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Adaptation of some Assembly Line Balancing 

Heuristics to a Mixed-Model Case 

This Master Thesis propose to find the best 

heuristic solution for one of the types of 

Assembly Line Balancing Problem, the SALP-1, in 

a line that needs to produce different models of 

the same product (mixed-model). That objective 

was tried to achieve by adapting some of the 

best algorithms for simple lines (Boctor, 

Helgeson & Birnie and Bedworth & Bailey) to 

solve that mixed-models. To solve the problem it 

will be probe some rules or make some changes 

in the problem in order to apply those 

algorithms. At least the objective is to study with 

what algorithm and whit which changes in the 

problem we obtain the better results. 

Keywords: Assembly Line Balancing, SALP-1, 

mixed-model 

CHAPTER 1: INTRODUCTION 

Assembly lines are special flow-line production 

systems which are of great importance in the 

industrial production. The assembly line was 

first introduced by Henry Ford in the early 

1900’s. It was designed to be an efficient, highly 

productive way of manufacturing a particular 

product. 

Line Balancing system consists in a way to 

produce in which the product to be 

manufactured goes through each of the stations 

and the operator or machine makes the tasks 

assigned to it, after that the product is moved to 

the next station by a conveyor element. 

CHAPTER 2: LITERATURE REVIEW 

The aim of Assembly Line Balancing Problem 

(ALBP) consist on trying to allocate the tasks to 

the different stations in an optimal way, trying 

that the time that the stations is working are as 

similar as possible to the cycle time. 

The Line Balancing Problems are divided in two 

big groups: The Simple (SALBP) and the General 

(GALP).   

Basically there are two techniques to solve those 

problems; the exact methods that give an 

optimal solution, and the heuristic algorithms, 



v 

which are faster than the exact ones, but they do 

not guarantee the optimal result.   

CHAPTER 3: PROBLEM AND METHODOLOGY 

The problem that it is studied in that thesis is the 

SALBP-1, with those characteristics: it is a 

mixed-model line, the tasks durations are 

deterministic, the line is synchronous and the 

cycle time is fixed. 

The algorithms that solve simple model 

problems chosen are: Boctor, Helgeson & Birnie 

and Bedworth & Bayley. 

Then to adapt those algorithms it will be used 

five different rules or methods. The first is to 

solve the problem as many times as models are, 

and each time optimizing one of the models. The 

second rule is in each task do the average of the 

times of that task in all the existent models 

(without taking into account the demand). The 

third rule is to do the weighted average. The 

fourth is in each task chooses the maximum 

time. And finally the fifth is in each task chooses 

the minimum time. 

The evaluation of the results will be done 

checking the graphics obtained with the 

balances and the results of two parameters. 

Those parameters try to quantify how balance is 

a line. 

The adaptation of the three algorithms will be 

proved in three different examples. 

CHAPTER 4: RESULTS 

The problems are solved twice; the first time 

without taking into account the demand, and the 

second considering it. 

With the graphics and the results of the 

parameters, the weighted average seems to be 

the best method, but sometimes their results are 

far from the optimal solution. To improve that 

method, new rules and restrictions and a 

postprocessor have been added to the weighted 

average rule. And seeing the results seems that 

that new method obtains good results. 

CHAPTER 5: CONCLUSIONS 

Summarizing we can say that there are not big 

differences between the three algorithms used. 

That among the techniques to adapt the 

algorithms the one which gives the best results 

is the weighted average, and finally say that whit 

the new rules and the post-processing we obtain 

the best results. 
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Chapter 1  

Introduction 

 

This Master Thesis is about the Assembly Line Balancing Problem, it is a task assigning 

problem typical in the industrial world. 

Firstly the products were manufactured individually and very slowly, since during the 

early years of industrialization was discovered that a product could be assembled in a 

more efficient, faster and cheaper way if you split the total work performed on a set of 

individual tasks, assigning these tasks to different workers, that is what we know as a 

Line Production. And according to Muther,  "Line production is  a method  of 

manufacture  or  an  arrangement of work  areas where material moves  continuously 

and at  a uniform rate through a  sequence of balanced  operations which permit of 

simultaneous  performance  throughout,  the work progressing toward completion along 

a reasonably  direct  path." 
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The line Production was a revolutionary 

process in industrial production whose base 

is the assembly line, a way of organizing 

production that delegates to each employee a 

specific function and also specializes in more 

advanced machines. The theoretical idea is 

born with Taylorism, but matures in the 

twentieth century with Henry Ford and his 

famous model-T. Ford with his line 

production revolution the automobile industry, he did have a massive production in 

which each operation was compartmentalized into a series of mechanical and repetitive 

tasks, which have ceased to value technical skills or craft workers, the costs of training 

the workforce were reduced, the direction of the company acquired a strict control over 

the workers work pace regulated by the speed that was printed in the assembly, and the 

reduction of the costs allowed Ford to raise the salaries of its workers well above what 

was normal in America industry at his time, which ensured a satisfied staff and therefore 

no conflicting. 

After the oil crisis of 1973 began to shift 

to Toyotism as a reference point in the 

lines production. It basically highlighted 

his predecessor idea of flexible working, 

increased productivity through 

management and organization (just in 

time) and the combined work of over to 

mechanization and individualization of 

the worker, the characteristic element of 

the line production of the process of 

Ford. 

But despite all the developments that have taken place, the basis remains the same, a 

Line Balancing system consists in a way to produce in which the product to 

Figure 1.1: Ford’s assembly line in Detroit 1927 

Figure 1.2: Robotic assembly line 
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be manufactured goes through each of the stations on the assembly line and the 

operator or machine makes the tasks assigned to it, after that the product is moved to 

the next station by a conveyor element. 

Nowadays lots of products are made by this procedure, and when a factory decides to 

start an assembly line, the questions that they have to answer to develop the perfect line 

are: How many stations do we require? In what order the tasks need to be done? 

What has to be the cycle time for each station? Etc. Lots of times if the assembly line is 

too big and complex, it takes a long time to find the optimal solution and it is needed lots 

of resources to solve the problem in the optimal way, for that reason there are some 

heuristic algorithms that might help the factories to find a good solutions (they do not 

guarantee an optimal solution) in less time and spending less money. 

 

Objective 

This thesis aims to use and investigate different heuristic algorithms to solve one of the 

types of the Line Balancing problem. The problem approached in this document is the 

SALP-1 

SALP-1 is an assembly line balancing problem with a fixed cycle time and what has to be 

done is to assign the tasks to the stations with the main objective of minimize the 

number of stations.  

Initially, a literature study was done in order to define the best set of algorithms for this 

problem. Then, those algorithms were implemented in a computer program (the 

programming language used is C++) and tested in a small case (simple model). Those 

algorithms are thought to solve simple model problems, then the main goal of the thesis 

is to use those algorithms to solve the same problem, the SALP-1, but if the problem is a 

mixed- model. What has to be done is try to make simple steps or rules to adapt the 

algorithms to a mixed-model problem.  
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Finally will be compared the different methods in order to see which one gives better 

results. Then with the method that gives better results, new rules and a pre-processor 

are added to it to improve the results and to obtain better balances. 



 

 

Chapter 2  

Literature Review 

This chapter describes important concepts of the assembly line balancing problem 

(ALBP). Firstly it presents the definition of the problem and some basic concepts that 

are needed to understand what is presented. Secondly it is explained in which way is 

receive the data and the information of that kind of problems and also it is explained the 

typical manner to represent that information. After that it is explained the classification 

of ALBP and the methodogical techniques to solve the problems.  

 

2.1 Definition of assembly line balancing (ALB) 

An assembly line is a way to produce pieces or objects, which consists of “m” work 

stations along a conveyor or any mechanism capable of moving the pieces from one 

station to another. The pieces enter in the line and move from station to station until the 

end of the line. Some operations are performed repeatedly to all the pieces that enter in 



Chapter 2:Literature Review  

6 

a station; the time between two pieces entering in a station is named cycle time. The 

total work that it is necessary to assemble a piece is divided into elementary operations 

named tasks. Those tasks are indivisible units of work, and each task has associated a 

time to be done that is named task time or processing time. Those tasks are subject to 

some restrictions like precedence constrains. Then the balancing of the line consist on 

trying to allocate the tasks to the different stations in an optimal way, trying that the 

time that the stations is working are as similar as possible to the cycle time. 

 

2.2 Basic concepts 

A set of concepts is used throughout this document, for a better understating those 

concepts are explained below: 

TASK: It is a unit of work, undivided, that has assigned a process time.  The total 

work required to manufacture a product in a line is divided into a set of “n” tasks 

to be done  

STATION: The line is divided in stations, and at each station is performed by a 

certain number of tasks.  Each station might have the necessary number of 

machines to do the tasks, and an operator, human or robotic. 

PRECEDENCE TASK RELATIONSHIP: It is a task that must be executed before a 

specific task. So, until all the previous tasks of one task are executed, this cannot 

be executed. 

CYCLE TIME: It is the time between a piece enters into the system and the 

following. It is also the time that is available at each station to perform the 

assigned tasks. 

EFICIENCY: It is the ratio between the time available in each station and the time 

used. It is calculated by dividing the time that is running the line and the total 

time available. 
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WORKING TIME FOR EACH STATION: It is the sum of the times of the tasks that 

 are in the station. 

DEAD TIME: It is the difference between the cycle time and the working time in a 

 station. 

 

2.3 Representation of the problem 

The problem can be represented in a table ( Table 2.1: model of a table with the data of 

the problem), on it is indicated the total number of tasks and regarding each task: the 

duration of each task depending on the model, the immediate predecessors and 

sometimes the possible work stations in with is possible to incorporate that task. 

Table 2.1: model of table with the data of the problem 

 

Task Time (task j, model m) Predecessors Possible Work Stations 

J m1 m2 … mk Prec{j} K 

1 2 4 … 7 Prec{0} {5,6} 

2 3 4 … 9 Prec{1} {1,2} 

… … … … … … … 

N tj1 tj2 … Tjk … {…,…} 
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To represent that information and to make the problem more visual, usually it is used a 

graph. A graph is: “an abstract representation of a set of objects where some pairs of the 

objects are connected by links. The interconnected objects are represented by 

mathematical abstractions called vertices, and the links that connect some pairs of 

vertices are called edges.” 

In that problem the edges are the different tasks of the production line and the vertices 

represent the relationship between the tasks, if a vertex goes out of a task “i” to another 

task “j”, this means that the task “j” cannot begin until the task “i” is completed. 

