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Abstract

This master thesis proposes a new algorithm for �nding the angles
of arrival of multiple uncorrelated sources impinging on a uniform lin-
ear array of sensors. The method is based on sparse signal represent-
ation and does not require either the knowledge of the number of the
sources or a previous initialization. The proposed technique considers
a covariance matrix model based on overcomplete basis representation
and tries to �t the unknown signal powers to the sample covariance
matrix. Sparsity is enforced by means of a l1-norm penalty. The �-
nal problem is reduced to an objective function with a non-negative
constraint that can be solved e¢ ciently using the LARS/homotopy
algorithm. The method described herein is able to provide high res-
olution with a low computational burden. It proceeds in an iterative
fashion solving at each iteration a small linear system of equations
until a stopping condition is ful�lled. The proposed stopping criterion
is based on the residual spectrum and arises in a natural way when
the LARS/homotopy is applied to the considered objective function.
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Chapter 1

Introduction

1.1 Brief summary of classical direction of ar-

rival estimators

The estimation of the Directions of Arrival (DoA) of multiple sources using
sensor arrays is an old problem and plays a key role in array signal processing.
During the last �ve decades, a plethora of methods have been proposed for
�nding the directions of arrival of di¤erent narrowband signals impinging on
a passive array of sensors. These methods can be divided into two categories:
parametric and nonparametric estimators.

Nonparametric methods include beamforming and subspace methods.
The former relies on scanning the power from di¤erent locations. Expo-
nents of this category are conventional beamformer [1] and Capon�s method
[2]. Conventional beamformer, a.k.a. Bartlett beamformer, su¤ers from poor
spatial resolution and cannot resolve sources within the Rayleigh resolution
limit [1]. As it is well known, this lack of resolution can be mitigated only
by increasing the number of sensors of the array because improving the SNR
or increasing the number of time observations does not increase the res-
olution. On the contrary, Capon�s minimum variance method can resolve
sources within the Rayleigh cell if the SNR is high enough, the number of
observations is su¢ cient and the sources are not correlated. Unfortunately,
in practice, Capon�s power pro�le is strongly dependent on the beamwidth,
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which, on its turn, depends on the explored direction and in some scenarios
this could lead to a resolution loss. To counteract this, an estimator of the
spectral density obtained from the Capon�s power estimate was derived in [3]
achieving better resolution properties. Herein this method will be referred
as Normalized Capon. Another well-known category of nonparametric DoA
estimators is the one composed by subspace methods. These algorithms are
able to provide high-resolution and outperform beamforming methods. The
most prominent member of this family is MUSIC (MUltiple SIgnals Classi-
�cation) [4], it relies on an appropriate separation between signal and noise
subspaces. This characterization is costly and needs a previous estimation of
the number of incoming signals.

Parametric methods based on the Maximum Likelihood criterion [5] ex-
hibit a good performance at expenses of a high computational cost. These
techniques estimate the parameters of a given model instead of searching the
maxima of the spatial spectrum. Unfortunately, they often lead to di¢ cult
multidimensional optimization problems with a heavy computational burden.

An interesting algorithm that lies in between the class of parametric and
nonparametric techniques is the CLEAN algorithm. This method was �rstly
introduced by Högbom in [6] and have applications in several areas: array
signal processing, image processing, radar and astronomy. Recently, Stoica
and Moses throw light on the semiparametric nature of the algorithm [7].
Broadly speaking, it operates in a recursive manner substracting at each
iteration a fraction of the strongest signal from the observed spatial spectrum.

For those readers interested on a more detailed and comprehensive sum-
mary of angle of arrival estimators, the authors refer them to [1] and [8].

