.  At every time step, the vorticity strength of each 
vortex is reduced following (3.2)

ΔΓk=ΔΓk⋅(1−λ) (3.2)

where lambda is the vortex attenuation. If λ=0 , no attenuation is introduced.
• structural  analysis:  This  variable  switches  on  or  off  the  structural 

computation. Its possible values are .TRUE. (structural analysis is computed) 
or .FALSE. (structural analysis is not computed).

• potential analysis: This variable is analogue to the structural analysis one. It 
switches  on  or  off  the  potential  computation,  and  Its  possible  values  are 
.TRUE. (potential analysis is computed) or .FALSE. (potential analysis is not 
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computed).
• print results: This variable activates or deactivates the generation of the .msh 

and .res files, which allow to the pre-post processor GiD to show graphically 
the mesh and results of the computation. Its possible values are .TRUE. (.msh 
and  .res  files  are  generated)  or  .FALSE.  (.msh  and  .res  files  are  not 
generated).  This  option  is  useful  when  graphical  representation  is  not 
important and a faster computation is preferred.

Figure 3.3 shows a snapshot of the simulation conditions tab.

Figure 3.2 Simulation conditions tab

 3.1.2 Fluid and geometry conditions

In  this  sections,  the  conditions  of  the  free  flow  field  can  be  setted  up.  These 
parameters are basically related to the normalization of the equations developed in 
the precedent chapters (see Annex A.3), this is the reason why it is placed also the 
setting of the characteristic length. Following, an explanation of each parameter is 
given.
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• Fluid velocity: Module of the velocity of the flow field expressed in meters per 
second

• angle of attack:  Angle at which the flow arrives to the airfoil. The angle is 
expressed in degrees.

• fluid density: Density of the flow expressed in kg/m3

• Reynolds number:  Non-dimensional number related to the viscosity of the 
fluid, it has no units.

• characteristic  length:  Chord  of  the  airfoil.  It  is  used  to  normalize  the 
aerodynamic equations. It is expressed in meters.

In Figure 3.4 it is shown the fluid and geometry conditions tab with all its parameters.

Figure 3.3 Fluid and geometry conditions tab

 3.1.3 Structural conditions

In this tab, the settings of the dynamic analysis are found.

• Mass: Mass of the system expressed in kilograms.
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• Moment of inertia: Moment of inertia with respect to the geometric center. It 
is expressed in Kg·m2.

• x spring pos.: Coordinate in direction x of the spring position. It is expressed 
in global coordinates.

• z spring pos.: z component of  the spring position. It  is  also expressed in 
global coordinates.

• Linear stiffness: Value of the stiffness of the linear spring (vertical degree of 
freedom). It is expressed in N/m.

• Torsional  stiffness: Value of  the stiffness of  the torsional  spring (angular 
degree of freedom). It is expressed in N·m.

Figure 3.4 Structural conditions tab

• damping ratio 1: Coefficient between the actual damping and the critical one 
for the vertical degree of freedom. This variable is dimensionless.

• damping ratio 2: Coefficient between the actual damping and the critical one 
for the angular degree of freedom. This variable is also dimensionless.

• Analytical  check: Logical  variable  that  enables/disables  the  analytical 
checking:  Simulates  the  dynamic  reaction  of  the  system  to  a  step  or  a 
sinusoidal force and compares the result obtained by the solver with the exact  
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analytical result. If the analytical checking is activated, all other computations 
selected in the problemtype will be automatically disabled.

• Driving  force: Selection  of  the  driving  force  (step  or  sinusoidal)  for  the 
analytical checking.

• Amplitude: Amplitude of the driving force expressed in Newtons.
• Angular frequency: Angular frequency of the driving force. This variable is 

expressed in radians/second.

In Figure 3.5 a snapshot of  the structural conditions tab is presented.

 3.1.4 Potential conditions

Since the influence coefficients are already computed during the full  vortex cloud 
procedure, it is only needed to set up the Kutta condition in order to compute the 
potential solution. This is done by selecting both panels sharing the trailing edge and 
the equation to remove in order to introduce the Kutta condition.
 