To understand it better, here we have a small problem to see how it works, in that 

example there are eleven tasks and only one model, for that reason there is only one 

time to each task: 

Task Predecessors Task time 

A - 10 

B A 12 

C A 23 

D B 8 

E B 14 

F C 7 

G D,E 16 

H G 9 

I G 11 

J H,I 10 
Table 2.2: Data of example 

The representation of that problem is as follows: 

 

Figure 2.1: Graph of the example 

http://en.wikipedia.org/wiki/Vertex_(graph_theory)


Chapter 2:Literature Review  

9 

Sometimes in the graph is included the time of each task, then the edges could be in that 

way: 

 

Without the time:  With the time:     

2.4 Classification of assembly line balancing problems 

(ALBP) 

There are different kinds of problems in the ALBP. This is one of the possible 

classifications, based in the Baybars classification, in which he differences in two 

classical problems: the simple (SALBP) and the general (GALP); and in Ghoshand 

Gagnon classification, in which inside the two main problems (simple and general) he 

separates between stochastic and deterministic problems. 

As it was said before the Line Balancing Problems are divided in two big groups: 

 

Figure 2.2: classification of assembly line balancing problem 

Assembly Line 
Balancing 

Problem  (ALBP) 

SALBP 

SALBP-1 

SALBP-2 

SALBP-3 

SALBP-E 

SALBP-F 

GALBP 

UALBP 

MALBP 

RALBP 

MOALBP 
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2.4.1 Simple Assembly line balancing problem (SALBP) 

Those kinds of problems are the ones which are characterized as follows: they only 

consider simple lines; there are precedence constrains and it is assumed that tasks are 

indivisible. Also in that problem the processing times of tasks are considered 

independent of the station and the process order, that times are deterministic and 

known a priori as well as all input parameters, the line is synchronous and it has a cycle 

time (or number of stations) fixed. The architecture of this problem is a serial line with 

all stations equally equipped to perform any task and the rate of entry of the line pieces 

is fixed. There are four different types of SALBP: 

SALB-1: with a cycle time fixed, consists in assigning the task to the stations with 

 the main objective of minimizing the number of stations. 

SALB-2: with the number of stations fixed, consists in assigning the tasks to the 

stations with the main objective of minimize the cycle time.  

SALB-E: consists in maximizing the efficiency of the line, or in other words 

minimizing the product of the cycle time by the number of stations. 

SALB-F: consist in determining if there is any feasible solution for the 

combination of a number “m” of stations and a cycle time “c”, in other words, we 

want to know if the line can operate with “m” stations and a give cycle time. 

 

2.4.2 General Assembly line balancing problem (GALBP) 

GALP are the problems that are not included in the SALBP. For instance, when the time 

of the process is variable, if there are parallel stations, etc.  There are four different types 

of GALBP: 

UALBP: U-line assembly line balancing problem, the difference is that when you 

have a serial line you can only assign those tasks whose predecessors have 

already been assigned, while in the UALBP it is possible to assign tasks whose 
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predecessors or successors have already been allocated. That means that the 

stations can be allocated in a manner that during the same cycle time it is able to 

manage two pieces in different positions of the line at the same time. As in SALB, 

here the problems are distinguished in: UABLP-1, UABLP-2 y UABLP-E. 

MALBP: mixed-model assembly line balancing problem. That problem appears 

when  considering various models of the same product, and therefore, we have a 

set of basic tasks that are performed on all models regardless of setup times. 

Here the problems are distinguished again in: MABLP-1, MABLP-2 y MABLP-E. 

RALBP: robotic assembly line balancing problem. In this type of problem it is 

considered the allocation of tasks and the allocation of a robot to each 

workstation, in order to optimize the performance of tasks on the line. 

MOALBP: multi-objective assembly line balancing problem. In this type of 

problem there are considered simultaneously several objectives such as to 

minimize either the total cost or the number of stations, to maximize the 

efficiency of the line, etc. 

2.4.3 Subdivisions of SALBP and GALP. 

As it is said before the two types of balancing problems, GALBP and SALBP, can be 

subdivided in regard of some other circumstances: 

 A. The type of product that is process: 

  SIMPLE MODEL: it processes a single type of product, and the stations  

  running repeatedly the same tasks. 

MIXED MODEL: it produced variants of the basic product. There are not 

setup times between the different variants of the products. 

MULTI MODEL it can produce different kinds of products in the same line, 

the production process between the different kind of products are very 
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different, as a consequence of that the production is done by lots, 

furthermore, are considered setup times between batches. 

 

 B. The variability of the tasks duration time: 

  DETERMINISTIC: The task times are always the same and known. 

  STOCHASTIC: The task duration is random or probabilistic. 

 C. Time between pieces: 

  SYNCHRONOUS LINES: The cycle time of all stations is the same;  

  consequently all pieces are transferred from one station to another at the 

  same time. 

  ASYNCHRONOUS LINES: Occur when stations have different processing 

  speeds. Therefore, it is necessary to have intermediate storages.  

 D. By architecture: 

  SERIAL LINE: stations are simple and are placed in series. The pieces are 

  transferred from one station to another with a certain mechanism; the 

  most common is the conveyor belt. 

 LINE WITH STATIONS IN PARALLEL: It is characterized by having at least 

 two equal stations that perform the same tasks in parallel. This type of line 

 is usually used to solve the problem that arises when the duration of any 

 of the tasks is higher than the cycle time. 

 PARALLEL LINES:  in this type there are several lines in parallel, 

 depending on the needs of the problem. It can be used to develop multiple 

 models, assigning a line to each model or family of models. 

 LINES OF TWO SIDES: It consist in two serial lines in parallel with the 

 characteristic that instead of a single station they will have an opposing 
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 pair of stations in each corresponding side of the line, processing the same 

 piece  simultaneously. This type of line is used for products that must

 have objects applied to both sides; a clear example could be a car 

 assembly. 

 CLOSED OR CIRCULAR LINES: These lines are characterized by having a 

 closed conveyor that supplies to all stations. All the operators act equal 

 except from the one who finishes the process and has the function to 

 remove the final object of the assembly line. 

 U-SHAPED LINES: Are characterized by having their sequence of tasks 

 distributed in a U-shaped line. They are mainly used to balance the load of 

 the stations because the number of possible combinations of tasks and 

 stations is bigger in that way. This happens because the production 

 system is more flexible and the stations are able to work in two different 

 parts of the line, placing one in front of the other. 

 E. The operator of the operations: 

 HAND LINES: these lines have human operators, whether or not  

  automated. 

  ROBOTIC LINES: these lines are characterized because the operators are 

  robots and the processes are completely automatic. 

 

2.5 Methodical techniques to solve the problem. 

Basically there are two big groups; the exact methods that give us an optimal solution, 

and the heuristic algorithms, which are faster than the exact ones, but they do not 

guarantee the optimal result.   

The exact methods sometimes are not useful enough because it takes a lot of time solve 

the problems with them, due to the complexity and size of the problems. For example if 
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there is a problem with “n” tasks, regardless of the restrictions imposed by the 

precedence and incompatibilities are n! different orders of task assignments. Although 

the precedence and incompatibilities between tasks reduce the number of allocations, 

the optimal resolution of the problem often cannot be achieved. For instance in a 

problem with 20 tasks and 20 precedence relationships is estimated that there are 

2.32019 E +19 possible assignments. Then it can be extrapolate and say that with a not 

very large number of tasks the capacity of a computer is clearly exceeded. 

2.5.1 Exact methods 

There are mathematical programming models and exact algorithms based on the 

exploration of graphs, which guarantee an optimal solution. This kind of methods are 

only used on small problems with a reduced number of tasks, due to the fact it takes a lot 

of time solve them. 

One important exact algorithm is the one developed by White (1961) which is one of the 

firsts modelling with binary linear programming. The modelling that he proposed is: 

Objective function: 

 

[   ]  ∑∑        

     

         
   

 

 

Restrictions:  

∑        
      i=1÷n (a task can only be assigned to a one workstation) 

∑              
     j=1÷m (limits the cycle time at each station) 

     ∑     
 
    k=1÷m; the task “i” is precedent for the task “h”;i=1÷n  hЄP(i) 
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With:           j=mmin+1÷mmax-1 

       {   }      

Being: 

Xi,j: that variable indicates if task “i” is performed in the station “j”, if so, the value is 1, 

otherwise is 0. 

ti: duration of task “i”. 

Tmax: maximum cycle time. 

M: Value large enough. 

F: set of tasks without successors. 

P(i): set of immediate predecessors tasks of task “i”. 

n: number of tasks that constitute the assembly line. 

m: number of stations that contains the line. 

mmin: minimum  number of workstations. 

mmax:  maximum number of workstations. 

The coefficients “c” of the objective function is intended to force the model to carry out 

homework assignments first to the early stations rather than trying to assign to the 

latter. Thus, as these coefficients much larger as the station is further back, we got to 

penalize the fact assign a task to a station if you can assign it to workstations above. 

The next highlight is the algorithm devised by Thangavelu (1971) In this algorithm the 

author proposed a change in the objective function coefficients (cj) of PLB White (1961), 

thus to avoid numerical instability problems arising in some cases, especially those 

containing a large number of tasks. 
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The proposed new coefficients were as follows: 

        [∑        ]( 
        )       j=mmin+1÷mmax, iЄ F 

           otherwise. 

Then the objective function is: 

[   ]  ∑∑         

 

   

 

   

 

Valero (1991) presents an integer linear programming model that took into account the 

incompatibilities between pairs of tasks, considering different types of workstations and 

the resources consumed by the stations. 

Another important is the algorithm of Held (1983) which is one of the first applications 

of dynamic programming. Held's model minimizes the number of workstations for a 

given cycle time. 

There are also authors who have used branch and bound techniques as Baybars (1986), 

Talbot & Patterson (1984), etc. In recent years appears SALOME algorithm developed by 

Klein and Scholl (1997, p. 319-334), this algorithm is based on a branch and bound 

procedure bidirectional, and with which results have been exceptional. There are 

algorithms SALOME-1 and SALOME-2, the first solve SALBP-1 problems and the second 

is used to resolve cases SALBP-2. 

 

2.5.2 Inexact method or heuristic algorithms 

When it is not easy to solve the problem with the exact methods, the option is solve it 

using heuristic algorithms. These methods are faster than the exact ones, but they do not 

guarantee the optimal solution.  They consist in some steps that have to be followed in 

order to choose at what satiation is assigned each task.  
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There are different types of the heuristics algorithms: 

 Single-pass heuristics: relate to simple decision rules, such as choose the task 

 with the longer time, the one with less predecessors, etc. E.g. Helgeson & Birnie

 (1961, p. 394-398) 

 Composition heuristics: relate to a composition of decision rules. E.g. COMSOAL 

 de Arcus (1966, p. 259-278). 

 Backtracking heuristics: relate to regression techniques. E.g. Hoffman (1963, p. 