1.2 Sparse signal representation in source loc-
ation

Sparse representation of signals over redundant dictionaries is a hot topic that
has attracted the interest of researchers in many �elds during the last dec-
ade, such as image reconstruction [9], variable selection [10] and compressed
sensing [11]. The most basic problem aims to �nd the sparsest vector x such
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that y = Ax, where y is the measured vector and A is known. This matrix
A is called dictionary and is overcomplete, i.e., it has more columns than
rows. As a consequence, without imposing an sparsity prior on x, the set of
equations y = Ax is underdetermined and admits many solutions. Formally,
the objective is to minimize kxk0 subject to y = Ax, where k�k0 denotes
the so-called l0-norm [12], the counting function k�k0 : RN �! R that re-
turns the number of nonzero components in its argument. This problem is
an intractable NP-hard combinatorial problem in general [13]. Fortunately,
recent publications show that if the vector is su¢ ciently sparse the problem
can be relaxed replacing the l0-norm by a l1-norm [13], leading to less com-
putationally demanding convex optimization problems. The conditions that
ensure the uniqueness of the solution were studied in [14]. In this context,
LASSO (Least Absoulte Shrinkage and Selection Operator) [15] is a powerful
tool. In its unconstrained formulation LASSO can be formally expressed as
the minimization of ky �Ax k22 + � kxk1, being � a regularization para-
meter which balances the tradeo¤ between the �delity of the representation
with the measured vector and the sparsity of the solution. This problem is
also known as basis pursuit denoising [16] and can be solved e¢ ciently using
the LARS/homotopy algorithm [17], [18] and [19]. Brie�y, this algorithm
proceeds in a iterative fashion jumping from vertex to vertex of the solution
path by adding or removing entries in the solution vector.

Although there are some pioneering studies carried out in the late nineties,
e.g. [20] and [21], the application of sparse representation to direction �nd-
ing has gained noticeable interest during the last decade. Recent tech-
niques based on sparse representation show promising results that outper-
form conventional high-resolution methods such as MUSIC. In [20] a recurs-
ive weighted minimum-norm algorithm called FOCUSS was presented. This
algorithm considers a single snapshot and requires a proper initialization.
The extension to the multiple-snapshot case was carried out in [22] and it is
known as M-FOCUSS. Unfortunately, as it is described in [23], this technique
is computationally expensive and requires the tuning of two hyperparameters
that can a¤ect the performance of the method signi�cantly.

If multiple snapshots can be collected in an array of sensors, they can be
used to improve the estimation of the angles of arrival. Several approaches
for summarizing multiple observations have been proposed in the literature.
The �rst of these approaches is the so-called l1-SVD presented by Malioutov
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et al. in [24]. This method is based on the application of a Singular Value
Decomposition (SVD) over the received data matrix and leads to a second
order cone optimization problem. This algorithm requires an initial estima-
tion of the number of sources. Although it does not have to be exact, a small
error is needed for a good performance. An underestimation or an overestim-
ation of the number of sources provokes a degradation in the performance of
the method. Even if the e¤ect of an incorrect determination of the number
of sources has no catastrophic consequences, such as the disappearance of
the sources in MUSIC, the performance of the algorithm can be considerably
degraded. Another important drawback is that l1-SVD depends on a user-
de�ned parameter which is not trivial to select. An alternative approach
to summarize multiple snapshots is the use of mixed norms over Multiple
Measurement Vectors (MMV) that share the same sparsity pattern ([22],
[25]). This formulation is useful in array signal processing, specially, when
the number of snapshots is smaller than the number of sensors. If we assume
that the snapshots are collected during the coherence time of the angles, the
position of the sources keep identical among the snapshots; the only di¤er-
ence between them resides in the amplitudes of the impinging rays. Basically,
this approach, which is out of the scope of the paper, tries to combine mul-
tiple snapshots using the l2 norm and to promote sparsity on the spatial
dimension by means of the l1-norm. Unfortunately, this joint optimization
problem is complex and requires a high computational burden. When the
number of snapshots increases, the computational load becomes too high for
practical real-time source location. Recently, new techniques based on a cov-
ariance matrix �tting approach have been considered to summarize multiple
snapshots, e. g. [26], [27] and [28]. Basically, these methods try to �t the
covariance matrix to a certain model. The main advantage of covariance
�tting approaches is that they lead to convex optimization problems with an
a¤ordable computational burden. Moreover, they do not require a previous
estimation of the number of incoming sources or heavy computations such as
SVD of the data. It should be also pointed out that as these methods work
directly with the covariance matrix less storage space is needed because they
do not need to store huge amounts of time data. The technique proposed by
T. Yardibi et al. in [26] leads to an optimization problem that can be solved
e¢ ciently using Quadratic Programming (QP). In the case of the approach
exposed by J. S. Picard et al. in [27], the solution is obtained by means of
Linear Programming (LP). The main drawback of this last method is that
it depends on a user de�ned parameter that is di¢ cult to adjust. In the
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same way, the authors of [29] propose a new method which is based on a
hyperparameter that has been heuristically determined. On the contrary,
Stoica et al. propose in [28] and [30] an iterative algorithm named SPICE
(SParse Iterative Covariance-based Estimation approach), that can be used
in noisy data scenarios without the need for choosing any hyperparameter.
The major drawback of this method is that it needs to be initialized.

