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Abstract

Recent research developments show that the concept of bidirectional relaying signif-
icantly improves the performance and coverage in wireless networks. Further, the
efficient implementation of multiple services at the physical layer has been identified
as a promising research direction. In this thesis we consider physical layer service
integration in bidirectional relay networks, in which a relay node establishes a bidirec-
tional communication between two other nodes using a decode-and-forward protocol.
In the broadcast phase the relay efficiently integrates an additional private message
for one node which requires the study of the bidirectional broadcast channel with addi-
tional private message. The corresponding capacity regions for discrete memoryless,
Gaussian and multi-antenna Gaussian channels are derived. Finally, we study the
case of the MISO Gaussian channel, where the receiving nodes have only one antenna.
For this case, the boundaries of the corresponding capacity region are characterized
by a convex optimization problem. We represent them graphically and compare them
with the TDMA approach.
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Notation

In this work we denote scalars, vectors, matrices, and sets by lower case letters,
bold lower case letters, bold capital letters, and script letters, e.g., x, x, X, and X .
Further, we use:

N set of positive integers, i.e., {1, 2, 3, ...}
R+ set of non-negative real numbers
R0,+ set of positive real numbers
C set of complex numbers
∞ infinity
∅ empty set
|X | cardinality of set X
conv(X ) convex hull of set X
∃ there exists
∀ for all
b·c floor function maps a real number to largest previous integer
| · |+ abbreviation for max{0, ·}
log logarithm to base two
exp exponential function

xT , XT transpose of vector x resp. matrix X

xH , XH Hermitian transpose of vector x resp. matrix X
X−1 inverse of matrix X
det(X) determinant of matrix X
tr(X) trace of matrix X
rank(X) rank of matrix X
X � 0 matrix X is positive semidefinite
IN identity matrix of dimension N ×N
‖x‖ Euclidean norm of vector x

We denote random variables by non-italic capital letters and their realizations and
ranges by lower case italic letters and script letters, e.g., X, x, and X , respectively.
The notation Xn stands for the sequence X1, X2, ..., Xn of length n.

Let P(X ) be the set of all probability distributions on X . We denote (arbitrary)
probability distributions by lower case letters, e.g., pX ∈ P(X ) is the probability
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Notation

distribution associated with the random variable X .

We denote the entropy of the random variable X by H(X). The mutual information
between the random variables X and Y is denoted by I(X;Y ). For further details
we refer to standard text books on (multi-user) information theory as for example by
Gallager [1], Wolfowitz [2], Csiszár and Körner [3], Cover and Thomas [4], Kramer
[5], or El Gamal and Kim [6].

Further, we use the following notation:

W (n) n-th memoryless extension of the stochastic matrix W
X − Y − Z r.v. X, Y , and Z form a Markov chain in this order
P(X ) set of all probability distributions on X
H(X) traditional entropy of discrete random variable X
h(X) differential entropy of continuous random variable X
I(X;Y ) mutual information between X and Y
D(pX‖pY ) (Kullback-Leibler) information divergence
X ∼ N (m,σ2) X is Gaussian distributed
X ∼ CN (m,σ2) X is complex Gaussian distributed
var[X] variance of X
EX [·] expectation with respect to X
P{·} probability

A
(n)
ε (X) set of (weakly) ε-typical sequences w.r.t. pX
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Notation

Abbreviations

3GPP 3rd Generation Partnership Project
arg argument
BBC bidirectional broadcast channel
BC broadcast channel
CSI channel state information
DMC discrete memoryless channel
iff if and only if
iid independent and identical distributed
KKT Karush-Kuhn-Tucker
LTE Long-Term Evolution
MAC multiple access channel
max maximum
min minimum
MIMO multiple-input multiple-output
MISO multiple-input single-output
pdf probability density finction
EVD eigenvalue decomposition
TDMA time division multiple access
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1 Introduction

1.1 Motivation

The ability to communicate with people on the move has evolved remarkably since
1897, where Guglielmo Marconi first demonstrated radios ability to provide contin-
uous contact with ships sailing the English channel. Through the last century many
new wireless communications methods and services have been adopted by people in
all over the world. Wireless communications is one of the most active areas of tech-
nology development of our time. This development is due to the transformation of
what has been largely a medium for supporting voice telephony into a medium for
supporting other services, such as the transmission of video, images, text, and data.
Thus, similar to the developments in wireline capacity in the 1990s, the demand for
new wireless capacity is growing at a very rapid pace. Although there are still many
technical problems to be solved in wireline communications, the demand for addi-
tional wireline capacity can be largely fulfilled by adding new private infrastructure,
such as additional optical fiber, routers, switches, and so on. On the other hand,
the traditional resources that have been used to add capacity to wireless systems
are radio bandwidth and transmitter power. Unfortunately, these two resources are
among the most severely limited in the deployment of modern wireless networks:
radio bandwidth because of the very tight situation with regard to useful radio spec-
trum, and transmitter power because mobile and other portable services require the
use of battery power, which is limited. These two resources are simply not growing or
improving at rates that can support anticipated demands for wireless capacity.

On the other hand, one resource that is growing at a very rapid rate is that of
processing power. Most of the technological advances became possible because of
the immense progress in integrated circuit design. In 1965 Moore observed that
approximately every 18 months, the number of transistors on an integrated circuit or
chip doubles, while the production costs remain constant [7]. This is widely known
as Moore’s law. Although this prediction was proposed almost half a century ago,
it is surprisingly still valid and it seems to continue for the next years. Given these
circumstances, there has been considerable research effort in the development of novel
signal transmission techniques and advanced receiver signal processing methods that
allow significant increases in wireless capacity without major increases in bandwidth
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1 Introduction

or power requirements. However, sooner or later this growth will come to an end due
to limits of miniaturization at atomic levels. By then at the latest we have to find
other concepts to keep the technological progress alive.

Historically, growth in the mobile communications field has come slowly, and has
been coupled closely to technological improvements. The ability to provide wireless
communications to an entire population was not even conceived until Bell Laborato-
ries developed the cellular concept in the 1960s and 1970s. The recent exponential
growth in cellular radio and personal communication systems throughout the world
is directly attributable to new technologies of the 1970s, which are mature today. It
started with cellular networks for voice communication only and continued to high
speed data services such as mobile Internet or video streaming. However, the avail-
able network bandwidth is the most defining bottleneck for wireless communication
systems, since favorable frequency bands are scarce. The ongoing technological de-
velopment will extend the usable frequencies to higher regions but with an increasing
frequency the radio propagation conditions will be more and more susceptible. Thus,
the problem of coverage in wireless systems will be even more intricate especially
when the direct link does not have the desired quality due to distance or shadowing.
At a first glance, an increase in transmit power seems to be an obvious option but
this will result in higher interference for other users and a higher energy consumption.
Clearly, operators and especially manufacturers of mobile devices are interested in a
low energy consumption since this results in longer operating times of the devices.
Furthermore, current cellular systems are usually interference limited so that a simple
increase in transmit power is no option. A possible solution for conventional network
structures would be to increase the number of base stations, but this would lead to
significant higher costs in infrastructure.

Nowadays, networks without any fixed infrastructure (ad-hoc networks) are becom-
ing more and more attractive. This is due to the fact that such networks exploit the
broadcast nature of wireless transmissions. Due to propagation loss, shadowing and
fading a reliable transmission can be achieved only in a certain neighbourhood of the
transmitting node. In ad-hoc networks, a multi-hop communicaton is established,
where many other nodes,which act as relays, cooperate with the source and destina-
tion nodes. A survey about cooperative communication can be found for example in
[8].

The Third Generation Partnership Projects (3GPP) Long Term Evolution-Advanced
(LTE-Advanced) group, is intensively discussing the integation of relaying techniques
in the conventional cellular networks, cf. for example [9]. Due to the advantages of
multi-hop communication, these techniques will improve the performance, the cover-
age and the connectivity of the networks. The relays, that can be mobile terminals or
in fixed places in the cells, will act as intermediate nodes that will help the exchange
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1.1 Motivation

of information between the mobile device and the base station. Compared to base
stations, relays have less cost and are less complex. As a consequence, the coverage
and connectivity of cellular networks can be improved with lower infrastructure costs
by using relays instead of adding more base stations, while the distance between the
mobile device and the base station is splitted so that the transmission is performed in
several steps. Since the received signal power falls off super-linear with the distance
[10], the power that is needed for the transmission can be further reduced.

It is clear that the integration of relaying techniques and multi-hop communication
benefits a wireless network. In a cellular network we usually have information ex-
change so the information flow is at most times bidirectional. Shannon was the first
that considered this two-way channel in [11]. In this multi-user communication prob-
lem, two users want to exchange information simultaneously in the most effective
way. In [11] Shannon derived the capacity region for the restricted two-way chan-
nel, which means that feedback between the encoders is not allowed. Until now, the
general case is still unsolved.

The most important implementation difficulty of relay integration within wireless
networks is the isolation of the transmitted and received signal when they are in
the same frequency band. This isolation needs a lot of extra infrastructure and is
not practical in most of the cases. As a consequence, half-duplex relays are used
where time or frequency division is used for the transmitted and received signals.
This, unavoidably leads to an inherent loss in spectral efficiency. Therefore, we have
to find techniques which compensate this loss, in order to make half-duplex relays
beneficial for the wireless networks. Recent research developments have shown that it
is promising to exploit the bidirectional property of the communication to compensate
the loss in spectral efficiency [12–15].

Other ongoing research activities on bidirectional relaying and its extensions can be
found in [16] where private, common and confidential messages are integrated in the
bidirectional relay networks, in [17] where a survey of different processing strategies
is provided, in [18] where the efficient integration of bidirectional relaying in a cellular
downlink is presented and in [19–21] where bidirectional relaying for multiple pairs of
nodes is analyzed. Further, bidirectional relaying with an additional private message
for the relay in the MAC phase is addressed in [22] and beamforming strategies for
multi-antenna bidirectional relaying with analog network coding is presented in [23].
The efficient integration of bidirectional relaying in a cellular downlink is discussed
in [18]. The scenario where the relay serves multiple pairs of users is addressed for
instance in [20, 21, 24]. Finally, the problem of channel estimation for bidirectional
relaying is studied in [25].
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1 Introduction

1.2 Contribution and Outline of the Thesis

In Chapter 2 we introduce the concept of bidirectional relaying in a three-node net-
work. The multiple access (MAC) and bidirectional broadcast (BBC) phase of the
decode-and-forward protocol is presented while the already known corresponding ca-
pacity regions for discrete memoryless and MIMO Gaussian channels are summarized
for completeness and comparison to the next chapters. The general model of bidi-
rectional relaying in a three-node network with an additional private message is also
presented.

In Chapter 3 we analyze the model of bidirectional relaying in a three-node net-
work with an additional private message over a discrete memoryless channel in the
broadcast phase. We introduce the capacity region and prove the achievability and
converse. The results of this chapter are published in [26].

In Chapter 4 we analyze the model of bidirectional relaying in a three-node network
with an additional private message over a Gaussian channel in the broadcast phase.
We introduce the capacity region and prove the achievability and converse.

In Chapter 5 we extend the Gaussian channel to a multi-antenna Gaussian channel.
Again, we introduce the capacity region and prove the achievability and converse.
Further, we assume the MISO case, where the receiving nodes have only one antenna.
We represent graphically the boundaries of the capacity region and compare them
with the TDMA approach. The results of this chapter are published in [26].

Finally, we conclude the thesis and give an outlook on future research directions and
open problems.
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2 Decode and Forward Bidirectional
Relaying

In this thesis a network consisting of three nodes is considered, where two nodes
establish a bidirectional communication with the help of a relay. In general, in a
full duplex relay configuration, the transmit relay antenna set cause interference to
the receive relay antenna set because the relay receives and transmits simultaneously
using the same time/frequency resources. Hence, in order to achieve benefits from
full duplex relay, a certain degree of isolation is needed (at least 10dB) between the
relay transmit and receive antenna sets. To achieve a sufficient isolation we need
infrastructure that in many cases is costly and not practical. Therefore, we assume
half-duplex nodes and therefore allocate orthogonal resources in time for orthogonal
transmission and reception. Accordingly, the whole transmission is separated into
two phases which causes an inherent loss in spectral efficiency for unidirectional
protocols. The loss in spectral efficiency can be significantly reduced by the concept
of bidirectional relaying which advantageously exploits the property of bidirectional
communication [12–15]. This is also known as two-way relaying.