 551-562) 

 Heuristic approach based on exact algorithms: they are exact algorithms but 

 with the time to find the optimal solution restricted. E.g. FABLE of Johnson 

 (1988). 

 

 

 

 

  



 

 

Chapter 3  

Problem Statement and Methodology 

This chapter presents in detail the kind of problems investigate during this project. It 

also explains the algorithms that are going to be used to solve the problems. Finally it is 

presented the methodology used to adapt that algorithms that were investigated to 

solve SALBP-1 with a single model to a mixed-model problem. 

3.1 Problem Description 

The problem that it is studied is the SALP-1, about the types of product that are 

processed inside the line, we have a mixed-model line, which means that in the line 

there are going to be produced variants of a basic product. Regarding to the tasks 

duration time our problem is deterministic, in other words the tasks times are always 

the same and known for all the pieces that belong to the same model. The line is 

synchronous, and then the cycle time of all the stations are the same, consequently all 

the pieces passed from one station to another at the same time. Finally concerning the 
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architecture it is a serial line, which means that the stations are simple and are placed in 

series. 

The aim is to obtain the best balance for that type of line. It is supposed that the problem 

has a large number of tasks; therefore we are not able to use exact algorithms, so we 

have to solve the problem with heuristics methods. It will be assume that is known how 

to solve the problem with algorithms but only in the case that the line produces a single 

model, then what has to be done next is to choose some algorithms that solve a single 

model problem, and find the best way to adapt them to a mixed-model. 

3.2 Algorithms  

In this section, there are presented some algorithms that are used to solve the SALP-1 

problem. These algorithms aim to minimize the number of stations in the line, with a 

fixed cycle time. 

There are a lot of algorithms able to solve this problem. Here we only are going to 

analyze five of them, trying to choose the most representative ones. Between this five 

there are the ones most popularly considered to solve SALP-1, like Helgeson & Birnie 

(1961), Bedworth & Bailey or Kilbridge & Wester, which are some of the most 

frequently taught in college. And for example in Talbot [et al.] (1986, p. 430-454) he 

concludes that the algorithms with regression, like Hoffman (1963, p. 551-562), appear 

to be the best, because they give optimal or near optimal solutions for problems of 

certain size with a low execution time. After that Boctor (1995, p. 62-69) created a new 

algorithm and he create and experiment to evaluate it, that algorithm was compared 

with 14 single-pass methods, with 14 composite method and with the algorithm of 

Hoffmann. His conclusions indicated that his proposed method was among the best 

available heuristic methods.  

Then the final election of the 5 five algorithms is the following: Helgeson & Birnie 

(1961), Boctor (1995), Bedworth & Bailey, Kilbridge & Wester and Hoffman. 
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There are some steps that are equal for the first four algorithms; the only difference 

resides in the STEP 4 that is when we have to choose between a list of candidates. The 

only algorithm that does not follow these steps is the algorithm of Hoffman, which will 

be explained later on in this report. 

 

Figure 3.1: Steps to follow in the algorithms 

 

STEP 1: 

•INITIALIZATION. 

•Open the first station and equalize the available time (AT)  to the cycle time(CT). All the tasks are 
labeled as non-assignable. 

STEP 2: 

•DETERMINATION OF THE LIST OF CANDIDATES.  

•If “j” is the current  open station and AT is the available time, the list of candidates is constituted 
by the task that satisfy the following conditions: be non-assigned, have all their immediate 
precedence taskas signed and have q duration ≤ AT. 

STEP 3:  

•CLOSE TEST.  

•If the list of candidates is empty, go to STEP 6 

STEP 4: 

•CHOISE OF THE TASK TO ASSIGN.   

•If in the list there is only one candidate it is the one that it is chosen. If there are more than one , it is 
choose the one with more priority. Depends on the algorithm that is used the way to choose the 
priority change. 

STEP 5:  

•UPDATE. 

•The candidate chosen “i” is assigned to the station “j”. Reduce the AT in “pi”(the task time). If AT=0 or 
less than the minimum duration of the non-assigned task go to STEP 6, if not go to STEP 2. 

STEP 6:  
•CLOSURE STATION.  

•Closure the station “j”. If AT≠0 add that time to the lose time. 

STEP 7:  

•LOOP.  

•If all the task are assigned, end of the algorithm. If not open the station “j+1” and do AT=CT and go to 
STEP 2.  
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Now there are going to be explained five algorithms, in the first four it is only explained 

the STEP 4 and it is mentioned if there is some pre-processor, whereas Hoffman’s 

algorithm is thoroughly explained. 

3.2.1 Helgeson & Birnie 

It is an algorithm of a single-pass, it means that the decision rule to choose what 

candidate is going to be the selected is a simple decision rule. In this algorithm the 

priority it is given to the task with the highest positional weight (wi).  

POSITIONAL WEIGHT (wi): The wi to one task “i” is the sum of its duration plus all the 

task that follow it. 

Then with that algorithm it has to be done one step before the STEP 1: 

STEP 0: CALCULATE “wi”. The positional weight needs to be calculated for all the tasks. 

The other steps are the ones explained above (Figure 3.1) and the STEP 4 is as follows: 

STEP 4: CHOICE OF THE TASK TO ASSIGN.  If in the list there is only one candidate it is 

the one that has to be chosen. If there is more than one candidate assign to the station “j” 

the task with the highest weight “wi” of the candidates list. 

 

3.2.2 Boctor 

It is an algorithm that combines simple rules, it is based in defining: 

HARD TASK: It is a task with equal or more duration than the cycle time divided by two. 

CONDITIONED CANDIDATED OF TASK “i” (CCi): a task is called CCi when it is 

converted or reminds as a candidate after the assignation of the task “i”. If when the task 

“i” it is assigned and the remaining cycle time is 0, it is called conditional candidate at the 

tasks that are candidates for the next station”. 
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STEP 4 is as follows: 

STEP 4: CHOICE OF THE TASK TO ASSIGN. If in the list there is only one candidate it is 

the one that it is chosen. If there is more than one candidate to the station “j” it is 

decided which task is assigned following the next rules in order: 

R (1) the task having a duration equal to the remaining time. If there is no such task, 

use the next rule. To break ties, assign the task with the largest number of 'subsequent 

candidates';  

R (2) the 'severe task' having the largest number of 'subsequent candidates'. If 

there are no severe tasks, use the next rule. In the case of a tie, choose the task with the 

longest processing time; 

R(3) the combination of two tasks having a duration equal to the remaining time. 

If there is no such combination use the next rule. As a tie breaking rule, use the largest 

number of 'subsequent candidates'; 

R(4) the task having the largest number of 'subsequent candidates'. To break ties 

choose the task having the greatest number of 'severe' immediate successors and if the 

tie persists, assign the task with the longest processing time. 

  

3.2.3 Bedworth & Bailey 

It is an algorithm of a single-pass, and the levels of the task determine the priority. 

Then with that algorithm it has to be done one step before the STEP 1: 

STEP 0: ASSIGN LEVELS TO THE THAKS. In the level 1 there are the tasks that not 

precede any one.  In level 2 there are the tasks that follow the tasks of level 1, and in the 

level 3 there are the ones that follow the level 2 tasks, and so on.  At each level, tasks are 

ordered by decreasing duration. 

And the STEP 4 would be as follows: 
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STEP 4: CHOICE OF THE TASK TO ASSIGN.  If in the list there is only one candidate it is 

the one that has to be chosen. If there is more than one candidate assigned to the station 

“j” the task that is going to be chosen is: the task with the minimum level, and if the level 

was the same the task with more duration 

3.2.4 Kilbridge & Wester 

It is an algorithm similar to Bedworth & Bailey. Then the STEP 0 is the same and the 4 is 

as follows: 

STEP 4: CHOISE OF THE TASK TO ASSIGN.  If in the list there is only one candidate it is 

the one that it is chosen. If there is more than one candidate to the station “j” the 

assignment is done from column I to II and so on, braking intra column ties using the 

criterion of minimum number of predecessors, if there is a draw, choose the ones with 

which that one’s obtains the maximum elemental time for this station. 

 

3.2.5 Hoffman 

The algorithm of Hoffman is classified as a Backtracking heuristics, because it used 

regression techniques.  The procedure is the following:  

First of all we have to do the precedence matrix that is a square matrix where there are 

represented the precedence relationships between the tasks of the problem. Entries in 

the matrix are as follows: 

1. If the element of row i immediately precedes the element of column j, a 1 is 

placed in row i, column j. 

 2. All other entries are zero.  

To use this matrix in generating all the feasible permutations, each column of the matrix 

is summed and these sums from another row adjoined to the bottom row of the matrix. 
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The new row in the augmented matrix is termed a "Code Number." Next, the diagonal of 

the matrix is labeled with any arbitrary value (D). 

The scheme for generating the feasible combinations and balancing the line station by 

station is as it follows: 

1. Search left to right in the Code Number for a zero.  

2. Select the element that heads the column in which the zero is located.  

3. Subtract the element's time from the cycle time remaining. 

4. If the result is positive go to step 5. 

 4a. If the result is negative go to step 6.  

5. Subtract from the Code Number the row corresponding to the element selected 

 and use this result as a new Code Number. Go to step 6. 

6. Go to step 1 and start search one element to the right of the one just selected 

and repeat steps 1-6 until all the columns have been examined, then go to step 7. 

7. Subtract the remaining cycle time (the slack time) from the slack time of the 

previous combination generated (if this is the first, then subtract from the cycle 

time).  

8. If zero or negative go to step 9. 

 8a. If positive, then this set of elements just generated become the new 

 combination for this station. Go to step 10. 

9. Go back one Code Number and go back to step 1 starting one element to the 

right of the element that has been selected from that Code Number. Repeat this 

procedure until the last column of the first Code Number has been tested; the 

result is that the last combination generated by step 8 is the one having the 

maximum elemental time for this station. 
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10. Replace the first Code Number with the last Code Number corresponding to 

the previous result. (This eliminates from further consideration the elements 

already selected.) 

 11. Repeat the previous steps until all the elements have been assigned. (Code 

 Number is entirely negative.) 

 

3.3 Algorithms in C++ 

To make the evaluation of the algorithms easier, a program written in C++ of three of the 

five algorithms explained above have been created; the algorithms chosen are Helgeson 

& Birnie, Bedworth & Bailey and Boctor. The election is made based in some studies that 

state that Boctor is one of the best and in the popularity of the other two, which are 

commonly used and taught. 

First of all, to make it easier, it was created in C++ two new classes, the class station, and 

the class task. 

An element of the class Station gives the information of the tasks that are assigned to the 

station, the name of the station and the remaining time or what is the same, the cycle 

time diminishes the time of the tasks that are assigned to that station. (the file of the 

class station  is in the Annex, section 1.1.1) 

An element of the class Task, gives information about its name, the duration of the task 

and information about whether it is available to be assigned and if it is assigned or not.  