• First element: One of the panels sharing the trailing edge.
• Second  element: The  other  panel  sharing  the  trailing  edge.  For  both 

elements,  the number to  introduce is  that  one assigned to  the panel  after 
meshing. It can be checked through the GiD menu View → Labels → All in → 
Elements.

• Eq. to erase: One of the equations implementing the Newman condition is 
removed and the Kutta condition is introduced instead:

      γst+γnd=0 (3.3)

where  γst  is  the strength of the first  element and  γnd  the strength of the 
second one.

All parameters present in the potential tab are shown in Figure 3.6.
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Figure 3.5 Potential tab
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 Chapter 4 

RESULTS

All the results presented in this chapter are obtained from simulations computed in an 
INTEL CORE 2 DUO CPU T6400 with 4GB of RAM. Also, all geometries used have a 
unitary characteristic length and they have been discretized with a structured mesh 
(all elements of the same length) of 130 elements.

 4.1 Result files

The code generates 5 different result files, depending on the settings chosen in the 
problemtype:

• Mesh file: This file stores the geometric characteristics of the mesh for both, 
the  panels  and the  vortex  singularities,  for  each time step.  In  this  way,  a 
dynamic visualization of the wake formation can be performed.

• Result file: The results stored are the strength of the panels and the vortices, 
the velocity of the flow at the control points of both of them, and the pressure 
coefficient of each panel. This is done also for every time step.

• Force  file: The  first  lines  of  this  file  store  several  useful  variables  of  the 
simulation:  The  angle  of  attack,  the  fluid  density  and  velocity,  and  the 
characteristic length of the airfoil. Also, if performed, it stores the lift coefficient 
obtained from the potential  analysis.  After  that,  three columns of  data  are 
stored containing, respectively,  the simulated time, the force coefficient in x 
direction and the force coefficient in z direction.

• Pressure file: For each panel,  stores its  numerical  identification (assigned 
during the mesh creation), the averaged pressure coefficient, the panel length 
(useful for unstructured meshes) and its tangential and normal unitary vectors. 
With this values, the averaged force coefficients can be computed. Also, if 
performed, it  stores the pressure coefficients distribution obtained from the 
potential analysis.

• Dynamic file: This file stores the natural frequencies of the system in radians 
per second and its eigenmodes. After that, five columns of data are stored 
containing, respectively,  the simulated time, the variation of the degrees of 
freedom (vertical variation, second column and rotational variation, the third 
one), and the variation of its respective derivatives in columns four and five.

 4.2 Influence of the number of integration steps and vortices 
present in the fluid

Due to the constant creation of new vortices and destruction of the older ones, the 
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computed  force  coefficients  present  a  high  level  of  noise.  In  order  to  avoid  this 
problem,  the  pressure  coefficient  is  averaged  over  all  the  time  steps  of  the 
simulation.  After  that,  the lift  coefficient  is  computed from the averaged pressure 
coefficients.

This methodology lead to the lift coefficient to be influenced by two parameters, the 
number of stored shedding vortices and the number of time steps, which are purely 
numerical.  Therefore,  a  detailed  study  is  needed  in  order  to  minimize  the  effect 
introduced by these two variables and obtain a correct value for the lift coefficient.

This study is carried on a NACA0012 profile for two different angles of attack: 5º and 
30º. It is expected that the first one will present a low boundary layer detachment,  
while  in  the  second  case  the  flow  presents  a  fully  detached  profile.  For  each 
configuration,  the  solution  of  the  flow  through  the  airfoil  is  computed  using  a 
combination of the following parameters:

• Number of averaging steps: 100, 400, 700 and 1000 steps.
• Number of shed vortices to be stored: 500, 1000, 2000 and 3000 vortices.

This  procedure  leads  to  sixteen  different  simulations  for  each  angle  of  attack. 
However,  each  combination  has  been  computed  twice  in  order  to  minimize  the 
probability of human errors.

The results obtained from this analysis are listed below.