Throughout this work we assume a decode-and-forward relaying protocol. Apart
from decode-and forward relaying strategy, there exist several other strategies for
bidirectional relaying which perform a different processing at the relay node. First
works mostly consider amplify-and-forward strategies [12, 23, 25, 27–29] or decode-
and-forward strategies [12, 30–33]. Other schemes are compress-and-forward [34, 35]
or compute-and-forward [36–40] approaches, where the relay decodes a certain func-
tion of both individual messages.

In the rest of this Chapter we restate the capacity regions of the two phases of the
bidirectional exchange without any further messages. In the first phase the two nodes
transmit their messages to the relay node. Since the relay is assumed to decode both
messages, the first phase corresponds to the classical multiple access channel (MAC).
In the succeeding phase, the relay re-encodes and broadcasts the messages in such
a way that both receiving nodes can decode their intended messages. Since both
nodes can use their own messages from the previous phase as side information for
decoding, this channel differs from the classical broadcast channel and it is therefore
called bidirectional broadcast channel (BBC).
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2 Decode and Forward Bidirectional Relaying

(a) MAC phase (b) BBC phase

Figure 2.1: Decode-and-Forward bidirectional relaying in a three-node network.

(a) MAC phase (b) BBC phase

Figure 2.2: Decode-and-Forward bidirectional relaying in a three-node network with
an additional private message.

In Chapters 3,4 and 5 we consider again a three-node network where a relay node es-
tablishes a bidirectional communication between two other nodes with the difference
that now we integrate an additional private message. The first phase is identical with
well known boundaries so it will not be presented. In the succeeding BBC phase, be-
sides the broadcast transmission of the bidirectional messages, the relay integrates an
additional private message as shown in Figure 2.2, in such a way that both receiving
nodes can decode their intended messages. Therefore we introduce the bidirectional
broadcast channel (BBC) with additional private message. Note that again both
nodes can use their own messages from the previous phase as side information for
decoding. We do not allow any feedback in the decode-and-forward protocol or any
other cooperation between the encoders.

In every case, we do not allow any feedback in the decode-and-forward protocol or
any other cooperation between the encoders. Thus, both phases decouple and this
setup is known as a restricted bidirectional relay channel. Throughout this work we
assume perfect channel state information (CSI) at all nodes [41].

2.1 Multiple Access Phase

In the initial MAC phase nodes 1 and 2 transmit their messages m1 and m2 with
rates R2 and R1 to the relay node. Since the relay has to decode both messages, this
is the classical multiple access channel.
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2.1 Multiple Access Phase

2.1.1 Discrete Memoryless Multiple Access Channel

In this Section we restate the capacity region of the discrete memoryless multiple ac-
cess channel. It was firstly established by Ahlswede [42] and Liao [43] while nowadays
these results can be found at any book on (multi-user) information theory [2–6].

For the multiple access phase let Xk, k = 1, 2, and Y be finite input and output sets.
Then, for input and output sequences xnk ∈ X nk , k = 1, 2, and yn ∈ Yn of length n,
let V (n)(yn|xn1 , xn2 ) :=

∏n
i=1 V (yi|x1,i, x2,i).

Definition 1. The discrete memoryless multiple access channel is defined by{
V (n) : X n1 ×X n2 → Yn)

}
n∈N

which we simply denote by V with a slight abuse of notation.
Theorem 1 ([42, 43]). The capacity region R(V ) of the multiple access channel V
is the set of all rate pairs (R2, R1) ∈ R2

+ that satisfy1

R2 ≤ I(X1;Y |X2, U)

R1 ≤ I(X2;Y |X1, U)

R2 +R1 ≤ I(X1, X2;Y |U)

for random variables U − (X1, X2) − Y with joint probability distribution
pU (u)pX1|U (x1|u)pX2|U (x2|u)V (y|x1, x2). Thereby, U is an auxiliary random vari-
able and describes a possible time-sharing operation. The cardinality of the range of
U can be bounded by |U| ≤ 2.

2.1.2 MIMO Gaussian Multiple Access Channel

Here, we restate the capacity region of the MIMO Gaussian multiple access channel
which follows from the corresponding region for discrete memoryless channels that
was presented in the previous Section, cf. [42, 43] and Theorem 1. Further details
are not in the scope of this work and can be found for example in [44–46] and in the
references therein.

We assume that the relay has NR antennas and node k, Nk antennas, for k = 1, 2.
Then, we can model the input-output relation of our three node system as fol-
lows

y = H1x1 + H2x2 + n

1In the MAC phase, the rates look “swapped”. This is because the MAC phase is the first part of
the two-phase transimission. As Figure 2.1 shows, R2 and R1 denote the rates from node 1 to
the relay node and from node 2 to the relay node, respectively.
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2 Decode and Forward Bidirectional Relaying

where y ∈ RNR×1 denotes the output at the relay node, Hk ∈ RNR×Nk the mul-
tiplicative channel matrix, xk ∈ RNk×1 the input of node k, and n ∈ RNR×1 the
independent additive noise according to a Gaussian distribution N (0, σ2INR). We
assume an average transmit power constraint tr(Qk) ≤ Pk with Qk = E[xkx

H
k ] at

node k, k = 1, 2.
Theorem 2. The capacity region R(H1,H2|P1, P2) of the MIMO Gaussian MAC
under average power constraints P1 and P2 is given by

R(H1,H2|P1, P2) = conv

 ⋃
tr(Qk)≤Pi, Qk�0, k=1,2

R(Q1,Q2)

 .

where R(Q1,Q2) is the set of all rate tuples (R2, R1) ∈ R2
+ that satisfy

R2 ≤
1

2
log det

(
INR + 1

σ2H1Q1H
H
1

)
R1 ≤

1

2
log det

(
INR + 1

σ2H2Q2H
H
2

)
R2 +R1 ≤

1

2
log det

(
INR + 1

σ2H1Q1H
H
1 + 1

σ2H2Q2H
H
2

)
.

for given covariance matrices Q1 and Q2

2.2 Bidirectional Broadcast Phase

If the rates are chosen within the corresponding MAC capacity region, it is safe to
assume that the relay has successfully decoded the messages both nodes have sent in
the previous MAC phase. Therefore, we assume that the relay has perfect knowledge
of the messages m1 and m2. Now, the relay re-encodes and broadcasts both messages
in such a way that nodes 1 and 2 can decode m2 and m1 respectively using their own
messages m1 and m2 as side information.

2.2.1 Discrete Memoryless Bidirectional Broadcast Channel

After the MAC phase, it follows the second phase of the decode-and-forward relaying
protocol which is the BBC phase. In this Section, we restate the capacity region of the
discrete memoryless bidirectional broadcast channel. Capacity-achieving strategies
can be found in [30, 31, 47, 48] and can be further deduced from [49].

Let X and Yk, k = 1, 2, be finite input and output sets. Then, for input and output
sequences xn ∈ X n and ynk ∈ Ynk , k = 1, 2, of length n, let W (n)(yn1 , y

n
2 |xn) :=∏n

i=1W
(n)(y1,i, y2,i|xi).

8



2.2 Bidirectional Broadcast Phase

Definition 2. The discrete memoryless broadcast channel is defined by{
W (n) : X n → Yn1 × Yn2 )

}
n∈N

which we simply denote by W with a slight abuse of notation.

It is not allow any feedback or cooperation between the receiving nodes so it

is sufficient to consider only the marginal transition probabilities W
(n)
k (ynk |xn) =∏n

i=1W (yk,i|xi), k = 1, 2.

The optimal coding strategy for the BBC is based on the idea of network coding
[50–52]. With networking coding, we transmit to the receiving nodes as much in-
formation as possible. Then, having as partial information the messages that they
have already sent, the receiving nodes can conclude on the intended messages. This
concept breaks with the common model which regards information flows as ”fluids”
[50] and constititutes a paradigm shift.
Theorem 3 ([30, 31, 47, 48]). The capacity region R(W ) of the discrete memoryless
bidirectional broadcast channel W is the set of all rate pairs (R1, R2) ∈ R2

+ that
satisfy

R1 ≤ I(X;Y1|U) (2.1a)

R2 ≤ I(X;Y2|U) (2.1b)

for random variables U − X − (Y1, Y2) with joint probability distribution
pU (u)pX|U (x|u)W (y1, y2|x). Thereby, U is an auxiliary random variable and de-
scribes a possible time-sharing operation. The cardinality of the range of U can be
bounded by |U| ≤ 2.
Remark 1. As proved in [47, Theorem 1], we can get rid of the time-sharing random
variable U in (2.1) so we end up with

R1 ≤ I(X;Y1) (2.2)

R2 ≤ I(X;Y2). (2.3)

2.2.2 MIMO Gaussian Bidirectional Broadcast Channel

Next, following [53]we restate the capacity region of the MIMO Gaussian bidirectional
broadcast channel which was established, similarly to the MAC phase, by extending
the corresponding result of discrete memoryless channels.

We assume that the relay has NR antennas and node k, Nk antennas, for k = 1, 2.
Then, we can model the input-output relation of our three node system as fol-
lows

yk = Hkx + nk

9



2 Decode and Forward Bidirectional Relaying

where yk ∈ RNk×1 denotes the output at node k, Hk ∈ RNk×NR the multiplica-
tive channel matrix, x ∈ RNR×1 the input of the relay node, and nk ∈ RNk×1 the
independent additive noise according to a Gaussian distribution N (0, σ2INk). We
assume an average transmit power constraint tr(Q) ≤ P with Q = E[xxH ] at the
relay node.
Theorem 4 ([53]). The capacity region R(H1,H2|P ) of the MIMO Gaussian BBC
under average power constraint P is given by

R(H1,H2|P ) =
⋃

tr(Q)≤P, Q�0

R(Q).

where R(Q) is the set of all rate tuples (R1, R2) ∈ R2
+ that satisfy

R1 ≤
1

2
log det

(
IN1 + 1

σ2H1QHH
1

)
R2 ≤

1

2
log det

(
IN2 + 1

σ2H2QHH
2

)
for a given covariance matrix Q.

It is proved that it is optimal to transmit only one data stream that carries all the
information as described earlier using network coding. From Theorem 4 we can
further see that it is optimal for the input x to be Gaussian distributed, but we
cannot extract any description of the optimal covariance matrix Q. This is analyzed
in detail in [54, 55]. In [54] it is shown that for the MISO Gaussian BBC there exists
always an optimal single-beam transmit strategy which reflects the single stream
processing based on the network coding idea. This manifests the paradigm shift to
consider information flows not as ”fluids” [50].
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3 Discrete Memoryless Channel

3.1 Preliminaries

In 1928 Hartley introduced in communications the concept of entropy as a measure of
uncertainty about a random variable from thermodynamics. In information theory,
entropy is the measure of the amount of information that is missing before reception
and is sometimes referred to as Shannon entropy. Shannon entropy is a broad and
general concept which finds applications in information theory as well as thermody-
namics. The entropy of a random variable X with a probability mass function pX(x),
x ∈ X , is defined by

H(X) = −
∑
x∈X

pX(x) log pX(x).

We now extend the definition to a pair of random variables. The joint entropy
H(X,Y ) of a pair of discrete random variables (X,Y ) with a joint distribution
pX,Y (x, y), with x ∈ X and y ∈ Y, is defined as

H(X,Y ) = −
∑
x∈X

∑
y∈Y

pX,Y (x, y) log pX,Y (x, y).

We also define the conditional entropy of a random variable given another as the ex-
pected value of the entropies of the conditional distributions, averaged over the con-
ditioning random variable. If (X,Y ) ∼ pX,Y (x, y), the conditional entropy H(Y |X)
is defined as

H(Y |X) = −
∑
x∈X

∑
y∈Y

pX,Y (x, y) log pX|Y (y|x).

In the seminal work [56] Shannon studied the problem of how best to encode the
information a sender wants to transmit. For that goal he introduced the concept of
mutual information which measures the amount of information one random variable
reveals about another. Then the mutual information characterizes the reduction in
uncertainty. Finally, it turned out that the maximum transmitted information is
characterized by mututal information terms.

11



3 Discrete Memoryless Channel

Since we consider a channel with discrete alphabets, we get the mutual information
in terms of entropies [4],

I(X;Y ) = H(Y )−H(Y |X) = H(X)−H(X|Y ).

From the chain rule of entropies, i.e. H(X,Y ) = H(X) + H(Y |X), we also have
that

I(X;Y ) = H(X) +H(Y )−H(X,Y ).