Depending on the algorithm used there is more information that the element can give, in 

Helgerson & Birnie we also have the weight of each task (which is the parameter that 

helps us to choose the correct order to assign the tasks), in Bedworth & Bailey we have 

the level of each task, and in Boctor we have the information about if the tasks is hard or 

not.( the file of the class task  is in the Annex, section 1.1.2) 
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Then helped by the two new classes it is created the main file of the algorithms. The files 

between algorithms are similar, but there are differences especially in the lines where it 

is necessary to choose the ideal candidate amongst all the tasks available (the main file 

is in the Annex, section 1.2). 

 

3.4 Adaptation of the algorithms 

Now with the Algorithms chosen and the programs done, the goal is try to adapt the 

algorithm to solve Mixed- Models. 

The data obtained in a problem of these characteristics is almost the same than in the 

Simple Model with the only difference that instead of having only one column with the 

tasks times, there will be as many columns as different models of the product are. The 

problem also gives the demand of each model of the product and that demand is going to 

be given as a percentage. 

There are infinite ways to adapt those algorithms to the Mix Models, basically what it 

will be done is convert the problem of “k” models in one of only one model and then 

solve it. Once the problem is solved and a balance is obtained, that balance has to be 

implemented to all the models to evaluate the solution. The rules and steps that will be 

used are the ones that we thought that gives better results. 

3.4.1 First rule 

The first is to solve the problem as many times as models are, and each time optimizing 

one of the models. What is the same consist in solve the problem with the times of the 

first model, as if the line only had one model, and implement the balance obtained to all 

the models. After that, do the same with the second model and with all the models that 

the problem have. As an example if the data is: 
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  Task Time Tasks that 
must 

precede Model 1 Model 2 Model 3 Model 4 

A 5 3 5 4 - 

B 4 3 4 4 - 

C 5 4 3 6 - 

D 6 3 4 5 Task B 

E 2 4 2 3 Task A,D,C 

Table 3.1: example of how to do the first rule 

What it has to be done is solved the problem as a SALP-1 ( simple model) using the 

algorithms that we had chosen. First solve the problem with the model 1, and then with 

the model 2, model 3 and finally with the model 4. 

3.4.2 Second rule 

The second rule consists in do the average time to each task of the times of all the 

existent models (without taking into account the demand) and with the calculated times 

solve the problem: 

 

  

Task  Time Tasks 
that 
must 

precede 

Average 
Model 1 Model 2 Model 3 Model 4 

A 5 3 5 4 - 4,25 

B 4 3 4 4 - 3,75 

C 5 4 3 6 - 4,5 

D 6 3 4 5 Task B 4,5 

E 2 4 2 3 
Task 
A,D,C 

2,75 

Table 3.2: example of how to do the average 

 

(5+4+3+6)/4=4,5 
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What has been done is in each task is to sum the time needed for each model and divide 

it by the number of models (in this case 4). Now what has to be done is to solve the 

problem as it was a simple model with the values of the column “Average”. 

3.4.3 Third rule 

The third rule is to do the weighted average, which means calculate the average taking 

into account the demand, and after that follow the same steps of the second rule: 

 

 

 

 

The weighted average is calculated as it follows: 

 

                       

 

After calculated all the weighted average, the next step is applied the algorithms to the 

“Weighted average” column to solve the problem. 

  
 

Demand 

Model 1 0,3 

Model 2 0,2 

Model 3 0,4 

Model 4 0,1 

  
Task Time Tasks that 

must     
precede 

Weighted 
average Model 

1 
Model 

2 
Model 

3 
Model 

4 
A 5 3 5 4 - 4,5 
B 4 3 4 4 - 3,8 
C 5 4 3 6 - 4,1 
D 6 3 4 5 Task B 4,5 

E 2 4 2 3 Task A,D,C 2,5 

 Table 3.3: example of how to do the weighted average 

wa = weighted average 

ti = time of the task in the model i. 

di = demand of the task in the model i. 

n = number of tasks 

 

                           4,1 

 



Chapter 3: Problem Statement and Methodology 

29 

3.4.4 Fourth rule 

The fourth consist on in each task chooses the maximum time and with that times solve 

the problem.  

  

Task Time Tasks 
that 
must 

precede 

Max. 
Model 1 Model 2 Model 3 Model 4 

A 5 3 5 4 - 5 

B 4 3 4 4 - 4 

C 5 4 3 6 - 6 

D 6 3 4 5 Task B 6 

E 2 4 2 3 
Task 
A,D,C 

4 

Table 3.4: example of how to choose the maximum value 

3.4.5 Fifth rule 

And to finish the last one is in state of choose the maximum time choose the minimum. 

 

 

 

 

 

 

 

 

  

Task Time Tasks 
that 
must 

precede 

Min. 
Model 1 Model 2 Model 3 Model 4 

A 5 3 5 4 - 3 

B 4 3 4 4 - 3 

C 5 4 3 6 - 3 

D 6 3 4 5 Task B 3 

E 2 4 2 3 
Task 
A,D,C 

2 

Table 3.5: example of how to choose the minimum value 
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3.4.6 Summary 

Then the all the balances developed for each problem with the corresponding algorithm 

are the following: 

 Balance 1: Optimize model 1 

 Balance 2: Optimize model 2 

 ........ 

 Balance n: Optimize model n 

 Balance n+1: Average (without taking into account the demand) 

 Balance n+2: Weighted average (taking into account the demand) 

 Balance n+3: Choose the maximum value 

 Balance n+4: Choose the minimum value. 
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3.5 Datasets 

Those methods will be tested in the following three datasets: 

3.5.1 First problem 

  
Task Time Tasks that 

must 
precede 

Model 
1 

Model 
2 

Model 
3 

Model 
4 

A 45 30 55 38 - 

B 11 11 11 11 Task A 

C 9 14 9 11 Task B 

D 50 50 46 56 - 

E 15 8 15 15 Task D 

F 12 12 0 16 Task C 

G 12 18 12 17 Task C 

H 12 12 13 12 Task E 

I 12 20 25 6 Task E 

J 8 8 0 13 Tasks F, G, H, I 

K 9 12 17 3 Task J 
  Table 3.6: Data of the first problem 

Task precedence graph: 

 

 

 

 

 

 

 
  

Demand (%) 

Model 1 0,3 
Model 2 0,2 
Model 3 0,1 
Model 4 0,4 

 Figure 3.2: Task precedence graph (problem 1) 
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3.5.2 Second problem 

  
Task Time Tasks that 

must 
precede Model 1 Model 2 Model 3 Model 4 

A 5 3 5 4 - 

B 4 3 4 4 - 

C 5 4 3 6 - 

D 6 3 4 5 Task B 

E 2 4 2 3 Task A,D,C 

F 4 4 3 5 Task E 

G 3 3 4 5 Task E 

H 5 6 4 3 Task F 

I 2 4 1 3 Task G 

J 3 5 5 3 Tasks E 

K 5 3 5 4 Task H,I,J 
  Table 3.7: Data of the second problem 

   

Task precedence graph: 

 

 

 

 

 

 

 

 

 

  Demand (%) 
Model 1 0,5 
Model 2 0,2 
Model 3 0,1 
Model 4 0,2 

Figure 3.3: Task precedence graph (problem 2) 
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3.5.3 Third problem 

  

Task Time 
Tasks 
that 

must 
precede Model 1 Model 2 Model 3 Model 4 

A 7 8 5 8 - 

B 10 10 10 8 - 

C 3 5 6 3 Task A 

D 5 7 4 5 Task B 

E 8 5 8 8 Task B 

F 6 6 6 6 Task D 

G 10 10 9 9 Task D 

H 12 8 12 10 Task F,C 

I 10 12 10 13 Task E 

J 5 5 6 6 Tasks I 

K 
14 12 12 13 

Task 
H,G,J 

  Table 3.8: Data of the third problem 

 

Task precedence graph: 

 

Figure 3.4: Task precedence graph 

 

 

 
  

Demand (%) 

Model 1 0,5 
Model 2 0,2 
Model 3 0,1 
Model 4 0,2 



 

 

Chapter 4  

Results 

This chapter presents all the results obtained and the way to evaluate the results. First it 

is showed all the graphics of all the balances. After that it will be presented all the 

efficiencies and the results of the second parameter. And finally the statistics and 

graphics obtained with the program Minitab. This will be done twice, the first without 

taking into account the demand (or what is the same, assuming that all models have the 

same demand) and the second time having it in mind. After that, with the best method 

obtained is going to try to improve it to obtain the better results as possible.  

4.1 Evaluation of the results 

Our aim is to find out which one of these methods works better when we try to adapt the 

algorithm that is used to solve Simple Model problems in a Mixed Model problem. 
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The results obtained are going to be like these: 

 

 

 

 

 

 

 

 

 

 

 

 

Firstly, in the title there is the name of the algorithm used. After that there is a box whit 

the information about the balance that is being studied, it shows how many work 

stations are needed to solve the problem and which tasks are in each station. And then, 

there are some more boxes (as many as models of the pieces are), where it can be 

noticed how the balance affects to each model, it shows the amount of time needed to 

perform the tasks assigned to each station. 

To compare the results we are going to study some parameters and graphics that are 

going to help us to obtain conclusions. First of all, we are going to analyze the graphics, 

which are going to show us the balance of the line to each model. Analyzing the graphics 

Figure 4.1: example of a table with the results of a balance 
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we are going to observe the amount of work in each station and we will be able to 

compare it with the cycle time. 

 

Figure 4.2: example of graphic that represent the balance in the 4 models that the line produces 

 

Each graphic show what algorithm has been used to solve the problem and what is the 

rule used to adapt that algorithm to a mixed model. These features are indicated in the 

title. First, it is specified the algorithm and then the number of the balance. In order to 

know the rule used in that balance is needed to look at the legend that will be above the 

results, because each balance number has a rule assigned. In the right side there is the 

legend where the existing tasks and their assigned color are listed.  

Moreover, we are going to calculate some parameters that will help to obtain some 

conclusions. Those parameters aim to measure how balanced the line is, as an example 

Baybars (1986, p.909-932) said that, a line is balanced when it makes a full use of its 

resources and the sum of the free time of all the stations is minimal. Besides, he stated 

that if you are able to program all the stations to have the same duration, then the line 

has a perfect balance. 

4.1.1 First parameter: Efficiency 

Then it will be calculated two parameters to try to measure how balanced is a line: the 

first one is called “efficiency”. This parameter will indicate how close the time is spent at 

each station to the cycle time. This parameter will be calculated as it follows:  
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The DTtotal is going to be calculated as a weighted average that means that to obtain the 

DTtotal what is going to be done is calculated the DT to each model and then do the 

weighted average taking into account the demand. The DT for the model “j”: 

 

 

    ∑          

 

 

 

 

Then to obtain de DTtotal: 

 

                               

 

The efficiency is going to help us to decide which are the best balance lines, and with 

that try to say which is the best method and the best algorithm to solve the problem. The 

value of that parameter can range from 0 to 1. The closer the parameter is to 1, the line 

will have a better balance. 