 4.2.1 First case: 5º of angle of attack

In table 4.1 are presented the values of Cl  obtained form the simulations. Notice that 
in the case of 3000 stored vortices, no results for 100 and 400 averaging steps are 
presented. This is due to the fact that, after so few number of steps, there is no time 
to reach the maximum value of vortices allowed.   In fact,  the number of  vortices 
present  in  the  flow  is  lower  than  2000  and,  therefore,  the  values  obtained  are 
essentially the same as in the case of 2000 stored vortices.

Table 4.1 Lift coefficient for a NACA0012 airfoil as a function of the averaging steps and 
number of shed vortices for α=5º

Vortices
500 1000 2000 3000

Steps

100 0,62 0,18 0,13 -
400 0,67 0,31 0,48 -
700 0,58 0,29 0,58 0,50
1000 0,65 0,30 0,58 0,53
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From  [11] it is obtained that the lift coefficient for the NACA0012 at 5º of angle of  
attack is Cl=0,55 . As can be seen in table 4.1, close values are obtained only after a 
high number of averaging steps.

In order to have a better perspective, the distribution of pressure coefficients over the 
airfoil  are  also  plot.  Figure  4.1  and  Figure  4.2  show  the  results  obtained.  The 
pressure coefficients distribution obtained from a simple potential  analysis  is also 
presented in order to have a reference.
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Figure 4.1 Distribution of the pressure coefficient over the airfoil for different number of 
averaging steps with 500 stored vortices (upper one) and 1000 stored vortices (lower 

one)
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Figure 4.2 Distribution of the pressure coefficient over the airfoil for different number of 
averaging steps with 2000 stored vortices (upper one) and 3000 stored vortices 

(lower one)

As can be seen, the the number of vortices to be stored have a dramatic effect on the 
pressure distribution.  This  is  due to  the fact  that  only when a certain  number of 
vortices are present in the fluid,  the wake can be developed properly.  Therefore,  
even if the circulation conservation is explicitly introduced in the computation taking 
into account the removed vortices, it is not condition enough to have good results.

In fact, only when a big number of vortices is stored, the effect of the number of  
averaging iterations starts to be significant, as can be seen in Figure 4.2 (upper one).

However, from the lower representation of Figure 4.2 it seems that after a certain 
number of  iterations,  the  pressure  distribution  tends to  converge.  This  is  a  good 
perspective since it would allow to reduce the required computational time.
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 4.2.2 Second case: 30º of angle of attack
 
From [11] the lift coefficient is obtained, which is Cl=1,60 . 

Table 4.2 Lift coefficient for a NACA0012 airfoil as a function of the averaging steps and 
number of shed vortices for α=30º

Vortices
500 1000 2000 3000

Steps

100 3,62 1,09 1,27 -
400 3,62 1,15 1,65 1,26
700 3,63 1,26 1,58 1,40
1000 3,64 1,26 1,52 1,47

In this case it is even more accentuated the effect of the number of vortices, not only 
on the pressure distribution, as can be seen on Figures 4.3 and 4.4, but also on the  
lift coefficient.

Some remarks can be made by observing Figure 4.4:

• As expected, the potential analysis tends to diverge at high angles of attack. 
This is due to the high depression obtained in the first quart of the upper part 
of  the profile.  This is produced by the big increase of velocity on the fluid 
needed to maintain it attached to the profile.

• However, it can be seen that in the parts of the airfoil where the gradient of  
pressure  is  low,  both  potential  and  full  cloud  vortex  methods  are  in  good 
agreement, except in the tail of the airfoil. The depression presented in the tail 
is due to the fact that no condition is imposed in the trailing edge, therefore the  
fluid is free to turn around the trailing edge in an attempt to attain a smooth 
pressure distribution.
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Figure 4.3 Distribution of the pressure coefficient over the airfoil for different number of 
averaging steps with 500 stored vortices (upper one) and 1000 stored vortices (lower 

one)

As in the precedent case, it is seen from Figure 4.3 that for a low number of stored 
vortices the effect of the averaging number of steps is negligible.