Finally, the chain rule for mutual information is

I(X1, X2, . . . , Xn;Y ) =
n∑
i=1

I(Xi;Y |X1, . . . , Xi−1).

The proofs of the above equations are not presented in this work. They can be found
in [4] or any other information theory textbook.

3.2 Physical Layer Description and Capacity Result

Consider the broadcast communication system depicted in Figure 3.1. The transmit-
ter (relay) wishes to reliably communicate a bidirectional message to each receiver
and a private message to receiver in the second node. It encodes the message triple
(mp,m1,m2) into a codeword Xn and transmits it over the channel. The two nodes
receive Y n

k , k = 1, 2, respectively. The first receiver finds the estimate of the bidi-
rectional message m̂2 using as side information the message m1 that had sent in the
MAC phase. Respectively, the receiver in the second node estimates the bidirectional
message m̂1 and the private message m̂p using as side information the message m2.
A tradeoff arises between the rates of the three messages. When one of the rates is
high, the other rates may need to be reduced to ensure reliable communication of all
three messages.

Before stating our result we need to introduce some standard notation. Let X and Yk,
k = 1, 2, be finite input and output sets. A discrete memoryless broadcast channel is
defined by a family

{
W (n) : X n → Yn1 × Yn2

}
n∈N of probability transition functions

given by

W (n)(yn1 , y
n
2 |xn) :=

n∏
i=1

W (y1,i, y2,i|xi)

for a probability transition function W : X → Y1 × Y2. We do not allow any
cooperation between the receiving nodes so it is sufficient to consider the marginal
conditional probabilities

W
(n)
k :=

n∏
i=1

W (yk,i|xi)

12



3.2 Physical Layer Description and Capacity Result

Figure 3.1: Discrete Memoryless Bidirectional Broadcast Channel.

for k = 1, 2.

We now consider a block code of arbitrary but fixed length n. The set of bidirectional

messages of node k, k = 1, 2, is denoted by Mk := {1, . . . ,M (n)
k } which is also

known at the relay node. Furthermore, the set of the additional private messages of

the relay node is denoted by Mp := {1, . . . ,M (n)
p }. We introduce the abbreviation

M :=Mp ×M1 ×M2.

In the BBC phase, we assume that the relay has successfully decoded both bidirec-
tional messages m1 ∈ M1 and m2 ∈ M2 which have been transmitted in the MAC
phase by nodes 1 and 2. Besides these two bidirectional messages, the relay integrates
an additional private message mp ∈Mp for node 2.

Definition 3. An (M
(n)
p ,M

(n)
1 ,M

(n)
2 , n)-code for the bidirectional broadcast channel

with an additional private message consists of one encoder at the relay node

f :Mp ×M1 ×M2 → X n

and decoders at nodes 1 and 2

g1 : Yn1 ×M1 →M2 ∪ 0

g2 : Yn2 ×M2 →Mp ×M1 ∪ 0.

The element 0 in the definition of the decoders is included for convenience only and
plays the role of an erasure symbol.

Now, we assume that the relay has sent the message m = (mp,m1,m2) and nodes 1
and 2 have received yn1 and yn2 , respectively. Then, the decoder at node 1 is in error
if g1(y

n
1 ,m1) 6= m2. Accordingly, the decoder at node 2 is in error if g2(y

n
2 ,m2) 6=

(mp,m1). This allows us to introduce the notation for the average probability of
error for the kth node

µ
(n)
k =

1

|M|
∑
m∈M

λk(m)

13



3 Discrete Memoryless Channel

with

λ1(m) = P {g1(yn1 ,m1) 6= m2|m was sent}
λ2(m) = P {g2(yn2 ,m2) 6= (mp,m1)|m was sent} .

Definition 4. A rate triple (Rp, R1, R2) ∈ R3
+ is said to be achievable for the BBC

with an additional private message if for any δ > 0 there exists an n(δ) ∈ N and a

sequence of (M
(n)
p ,M

(n)
1 ,M

(n)
2 , n)-codes such that for all n ≥ n(δ) we have

1
n log |Mp| ≥ Rp − δ
1
n log |M2| ≥ R1 − δ
1
n log |M1| ≥ R2 − δ

while µ
(n)
1 , µ

(n)
2 → 0 as n→∞. The set of all achievable rate triples is the capacity

region of the BBC with an additional private message and is denoted by CBBC.

Now we are in position to state the capacity region of the BBC with an additional
private message.
Theorem 5. The capacity region CBBC of the discrete memoryless bidirectional
broadcast channel with an additional private message is the set of all rate triples
(Rp, R1, R2) ∈ R3

+ that satisfy:

R1 ≤ I(U ;Y1) (3.1a)

Rp ≤ I(X;Y2|U) (3.1b)

Rp +R2 ≤ I(X;Y2) (3.1c)

for random variables U − X − (Y1, Y2). The cardinality of the range of U can be
bounded by |U| ≤ min{|X |, |Y1|, |Y2|}+ 1.

In Section 3.3 we present the proof of achievability of Theorem 5 while in Section 3.4
we prove the converse.
Remark 2. Applying some reformulations and substitutions the result can also be
deduced from [47], which studies a similar broadcast scenario, where the receivers
have (partial) side information about the transmitted messages available.

3.3 Proof of Achievability

Random Codebook Generation: For any δ > 0 we define the message sets
Mp,M1,M2 such that

|Mp| = b2n(Rp−
δ
2
)c

14
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|M1| = b2n(R2− δ2 )c

|M2| = b2n(R1− δ2 )c.

Randomly and independently we generate |M1||M2| codewords (”cloud centers”)
un(m1,m2), each according to

∏n
i=1 pU (ui). For each codeword un randomly and con-

ditionally independently we generate |Mp| codewords (”satellites”) xn(mp,m1,m2),
each according to

∏n
i=1 pX|U (xi|ui). So, we have superposition of two layers: one

layer for the bidirectional exchange and one for the additional private communica-
tion.

Encoding: To send the message (mp,m1,m2) the relay transmits the codeword
xn(mp,m1,m2).

Decoding: The receiving nodes use typical set decoding. The decoder in node 1
decodes the ”cloud center” un(m1,m2). It declares that a message m̂2 was sent if it
is the unique message such that

(un(m1, m̂2), y
n
1 ) ∈ A(n)

ε (UY1).

Respectively, the decoder in node 2 decodes the ”satellite” xn(mp,m1,m2) and it
declares that the messages (m̂p, m̂1) were sent if they are the unique messages such
that

(un(m̂1,m2), x
n(m̂p, m̂1,m2), y

n
2 ) ∈ A(n)

ε (UXY2).

Analysis of the Probability of Error: For the following we introduce the notation
un(m) = unm and xn(m) = xnm for brevity. For the decoder in node 1, we define the
error events

E11(m2|m1) :=
{

(unm1,m̂2
, yn1 ) /∈ A(n)

ε (UY1)
}

E12(m2|m1) :=
{
∃m̂2 6= m2 : (unm1,m̂2

, yn1 ) ∈ A(n)
ε (UY1)

}
.

From the union bound we get for the probabilities of error

µ
(n)
1 ≤ P {E11}+ P {E12} .

From the Law of Large Numbers we know that for increasing n we have

P
{

(Un, Y n
1 ) /∈ A(n)

ε (UY1)
}
−−−→
n→∞

0.

For the probability of the second error event we can write (cf. Theorem 8, Appendix
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3 Discrete Memoryless Channel

A.1)

P {E12(m2|m1)} = (|M2| − 1)P
{

(Un, Y n
1 ) ∈ A(n)

ε (UY1)
}

≤ |M2|P
{

(Un, Y n
1 ) ∈ A(n)

ε (UY1)
}

= |M2|
∑

(unm1,m̂2
,yn1 )∈A

(n)
ε (UY1)

pUn,Y n1 (unm1,m̂2
, yn1 )

= |M2|
∑

(unm1,m̂2
,yn1 )∈A

(n)
ε (UY1)

pUn(unm1,m̂2
)PY n1 (yn1 )

≤ |M2||A(n)
ε (UY1)|2−n(H(U)−ε)2−n(H(Y1)−ε)

≤ |M2|2n(H(U,Y1)+ε)2−n(H(U)−ε)2−n(H(Y1)−ε)

≤ 2n(R1− δ2 )2−n(H(U)+H(Y1)−H(U,Y1)−3ε)

= 2−n(I(U ;Y1)−R1−3ε+ δ
2
)

= 2−n(I(U ;Y1)−R1+2ε)

where we set ε = δ
10 . Since ε > 0 is arbitrary, if we choose R1 as in equation (3.1a)

of Theorem 5, we get that P {E12(m2|m1)} → 0 as n→∞.

For the decoder in node 2, we define the error events

E21(mp,m1|m2) :=
{

(unm̂1,m2
, xnm̂p,m̂1,m2

, yn2 ) /∈ A(n)
ε (UXY2)

}
E22(mp,m1|m2) :=

{
∃m̂1 6= m1 : (unm̂1,m2

, xnm̂p,m̂1,m2
) ∈ A(n)

ε (UXY2)
}

E23(mp,m1|m2) :=
{
∃m̂p 6= mp : (unm̂1,m2

, xnm̂p,m̂1,m2
) ∈ A(n)

ε (UXY2)
}

E24(mp,m1|m2) :=
{
∃(m̂p, m̂1) 6= (mp,m1) :

(unm̂1,m2
, xnm̂p,m̂1,m2

) ∈ A(n)
ε (UXY2)

}
.

From the union bound we have

µ
(n)
2 ≤ P {E21}+ P {E22}+ P {E23}+ P {E24} .

In a similar way, from the Law of Large Numbers we know that for increasing n we
get

P
{

(Un, Xn, Y n
2 ) /∈ A(n)

ε (UXY2)
}
−−−→
n→∞

0.
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Event m1 mp Joint pmf

E21
√ √

pUn,Xn(unm̂1,m2
, xnm̂p,m̂1,m2

)pY n
2 |Xn(yn2 |xnm̂p,m̂1,m2

)

E22 ∗
√

pUn,Xn(unm̂1,m2
, xnm̂p,m̂1,m2

)pY n
2

(yn2 )

E23
√

∗ pUn,Xn(unm̂1,m2
, xnm̂p,m̂1,m2

)pY n
2 |Un(yn2 |unm̂1,m2

)

E24 ∗ ∗ pUn,Xn(unm̂1,m2
, xnm̂p,m̂1,m2

)pY n
2

(yn2 )

Table 3.1: The joint pmfs induced by different (m1,mp) pairs. The ∗ symbol corre-
sponds to messages m̂1 6= m1 or m̂p 6= mp [6].

Taking into account the joint probability mass functions induced for every error event
that are presented in Table 3.1, we can write for the probability of the second error
event

P {E22(mp,m1|m2)} = (|M1| − 1)P
{

(Un, Xn, Y n
2 ) ∈ A(n)

ε (UXY2)
}

≤ |M1|P
{

(Un, Xn, Y n
2 ) ∈ A(n)

ε (UXY2)
}

= |M1|
∑

(unm̂1,m2
,xnm̂p,m̂1,m2

,yn2 )∈A
(n)
ε (UXY2)

pUn,Xn,Y n2
(unm̂1,m2

, xnm̂p,m̂1,m2
, yn2 )

= |M1|
∑

(unm̂1,m2
,xnm̂p,m̂1,m2

,yn2 )∈A
(n)
ε (UXY2)

pUn,Xn(unm̂1,m2
, xnm̂p,m̂1,m2

)pY n2 (yn2 )

≤ |M1||A(n)
ε (UXY2)|2−n(H(U,X)−ε)2−n(H(Y2)−ε)

≤ |M1|2n(H(U,X,Y2)+ε)2−n(H(U,X)−ε)2−n(H(Y2)−ε)

≤ 2n(R2− δ2 )2−n(H(U,X)+H(Y2)−H(U,X,Y2)−3ε)

= 2−n(I(U,X;Y2)−R2−3ε+ δ
2
)

= 2−n(I(U,X;Y2)−R2+2ε).

With similar arguments we can show that:

P {E23(mp,m1|m2)} ≤ 2−n(I(X;Y2|U)−Rp+ε)

P {E24(mp,m1|m2)} ≤ 2−n(I(U,X;Y2)−Rp−R2+2ε).