 

e = efficiency 

m = number of Stations 

CT = cycle time 

DTtotal = time that the station is  overload or 
under load the cycle time. 

 

DTj= death time model “j” 

m= number of stations 

STi= time that the station “i” is busy 

CT= cycle time 

DTj= death time model j 

dj=demand (%)of  model j 
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4.1.2 Second parameter 

The second parameter is: 

                         

     ∑           
 

   

 

What is wanted to know with that parameter is the same as in the first one, try to see 

which is the best way to solve the problem. But the difference with the efficiency is that 

now is going to be penalized a little bit more the difference between the station time and 

the cycle time. To achieve this goal what it has been done is calculate the square of the 

difference between the station time and the cycle time. With that parameter we can 

differentiate between a balance of a example that have 4 stations and in each station has 

a dead time of one unit time (p=4) and another example where 3 stations have the same 

time as the cycle time and the other one has an under load or an overload of 4 units of 

time (p=16). 

 

 

 

 

 

As is logical the first example is much more balance than the second, then the best 

balance will be the one who gets the lowest value in that parameter. 

Finally to compare the results is going to be used the program Minitab, that will help us 

to make some graphics and obtain some statistics about that parameters.  

 

p = second parameter 

dj = demand (%) model j 

STi = time that the station “i” is busy 

CT = cycle time 

 

         Exemple1 

         Example2 

Figure 4.3: balance of two examples, to show how it work the second parameter 

 

         Example1 
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4.2 Approach 1 - Same demand 

First it is assumed that the demand for all models manufactured in the line is the same. 

In the examples are 4 models, and then it could be said that is needed the 25% of the 

production to each model. Being the demand of the different models the same, in this 

section the average and the weighted average are the same. For that reason the 

weighted average is not calculated in that section. 

4.2.1 Optimal solution 

The optimal solutions for the three problems have been calculated with a mathematic 

model. Those are the results: 

FIRST PROBLEM 

To the first problem the optimal solution is: 

Balance                
WS1 A B           
WS2 D             
WS3 C E F I       
WS4 G H J K       

Table 4.1: Balance optimal solution of the first example 

And the graphic of the balance is as follows: 

 

Figure 4.4: Balance optimal solution of the first example. 
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With that balance the efficiency is the 84% and the value of the second parameter is 

500,75. 

SECOND PROBLEM 

To the second problem the optimal solution is: 

Balance                
WS1 A C           
WS2 B D E         
WS3 F H J         
WS4 G I K         

Table 4.2: Balance optimal solution of the second example 

 

And the graphic of the balance is as follows: 

 

Figure 4.5: Balance optimal solution of the second example 

With that graphic the efficiency is the 86,88% and the value of the second parameter is 

14,75. 
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THIRD PROBLEM 

To the third problem the optimal solution is: 

Balance                
WS1 B D E         
WS2 A C G         
WS3 F I J         
WS4 H K           

Table 4.3: Balance optimal solution of the third example 

And the graphic of the balance is as follows: 

 

Figure 4.6: Balance optimal solution of the third example 

 

With that graphic the efficiency is the 89,1% and the value of the second parameter is 

31,75. 

4.2.2 Balances 

First, all the balances are calculated. In that case it we have 7 different ways to adapt the 

algorithms (4 of the first rule, the second rule, the fourth rule and the fifth rule), 3 

algorithms and 3 problems, then 63 balances will be calculated. The next step is to make 

the graphics, the graphics are presented in a fixed order: first they are separated 

between the different examples, then inside are separated for the algorithm use and 

finally for the different rules to adapt the algorithm.  
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The tables with all the results of each balance and the graphics are in the Annex, section 

3. That graphics give a clearer and faster vision of the results. Said that the balance 6 

(weighted average) that is in the annex, is for the next section where we will take into 

account the demand. 

4.2.3 Analysis of the graphics 

As is expected we can see that in the first four methods (the ones that optimize the 

models separately), with all the algorithms and in all the problems, the model to what it 

is being applied the algorithm is clearly the most balanced.  

In the balances that is required one more station that it is usual the disequilibrium is 

bigger, due to that with this distribution there are some stations with an operating time 

considerably lower than the cycle time. That situation usually occurs when it is being 

used the rule of chose the maximum value between the times of all the models. As an 

example of that, here we have the balance 7 of the second problem: 

 

 

Figure 4.7: Example of a balance with one more station that it is usual. 

 

The opposite occurs when the problem is solved with the minimum value among the 

models. With this way of solving the problem usually is obtained a solution with one less 
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station than usual. Then, we obtain a balance, in many cases, with overcrowded stations, 

as we can see here: 

 

Figure 4.8: Example of a balance with one less station that it is usual. 

 

A priori it seems that the best results are obtained with the first four balances (in which 

is optimize the model separately and then the balance is applied to all the models). 

On the contrary, the worst results seem to be obtained when balance 7 (maximum 

value) and balance 8 (minimum value) are applied. 

Therefore refers to the average rule, we can state that in the first example we obtain 

excellent results, but in the other two examples the results are not the ones desired 

In regards to the use of different algorithms, at first sight seems to be no considerable 

differences between them. 

By comparing the results obtained with the optimal solution found mathematically, it 

can be said that in the first example the results obtained with the best methods are quite 

close to optimal. In contrast, in the other two, we can see that the best results obtained 

with the algorithms consist in a balance of five stations. However, the optimal solutions 

have four and consequently, in many workstations are a lot of free time. 
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4.2.4 First parameter: Efficiency 

With this parameter we have tried to quantify how balanced a line is. The values range is 

from 0 to 1, and the closer to 1 more balance is the line. 

Those are the results obtained: 

The results are divided between the problems, the algorithm chosen and the way to 

adapt the algorithm. In order to achieve a better study of the results and to come up with 

better conclusions, we have calculated the following statistics; first it has been 

differentiated between ways of adapting the algorithm and then between algorithms: 

 

 

Table 4.4: Efficiencies (same demand) 

 

 
  Optimal op 1 op 2 op 3 op 4 average Max  min 

P
ro

b
l 1

 

Boctor 

0,838 
0,838 0,767 0,852 0,836 0,840 0,706 0,635 

Helgeson&Birnie 0,696 0,776 0,789 0,860 0,840 0,706 0,800 
Bedworth&Bayley 0,838 0,776 0,865 0,809 0,836 0,706 0,699 

P
ro

b
 2

 Boctor 

0,868 
0,815 0,715 0,745 0,805 0,835 0,713 0,644 

Helgeson&Birnie 0,765 0,715 0,735 0,795 0,713 0,713 0,644 
Bedworth&Bayley 0,765 0,715 0,765 0,795 0,713 0,704 0,631 

P
ro

b
 3

 Boctor 

0,891 
0,848 0,868 0,843 0,853 0,683 0,688 0,878 

Helgeson&Birnie 0,848 0,858 0,828 0,853 0,873 0,688 0,913 
Bedworth&Bayley 0,848 0,823 0,828 0,853 0,688 0,688 0,903 

Table 4.5: Statistics of efficiency divided by ways to adapt the algorithms (same demand) 

 

 

Average 
of the 
simple 

average standard 
error 

Standard 
deviation min Q1 Mediana Q3 Max 

Average 0,780 0,026 0,078 0,683 0,700 0,835 0,840 0,873 

Max 0,701 0,004 0,011 0,688 0,688 0,706 0,709 0,713 

Min 0,750 0,041 0,123 0,631 0,639 0,699 0,890 0,913 

op1 0,807 0,018 0,054 0,696 0,765 0,838 0,848 0,848 

op2 0,779 0,020 0,060 0,715 0,715 0,776 0,840 0,868 

op3 0,805 0,016 0,048 0,735 0,755 0,828 0,847 0,865 

op4 0,829 0,009 0,027 0,795 0,800 0,836 0,853 0,860 
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In those two tables are calculated some statistics of the results obtained. First it is 

calculated the average, then the average standard error and the standard deviation, that 

gives to us information of how much variation or dispersion exists from the average. A 

low standard deviation indicates that the data points tend to be very close to the mean, 

whereas high standard deviation indicates that the data points are spread out over a 

large range of values. 

After that it is shown the minimum value (min) and the 3 quartile (Q1=first quartile, 

Median=Q2=second quartile and Q3= third quartile). The quartiles of a set of values are 

the three points that divide the data set into four equal groups, each representing a 

fourth of the population being sampled. Finally it is shown the maximum value of the set. 

Also it has been made some graphics with the values of the efficiency for a more visual 

view of the results. The first graphic represents the efficiency against the algorithm used 

(B&B=Bedworth & Bailey, Boctor and H&B= Helgeson & Birnie): 

  

Average 
of the 

sample 
Average standard 

error 
Standard 
deviation min Q1 Mediana Q3 Max 

B & B 0,774 0,016 0,074 0,631 0,705 0,776 0,837 0,903 

BOCTOR 0,781 0,017 0,079 0,635 0,709 0,815 0,845 0,878 

H & B 0,781 0,016 0,074 0,644 0,713 0,789 0,850 0,913 

Table 4.6: Statistics of efficiency divided by ways algorithms (same demand) 

http://en.wikipedia.org/wiki/Mean
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The second graphic represents the efficiency against the way of adapting the algorithm: 

 

 

 

 

 

 

 

 

Figure 4.9: Dot plot: results of the efficiency parameter in function of the algorithm used (same demand) 

 

Figure 4.10: Dot plot: results of the efficiency parameter in function of the method to adapt the algorithm used (same demand) 

 

Dot Plot of efficiency 

Dot Plot of efficiency Dot Plot of efficiency 
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After these graphics, there are two box plots with the same parameters on the axes, that 

graphics are used evaluate and compare the distributions of the sample: 

 

These graphics split the data set into quartiles. The body of the box plot consists in a 

"box", which goes from the first quartile (Q1) to the third quartile (Q3). Within the box, a 

horizontal line is drawn at the Q2, the median of the data set. Two vertical lines, 

called whiskers, extend from the front and back of the box. The front whisker goes from 

Q1 to the smallest non-outlier in the data set, and the back whisker goes from Q3 to the 

largest non-outlier. 

4.2.5 Evaluation of efficiency 

If we analyze the numbers we can see that the best results are obtained with the 

balances 1,3 and 4, due to the fact that we get a higher mean with their results. 