However, when the number of vortices is big enough, the effect of the number of 
averaging  steps  becomes  more  important  than  in  the  precedent  case.  Which 
invalidates  the  possibility  to  limit  the  number  of  iterations  in  order  to  reduce the 
computational effort.
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Figure 4.4 Distribution of the pressure coefficient over the airfoil for different number of 
averaging steps with 2000 stored vortices (upper one) and 3000 stored vortices 

(lower one)

This dependency on the number of averaging iterations is due to the fact that, at high 
angles of attack, very big eddies are formed and detached regularly from the upper 
surface of  the airfoil  (see Annex B for  a graphical  representation of  the eddies). 
During this process, the pressure distributions, and hence the forces, over the airfoil  
present a huge oscillating motion as can be seen on Figure 4.5. Therefore, care must  
be taken to use a high number of averaging steps in order to seize several of these 
oscillations in order to have a proper mean value for the pressure coefficients.
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Figure 4.5 Module of the force coefficient over the whole airfoil as a function of the time 
steps

From the analysis of the results obtained, the conclusion of this study states that 
better  pressure  distributions are obtained storing  as  much amount  of  vortices  as 
possible in order to let the wake develop properly. Also, it is recommended to use a 
big number of averaging time steps, in order to catch the effect of the detachment of  
several eddies on the pressure distributions, even if the fulfilment of this condition is 
not very critical for low angles of attack.

 4.3 Aerodynamic results

In the following sub-sections, the study of three different geometries is presented. All  
simulations are done using the merging technique explained in chapter 1.7, with an 
averaging number of time steps equal to 1500 and a maximum number of vortices 
present in the fluid equal to 3500. Those values guarantee a proper representation of 
the pressure distribution and a good computation of the force coefficients. The time 
steps have a value of 0,02 seconds in order to reduce the number of  corrective 
iterations needed during the convection procedure, which are set to 2 iterations.

The first simulation studies the flow around a cylinder. This example is used as a 
validation, in order to check the correct behaviour of the code.

The second geometry is a NACA0012 profile, which is a symmetric airfoil. This airfoil 
is  chosen due to the huge amount of experimental data available.  This allows to 
check the behaviour of the code in front of a lifting profile in a reliable way.

Finally, a NACA4412 profile is studied. It is a thin asymmetric airfoil and therefore, it  
presents a certain lift at zero angle of attack.
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 4.3.1 CYLINDER

Figure 4.6 shows the wake developed behind the cylinder. In order to give a certain 
sensation of movement, the tree final time steps are over-imposed in this image.

Figure 4.6 detail of the wake developed on a cylinder

In Figure 4.7, the distribution over the cylinder of the pressure coefficient is shown 
and compared with the distribution obtained with a classical potential technique. It  
can be seen that the maximum value of the pressure coefficient is lower than in the 
potential case, and it is obtained at about a 45% of the chord. At this point the flow 
detaches, obtaining a distribution almost constant on the rear part of the cylinder.

0,00 0,10 0,20 0,30 0,40 0,50 0,60 0,70 0,80 0,90 1,00
-4,00
-3,00
-2,00
-1,00
0,00
1,00
2,00

Potential Tourbillon

Units of chord

Pr
es

su
re

 c
oe

ffi
ci

en
t

Figure 4.7 distribution of the pressure coefficient values around the cylinder
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Following,  Figure  4.8  is  extracted  form  [8] and  used  for  comparison  in  order  to 
determine  the  accuracy  of  the  results  obtained.  Instead  of  using  the  chord,  the 
pressure coefficient using the angle formed from the center of the cylinder between 
the leading edge and any other given point of the surface of the cylinder.

Figure 4.8 Distribution of the pressure coefficient values around the cylinder. M are the 
number of panels and Δ t  the time increment in seconds

Comparing  Figures  4.7  and 4.8,  it  is  seen that  the  results  obtained are  in  good 
agreement  with  those  obtained  in  [8],  i.e.,  a  value  of  the  pressure  coefficient  of 
around  -1,5.  However,  it  is  important  to  notice  that  experimental  results  show a 
pressure coefficient value of about -1. The explanation given to such disagreement is 
the following: while the numerical model is 2D, the wake produced in an experimental 
environment presents local 3D effects that may increase the dissipation, reducing the 
pressure coefficient.