1.3 Master thesis contribution

This master thesis proposes a simple, fast and accurate algorithm for �nd-
ing the angles of arrival of multiple sources impinging on a uniform linear
array. In contrast to other methods in the literature, the proposed technique
does not depend on user-de�ned parameters and does not require either the
knowledge of the number of sources or initialization. It assumes white noise
and that the point sources are uncorrelated.

The method considers a structured covariance matrix model based on
over-complete basis representation and tries to �t the unknown signal powers
of the model to the sample covariance. Sparsity is promoted by means of a
l1-norm penalty imposed on the powers. The �nal problem is reduced to
an objective function with a non-negative constraint that can be solved e¢ -
ciently using the LARS/homotopy algorithm, which is, in general, faster than
QP [19] and LP [17]. The method described herein proceeds in an iterative
manner solving at each iteration a small linear system of equations until a
stopping condition is ful�lled. The proposed stopping criterion is based on
the residual spectrum and arises in a natural way when the LARS/homotopy
is applied to the considered objective function. From the best of our know-
ledge this stopping condition has never been considered before in sparse signal
representation.
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Chapter 2

Classical methods for source
location

2.1 Conventional (Bartlett) beamforming

Conventional beamformer is a natural extension of the classical Fourier-based
spectral analysis to sensor arrays. It relies on scanning the power coming from
di¤erent locations. The directions of arrival are given by the highest peaks
of the classical spatial spectrum, computed as:

PBF (�) =
sH (�) R̂s (�)

sH (�) s (�)
(2.1)

where s (�) denotes the steering vector associated to the explored angle �
and R̂ is the spatial sample covariance matrix obtained from a set of N

observations R̂ = 1
N

NP
k=1
y [k]yH [k] :

In Uniform Linear Arrays (ULA), the denominator of (2.1) becomes
sH (�) s (�) = M . Thus, omitting the constant term in the denominator
the next expression is obtained:

PBF�U (�) = s
H (�) R̂s (�) =

1

N

NX
k=1

���sH (�)y [k]���2 (2.2)
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Note that conventional beamformer can be intrepeted as an average of "spa-
tial periodograms" over the available snapshots. As it is well-known, it exhib-
its a poor spatial resolution and cannot resolve sources within the Rayleigh
limit. Actually, the Bartlett beamforming is independent of the scenario and
this lack of resolution can be increased only by increasing the number of
sensors in the array because improving the SNR or increasing the number of
observations does not change the resolution.

2.2 Capon�s method and Normalized Capon

The Capon�s method, a.k.a. Minimum Variance Distortionless Response
(MVDR), is another exploration technique. Basically, this technique at-
tempts to minimize the power contributed by noise and any other signals
coming from other angles of arrival di¤erent than the explored direction.
The angles of arrival are given by the locations of the largest peaks of Ca-
pon�s power pro�le, given by:

PCAP (�) =
1

sH (�) R̂�1s (�)
(2.3)

Capon�s method outperforms the traditional Bartlett�s estimator. It can
resolve sources within the Rayleigh cell if the SNR is high enough, the number
of snapshots is su¢ cient and the sources are not correlated. However, in
practice, the estimation depends strongly on beamwidth, which, on its turn,
depends on the explored direction and in some scenarios this could lead to
a resolution loss. To counteract this undesired e¤ect an estimator of the
spectral density was proposed in [3].

PNCAP (�) =
sH (�) R̂�1s (�)

sH (�) R̂�2s (�)
(2.4)

This method outperforms the Capon�s method and will be referred herein as
Normalized Capon (NCapon).
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2.3 Subspace methods: MUSIC

The MUSIC method relies on the eigenvalue decomposition of the spatial
covariance matrix. As the covariance matrix R is an hermitian matrix, the
following properties hold: the eigenvalues are real-valued and the eigenvectors
form an orthonormal set (see [7] for further information). Bearing in mind
this two properties, it follows:

RU = U� (2.5)

where U is a unitary matrix, that is, UHU = UUH = I and � is a diagonal
matrix � = diag(�1; � � � ; �M) that contains the ordered real eigenvalues of
R such that �1 > �2 > � � � > �M > 0. Taking into account (2.5), the spatial
covariance matrix admits the following decomposition:

R = S (�)PSH (�)+�2wIM = U�UH (2.6)