The worst results appear to be those obtained by the balance 7 (maximum) and the 

balance 8 (minimum). In between there are balance 2 and the balance 5 (average), 

which performs efficiently in the first problem, but not so good in the second and the 

third. 

Figure 4.11: Box plots of efficiency values (same demand) 

Boxplot Boxplot 
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 Also notice that the deviation of the results in the balance 7 (maximum) is very small, 

this along with his mean leads us to conclude that this method does not produce very 

good results. 

In relation to the most efficient algorithm regarding the results, although Boctor and H & 

B obtain slightly higher results, the variations are so small then we can say that there are 

no significant differences among them. 

 All this can be checked and observed better with the support of dot plots and box plots, 

in which it seems that best results are obtained with balance 4, and the worst with 

balance 7. 

In relation to the results obtained compared to the optimal solution corroborate what 

we stated before: in the first example the results obtained with the algorithms are very 

good, but in the other two examples (with the exception of example 3 applying the 

balance 7) the result of the optimal solution is better than the obtained with the 

algorithms, due to the fact that in the optimal solution the balance consists in 4 

workstations, one less than the balances obtained by the algorithm. 

4.2.6 Second parameter 

It has been calculated that parameter for all the balances and the results are the 

following: 

    Optimal op 1 op 2 op 3 op 4 Average Max  min 

P
ro

b
 1

 Boctor 

500,8 
500,8 978,8 454,8 540,8 472,25 2199,3 2889,8 

Helgeson&Birnie 2797,3 903,3 806,3 359,3 472,25 2199,3 5809,0 

Bedworth&Bayley 500,8 903,3 392,3 800,3 540,25 1830,8 2065,8 

P
ro

b
 2

 Boctor 

14,75  
 

25,3 63,3 51,8 31,3 21,25 68,8 74,8 

Helgeson&Birnie 51,8 65,8 53,3 30,8 72,3 68,8 74,3 

Bedworth&Bayley 51,8 62,3 48,8 30,8 74,25 75,3 72,8 

P
ro

b
 3

 Boctor 

 31,75 
 

80,3 49,3 68,3 73,8 219,75 209,8 50,8 

Helgeson&Birnie 80,3 60,3 91,3 73,8 47,8 187,3 31,3 

Bedworth&Bayley 80,3 74,3 91,3 73,8 205,3 187,3 36,3 
Table 4.7: Second parameter (same demand) 
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It must be said that the best results are those with a lower value. But with that 

parameter there is a problem, it is that we can only compare the results within each 

problem, because each problem has a different cycle time, then the results are not 

proportional. For this reason we will study the results obtained separately by problems. 

To make better conclusions and have a wider view of the results, it has been calculated 

the average of the results. Inside the squares, first there are the average and then 

between brackets the ranking inside the problem. In other words if we are in a square 

that have 502,5 (2), that means that the result of that parameter is 502,5 and it is the 

second best result for that problem. First we calculated it for the different procedures of 

adapting the algorithm and then by algorithms: 

 

    op 1 op 2 op 3 op 4 Average Max  min 

A
v

er
ag

e Problem1 

502,5 
(2) 

928,4 
(5) 

551,1 
(3) 

566,8 
(4) 

494,9 
(1) 

2076,4 
(6) 

3588,2 
(7) 

Problem2 

42,9 
(2) 

63,8 
(5) 

51,3 
(3) 

30,9 
(1) 

55,9 
(4) 

70,9 
(6) 

73,9 
(7) 

Problem3 

80,3 
(5) 

61,3 
(2) 

83,6 
(4) 

73,8 
(3) 

157,6 
(6) 

194,8 
(7) 

39,4 
(1) 

Table 4.8:  Statistics second parameter by ways of adapt the algorithm (same demand) 

 

 

    Average 

P
ro

b
l 1

 

Boctor 1148,0 (2) 

Helgeson&Birnie 1906,6 (3) 

Bedworth&Bayley 1004,8 (1) 

P
ro

b
 2

 Boctor 48,0 (1) 

Helgeson&Birnie 59,5 (3) 

Bedworth&Bayley 59,4 (2) 

P
ro

b
 3

 Boctor 107,4 (3) 

Helgeson&Birnie 81,7 (1) 

Bedworth&Bayley 106,9 (2) 
Table 4.9: Statistics second parameter by algorithm used (same demand) 
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4.2.7 Evaluation of second parameter 

As it happens with the efficiency we can clearly see that in the first problem the results 

are very good and close to the optimum. However in the second all values are far from 

the optimal result, and in the third problem with the balance 8 we obtain similar results.  

Comparing the results with each other, we can say that the methods that gives the better 

balances are those that optimize models separately (balance 1, 2, 3 and 4) and the 

balance 5 (average). Moreover it must be said that in the first problem the best results 

are obtained with the balance 5 (average), in the second with the balance 4 and in the 

third one with balance 8 (min). 

 Concerning to the worst results, they would be obtained with the criterion of balance 8 

(max).  

Finally in regards to the best performing algorithm, we cannot make any statements 

because in each problem the one that goes better is different. 

 

4.3 Approach 2 - Different demand 

Now it will be done the same calculations than in the previous section, but taking into 

account the demand. 

4.3.1 Balances 

The tables with the results of each balance and the graphics are included in the Annex, 

section 3. In this case we have to take account balance 6 (weighted average), because 

now the demand of each model is different. 

4.3.2 Analysis of the graphics 

In that section, the graphics are not so useful because now is tried to balance a line that 

does not have the same number of pieces of each model (the demand for each model is 
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different), and in the graphics the effect of the demand is not considered. That means 

that the same imbalance in the model with more demand affects more than in all of the 

others models. For that reason now to compare the balances of that section it will be had 

particular regard to the results of the parameters. 

Despite this, it seems that with the third rule (weighted average) the results obtained 

are well balanced. And it is expected that the first rule that makes good results in the 

other example (without taking into account the demand) also works well now. 

4.3.3 First parameter: Efficiency 

As it was explained above with that parameter we tried to quantify how balance is a line. 

The values range from 0 to 1, and the closer to 1 the line has a better line. 

 

Those are the results obtained: 

    op 1 op 2 op 3 op 4 average 
Weighted 
average Max  min 

P
ro

b
l 1

 

Boctor 0,853 0,844 0,780 0,855 0,859 0,859 0,704 0,646 

Helgeson&Birnie 0,871 0,695 0,788 0,771 0,859 0,859 0,704 0,792 

Bedworth&Bayley 0,831 0,844 0,788 0,865 0,852 0,865 0,701 0,723 

P
ro

b
 2

 

Boctor 0,840 0,704 0,804 0,744 0,852 0,840 0,723 0,635 

Helgeson&Birnie 0,796 0,704 0,784 0,736 0,723 0,796 0,723 0,635 

Bedworth&Bayley 0,830 0,704 0,784 0,784 0,723 0,840 0,707 0,630 

P
ro

b
 3

 Boctor 0,862 0,866 0,848 0,844 0,688 0,846 0,692 0,878 

Helgeson&Birnie 0,862 0,852 0,848 0,832 0,870 0,846 0,692 0,908 

Bedworth&Bayley 0,862 0,812 0,856 0,832 0,692 0,856 0,692 0,888 

Table 4.10: Efficiencies (different demand) 

 

In that case due to the fact that the demand is different amongst the different models, for 

a better interpretation of the results, the 4 first balances are ordered in regards of their 

demand needs (from more to less). In other words the values of “op1” are the results of 

the optimization of the model with more demand whereas “op2” are the values of the 

optimization of the model with the second highest demand and so on until “op4”, that is 

the less demanding model. 
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Those are the statistics calculated with the results: 

 

 

That next graphic represents the efficiencies against the algorithm used (B&B= 

Bedworth & Bailey, Boctor and H&B=Helgeson & Birnie): 

 

Average 
of the 

sample 

Average 
estándar 

error Standard deviation min Q1 Median Q3 Max 

Average 0,791 0,027 0,081 0,688 0,708 0,852 0,859 0,870 

Max 0,704 0,004 0,012 0,692 0,692 0,704 0,715 0,723 

Min 0,748 0,040 0,120 0,630 0,635 0,723 0,883 0,908 

op1 0.845 0,008 0,024 0,796 0,830 0,853 0,862 0,871 

op2 0,781 0,025 0,076 0,695 0,704 0,812 0,848 0,866 

op3 0,809 0,011 0,032 0,780 0,784 0,788 0,848 0,856 

op4 0,807 0,016 0,049 0,736 0,758 0,832 0,849 0,865 

Weightedaverage 0,845 0,007 0,021 0,796 0,840 0,846 0,859 0,865 

Table 4.11: Statistics of efficiency divided by ways to adapt the algorithms (different demand) 

 

Table 4.12: Statistics of efficiency divided by ways algorithms (different demand)  

 

  Average Average standard error 
Standard 
deviation Min Q1 Median Q3 Max 

B & B 0,790 0,015 0,074 0,630 0,711 0,821 0,855 0,888 

BOCTOR 0,794 0,016 0,079 0,635 0,709 0,842 0,854 0,878 

H & B 0,789 0,015 0,073 0,635 0,723 0,794 0,857 0,908 
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Figure 4.13: Dot plot: results of the efficiency parameter in function of the method to adapt the algorithm used (different demand) 

 

Figure 4.12: Dot plot: results of the efficiency parameter in function of the algorithm used (different demand) 

 

The second graphic represents the efficiency levels against the procedure of adapting 

the algorithm used (B&B=Bedworth & Bailey, Boctor and H&B=Helgeson&Birnie): 

 

 

 

 

 

 

 

 

 

Dot Plot of efficiency 

Dot Plot of efficiency 
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After that graphics, we created a box plot with the same parameters on the axes, which 

graphics are going to be used to evaluate and compare the distributions of the sample: 

 

4.3.4 Evaluation of the efficiency 

At first sight, analyzing the numbers in the table 4.10, it can be said that our first 

impressions observing the graphics were correct. It seems that the best results are 

obtained with the individual optimization model (balance 1 to 4) and making the 

weighted average and the worst are obtained with balances 6 and 7. 

After seeing the statistics calculated in the Table 4.11, we found that in regards to the 

efficiency parameter, the average obtained is clearly higher with the balance 6(weighted 

average) and balance 1,  which is the balance made with the most demanding model, 

that results are followed by the balance 3 and 4. 

Regarding of the variability of the results, it can be seen that the more similar results are 

obtained by applying balance 7 (max), balance 6 (weighted average) and the balance 

1(optimize model 1). With this data and looking at the average column we can say that 

using the weighted average or optimizing the model with more demand we obtain high 

efficiency and with very little variability. 

Figure 4.14: Box plots of efficiency values (different demand) 

 
Boxplot 

Boxplot Boxplot 
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Regarding the median value, notice that the highest mean values are obtained when 

balances 1,5  and 6 are performed. 