Finally, from the variations of the lift coefficient over time, an spectral analysis can be  
done. This brings information about the frequencies at which eddies are formed in 
the separation point  of  the geometry and shed onto the fluid.  This  analysis  is  of 
capital  importance during the design of  aerodynamic  structures  in  order  to  avoid 
undesirable dynamic effects, as flutter ([14]). Figure 4.9 show the results obtained, 
where it is seen that the main frequency at which the eddies are shed is around 
0,3Hz.
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Figure 4.9 spectral analysis of  the variation of the force coefficient with respect to time

 4.3.2 NACA0012

Several  simulations  have  been  computed  in  order  to  parametrize  this  profile. 
However, for the sake of brevity,  only the results referent to the lift coefficient are 
shown in this section. Further results can be found in Annex B.1.

Following, in Table 4.3, the values obtained for the lift coefficient as a function of the  
angle of attack are shown.

Table 4.3 Variation of Cl  as a function of α  for a NACA0012 airfoil

Angle of attack Cl
-10 -1,27
-5 -0,56
0 -0,01
5 0,53
10 1,25
15 1,17
20 1,27
30 1,57
40 1,59
50 1,81
60 1,48
70 1,41
80 0,77
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These values are plot in Figure 4.10 and compared with experimental data in order to  
check its validity. The values represented with the name Experimental 1 are obtained 
from [10] and those represented with the name experimental 2, from [11]. Also, for 
low angles of attack, the values obtained from potential analysis are shown.
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Figure 4.10 Cl−α  curve for a NACA0012 profile

From  Figure  4.10  it  can  be  seen  a  perfect  agreement  between  computed  and 
experimental data at low angles of attack and a similar variation at higher angles of 
attack,  with  only  a  significant  variation  in  the  transition  between  attached  and 
detached air flow at about 15º.

 4.3.3 NACA4412

As in the precedent case, in this section only the values referent to the variation of  
the lift coefficient with respect the angle of attack are shown. Further results can be 
found in Annex B.2.

In Table 4.4 the results  obtained are presented.  After  that,  in  Figure 4.11, these 
results  are  compared  with  experimental  data  obtained  from  [10],  shown  as 
Experimental 1 and with the values obtained from potential computation.

Unfortunately, no results for the lift coefficient are available for angles of attack higher 
than 15º, and therefore, the validity of the results after this value are not guaranteed.  
However, the good agreement of the results obtained for the NACA0012 profile for  
values up to 40º gives certain confidence on the shown values.
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Table 4.4 Variation of Cl as a function of α  for a NACA4412 airfoil

Angle of attack Cl
-10 -0,58
-5 0,02
0 0,57
5 1,10
10 1,61
15 1,71
20 1,67
30 1,52
40 1,79
50 1,42
60 1,26
70 1,18
80 0,71
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Figure 4.11 Cl−α  curve for a NACA4412 profile
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 4.4 Structural results

First  of  all,  a  comparison  between  the  numerical  and  the  analytical  procedures 
explained in chapter 2 is done. The objective is to check the validity of the numerical  
techniques used to  obtain the natural  frequencies,  the eigenmodes associated to 
them and the computed displacements.

Following, there is a list of parameters and the variations applied to them used to 
compute the validation of the structural code:

• Position of the springs: two positions are used. First, the springs are placed 
at the geometric center of the structure. After that, the springs are placed at a 
distance of one characteristic length in the positive direction of the x axis from 
the geometric center.

• Driving force: It can be a constant driving force of 100 Newtons of amplitude 
or  a  sinusoidal  driving  force of  100 Newtons  of  amplitude and an angular 
frequency of 1rad/s.

• Damping  ratio  values:  The  numerical  code  have  been  tested  for  an 
underdamped system,  with  ζ=0,5 ,  a  critically damped system,  with  ζ=1 , 
and an overdamped system, with ζ=2 .

Due to the difficulty to obtain representative values for the structural properties of the 
2D model developed in the present work, all values have been estimated. Table 4.5 
shows all the parameters with its values.