Now, by arguing that the average probabilities of error should be arbitrarily close to
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zero we get the following boundaries for the three error events

R2 ≤ I(U,X;Y2) (3.2a)

Rp ≤ I(X;Y2|U) (3.2b)

Rp +R2 ≤ I(U,X;Y2). (3.2c)

We observe that the bound (3.2a) is loose and it is contained in (3.2c) so we discard it.
This was an expected result due to the fact that the error events E22 and E24 have the
same joint pmf as we can see in Table 3.1. Now, taking into account that U −X−Y2
form a Markov Chain in that order, we can write I(U,X;Y2) = I(X;Y2). The
cardinality bound of the random variable U , i.e. |U| ≤ min{|X |, |Y1|, |Y2|}+1, follows
from [6, Appendix C] and [57]. This completes the proof of achievability.

3.4 Proof of Converse

In this section, we prove the converse of Theorem 5. To establish the converse
we have to show that no other higher rate triples than the ones characterized by
(3.1) are achievable for any possible distribution. We restate the capacity region
characterization for convenience

R1 ≤ I(U ;Y1)

Rp ≤ I(X;Y2|U)

Rp +R2 ≤ I(X;Y2).

Trying to prove the converse directly for the above capacity region characteriza-
tion does not appear to be feasible. This is mainly because it is difficult to find
an identification of the auxiliary random variable U that works for the first two in-
equalities. As in [6], we introduce the equivalent region consisting of all rate triples
(Rp, R1, R2) ∈ R3

+ such that

R1 ≤ I(U ;Y1) (3.3a)

Rp +R1 ≤ I(X;Y2|U) + I(U ;Y1) (3.3b)

Rp +R2 ≤ I(X;Y2). (3.3c)

Before proving the converse for the alternative region (3.3), we have to show that is
equivalent to region (3.1). The proof of equivalence involves rate splitting and the
Fourier-Motzkin elimination procedure.

We divide mp into two independent messages: m12 at rate R12 and mpp at rate Rpp.
We represent (m12,m1,m2) by U and (mpp,m12,m1,m2) by X.
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We know that if (Rp, R1, R2) ∈ CBBC then also (Rp−R12, R1+R12, R2+R12) ∈ CBBC

for any 0 ≤ R12 ≤ Rp (i.e. the private rate can be made partly or entirely common).
Now, with Rpp = Rp −R12, we can transform region (3.1) to the following

R1 +R12 ≤ I(U ;Y1)

Rpp ≤ I(X;Y2|U)

Rp +R2 ≤ I(X;Y2).

Now, substituting Rpp = Rp−R12 and by arguing that the rates Rpp and R12 should
be non-negative, we get the following five conditions

R12 ≥ 0

R12 ≤ (U ;Y1)−R1

R12 ≥ Rp − I(X;Y2|U)

Rp +R2 ≤ I(X;Y2)

R12 ≤ Rp.

From the above five inequalities we want to eliminate R12. Following the Fourier-
Motzkin elimination procedure we get

• Two upper bounds on R12:

R12 ≤ I(U ;Y1)−R1

R12 ≤ Rp

• Two lower bounds on R12:

R12 ≥ 0

R12 ≥ Rp − I(X;Y2|U)

• One inequality that does not contain R12:

Rp +R2 ≤ I(X;Y2).

Comparing the upper and lower bounds we obtain a new system of five inequalities

0 ≤ I(U ;Y1)−R1 (3.4a)

Rp − I(X;Y2|U) ≤ (U ;Y1)−R1 (3.4b)

0 ≤ Rp (3.4c)

Rp − I(X;Y2|U) ≤ (3.4d)

Rp +R2 ≤ I(X;Y2). (3.4e)
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3 Discrete Memoryless Channel

The inequalities (3.4c) and (3.4d) are trivial and by removing them we get the desired
region (3.3).

Having proved that the alternative region (3.3) is equivalent to the initial region
(3.1) of Theorem 5, we can proceed in the proof of the converse for the alternative
region.

The converse proof for this alternative region involves a tricky identification of the
auxiliary random variable. We further apply the Csiszár sum identity as presented
in the following Lemma.
Lemma 1. For our context the Csiszár sum identity reformulates to

I(Y n
1,i+1;Y2,i|M1,M2, Y

i−1
2 ) = I(Y i−1

2 ;Y1,i|M1,M2, Y
n
1,i+1).

The proof of Lemma 1 follows from [6][58, Lemma 7] and [59].

Finally, we need to make a reformulation to Fano’s inequality in order to adapt it to
our case. This can be seen in the following Lemma.
Lemma 2. For our context, Fanos’s inequalities reformulate to

H(M2|Y n
1 ,M1) ≤ nε(n)1

H(Mp,M1|Y n
2 ,M2) ≤ nε(n)3 .

The proof of Lemma 2 can be found in the Appendix A.2.

Taking into account Lemma 2, we can write for the rate R1

nR1 = H(M2|M1)

= I(M2;Y
n
1 |M1) +H(M2|Y n

1 ,M1)

≤ I(M1,M2;Y
n
1 ) +H(M2|Y n

1 ,M1)

≤ I(M1,M2;Y
n
1 ) + nε

(n)
1 .

Respectively, for the rates Rp +R1 we get

n(Rp +R1) = H(Mp|M2) +H(M2|M1)

= H(Mp|M1,M2) +H(M2|M1)

= I(Mp;Y
n
2 |M1,M2) +H(Mp|Y n

2 ,M1,M2) +H(M2|M1)

≤ I(Mp;Y
n
2 |M1,M2) +H(Mp,M1|Y n

2 ,M2) +H(M2|M1)

≤ I(Mp;Y
n
2 |M1,M2) + nε

(n)
3 +H(M2|M1)

≤ I(Mp;Y
n
2 |M1,M2) + nε

(n)
3 + I(M1,M2;Y

n
1 ) + nε

(n)
1

= I(Mp;Y
n
2 |M1,M2) + I(M1,M2;Y

n
1 ) + nε

(n)
2
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with ε
(n)
2 = ε

(n)
1 + ε

(n)
3 .

Finally, for the rates Rp +R2 we can write

n(Rp +R2) = H(Mp|M2) +H(M1|M2)

≤ H(Mp,M1|M2)

= I(Mp,M1;Y
n
2 |M2) +H(Mp,M1|Y n

2 ,M2)

≤ I(Mp,M1,M2;Y
n
2 ) +H(Mp,M1|Y n

2 ,M2)

≤ I(Mp,M1,M2;Y
n
2 ) + nε

(n)
3 .

So, in a more compact representation, we have shown that

nR1 ≤ I(M1,M2;Y
n
1 ) + nε

(n)
1 (3.5a)

n(Rp +R1) ≤ I(Mp;Y
n
2 |M1,M2) + I(M1,M2;Y

n
1 ) + nε

(n)
2 (3.5b)

n(Rp +R2) ≤ I(Mp,M1,M2;Y
n
2 ) + nε

(n)
3 . (3.5c)

Now, we upper bound the mutual information terms of the above inequalities, in
order to upper bound the rates of the capacity region. At first we consider the
mutual information terms in (3.5b)

I(Mp;Y
n
2 |M1,M2) + I(M1,M2;Y

n
1 )

=
n∑
i=1

I(Mp;Y2,i|M1,M2, Y
i−1
2 ) +

n∑
i=1

I(M1,M2;Y1,i|Y n
1,i+1)

≤
n∑
i=1

I(Mp, Y
n
1,i+1;Y2,i|M1,M2, Y

i−1
2 ) +

n∑
i=1

I(M1,M2, Y
n
1,i+1;Y1,i)

=

n∑
i=1

I(Mp, Y
n
1,i+1;Y2,i|M1,M2, Y

i−1
2 ) +

n∑
i=1

I(M1,M2, Y
n
1,i+1, Y

i−1
2 ;Y1,i)

−
n∑
i=1

I(Y i−1
2 ;Y1,i|M1,M2, Y

n
1,i+1)

=
n∑
i=1

I(Mp;Y2,i|M1,M2, Y
i−1
2 , Y n

1,i+1) +
n∑
i=1

I(Y n
1,i+1;Y2,i|M1,M2, Y

i−1
2 )

+
n∑
i=1

I(M1,M2, Y
n
1,i+1, Y

i−1
2 ;Y1,i)−

n∑
i=1

I(Y i−1
2 ;Y1,i|M1,M2, Y

n
1,i+1)

=
n∑
i=1

(I(Mp;Y2,i|Ui) + I(Ui;Y1,i))
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≤
n∑
i=1

(I(Xi;Y2,i|Ui) + I(Ui;Y1,i)) (3.6)

where the last equality follows form Lemma 1, Y 0
2 , Y

n
1,n+1 = ∅ and the auxiliary

random variable identification is Ui = (M1,M2, Y
i−1
2 , Y n

1,i+1).

Next we consider the mutual information term in (3.5a)

I(M1,M2;Y
n
1 ) =

n∑
i=1

I(M1,M2;Y1,i|Y n
1,i+1)

≤
n∑
i=1

I(M1,M2, Y
i−1
2 , Y n

1,i+1;Y1,i)

=

n∑
i=1

I(Ui;Y1,i). (3.7)

Finally, for the mutual information term in (3.5c) we have

I(Mp,M1,M2;Y
n
2 ) ≤ I(Xn;Y n

2 )

≤
n∑
i=1

I(Xi;Y2,i). (3.8)

Combining (3.6),(3.7) and (3.8) with (3.5a),(3.5b) and (3.5c) we get

R1 ≤
1

n

n∑
i=1

I(Ui;Y1,i) + ε
(n)
1 (3.9a)

Rp +R1 ≤
1

n

n∑
i=1

(I(Xi;Y2,i|Ui) + I(Ui;Y1,i)) + ε
(n)
2 (3.9b)

Rp +R2 ≤
1

n

n∑
i=1

I(Xi;Y2,i) + ε
(n)
3 . (3.9c)

We can rewrite the inequalities (3.9a)-(3.9c) by introducing a ”time-sharing” random
variable T , where T = i ∈ {1, 2, . . . , n} with probability 1

n , i.e., we have

pT,UT ,XT ,Y1,T ,Y2,T (i, ui, xi, y1,i, y2,i) =
1

n
pUi,Xi(ui, xi)pY1,Y2|X(y1, y2|x).

With this reformulation, inequality (3.9a) becomes

R1 ≤
n∑
i=1

p(T = i)I(Ui;Y1,i) + ε
(n)
1 = I(UT ;Y1,T ) + ε

(n)
1
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where the distributions of the new random variables UT , XT , Y1,T , Y2,T depend on
T in the same way as the distributions of Ui, Xi, Y1,i, Y2,i depend on i. We define
U := UT , X := XT , Y1 := Y1,T , Y2 := Y2,T . Now we can bound (3.9a) as

R1 ≤ I(U ;Y1) + ε
(n)
1

with

pU,X,Y1,Y2(u, x, y1, y2) =

[
1

n

n∑
i=1

pUi,Xi(ui, xi)

]
pY1,Y2|X(y1, y2|x).

Similarly we can bound (3.9b) and (3.9c) as

Rp +R1 ≤ I(X;Y2|U) + I(U ;Y1) + ε
(n)
2

Rp +R2 ≤ I(X;Y2) + ε
(n)
3

where ε
(n)
j → 0, j = 1, 2, 3, as n → ∞. This completes the proof of the converse.
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4.1 Preliminaries

In this section, we describe a simple single-input single-output discrete-time memory-
less AWGN channel where we assume real signaling. This results in a linear channel
model with an additive distortion of the transmit signal with a Gaussian noise ran-
dom variable N ∼ N (0, σ2). We consider a continuous-valued input and output
where the random variables X and Y with support sets SY and SX represent single
letters of our transmit and receive signals. For the transmit signal we require a trans-
mit power constraint so that the second moment of the random variable is bounded
by some constant P , i.e. E[|X|2] ≤ P . We assume that the noise is independent of
the transmit signal. Then the single letter input-output relation can be expressed as
follows

Y = X +N.

A single letter description will be sufficient since we consider a memoryless channel.
Also, since we consider a channel with continuous alphabets, we get the mutual
information in terms of differential entropies [4],

I(X;Y ) := h(Y )− h(Y |X) = h(Y )− h(N).

The differential entropy h(Y ) of a continuous random variable Y defined on the
support set SY with the density fY (y), is defined as

h(Y ) := −
∫
SY

fY (y) log fY (y).

Since the logarithm is to the base two, we measure the entropy in bits. The con-
ditional differential entropy h(Y |X) of the random variables (Y,X) defined on the
support set SY ×SX with the joint and conditional densities fY,X(y, x) and fY |X(y|x),
respectively, is defined as

h(Y |X) := −
∫

SY ×SX

fY,X(y, x) log fY |X(y|x).
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Then the differential entropy of a Gaussian random variable Z with density

φ(z) =
1√

2πσ2
exp

(
−|z − µ|

2

2σ2

)

is given by

h(Z) =
1

2
log(2πeσ2).