Also noticed that the maximum efficiency value was obtained with the balance 8 (min) 

in the problem  3, which is one of the methods that have worst results. 

Concerning the statistics obtained to compare the results between algorithms (Table 

4.12), it can be said that the results are very similar. In regards to the average Boctor 

algorithm is the winner but with very little difference. In regards to the variation of the 

results, we can say that they are almost equal. And in the median we can say that the 

value obtained with the algorithm of Boctor is clearly better. 

As it was previously mentioned, the statistics can be visually checked on the graphics. 

They clearly show that there are no significant differences between the uses of the three 

algorithms. And we can also see that using the weighted average or balance 1 methods, 

we obtain the bests results and also with very low dispersion. 

4.3.5 Second parameter 

The parameters for all the balances done have been calculated and the results are the 

following: 

Table 4.13: Second parameter (different demand) 

 

    op 1 op 2 op 3 op 4 average 
Weighted 
average Max  min 

P
ro

b
l 1

 

Boctor 434,2 471,3 907,2 446,4 368,6 368,6 2240,2 2920,8 

Helgeson&Birnie 350,2 2898,2 839,0 912,8 368,6 368,6 2240,2 967,0 

Bedworth&Bayley 723,0 471,4 839,0 399,2 432,0 432,0 1771,8 1853,6 

P
ro

b
 2

 Boctor 21,0 65,6 33,8 49,8 18,6 21,0 60,6 76,2 

Helgeson&Birnie 45,8 70,2 33,6 52,6 71,0 45,8 60,6 73,2 

Bedworth&Bayley 45.8 62,0 33,6 43,8 72,2 21,0 73,4 69,8 

P
ro

b
 3

 Boctor 70,6 49,0 71,8 65,8 210,6 69,6 199,2 50,0 

Helgeson&Birnie 70,6 66,4 71,8 83,4 47,4 69,6 178,4 36,6 

Bedworth&Bayley 70,6 81,4 70,2 83,4 194,2 70,2 179,2 46,2 
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And now it is calculated the average of the results. First it is made it for ways to adapt 

the algorithm and then by algorithms: 

    op 1 op 2 op 3 op 4 average Weighted average Max  min 

A
v

er
ag

e Problem1 

502,5 
(3) 

1280,3 
(6) 

861,7 
(5) 

586,1 
(4) 

389,7 
(2) 

389,7 
(1) 

2084,1 
(8) 

1913,8 
(7) 

Problem2 

37,5 
(3) 

65,9 
(6) 

33,7 
(2) 

48,7 
(4) 

53,9 
(7) 

29,3 
(1) 

64,9 
(5) 

73,1 
(8) 

Problem3 

70,6 
(4) 

65,6 
(2) 

71,3 
(5) 

77,5 
(6) 

150,7 
(7) 

69,8 
(3) 

185,6 
(8) 

44,3 
(1) 

Table 4.14: Statistics second parameter by ways of adapt the algorithm (different demand) 

   

    Average 

P
ro

b
 1

 Boctor 1019,7 (2) 

Helgeson&Birnie 1118,1 (3) 

Bedworth&Bayley 865,3 (1) 

P
ro

b
 2

 Boctor 43,3 (1) 

Helgeson&Birnie 56,6 (3) 

Bedworth&Bayley 52,7 (2) 

P
ro

b
 3

 Boctor 98,3 (2) 

Helgeson&Birnie 78,0 (1) 

Bedworth&Bayley 99,4 (3) 
Table 4.15: Statistics second parameter by algorithm used (different  demand) 

 

4.3.6 Evaluation of second parameter 

As mentioned above we have to differentiate between the results obtained in the three 

problems, because the cycle time in each of them is different. 

Observing the values in Table 4.14 we can say that the best method to adapt the 

algorithms is balance 6 (weighted average), because in two of the three problems it 

obtains the best value, and in the third problem it obtains the third. Therefore, the 

weighted average does a balanced distribution of tasks without saturating the stations 

or without much free time in the stations. 

After the weight average, it seems that the second best performing balance is the first 

one, the one that optimizes the model with more demand and applies the balance to all 
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models. We can state this because it gets the second best result in the first problem, the 

third in the second problem and the fourth in the third problem. 

After these two methods in regards to this parameter, the following methods with best 

results are balances 2, 3 and 4. It cannot be differentiated between that three methods; 

we cannot say whether one is better than the others. 

And finally we obtain the worst results with balance 5 (average), balance 7 (maximum) 

and balance 8 (minimum). We can observe that we obtained high values of the 

parameter with these methods, which indicates us that they get much skewed 

distributions, with saturated stations or stations with a lot of free time. 

Another fact to notice is that in problem 3 using method 8 (min) we obtain the best 

results. That was unexpected, because regarding the other two problems with the same 

method we obtained the third worst result (problem 2) and the worst result (problem 

3).  

4.4 Approach 3 - Improving the balance based on 

previous balance loss. 

Summarizing, the best results were mainly obtained by optimizing the weighted average 

or optimizing one of the models and applying it to others (we obtained especially good 

results when the model used was the one with more demand) . 

But it has also been found that in many cases the results are not completely close to the 

optimal solution. So we will try to apply to the rule that seems to have given better 

results (weighted average), some changes or applying some restrictions to obtain closer 

results to the optimal solution. 

4.4.1 Problem 

The problem is that when we are applying the algorithms, often when we are assigning 

tasks to the stations, there is a quite large remaining cycle time. Nevertheless, we would 
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not be able to assign more tasks because they would have bigger time requirements, and 

we have to open a new work station to continue with the assignment. 

Thus, in some cases we obtain a balance with more stations than it would be ideal. 

Moreover these stations will have a lot of dead time (time that the station is not having 

any work). 

4.4.2 New Method 

In order to solve this problem we decided to slightly change the procedure when we 

assign the tasks, regardless the algorithm used.  

The procedure consists of: 

A) When there is a remaining cycle time smaller than the time of all the possible tried 

assigning them all, we need to check the new values in order to find out if with the new 

tasks assigned happens to produce a smallest overload than the previous under load we 

had. In this case, the task would be assigned. If there are several tasks that produce 

positive results, the one that will be assigned is the one that produces a smallest 

overload.  

For example, if we are in a point that the remaining cycle time of a station is 3(under 

load =3), and the available tasks are task D( task time=5) and task E (task time=8). We 

probe to assign first task D and it is obtained an overload of 2, after that we probe to 

assign task E and it is obtained an overload of 5. With those results we have to assign the 

task D to the station, because the over load obtained is smaller than the under load that 

the station had before. 

B) Moreover if we need to open a new workstation only for one task, we will open it only 

if the under load opening it plus the under load or overload of the previous work station 

is less than the overload obtained in the last station, if we decide not open it and we 

assign the task to that station.  

As an example, if we have a problem with a cycle time of 10, and if the only remaining 

task is the task H (task time = 5), and the last station opened have a reaming cycle time 
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of 2 (is used 8).  We are not going to open a new station to assign that task because, if we 

open a new workstation we will have the under load of the penultimate station (1) plus 

the under load of the last station (10 -5=5). And that result (5+1=6) is bigger than the 

overload obtained if we assign the task without open a new station ((8+5)-10=3) 

4.4.2.1 Results of the Method 

To check if it works, we have solved the three problems (with the three algorithms) with 

these new rules. The graphics of the balances obtained are in the Annex in the section 4. 

It has been calculated the efficiencies, first is showed the results obtained with the 

average weighted without applying the new rules and in the next column applying them. 

Also the results are separated between if the problem is being done taking into account 

the demand or not. 

 

   
Same demand Different demand 

    w.average New w.average new 

P
ro

b
l 1

 Boctor 0,840 0,840 0,859 0,859 

Helgeson&Birnie 0,840 0,840 0,859 0,859 

Bedworth&Bayley 0,835 0,809 0,852 0,831 

P
ro

b
 2

 Boctor 0,835 0,835 0,840 0,840 

Helgeson&Birnie 0,713 0,790 0,796 0,785 

Bedworth&Bayley 0,713 0,869 0,840 0,875 

P
ro

b
 3

 Boctor 0,683 0,822 0,846 0,880 

Helgeson&Birnie 0,873 0,822 0,846 0,848 

Bedworth&Bayley 0,688 0,853 0,856 0,833 
Table 4.16: Comparison of efficiencies between using the normal algorithm and use it with the new rules 

With that data it has been calculated the average and the standard deviation: 

  

Same demand Different demand 

w.average new w.average new 

Average 0,780 0,831 0,844 0,846 

Standard deviation 0,078 0,023 0,019 0,028 
Table 4.17: Statistics of efficiency with the new method 
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It is also calculated the value of the second parameter: 

   
Same demand Different demand 

    w.average New w.average New 

P
ro

b
l 1

 

Boctor 472,3 472,300 368,6 368,600 

Helgeson&Birnie 472,3 472,300 368,6 368,600 

Bedworth&Bayley 540,3 800,250 432,0 723,000 

P
ro

b
 2

 Boctor 21,3 21,250 21,0 21,000 

Helgeson&Birnie 72,3 45,5 45,8 38,200 

Bedworth&Bayley 74,3 12,750 21,0 11,800 

P
ro

b
 3

 Boctor 219,8 96,750 69,6 31,000 

Helgeson&Birnie 47,8 95,750 69,6 71,800 

Bedworth&Bayley 205,3 73,75 70,2 99,000 
Table 4.18: : Comparison of the second parameter between using the normal algorithm and use it with the new rules 

 

And the averages to analyze better the results are: 

  
Same demand Different demand 

    w.average new w.average new 

A
ve

ra
ge

 

Problem1 494,9 581,6 389,7 486,7 

Problem2 55,9 26,5 29,3 23,7 

Problem3 157,6 88,8 69,8 67,3 
Table 4.19: Statistics of second parameter with the new method 

4.4.2.2 Evaluation of the Method 

If we have a look at the graphics and the statistics of the two parameters we can say that 

now in almost all the cases we have obtain better results. If we look the efficiency results 

is apparent that where the results seems to improve more is in the examples without 

considering demand. As regards the results of the second parameter, the results are 

improved in the last two problems but are worse in the first  problem. 

Is apparent that in some cases the new procedure decreases the number of stations of 

the balance. Therefore in the vast majority of times that this happens, we get better 

results of the two parameters studied, so we could say that we get a better balance. 
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Also must be said that it seems that applying these new rules there is a small problem. 

The problem is that in some cases we get a balance with the last station or too much 

saturated or with too much dead time. 

4.4.3 Post process 

Seeing the results of the new method, what we will try is get a distribution a little bit 

more balanced to try to improve that balanceses. As mentioned above, on the last station 

when it is applied that new mwthod in many cases what it is obtained a very full station 

or  a station with a lot of death time. 