Table 4.5 Structural parameters used during validation tests

Parameter Value
Mass 100 Kg
Moment of Inertia 25 Kg·m2
Lineal stiffness 50 N/m
Torsional stiffness 50 N·m
Amplitude of the
driving force 100 N

Driving force angular 
frequency 1 radian

Following, the solutions of an underdamped system with the springs placed in the 
geometric center for both constant and sinusoidal driving forces are presented. All 
other results can be found in Annex B.3.
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 4.4.1 Checking test for the springs placed on the geometric center

 4.4.1.1 Constant driving force
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Figure 4.12 Variation of the modal variables over time for a constant driving force
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Figure 4.13 Variation of the modal velocities for a constant driving force
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 4.4.1.2 Sinusoidal driving force
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Figure 4.14 Variation of the modal variables over time for a sinusoidal driving force
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Figure 4.15 Variation of the modal velocities over time for a sinusoidal driving force

As can be seen from Figure 4.12, Figure 4.13, Figure 4.14 and Figure 4.12., the 
numerical solution matches exactly the analytical solution. Hence, the application of 
this method to the variations produced by aerodynamic forces can be carried out.
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 4.4.2 Dynamic simulation

As said in the beginning of the chapter, due to the difficulty to find validation data for  
an equivalent 2D structural data, as that one developed during the present thesis, a 
simple simulation have been run out just in order to demonstrate the capacity of the 
code to transform aerodynamic forces into displacements and rotations of the airfoil.

The NACA0012 airfoil have been selected for this task, where the springs are placed 
at the geometric center of the airfoil. The aerodynamic conditions are the same used 
in section 4.2 and the simulation have been carried out for an angle of attack of 30º. 
Such a big angle of attack is chosen due to the high amplitude variations at low 
frequency that affect to the force coefficients, leading to a good visualization of the 
structural variations. 

Figure 4.16 show the vertical variations (h) and the rotations suffered by the point  
where the springs are placed. However, as the code makes use of the normalized 
equations (see Annex A.3), the values for the velocities and displacements have no 
dimension.
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Figure 4.16 Vertical displacement and rotation computed on the springs position 
(geometric center of the airfoil)

Following, in Figure 4.17, the vertical and angular velocities derived from the vertical 
displacement and rotation, respectively, are shown.
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Figure 4.17 Vertical and rotational velocity computed on the spring position
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 Chapter 5 

CONCLUSIONS

The motivation  of  the  present  work  was  the  need to  overcome one of  the  most 
important shortcomings related with the potential methods, i.e., the impossibility to 
deal with separated flows. In this way,  at the end of the project, an aerodynamic  
model based on the full vortex cloud method have been developed. This method is 
able  to  approximate  a  solution  to  the  full  Navier-Stokes  equation  by  computing 
separately each one of the effects represented on it.

Another of the objectives of the present work was to study the methodology used on 
the computation of fluid-structure interactions, i.e.,  the effects of  the aerodynamic 
loads on the structure that generates them. In order to do that, a simple 2 degrees of  
freedom structural model have been developed. Due to the time-dependent nature of 
the problem, the typical  equations for dynamic structural computations have been 
used.

Both models have been coupled in a single code, called Tourbillon, and introduced 
on a pre-post processor called GiD, which allows to generate and discretize any kind 
of 2D geometries and set up all parameters related to the simulation. After that, the 
visualization of the results it is also available using the same software. 

After both models have been developed and integrated to GiD, several tests over  
three  different  geometries  (a  cylinder,  a  NACA0012  airfoil  (symmetric),  and  a 
NACA4412 airfoil (non-symmetric)) have been done.

The lift coefficient have been chosen to be the representative value in order to check 
the validity of the code. The results have been compared with those obtained with  
classical potential methods and also with real experimental data, obtaining a good 
agreement in both cases.

The structural  model have been tested developing also an analytical  model  for  a 
constant driving force and a sinusoidal driving force. In both cases, the agreement 
between the numerical method implemented and the analytical model is total. After  
that, a simple test have been done in order to check the capacity of the code to 
compute  the  coupling  between  fluid  and  structure.  However,  due  to  the  lack  of 
external independent data to compare, the validation is pending to be done.