Therewith, we get the differential entropy of the noise as h(N) = 1
2 log(2eπσ2).

The next important quantity is the relative entropy, defined as

D(f ||g) :=

∫
f log f/g.

(with 0 log(0/0) := 0) between two densities f and g which is finite only if the support
set of f is contained in the support set of g. From Jensen’s Inequality1 we know that
the relative entropy between two densities f and g is always non-negative, D(f ||g) ≥ 0
[4]. It follows that for any random variable Z defined on the support set SZ with
density f(z) and E[|z|2] = σ2 we have h(Z) ≤ 1

2 log(2πeσ2). As a consequence, the
normal distribution N (0, σ2) maximizes the entropy over all distributions with the
same second moment.

Since the noise N is independent of the input X, for the second moment of the output
we have

E[|Y |2] = E[|X +N |2] = E[|X|2] + E[|N |2] ≤ P + σ2.

Then it follows from the previous that the differential entropy of the output is max-
imized with h(Y ) = 1

2 log(2πe(P + σ2)) if the input X is distributed according to
normal distribution N (0, P ). This means that Gaussian distributed codebooks are
optimal.

The (operational)capacity C of the Gaussian channel with AWGN is defined as the
maximum rate at which we have arbitrarily small error. It is shown that this is equal
to the maximum mutual information between the input and output over all input
distributions that satisfy the power constraint. With the previous considerations we

1Jensen’s Inequality can be formulated in different notations. In the notation of probability theory
let X be a random variable with support SX ⊆ R and let f : SX → R be a convex function, then
we have E[f(X)] ≥ f(E[X]).
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can express the capacity as follows

C : = max
fX(x):E[|X|2]≤P

I(X;Y )

= max
fX(x):E[|X|2]≤P

h(Y )− 1

2
log(2πeσ2)

=
1

2
log(2πe(P + σ2))− 1

2
log(2πeσ2)

=
1

2
log(1 +

P

σ2
).

Then the result of Shannon’s work says that one can construct a sequence of block
codes that satisfies the power constraint, has a rate smaller but arbitrary close to the
information capacity, and has a maximum probability of error which tends to zero
with increasing block code length.

4.2 Physical Layer Description and Capacity Result

In this Section, we analyze our previous setup (cf. Section 3.2), i.e. the bidirectional
broadcast channel, now for Gaussian channels. Consider the broadcast communi-
cation system over a Gaussian channel, depicted in Figure 4.1. The sender (relay)
wishes to reliably communicate a bidirectional message to each receiver and a private
message to receiver in the second node. It encodes the message triple (mp,m1,m2)
into a codeword Xn and transmits it over the channel. The output of each node Y n

k ,
k = 1, 2, is distorted by additive Gaussian noise Nn

k with distribution Nk ∼ N (0, σ2k).
The first receiver finds the estimate of the bidirectional message m̂2 using as side in-
formation the message m1 that had sent in the MAC phase. Respectively, the receiver
in the second node estimates the bidirectional message m̂1 and the private message
m̂p using as side information the message m2.

We can model the system of Figure 4.1 as

Yk = X +Nk

for k = 1, 2.

We assume that the transmit signal is zero-mean, because the differential entropy
is independent of the mean and the mean of the transmitted signal leads to an
increase of the transmit power. Also, we require a transmit power constraint P , i.e.
E[|X|2] ≤ P . We assume that the noise is independent of the transmit signal with
distribution Nk ∼ N (0, σ2k). Now, we can conclude that the output of each node is
Gaussian distributed with zero mean and with var[Yk] ≤ P + σ2k.
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4.3 Proof of Achievability

Figure 4.1: Gaussian Bidirectional Broadcast Channel.

Now we are in position to state the capacity region of the Gaussian BBC with an
additional private message.
Theorem 6. The capacity region CGBBC of the Gaussian Bidirectional broadcast chan-
nel with an additional private message, under the power constraint P , is the set of
all rate triples (Rp, R1, R2) ∈ R3

+ that satisfy:

R1 ≤ C
(

aS1
āS1 + 1

)
(4.1a)

Rp ≤ C (āS2) (4.1b)

Rp +R2 ≤ C (S2) (4.1c)

for some a ∈ [0, 1], where ā = 1 − a, C(x) = 1
2 log(1 + x) is the Gaussian capacity

function and Sk = P
σ2
k

.

In Section 4.3 we present the proof of achievability of Theorem 6 while in Section 4.4
we prove the converse.

4.3 Proof of Achievability

In order to achieve the maximum possible rates, we use all the available transmit
power P . Achievability follows from the results of the discrete case, in section 3.2,
with a proper choice of auxiliary and input random variables. We set U ∼ N (0, aP )
and V ∼ N (0, āP ) independent of each other, and X = U + V ∼ N (0, P ), for some
a ∈ [0, 1]. This scheme can be seen in Figure 4.1.
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With the above distributions we can write for (3.1a)

R1 ≤ I(U ;Y1) = h(Y1)− h(Y1|U)

= h(U + V +N1)− h(V +N1)

=
1

2
log
(
2πe

(
aP + āP + σ21

))
− 1

2
log
(
2π
(
āP + σ21

))
=

1

2
log

(
1 +

aP

āP + σ21

)
= C

(
aS1

āS1 + 1

)
.

Similarly for (3.1b) we get

Rp ≤ I(X;Y2|U) = h(Y2|U)− h(Y2|U,X)

= h(V +N2)− h(N2)

=
1

2
log
(
2πe

(
āP + σ22

))
− 1

2
log
(
2πeσ22

)
=

1

2
log

(
1 +

āP

σ22

)
= C (āS2) .

Finally, for (3.1c) we have

Rp +R2 ≤ I(X;Y2) = h(Y2)− h(Y2|X)

= h(U + V +N2)− h(N2)

=
1

2
log
(
2πe

(
P + σ22

))
− 1

2
log
(
2πeσ22

)
=

1

2
log

(
1 +

P

σ22

)
= C (S2) .

This completes the proof of achievability for the capacity region characterization
(4.1).

4.4 Proof of Converse

For the converse we consider again the equivalent capacity region (3.3) as in the
discrete case. We need to show that ∃a ∈ [0, 1] such that

R1 ≤ I(U ;Y1) ≤
1

2
log

(
1 +

aP

āP + σ21

)
(4.2a)
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Rp +R1 ≤ I(X;Y2|U) + I(U ;Y1)

≤ 1

2
log

(
1 +

āP

σ22

)
+

1

2
log

(
1 +

aP

āP + σ21

)
(4.2b)

Rp +R2 ≤ I(X;Y2) ≤
1

2
log

(
1 +

P

σ22

)
. (4.2c)

We start by bounding the inequality (4.2c)

I(X;Y2) = h(Y2)− h(Y2|X)

≤ 1

2
log
(
2πe

(
P + σ22

))
− 1

2
log
(
2πeσ22

)
=

1

2
log

(
1 +

P

σ22

)
= C (S2)

where the inequality follows from the maximum entropy theorem.

For (4.2a) we get

I(U ;Y1) = h(Y1)− h(Y1|U) ≤ 1

2
log
(
2πe

(
P + σ21

))
− h(Y1|U). (4.3)

Now, we have to find an appropriate characterization for h(Y1|U). We observe that
h(Y1|U) is lower and upper bounded as follows

1

2
log
(
2πeσ21

)
= h(Y1|X) ≤ h(Y1|U) ≤ h(Y1) ≤

1

2
log
(
2πe

(
P + σ21

))
so there must exist an a, 0 ≤ a ≤ 1, such that

h(Y1|U) =
1

2
log
(
2πe

(
āP + σ21

))
. (4.4)

Now, combining (4.3) with (4.4), inequality (4.2a), i.e. R1 ≤ I(U ;Y1), becomes

I(U ;Y1) ≤
1

2
log
(
2πe

(
P + σ21

))
− 1

2
log
(
2πe

(
āP + σ21

))
=

1

2
log

(
1 +

aP

āP + σ21

)
= C

(
aS1

āS1 + 1

)
.

In order to bound (4.2b), i.e. Rp + R1 ≤ I(X;Y2|U) + I(U ;Y1) we distinguish two
cases, as in [47]. For the first case we assume that σ21 ≥ σ22. This leads to a physically
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Figure 4.2: Corresponding Physically Degraded Broadcast Channel for σ21 ≥ σ22.

degraded broadcast channel as shown in Figure 4.2, where X−Y2−Y1 form a Markov
chain in that order. Having this in mind and using the conditional entropy power
inequality (EPI) [6], we can write

22h(Y1|U) = 22h(Y2+Ñ1|U)

≥ 22h(Y2|U) + 22h(Ñ1|U)

= 22h(Y2|U) + 2πe(σ21 − σ22). (4.5)

Now, by substituting the result of (4.4) in (4.5) and by taking the logarithm of the
resulting inequality, we have

2πe(āP + σ21) ≥ 22h(Y2|U) + 2πe(σ21 − σ22)

22h(Y2|U) ≤ 2πe(āP + σ22)

h(Y2|U) ≤ 1

2
log
(
2πe

(
āP + σ22

))
. (4.6)

Finally, combining (4.2b) with (4.6) we get

I(X;Y2|U) = h(Y2|U)− h(Y2|X)

≤ 1

2
log
(
2πe

(
āP + σ22

))
− 1

2
log
(
2πeσ22

)
=

1

2
log

(
1 +

āP

σ22

)
= C (āS2) .

This completes the proof for σ21 ≥ σ22.

For the second case we assume σ22 ≥ σ21. This leads to a physically degraded broadcast
channel as shown in Figure 4.3, where X − Y1 − Y2 form a Markov chain in that
order.
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Figure 4.3: Corresponding Physically Degraded Broadcast Channel for σ21 ≥ σ22.

For this case we can write

I(X;Y2|U) ≤ I(X;Y2, Ñ2|U)

= I(X; Ñ2|U) + I(X;Y2|U, Ñ2)

= I(X;Y2|U, Ñ2)

= I(X;Y1 + Ñ2|U, Ñ2)

= I(X;Y1|U, Ñ2)

= I(X;Y1|U) (4.7)

where we have used the fact that Ñ2 is independent of U,X and N1.

Taking into account (4.7) we get for (4.2b)

I(X;Y2|U) + I(U ;Y1) ≤ I(X;Y1|U) + I(U ;Y1)

= I(Y1;X,U)

= I(Y1;X)

≤ 1

2
log

(
1 +

P

σ21

)
. (4.8)

It is easy to show that (4.8) is the upper bound we are looking for. We can check
that

1

2
log

(
1 +

āP

σ22

)
+

1

2
log

(
1 +

aP

āP + σ21

)
≤ 1

2
log

(
1 +

P

σ21

)
with equality for a = 1. Note that the left side of the above inequality is an increasing
function of a.

We conclude that ∃a ∈ [0, 1], and more precisely a = 1, such that

I(X;Y2|U) + I(U ;Y1) ≤
1

2
log

(
1 +

aP

σ22

)
+

1

2
log

(
1 +

āP

aP + σ21

)
.
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By choosing a = 1 we achieve all points inside the capacity region outer bound. This
completes the proof for σ22 ≥ σ21.
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5 MIMO Gaussian Channel

5.1 Preliminaries

Any MIMO channel can be modeled as depicted in Figure 5.1. The channel output
y ∈ RM results from the channel which is completely described by the conditional
pdf fY |X(y|x), where x ∈ RN denotes the channel input. The mutual information
is defined as [4]

I(X;Y ) = h(Y )− h(Y |Y )

where h(Y ) denotes the differential entropy of y and h(Y |X) is the differential
conditional entropy of y. The importance of above mutual information I(X;Y )
follows from Shannon’s coding theorem that the maximum error-free data rate is
equal to I(X;Y ) for the channel described by fY |X(y|x) and a transmitted signal
x with pdf fX(x). The capacity of a channel with fY |X(y|x) is given by

C := max
fX(x)

I(X;Y ) s.t. : E[‖x‖22] ≤ P and fX(x) is a pdf (5.1)

that is, the mutual information I(X;Y ) is maximized with respect to the distribution
of the transmitted signal x, where the variance1 (the power) of x is upper bounded
by the given maximal transmit power P . Note that the capacity C only depends on
fY |X(y|x) and the constant P , i.e., it is a property of the channel depending on the
available transmit power. In the following, we show which properties the transmitted
signal x must have to achieve the capacity C.