To try to solve this problem, once the assignation of all tasks is done (with that new 

method), we will do a post process to try to obtain a better solution. First of all let us 

define what we understand as a better solution: 

Better solution: As in this section we will only change  the distribution of tasks in the last 

two stations, as we understand as a best  solution is when adding the overload and 

underload of these two last stations the result is the smallest (minimize efficiency) and 

when we sum the overload and underload squared the result is the smallest (minimizing 

the second parameter). 

The steps in the post process are as follows:  

1. Look the last station, if the time above or below the cycle time is the greatest of all 

stations proceed to step 2, if not stop and do not change the solution.  

2. If the last station has an overload, go to step 3, if it has an under load go to step 4. 

3. If there is an overloaded station, find out which tasks of the latest station can be 

assigned to the previous station. Reassign them and check the results. If any of these 

tasks assigned produces a better solution, definitely replace them. If not leave the 

solution as it was. If you notice that there is more than one task with which we obtain a 

better solution, relocate the one that produces the best results.  
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4. If there is an under loaded station, look which tasks of the penultimate station can be 

relocated in the last station. With those that could be reassigned, try to move them and 

check the results. If any of these tasks assigned gets a better solution relocate it, if not 

leave the solution as it was.  If you notice there is more than one task with which we 

obtain a better solution, relocate the one that produces the best results. 

4.4.3.1 Results of the post proces 

After applying the post process, the balance obtained are in the Annex 4. The results 

obtained applying that post process are the following (pp=post process): 

Regarding to the efficiency, the results are: 

   
Same demand Different demand 

    w.average new new+pp w.average new new+pp 

P
ro

b
 1

 

Boctor 0,840 0,840 0,843 0,859 0,859 0,859 

Helgeson&Birnie 0,840 0,840 0,843 0,859 0,859 0,859 

Bedworth&Bayley 0,835 0,809 0,840 0,852 0,831 0,854 

P
ro

b
 2

 Boctor 0,835 0,835 0,835 0,840 0,840 0,840 

Helgeson&Birnie 0,713 0,790 0,825 0,796 0,785 0,815 

Bedworth&Bayley 0,713 0,869 0,869 0,840 0,875 0,875 

P
ro

b
 3

 Boctor 0,683 0,822 0,841 0,846 0,880 0,880 

Helgeson&Birnie 0,873 0,822 0,841 0,846 0,848 0,848 

Bedworth&Bayley 0,688 0,853 0,853 0,856 0,833 0,848 
Table 4.20: Comparison of efficiencies using the post process 

 

The average and the standard deviation of the results are: 

 

  

Same demand Different demand 

w.average new new+pp w.average new new+pp 

Average 0,780 0,831 0,843 0,844 0,846 0,853 

standard deviation 0,078 0,030 0,012 0,019 0,028 0,019 
Table 4.21: Statistics of efficiency with the post process. 
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Regarding to the second parameter: 

   
Same demand Different demand 

    w.average New new+pp w.average new new+pp 

P
ro

b
l 1

 

Boctor 472,3 472,3 470,3 368,6 368,6 368,6 

Helgeson&Birnie 472,3 472,3 470,3 368,6 368,6 368,6 

Bedworth&Bayley 540,3 800,3 426,3 432,0 723,0 376,6 

P
ro

b
 2

 Boctor 21,3 21,3 21,3 21,0 21,0 21,0 

Helgeson&Birnie 72,3 45,5 23,8 45,8 38,2 28,0 

Bedworth&Bayley 74,3 12,8 12,8 21,0 11,8 11,8 

P
ro

b
 3

 Boctor 219,8 96,8 57,8 69,6 31,0 31,0 

Helgeson&Birnie 47,8 95,8 56,8 69,6 71,8 71,8 

Bedworth&Bayley 205,3 73,8 73,8 70,2 99,0 59,0 
Table 4.22: Comparison of second parameter using the post process 

  

The average of the results of that second parameter is: 

  
Same demand Different demand 

w.average New new+pp w.average new new+pp 

A
ve

ra
ge

 

Problem1 494,917 581,617 455,583 389,733 486,733 371,267 

Problem2 55,917 26,500 19,250 29,267 23,667 20,267 

Problem3 157,583 88,750 62,750 69,800 67,267 53,933 
Table 4.23: Statistics of second parameter with the new method 

4.4.3.2 Evaluation of the post process 

Looking at the graphics the first impression is that in the cases where the last station 

was either very full or very empty, the difference was reduced considerably. Thus, it 

seems that in these cases we have obtained a better balance of the line. 

In regards to the parameters, it can be seen that the efficiency obtained with the 

preprocessor is always better than  it is with the weighted average, and  it is better or at 

least equal when it is used the weighted average with the new method. 

Concerning the second parameter, we could verify that we obtained the same results 

that in the efficiency: we always obtained better results with the postprocessor than 

using only the weighted average , and regarding the improved weighted average (with 

the new mwthod), we can say that the results achieved were in most cases better, and 

when not they were at least equal.  
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Therefore we can say that with the new method and with the preprocessor we can 

obtain a more balanced line than if it is only applied the weighted average. 

 

4.5 Results conclusions 

4.5.1 Approach1: Same demand 

In that case the best balances are obtained using the first rule, because that rule 

obtained the best results in the two parameters calculated . The following rule with 

bests results is the second one, the average (in that case the weighted average is the 

same as the average). 

In regards to the best performing algorithm, we cannot make any statements because in 

each problem the one that goes better is different. 

4.5.2 Approach 2: Different demand  

In that case, the best method to adapt the algorithms is the weighted average. In regards 

to the efficiency that method obtains the best results together with the Balance 1, but in 

the second parameter the weighted average is clearly better. 

As in the previous section, In regards to the best performing algorithm, we cannot make 

any statements because in each problem the one that goes better is different. 

4.5.3 New Method 

With those new rules, we can say that now in almost all the cases we have obtain better 

results than only applying the weighted average. 

But seems that applying these new rules there is a small problem. The problem is that in 

some cases we get a balance with the last station or too much saturated or with too 

much dead time. 
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4.5.4 Post Process 

We always obtained better results with the new method + the post processor than using 

only the weighted average , and regarding the improved weighted average (with the 

new method), we can say that the results achieved were in most cases better, and when 

not they were at least equal. Then we could conclude that with the method that we 

obtaine the best results is the weighted average adding the new method and the post 

process. 

 

 

 

 

 



 

 

Chapter 5  

Conclusions 

5.1 Achievements 

In regard to which of the three algorithms used to solve SALP-1 problems is the best 

one, unfortunately, we cannot come up with any conclusions because the results 

obtained were very similar regardless of the algorithm that was applied. 

In regards to the most suitable rule or step to adapt the algorithms, amongst the five 

possible options, the weighted average was the most successful. We conclude this 

because although it is not the best one when we do not take into account the demand, it 

is still amongst the top three, whereas in the procedure when we do take into account 

the demand the weighted average gives the best results in the two parameters 

(efficiency and the second parameter). Besides, we can check in the graphics that this 

method produces highly balanced results. 
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After the weighted average we could say that the best results are obtained by applying 

the first rule (the one that consist on applying the algorithm to one of the models of the 

line and after it imposes that balance to all the models) to the model with more demand. 

That makes sense because optimizing the model with more demand what is being done 

is reducing the imbalance of that model, then when the two parameters will be 

calculated it will be considered the demand, for that reason the values of that 

parameters will be better than if we optimize the other models. 

Finally, regarding ways to adapt the algorithms, the rules that give poorer results are the 

fourth rule (to choose for each task the maximum value of time between the times of the 

different models) and the fifth rule (to choose the minimum value). When the fourth rule 

is used the poor results are a consequence of applying the balance with the maximum 

values, due to the fact that we often obtain a balance with one more working station 

than would need. When the fifth rule is applied the problem is that we often obtain a 

solution with one less station than the optimal solution would require, because it causes 

most of the available stations be oversaturated. 

After studying the methods, we chose the best one (weighted average) and we added 

some new rules to try to improve the results (New Method). After checking the graphics 

and the parameters we notice that the new results are slightly better, although 

sometimes the method happens to be so much overloaded or under loaded in the last 

station. Eventually, this problem was solved with a post process able to arrange a better 

distribution of the tasks in the last two working stations. 

Then according to the results obtained, we can say that to solve a SALP-1 problem with 

mixed-models using algorithms thought to simple models, the steps that need to be 

followed are: 

1. Calculate the weighted average (wa) with the problem data.  

 

2. Once the “wa” is calculated, implement the chosen algorithm, adding the new 

rules that are the following: 
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 - When there is a remaining cycle time smaller than the time of all the 

 possible assignable tasks, we will try to assign one by one all that possible 

 tasks. Once we have tried assigning them all, we need to check the new  

 values in order to find out if with the new tasks assigned happens to 

 produce a smallest overload than the previous under load we had. In this 

 case, the task would be assigned. If there are several tasks that  produce 

 positive results, the one that will be assigned is the one that produces a 

 smallest overload. 

 

- Moreover if we need to open a new workstation only for one task, we will 

open it only if the under load opening it plus the under load or overload of 

the previous work station is less than the overload obtained in the last 

station, if we decide not open it and we assign the task to that station.  

 

3. After that it is applied a post process: 

 

STEP 1: Look the last station, if the time above or below the cycle time is 

the greatest of all stations proceed to step 2, if not stop and do not change 

the solution.  

 

STEP 2: If the last station has an overload, go to step 3, if it has an under 

load go to step 4.  

 

STEP 3: If there is an overloaded station, find out which tasks of the latest 

station can be assigned to the previous station. Reassign them and check 

the results. If any of these tasks assigned produces a better solution, 

definitely replace them. If not leave the solution as it was. If you notice 

that there is more than one task with which we obtain a better solution, 

relocate the one that produces the best results.  

 

STEP 4: If there is an under loaded station, look which tasks of the 

penultimate station can be relocated in the last station. With those that 

could be reassigned, try to move them and check the results. If any of 
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these tasks assigned gets a better solution relocate it, if not leave the 

solution as it was.  If you notice there is more than one task with which we 

obtain a better solution, relocate the one that produces the best results. 

 

We can conclude that the method explained above is the best method found to adapt the 

algorithms chosen to solve SALBP-1 with a Mixed-Model case. 

 

5.2 Future work 

 There are lines of research arising from this work which should be pursued: 

Firstly, probe the three algorithms chosen (Boctor, Helgeson & Birnie and Bedworth & 

Bailey) in more examples with the aim to find out which is the best algorithm for that 

kind of problems. 

Finally, probe the new method with the post processor in bigger datasets to see if the 

new method performs well in real examples, and compare the results with the optimal 

ones. 
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