At the conclusion of this work, an intensive study on the aerodynamic field have been 
carried on, mainly on the procedures related to implement numerically the equations 
involved and to obtain good results from them.

The same study have been done on the structural field, increasing the knowledge on 
the dynamic techniques used to compute the natural frequencies of a given system 
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and the eigenmodes associated to them.

 5.1 Future work

A very interesting feature to  add to  the present  code would  be the possibility  to 
compute three dimensional geometries. In this line, following, some tips about the 
extension of the theory to a three-dimensional domain are given.

Figure 5.1 Triangular panel and constant strength vortex distributions placed on its sides

The whole process is essentially equal to the 2D case, with only small variations in  
the way how the vorticity over the panels is computed and shed. The panels in which 
the geometry is discretized have now two dimensions, taking triangular or rectangular 
form,  as  an  example  of  the  most  common  discretizations.  Figure  5.1  shows  a 
triangular  element  with  some  of  the  parameters  used  in  the  3D  computation 
represented on it. h1 , h2  and h3  are the three altitudes of the triangle, and l 1 ,  l 2  
and  l 3  the lengths of its sides. The modelling of the surface vorticity is done by 
placing a constant strength vortex distribution (as in the 2D case) over each side of 
the panel, each one of them of the same strength γ .

Figure 5.2 Single stick with a vorticity distribution of strength ΔΓ  over it
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The induced velocity generated by these vortex distributions will have components in 
the three directions of space. In Figure 5.2 it is represented a scheme of a segment 
of distributed vorticity and all the variables involved in the computation of the induced 
velocity over a given control point cp . This contribution is computed through (5.1).

(u ,v ,w)cp=
Γ
4π

r 1×r 2

∣r1×r2∣
2 l⋅( r1

r1
−
r 2

r 2) (5.1)

where (u , v ,w)  are the velocity contributions in x, y and z direction, respectively. x1  
and x2  represent the position of the first and second node of the segment of vorticity,  
respectively. r 1  and r 2  represent the distance between the control point and the first 
and second node, respectively, and l  the length of the segment.

The contribution of each panel to the others is only the sum of the velocities induced 
on each element control point by the distribution of vorticity placed on each side of  
the element. The control point is usually placed on the barycentre of the element (see 
Figure 5.1).

Once  the  induced  velocities  are  computed,  the  boundary  conditions  have  to  be 
applied.  In  the  3D  case,  the  solid  surface  boundary  condition,  i.e.,  zero  normal 
velocity over the panel, is usually the chosen boundary condition to be applied. Once 
the  boundary  condition  is  applied,  it  remains  a  system  of  equations  completely 
equivalent to that shown in (1.29).

Once the vorticity over the surface of each panel, Δγ , is computed, it is shed to the 
fluid as a sticks of a certain length with a constant strength distribution placed on it.

Knowing the area of the panel, A , and choosing a certain characteristic length, Δ l  
(for example the longest heigh on triangular elements or the longest diagonal on 
quadrilateral elements), the strength, ΔΓ , of the vortex element is computed through 
(5.2).

     ΔΓ= A
Δ l

Δγ (5.2)

Once the sticks are shed, two different techniques are available for its convection:

• Compute the velocity contribution on each one of the stick tips and make them 
convect separately. Since the velocities may not be the same, the length of 
the stick will vary, and therefore, the strength of the stick must be recomputed 
on each time step. The new strength is obtained from (5.3).

 ΔΓi+1=
Δ l i

Δ li+1
ΔΓ i (5.3)
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where ΔΓi  and Δ li  are the strength and length of the stick, respectively, on 
a given time step i , and ΔΓi+1  and Δ li+1  the strength and length of the stick 
on the next step.

• Compute the velocity and rotation produced on the center of the stick, making 
it translate and rotate as a rigid body. In this way, the strength and length of 
the stick remain constant over the whole computation.

As in the 2D case, in the following steps, the contribution of the shed sticks must be 
added when computing the velocity induced on every panel control point.
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