We have for the two differential entropies that

h(Y ) =

∫
fY (y) log(fY (y))dy and

h(Y |X) =

∫
fX,Y (x,y) log(fX|Y (y|x))dxdy.

When restricting to the linear model with Gaussian noise

y = Hx + n (5.2)

1We will see in the following that x is zero-mean.
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Figure 5.1: General MIMO Channel Model.

with H ∈ RN×M the multiplicative channel matrix and n ∼ N (0M ,Cn), the con-
ditional pdf fY |X(y|x) can be expressed in terms of the pdf of the Gaussian noise
n

fY |X(y|x) = fN (x−Hy).

Since the differential entropy of a signal is independent of its mean, we get for the
differential conditional entropy

h(Y |X) = h(N).

We see that the mutual information transforms to

I(X;Y ) = h(Y )− h(N)

for the linear model (5.2). The differential entropy h(N) is defined analogous to
h(Y ) and as n is circularly symmetric Gaussian distributed, i.e.,

fN (n) =
1√

(2π)M det(Cn)
exp(−1

2
nHC−1n n)

we have that

h(N) = −
∫
fN (n) log(fN (n))dn

=
1

2

∫
log((2π)M det(Cn))fN (n)dn +

1

2

∫
log(e)nHC−1n nfN (n)dn

=
1

2
log det(2πCn)

∫
fN (n)dn +

1

2
log(e)

∫
tr(nHC−1n n)fN (n)dn

=
1

2
log det(2πCn) +

1

2
log(e)tr(

∫
nnHfN (n)dnC−1n )

=
1

2
log det(2πCn) +

1

2
log(e)tr(IM )

=
1

2
log det(2eπCn)

which is independent of the properties of the transmitted signal x. Consequently,
if we try to solve (5.1), we only have to maximize the differential entropy h(Y )
of the received signal y with respect to the pdf fX(x) of the transmitted signal
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x. Note that the differential entropy of a signal with given covariance matrix is
maximized, iff the signal is Gaussian distributed [4]. Therefore, we need that y is
Gaussian distributed for the optimum of (5.1). We can infer that also the transmitted
signal x must be Gaussian distributed, since only the sum of two Gaussian random
variables gives again a Gaussian random variable. Additionally, the received signal
and the transmitted signal must be zero-mean, because the differential entropy is
independent of the mean and the mean of the transmitted signal leads to an increase
of the transmit power. Thus, we have that x ∼ N (0N ,Qx).

The differential entropy of a Gaussian received signal y is

h(Y ) =
1

2
log det(2eπCy)

=
1

2
log det(2eπ(HQxH

H + Cn)).

With

−h(N) =
1

2
log det−1(2eπCn) =

1

2
log det(2−1e−1π−1C−1n )

since − log(x) = log(x−1) and det−1(A) = det(A−1), the mutual information can be
rewritten as

I(X;Y ) =
1

2
log det(2eπ(HQxH

H + Cn)) +
1

2
log det(2−1e−1π−1C−1n )

=
1

2
log(det(2eπ(HQxH

H + Cn)) det(2−1e−1π−1C−1n ))

=
1

2
log det(IM + C−1n HQxH

H)

=
1

2
log det(IN + HHC−1n HQx). (5.3)

For the third line, we used det(A) det(B) = det(AB) for A,B ∈ Cn×n and for the
last line, we employed det(I +AB) = det(I +BA) which also holds for rectangular
A and B.

The transmitted signal x must be zero-mean circularly symmetric complex Gaussian
distributed. Thus, the pdf fX(x) of x is completely described by the covariance
matrix Qx. Additionally, the transmit power can be expressed as

E[‖x‖22] = E[xHx] = E[tr(xHx)] = E[tr(xxH)] = tr(E[xxH ]) = tr(Qx)

where we used a = tr(a) for scalar a, tr(AB) = tr(BA) and the linearity of the
expectation and the trace operators. With the last two results, the capacity can be
found with [cf. (5.1)]

C := max
Qx�0N×N

1

2
log det(IN + HHC−1n HQx) s.t. : tr(Qx) ≤ P. (5.4)
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Figure 5.2: MIMO Gaussian Bidirectional Broadcast Channel.

Here, Qx � 0N×N expresses that Qx must be non-negative definite.2 Note that
above optimization problem is convex (see Appendix), i.e., the Karush-Kuhn-Tucker
conditions are sufficient.

Therefore, it remains to find the optimal covariance matrix Q∗x which satisfies the
power constraint tr(Q∗x) ≤ P . This convex optimization problem of finding the
optimal covariance matrix can be explicitly solved using the Lagrangian method
[60, 61]. This leads to the so called water-filling solution. Note that the water-filling
solution is valid only for a point-to-point channel and is not valid for our BBC. A
detailed derivation of the water-filling solution can be found in the Appendix A.4 for
completeness.

5.2 Physical Layer Description and Capacity Result

Consider the broadcast communication system over a MIMO Gaussian channel, de-
picted in Figure 5.2. The sender (relay) wishes to reliably communicate a bidirec-
tional message to each receiver and a private message to receiver in the second node.
In this section we assume real valued signaling.

Let NR be the number of antennas at the relay node and Nk be the number of
antennas at node k, k = 1, 2 as shown in Figure 5.2. The discrete-time real-valued
input-output relation between the relay node and node k, k = 1, 2, can now be
modeled as

yk = Hkx + nk

2Every covariance matrix must be non-negative definite by definition. To prove this statement,
consider the covariance matrix E[(z − m)(z − m)H ] of some random vector z with mean m.
The expression inside the expectation is the Gram matrix which is always non-negative definite.
Since the pdf fZ(z) is never negative, the expectation is a weighted sum of non-negative definite
matrices with non-negative weights. From the definition of non-negative definiteness, i.e., A is
non-negative definite iff xHAx ≥ 0 ∀x, we can conclude that any non-negatively weighted sum
of non-negative definite matrices is non-negative definite, since xH(β1A + β2B)x = β1x

HAx +
β2x

HBx ≥ 0 ∀x, with β1, β2 ≥ 0, xHAx ≥ 0 and xHBx ≥ 0.
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where yk ∈ RNk×1 denotes the output at node k, Hk ∈ RNk×NR is the multiplicative
channel matrix, x ∈ RNR×1 is the input of the relay node and nk ∈ RNk×1 is
independent additive noise according to a Gaussian distribution N (0, σ2kINk).

As in [16, 62, 63], we consider two different kinds of power constraints: a total power
constraint and a covariance constraint. An input sequence xn = (x1,x2, . . . ,xn) of
length n satisfies a total power constraint P if

1

n

n∑
i=1

xTi xi ≤ P.

Similarly xn satisfies the covariance constraint S if

1

n

n∑
i=1

xix
T
i � S

where S � 0 is a positive semidefinite matrix.

Now we are in position to state the capacity region of the MIMO Gaussian BBC with
an additional private message.
Theorem 7. The capacity region CMIMO

BBC (S) of the MIMO Gaussian BBC with an
additional private message under the covariance constraint S is:

CMIMO
BBC (S) =

⋃
0�Qp�S

R(S,Qp) (5.5)

where R(S,Qp) is the set of all rate triples (Rp, R1, R2) ∈ R3
+ that satisfy:

R1 ≤
1

2
log det

(
H1SH

T
1 + σ21IN1

H1QpH
T
1 + σ21IN1

)
(5.6a)

Rp ≤
1

2
log det

(
IN2 + 1

σ2
2
H2QpH

T
2

)
(5.6b)

Rp +R2 ≤
1

2
log det

(
IN2 + 1

σ2
2
H2SH

T
2

)
. (5.6c)

The capacity region under the total power constraint can be derived from the follow-
ing corollary [63, Lemma 1].
Corollary 1. The extension of Theorem 7 to the total power constraint is immediate
and given by

CMIMO
BBC (P ) =

⋃
tr(S)� P

CMIMO
BBC (S). (5.7)

In Section 5.3 we present the proof of achievability of Theorem 7 while in Section 5.4
we prove the converse.
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5.3 Proof of Achievability

To obtain the desired region (5.6) we follow the proof of the discrete case with a
proper choice of auxiliary and input random variables. We assume that

U ∼ N (0,S −Qp)

V ∼ N (0,Qp)

X = U + V ∼ N (0,S).

Since the noise vectors nk are independent of the input vector x, we can write

E[yky
T
k ] = E[(Hkx + nk)(Hkx + nk)

T ]

= E[Hkxx
THT

k ] + E[nkn
T
k ]

= HkE[xxT ]HT
k + E[nkn

T
k ]

= HkSH
T
k + σ2kINk

so, the distribution of the output vector yk is

yk ∼ N (0,HkSH
T
k + σ2kINk).

We know that the rates are bounded as:

R1 ≤ I(U ;Y 1) (5.8a)

Rp ≤ I(X;Y 2|U) (5.8b)

Rp +R2 ≤ I(X;Y 2). (5.8c)

Also it is proved that a Gaussian distribution of a random vector Z ∼ N (0,Q),
maximizes the differential entropy with h(Z) = 1

2 log det(2eπQ).

Now we get for (5.8a)

I(U ;Y 1) =h(Y 1)− h(Y 1|U)

=h(Y 1)− h(V + N1)

=
1

2
log det

(
2eπ

(
H1SH

T
1 + σ21IN1

))
− 1

2
log det

(
2eπ

(
H1QpH

T
1 + σ21IN1

))
=

1

2
log det

(
H1SH

T
1 + σ21IN1

H1QpH
T
1 + σ21IN1

)
.
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5.4 Proof of Converse

It is straightforward to show also for (5.8b) and (5.8c) that

I(X;Y 2|U) =
1

2
log det

(
IN2 + 1

σ2
2
H2QpH

T
2

)
I(X;Y2) =

1

2
log det

(
IN2 + 1

σ2
2
H2SH

T
2

)
.

This completes the proof of achievability.

5.4 Proof of Converse

To establish the converse it remains to show that no other rate triples than those
characterized in (5.6) are achievable for some 0 � Qp � S.

We define the single user capacity of the channel between the relay and user 2 as

C2 =
1

2
log det

(
IN2 + 1

σ2
2
H2SH

T
2

)
.

As both the bidirectional message m1 and the private message mp have to be suc-
cessfully received by user 2, we must have

Rp +R2 ≤ C2 =
1

2
log det

(
IN2 + 1

σ2
2
H2SH

T
2

)
which proves the inequality (5.6c).

Proving the inequalities (5.6a) and (5.6b) is not a trivial problem. Therefore, we use
existing bounds of a similar scenario and with proper arguments we conclude to the
desired result.

It is proved in [63] that the capacity region of a multi-antenna Gaussian broadcast
channel with one private message at rate R′p, and one common message at rate Rc is
the rate pair

R′p ≤
1

2
log det

(
IN1 + 1

σ2
1
H1Q

′
pH

T
1

)
(5.9a)

Rc ≤ min(R1
c , R

2
c) (5.9b)

where

Rkc =
1

2
log det

(
HkS

′HT
k + σ2kINk

HkQ
′
pH

T
k + σ2kINk

)
(5.9c)

with k = 1, 2 and some 0 � Q′p � S′.
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5 MIMO Gaussian Channel

We can interpret the united bidirectional message that contains both messages m1

and m2 (after the relay re-encoding), as a common message that is partially known
from the two users. We set R2 = 0 thus we ”maximize” the bidirectional (common)
rate R1 of the message m2. With this reformulation, our problem corresponds exactly
to the similar scenario of one private and one common message. Now, we can claim
that we are not interested in user 2 to be able to decode the message m2 because
there is already available as side information. So, we can discard the minimum from
(5.9b) and keep only the corresponding rate for the channel of user 1. With the above
arguments we get an exact correspondance of the rate pairs (Rp, R1) and (R′p, R

1
c)

between the two scenarios. This gives us the desired bounds (5.6a) and (5.6b) and
completes the proof of converse.

5.5 MISO Gaussian Channel

The optimal transmit covariance matrices are determined by non-convex optimization
problems and so the weighted rate sum optimal rate triples as well. Hence, obtaining
the boundary of the capacity region (5.5) is in general non-trivial. For the MISO
scenario we can reformulate the optimization problem in such a way that it becomes
convex and therewith tractable.

In the MISO case, the channel matrices Hk reduce to vectors hTk , k = 1, 2. Here, we
use the total power constraint P instead of the covariance constraint S.

Similar to the MIMO case we assume that

U ∼ N (0,Q12)

V ∼ N (0,Qp)

X = U + V ∼ N (0,Q12 + Qp)

where we require a total power constraint tr(Q12 + Qp) ≤ P . Now, in an exact
correspondance to region (5.6), we can write that R(Q12,Qp) is the set of all rate
triples (Rp, R1, R2) ∈ R3

+ that satisfy

R1 ≤
1

2
log

(
1 +

hT1 Q12h1

hT1 Qph1 + σ21

)
(5.10a)

Rp ≤
1

2
log
(

1 + 1
σ2
2
hT2 Qph2

)
(5.10b)

Rp +R2 ≤
1

2
log
(

1 + 1
σ2
2
hT2 (Q12 + Qp)h2

)
. (5.10c)
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5.5 MISO Gaussian Channel

(a) Capacity region (b) Comparable TDMA approach

Figure 5.3: Capacity region of the MISO Gaussian BBC with an additional private
message, with NR = 2, N1 = N2 = 1, h1 = [2 0.4]T , h2 = [0.2 1.2]T

and P = 5. Fig. 5.3(b) compares the capacity region with the achievable
rate region of a comparable TDMA approach (white box) which realizes
the same routing task in three orthogonal time slots.

Now we consider a slightly different problem. As in [63] and [16], instead of finding
the best possible rates for a given power constraint, we find the minimum power
required to achieve a set of minimal rate requirements. Furthermore, instead of
considering the rates themselves, we can equivalently give minimum requirements
on the SNIRs of the different users. With the above arguments we can write the
following optimization problem which will allow us to calculate R(Q12,Qp):

min
(Q12,Qp)∈G1

tr(Q12 + Qp) (5.11)

where

G1 =


(Q12,Qp)|

Q12 � 0,Qp � 0

hT1 Q12h1

hT1 Qph1+σ2
1

≥ αγ1
1
σ2
2
hT2 Qph2 ≥ αγp

1
σ2
2
hT2 (Q12 + Qp)h2 ≥ αγ2


and where α is an auxiliary non-negative parameter and the triplet (γp,γ1,γ2) can be
interpreted as received SNIR “weights”.
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5 MIMO Gaussian Channel

We can now rewrite the constraint set in (5.11) as a linear constraint set. This is the
set of all (Q12,Qp) such that

Q12 � 0, Qp � 0 (5.12a)

hT1 Q12h1 ≥ αγ1
(
hT1 Qph1 + σ21

)
(5.12b)

hT2 Qph2 ≥ αγpσ22 (5.12c)

hT2 (Q12 + Qp)h2 ≥ αγ2σ22. (5.12d)

Thus we obtain a linear semi-definite optimization problem (and hence convex). Yet,
this still falls short of finding a point on the boundary of R(Q12,Qp).

In order to find such a point we follow the following procedure: Obviously all rates
increase as the auxiliary parameter α increases. Thus we obtain the weighted rate
sum optimal rate triple on the boundary of R(Q12,Qp) for fixed weights γp,γ1,γ2,
by finding the maximum α such that the constraint set provides at least one fea-
sible solution. Finally, running through all weight vectors with γp + γ1 + γ2 = 1
yields all weighted rate sum optimal rate triples and characterizes the boundary of
R(Q12,Qp).

A visual representation of the capacity region (5.10) is presented in Figure 5.3(a)
and a comparison of this region with the TDMA approach in Figure 5.3(b). It is
clear that the proposed superposition encoding outperformes the “naive” TDMA
approach.
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Conclusion

Historically, information theory has played a crucial role in the development of one-
way point-to-point communication. With the development of the wireless networks
and the Internet the research focus has recently shifted to multi-terminal problems.
A one-hop transmission over a long distance or of a shadowed node needs high trans-
mit power which causes a large interference for a wide range and results in a high
energy consumption. A very attractive solution is the use of relays as intermediate
nodes between the source and the destination. The integration of relays improve
the performance and coverage of wireless networks significantly by exploiting the
broadcast nature of the wireless medium. The main drawback is that a full-duplex
relay operation is not practical or possible in most of the cases. As a consequence
we need to allocate orthogonal resources for transmission and reception (half-duplex
relaying), which results in a loss in spectral efficiency.

In this work, in order to compensate the loss in spectral efficiency, we propose the con-
cept of bidirectional relaying which exploits the bidirectional property of the commu-
nication. Bidirectional relaying applies to a network consisting of three nodes, where
two nodes establish a bidirectional communication with the help of a half-duplex re-
lay which uses a decode-and-forward relaying protocol. As already mentioned, there
is a separation of the communication into two phases (i.e. MAC and BBC) so bidi-
rectional relaying is particularly suitable to be integrated in conventional wireless
networks or even cellular networks. Examples can be seen in [18] where how bidirec-
tional relaying can be efficiently embedded in a cellular downlink is discussed, while
[64] addresses the problem of interference mitigation in femto-macro coexistence with
bidirectional relaying.

An important issue is the efficient integration of multiple services at the physical
layer. Already in current cellular systems operators offer not only (bidirectional) voice
communication, but also further private, multicast or confidential services. Since
bidirectional relaying is a promising candidate to increase the spectral efficiency of
next generation cellular systems, it is important to study the efficient integration of
additional services in bidirectional relay networks. In particular, in this thesis we
have efficiently integrated a private message in the bidirectional communication and
we have derived the capacity region of different channel types with this setup.
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5 MIMO Gaussian Channel

So far we considered the integration of one private message. This scenario can be
extended by further integrating a second private message for the other node or even
a combination of private, multicast and confidential services. Another possible ex-
tension would be to drop the restricted rdecode-and-forward protocol assumption
and use other relaying protocols as in [34, 35] where compress-and-forward strategies
are discussed or in [36–40] where compute-and-forward schemes based on structured
codes where the relay decodes a function of both messages are analyzed. Further we
can allow both nodes to cooperate and to use feedback. It would be interesting if
we can establish similar results for such schemes and have a comparison in order to
deduce which is the most optimal strategy.
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Appendix

A.1 Jointly Typical Sequences

Let (X1, X2, . . . , Xi) denote a finite collection of discrete random variables with some
fixed joint distribution, p(x(1), x(2), . . . , x(m)), (x(1), x(2), . . . , x(m))
∈ X1×X2×· · ·×Xm. Let S denote an ordered subset of these random variables and
consider n independent copies of S. Thus,

P{S = s} =
n∏
i=1

P{Si = si}, s ∈ S.

For example, if S = (Xj , Xl), then

P{S = s} = P{(Xn
j , X

n
l ) = (xnj , x

n
l )}

=

n∏
i=1

p(xij , xil).

By the law of large numbers, for any subset S of random variables,

− 1

n
log p(S1, S2, . . . , Sn) = − 1

n

n∑
i=1

log p(Si)→ H(S)

where the convergence takes placewith probability 1 for all 2m subsets, S ⊆
{X(1), X(2), . . . , X(m)}.
Definition 5. The set A

(n)
ε of ε-typical n-sequences (x1, x2, . . . , xm) is defined by [4]

A(n)
ε (X(1), X(2), . . . , X(m))

= A(n)
ε

=

{
(x1, x2, . . . , xm) :

∣∣∣∣− 1

n
log p(s)−H(S)

∣∣∣∣< ε,∀S⊆{X(1), X(2), . . . , X(m)}
}
.
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Let A
(n)
ε (S) denote the restriction of A

(n)
ε to the coordinates of S. Thus, if S =

(X1, X2), we have

A(n)
ε (X1, X2) ={(x1, x2) :∣∣∣∣− 1

n
log p(x1, x2)−H(X1, X2)

∣∣∣∣ < ε,∣∣∣∣− 1

n
log p(x1)−H(X1)

∣∣∣∣ < ε,∣∣∣∣− 1

n
log p(x2)−H(X2)

∣∣∣∣ < ε}.

Definition 6. We will use the notation an = 2n(b±ε) to mean that [4]∣∣∣∣ 1n log an − b
∣∣∣∣ < ε

for n sufficiently large.
Theorem 8. For any ε > 0, for sufficiently large n [4],

1. P (A(n)
ε (S)) ≥ 1− ε, ∀S ⊆ {X(1), X(2), . . . , X(m)}. (A.1)

2. s ∈ A(n)
ε (S) =⇒ p(s) = 2−n(H(S)±ε). (A.2)

3.
∣∣∣A(n)

ε (S)
∣∣∣ = 2n(H(S)±ε). (A.3)

4. Let S1, S2 ⊆ {X(1), X(2), . . . , X(m)}. If (s1, s2) ∈ A(n)
ε (S1, S2), then

p(s1|s2) = 2−n(H(S1|S2)±2ε). (A.4)

The proof of (A.1) follows from the law of large numbers for the random variables in

the definition of A
(n)
ε (S). The proof of (A.2) follows directly from the definition of

A
(n)
ε (S). The proof of (A.3) follows from [4]

1 ≥
∑

s∈A(n)
ε (S)

p(s)

≥
∑

s∈A(n)
ε (S)

2−n(H(S)+ε)

=
∣∣∣A(n)

ε (S)
∣∣∣ 2−n(H(S)+ε). (A.5)
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A.2 Proof of Lemma 2 (Fano’s Inequalities)

If n is sufficiently large, we can argue that

1− ε ≤
∑

s∈A(n)
ε (S)

p(s)

≤
∑

s∈A(n)
ε (S)

2−n(H(S)−ε)

=
∣∣∣A(n)

ε (S)
∣∣∣ 2−n(H(S)−ε). (A.6)

Combining (A.5) and (A.6), we have
∣∣∣A(n)

ε (S)
∣∣∣ = 2n(H(S)±ε) for sufficiently large

n.

The proof of (A.4) reads as follows. For (s1, s2) ∈ A
(n)
ε (S1, S2), we have p(s1) =

2−n(H(S1)±ε) and p(s1, s2) = 2−n(H(S1,S2)±ε). Hence,

p(s2|s1) =
p(s1, s2)

p(s1)
= 2−n(H(S2|S1)±2ε).

A.2 Proof of Lemma 2 (Fano’s Inequalities)

We restate the inequalities we want to prove

H(M2|Y n
1 ,M1) ≤ µ(n)1 log |M2|+ 1 = nε

(n)
1 (A.7)

H(Mp,M1|Y n
2 ,M2) ≤ µ(n)2 log(|Mp||M1|) + 1 = nε

(n)
3 (A.8)

with ε
(n)
1 = log |M2|

n µ
(n)
1 + 1

n → 0 for n→∞ as λ
(n)
1 → 0 and ε

(n)
3 =

log(|Mp||M1|)
n µ

(n)
2 +

1
n → 0 for n→∞ as λ

(n)
2 → 0.

First, we prove equation (A.7) [30]. From Y n
1 and M1 node 1 estimates the message

M2 from the codeword Xn(Mp,M1,M2). We define the event of an error at node 1
as

E1 :=

{
1 if g1(Y

n
1 ,M1) 6= M2

0 if g1(Y
n
1 ,M1) = M2

so that we have for the average probability of error µ
(n)
1 = P{E1} ≤ λ

(n)
1 . From the

chain rule for entropies, we have

H(E1,M2|Y n
1 ,M1) = H(M2|Y n

1 ,M1) +H(E1|Y n
1 ,M1,M2)

= H(E1|Y n
1 ,M1) +H(M2|E1, Y

n
1 ,M1). (A.9)
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Since E1 is a function of M1,M2 and Y n
1 , we have H(E1|Y n

1 ,M1,M2) = 0. Further,
since E1 is a binary-valued random variable, we get

H(E1|Y n
1 ,M1) ≤ H(E1) ≤ 1. (A.10)

We also have that

H(M2|E1, Y
n
1 ,M1) =P{E1 = 0}H(M2|Y n

1 ,M1, E1 = 0)

+ {E1 = 1}H(M2|Y n
1 ,M1, E1 = 1)

≤(1− µ(n)1 )0 + µ
(n)
1 log(|M2| − 1)

≤µ(n)1 log |M2|. (A.11)

Combining (A.9),(A.10) and (A.11) we get

H(M2|Y n
1 ,M1) = H(E1|Y n

1 ,M1) +H(M2|E1, Y
n
1 ,M1) ≤ µ(n)1 log |M2|+ 1

which proves equation (A.7).

Now, we prove equation (A.8). From Y n
2 and M2 node 2 estimates the messages

Mp,M1 from the codeword Xn(Mp,M1,M2). We define the event of an error at node
2 as

E2 :=

{
1 if g2(Y

n
2 ,M2) 6= (Mp,M1)

0 if g2(Y
n
2 ,M2) = (Mp,M1)

so that we have for the average probability of error µ
(n)
2 = P{E2} ≤ λ

(n)
2 . From the

chain rule for entropies, we have

H(E2,Mp,M1|Y n
2 ,M2) = H(Mp,M1|Y n

2 ,M2) +H(E2|Y n
2 ,Mp,M1,M2)

= H(E2|Y n
2 ,M2) +H(Mp,M1|E2, Y

n
2 ,M2). (A.12)

Since E2 is a function of Mp,M1,M2 and Y n
2 , we have H(E2|Y n

2 ,Mp,M1,M2) = 0.
Further, since E2 is a binary-valued random variable, we get

H(E2|Y n
2 ,M2) ≤ H(E2) ≤ 1. (A.13)

We also have that

H(Mp,M1|E2, Y
n
2 ,M2) =P{E2 = 0}H(Mp,M1|Y n

2 ,M2, E2 = 0)

+ P{E2 = 1}H(Mp,M1|Y n
2 ,M2, E2 = 1)

≤(1− µ(n)2 )0 + µ
(n)
2 log(|Mp||M1| − 1)

≤µ(n)2 log(|Mp||M1|). (A.14)

Combining (A.12),(A.13) and (A.14) we get

H(Mp,M1|Y n
2 ,M2) = H(E2|Y n

2 ,M2)+H(Mp,M1|E2, Y
n
2 ,M2) ≤ µ(n)2 log(|Mp||M1|)+1

which proves equation (A.8).
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A.3 Convexity of the MIMO Capacity Optimization

A.3 Convexity of the MIMO Capacity Optimization

The constraint of the MIMO capacity optimization (5.4) define convex sets, since for
α ∈ [0, 1] [65],

αtr(Qx,1) + (1− α)tr(Qx,2) ≤ αP + (1− α)P = P

αQx,1 + (1− α)Qx,2 � 0N×N

when tr(Qx,1) ≤ P , tr(Qx,2) ≤ P , Qx,1 � 0N×N and Qx,2 � 0N×N . The second

inequality can be shown with the test xHQx,kx ≥ 0, ∀x for non-negative definite-
ness.

Therefore, only the concavity of the objective function must be tested to show the
convexity of (5.4). The utility function of (5.4) is of the form log det(I+XC), where
C and the variable X are non-negative definite. A test for convexity (concavity) of
a function in a matrix is as follows. Search along A + αB with α ∈ R0,+, where A
and B are arbitrary except that they are nonnegative definite in our case. The test
of convexity (concavity) of the resulting function in α, i.e., investigate the sign of
the second derivative with respect to α (if defined), shows, whether the function is
convex (concave) in X or not.

With the Cholesky factorization C = LLH , we form the function

f(α) = log det(I + (A + αB)LLH).

For the first derivative with respect to α, we have to sum over the partial deriva-
tives

∂f(α)

∂α
=
∂

∂α
log det(I + LH(A + αB)L)

=det−1(I + LH(A + αB)L)∑
i,j

∂ det(Y )

∂yi,j
|Y =I+LH(A+αB)L

∂[I + LH(A + αB)L]i,j
∂α

=
∑
i,j

[(I + LH(A + αB)L)−T ]i,j [L
HBL]i,j

=tr((I + LH(A + αB)L)−1LHBL).

Since the expression in the last line is the trace of the product of two non-negative
definite matrices, the derivative is always non-negative. Based on this result, the
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second derivative can be written as

∂2f(α)

∂α2
=
∂

∂α
tr((I + LH(A + αB)L)−1LHBL)

=tr(
∂

∂α
(I + LH(A + αB)L)−1LHBL)

=− tr((I+LH(A+αB)L)−1LHBL(I+LH(A+αB)L)−1LHBL).

The second derivative w.r.t. α is the negative of the trace of the product of the
positive definite (I + LH(A + αB)L)−1 and the non-negative definite LHBL(I +
LH(A + αB)L)−1LHBL. Therefore,

∂2f(α)

∂α2
≤ 0

i.e., the function f(α) is concave in α. From this result, we can infer that
log det(I +XC) is concave in X and thus, the MIMO capacity optimization (5.4) is
convex.

A.4 Derivation of the Water-Filling Solution

In order to find the optimal covariance matrix Q∗x for the convex optimization prob-
lem (5.4), which satisfies the power constraint tr(Q∗x) ≤ P , it is advantageous to
introduce the eigenvalue decomposition (EVD) of the matrix product [65]

HHC−1n H = V ΦV H

where the modal matrix V ∈ RN×N is unitary and the diagonal matrix Φ has the
eigenvalues φ1 ≥ φ2 ≥ · · · ≥ φN on its diagonal. Similarly, the EVD of the covariance
matrix of the transmitted signal reads as

Qx = UΨUH .

The modal matrix V ∈ RN×N is unitary3 and the eigenvalues ψ1, ψ2, . . . , ψN are on
the diagonal of the diagonal matrix Ψ. With the EVD of Qx, the constraints of (5.4)
can be rewritten as

tr(Qx) =

N∑
i=1

ψi ≤ P and

ψi ≥ 0 for i = 1, . . . , N. (A.15)

3Qx must be symmetric by definition.
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A.4 Derivation of the Water-Filling Solution

We see that the constraints are independent of the eigenvectors (the columns of U)
of Qx contrary to the utility function

I(X;Y )=
1

2
log det(IN + HHC−1n HQx)=

1

2
log det(IN + Φ1/2V HUΨUHV Φ1/2).

Hence, the mutual information I(X;Y ) can be maximized with respect to the eigen-
vectors without taking into account the constraints. From Hadamards inequality, we
know that the determinant of a non-negative definite matrix is upper bounded by
the product of its diagonal elements and the upper bound can only be reached, if
the matrix is diagonal. We aim at maximizing the mutual information I(X;Y ) or
equivalently, wed like to maximize the determinant of the positive definite matrix
IN + Φ1/2V HUΨUHV Φ1/2, since log(·) is a monotonically increasing function. To
reach the upper bound of Hadamards inequality, we must choose U such that the
matrix IN + Φ1/2V HUΨUHV Φ1/2 is diagonal. Consequently, we have that

U = V

is the optimal choice for the modal matrix of the covariance matrix Qx. Additionally,
the mutual information can be expressed as

I(X;Y ) =
1

2
log det(IN + ΦΨ)

=
1

2
log(

N∏
i=1

(1 + φiψi))

=
1

2

N∑
i=1

log(1 + φiψi).

From this result and (A.15), we can conclude that the optimization (5.4) only depends
on the eigenvalues ψi, i = 1, 2, . . . , N , of Qx for U = V . In other words, we must
solve

C := max
ψ1,...,ψN

1

2

N∑
i=1

log(1 + φiψi)

s.t. :

N∑
i=1

ψi ≤ P and ψi ≥ 0, i = 1, . . . , N (A.16)

to find the capacity C. Comparing (5.4) and (A.16), we see that the problem has
been reduced from maximizing with respect to a non-negative definite N ×N matrix
to maximizing with respect to N non-negative scalars. Above optimization can be
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solved with Lagrangian multipliers. We construct the Lagrangian function

L(ψ1, . . . , ψN , µ, λ1, . . . , λN ) =
1

2

N∑
i=1

log(1 + φiψi)− µ

(
N∑
i=1

ψi − P

)
+

N∑
i=1

λiψi

where the Lagrangian multipliers for the inequality constraintsmust be non-negative,
i.e., µ ∈ R0,+ and λi ∈ R0,+ for i = 1, . . . , N . The Karush-Kuhn-Tucker (KKT)
conditions for the optimization problem in (A.16) thus read as

∂L(. . . )

∂ψi
=

1

2

1

log10(2)

φi
1 + φiψi

− µ+ λi = 0 i = 1, . . . , N (A.17)

µ

(
N∑
i=1

ψi − P

)
= 0 µ ≥ 0

N∑
i=1

ψi ≤ P (A.18)

λiψi = 0 λi ≥ 0 ψi ≥ 0. (A.19)

Note that the KKT conditions (A.17)-(A.19) are not only necessary but also sufficient,
because the optimization (A.16) is convex.4 From the first KKT condition (A.17),
we get for the i-th eigenvalue of Qx

ψi =
1

2

1

log10(2)

1

µ− λi
− 1

φi

where we assumed that φi 6= 0. Otherwise, we have to set ψi = 0 [see (A.21)]. Due
to the second inequality of (A.18), we must distinguish two cases, viz., µ = 0 and
µ > 0. When µ = 0, we get negative ψi, i = 1, . . . , N , since λi ≥ 0 and φi ≥ for
i = 1, . . . , N . A negative ψi is not allowed, since Qx must be non-negative definite
[cf. second inequality of (A.19)]. Thus, we have that µ > 0 or equivalently, the
transmit power constraint is active, i.e.,

N∑
i=1

ψi = P. (A.20)

After we have fulfilled the first two KKT conditions (A.17) and (A.18), we are left
with (A.19) which allows for λi = 0 or λi > 0. For λi = 0, we obtain

ψi =
1

2

1

log10(2)

1

µ
− 1

φi

which only leads to a positive ψi, if µ < φi/2 log10(2). When µ > φi/2 log10(2), ψi
would be negative, but this is not compatible with the second inequality of (A.19).

4It can easily be shown that the objective function is concave in ψ1, . . . , ψN . Additionally, the sets
defined by the constraints are convex. Thus, the feasible set is convex.
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A.4 Derivation of the Water-Filling Solution

For µ > φi/2 log10(2), we therefore must have that ψi = 0 and λi > 0 [see (A.19)].
To achieve ψi = 0, we have to set λi = µ − φi/2 log10(2). Combining the results for
λi = 0 and λi > 0 leads to

ψi =

{
µ′ − 1

φi
for µ′ > 1

φi

0 else

or equivalently,

ψi = |µ′ − 1
φi
|+ for i = 1, . . . , N. (A.21)

Here, we introduced µ′ = 1/(2µ log10(2)) > 0 for notational brevity. Note that
ψi > ψj , if φi > φj , i.e., more power is given to the stronger channel eigenmodes.
Since φ1 ≥ φ2 ≥ · · · ≥ φN , we get ψ1 ≥ ψ2 ≥ · · · ≥ ψN . We also see that no
power is assigned to eigenmodes corresponding to vanishing eigenvalues. We can infer
that the maximal rank of Qx is equal to the rank r of HHC−1n H or equivalently,
r = rank(H).

So, we have shown that the optimum (the capacity of the channel H with the transmit
power P and the zero-mean Gaussian noise with covariance matrix Cn) of (5.1) can
be reached with a zero-mean Gaussian transmitted signal x whose covariance matrix
can be expressed as

Qx = V diag(ψ1, . . . , ψN )V H =
1

2

r∑
i=1

ψiuiu
H
i

ψi = |µ′ − 1
φi
|+

r∑
i=1

ψi = P (A.22)

where µ′ > 0 and V is the modal matrix of the EVD of HHC−1n H, whose i-th column
is denoted by ui. Above expression to compute the eigenvalues ψi of Qx is called the
waterfilling rule and µ′ is the waterfilling level. These names can be understood with
Figure A.1, where an example is shown with four non-zero eigenvalues and one zero
eigenvalue φ5. The height of every bar is given by the reciprocal of the respective
channel eigenvalue and water is poured into the pot up to the height µ′ where the
overall amount of water is P . If an eigenvalue is large enough, i.e., if the respective
step of the staircase is small enough, power is given to the respective eigenmode.
Otherwise, no power is assigned to the eigenmode. As the bar for the zero eigenvalue
φ5 is infinitely high, this eigenmode never gets any power.

The solution in (A.22) is in quasi-closed form, since it depends on the waterfilling
level µ′. Assume that only the first K eigenvalues ψ1, . . . , ψK are different from zero.
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Appendix

Figure A.1: Example for Waterfilling with Five Eigenvalues.

In this case, the waterfilling level is

µ′ =
1

K

(
P +

K∑
i=1

1

ψi

)
. (A.23)

Above assumption was correct, if µ′ > 1/φK and µ′ < 1/φK+1. Therefore, we can find
the number of active data streams K and the waterfilling level µ′ with the following
procedure.
1) Start with K = 1.
2) Find µ′ with (A.23).
3) If K = N or µ′ < 1/φK+1, the solution is found, else increase K by one and
continue with 2).
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