Observe that any vector orthogonal to S (�) is an eigenvector of R with
eigenvalue �2w. There are M � L linerly independent vectors orthogonal
to S (�) and constitute the so-called noise subspace. Since the remaining
eigenvalues are larger than �2w, the eigenvectors can be separated into the
ones associated to noise (which correspond to eigenvalues �L+1 = �L+2 =
� � � = �M = �2w) and those associated to signal which satisfy �1 > �2 >
� � � > �L > �2w. This information is used to separate U into noise and signal
subspaces U = [Us Un]. In this way, the expression (2.6) can be rewritten
as:

R = U�UH = Us�sU
H
s +Un�nU

H
n (2.7)

where�s and�n = �2wIM�L are diagonal matrices that contain the signal and
the noise eigenvalues, respectively. Due to the orthogonality between sub-
spaces, the noise subspace is orthogonal to the steering vectors corresponding
to the directions of arrival of the incoming signals, that is, UH

n s(�) = 0. Us-
ing this fact, the directions of arrival are given by the largest peaks of the
MUSIC pseudospectrum:

PMUSIC (�) =
1

sH (�)UnUH
n s (�)

(2.8)
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Note that in constrast with the other methods that has been discussed
previously, the expression presented in (2.8) does not have a direct relation
to the power; it simply exhibits sharp peaks at the directions of arrival where
the sources are located.

2.3.1 Determination of the number of signals in nar-
rowband direction �nding

Many high-resolution techniques, e. g. MUSIC, rely on an adequate separa-
tion of signal and noise subspaces. This separation has a high computational
burden and requires the knowledge of the number of incoming sources. Un-
fortunately, in practice the number of incoming signals is not known a priori
and needs to be estimated. Furthermore, it cannot be determined directly
from the multiplicity of smallest eigenvalue of R. The main problem is that
the covariance matrix is unknown and when it is estimated from a �nite set
of snapshots, the resulting eigenvalues are all di¤erent with probability one
(actually, the smallest eigenvalues of the sample covariance is always smaller
than the noise power [31]). This fact makes di¢ cult to determine the number
of impinging signals.

A plethora of techniques have been proposed in the literature for the
estimation of the number of signals. The most commonly referred techniques
are the so-called information theoric criteria. Exponents of this class are
Akaike Information Criterion (AIC) [32] and Minimum Description Length
(MDL) [33]. In these methods the number of sources is obtained maximizing
the following objective function:

L̂ = max
L

J(L) + �(L) (2.9)

where J(L) = N

"
MP

k=L+1
ln�k

#
� (M � L)N ln

"
1

M�L

MP
k=L+1

�k

#
is the loglike-

lihood estimate of L and the penalty function �(L) takes the form:

�(L) =

(
2L(2M � L) for AIC

1
2
L(2M � L) logN for MDL

(2.10)
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A detailed description of information theoric criteria is out of the scope of
this document, further information about model order selection techniques
is provided in [34], [7].

As it is reported in [7], AIC tends to overestimate the number of sources,
even at high SNR. On the contrary, the MDL criterion tends to underestim-
ate the order at low or moderate signal to noise ratio with a �nite number
of snapshots. An overestimation of the number of sources in the MUSIC
method is less critical than a underestimation as will be explained next. An
overestimation of the size of the signal subspace will lead to a performance
degradation, but if the SNR is high enough and the number of snapshots is
su¢ cient, the algorithm will exhibit the peaks at the locations of the sources.
On the contrary, if the number of sources is underestimated, the degradation
in the performance of the method will be dramatic and could provoke the
loss of some signal peaks. For this reason to carry out the simulations in
Chapter 5 AIC will be considered to determine the number of sources in the
MUSIC method.

2.4 The CLEAN algorithm

An algorithm that is closely connected to the method proposed in this thesis
is the CLEAN algorithm. It was initially introduced in the mid-1970s by
Högbom [6] as a deconvolution tool to mitigate sidelobe e¤ects in radio as-
tronomy. A signi�cant literature can be found about CLEAN in this �eld
(see for example [6], [35] and their references). However, the use of CLEAN
is not limited to astronomy, the algorithm has been applied to diverse areas
such as image processing [36], [37], [38], radar [39], spectral analysis [40], [41]
and array processing [42]. From the direction-of-arrival point of view some
limited research was done in [7] and [8].

It was introduced in [6] in a nonparametric fashion and assume uncorrel-
ated point sources. The algorithm operates in a recursive manner removing
at each iteration a fraction of the strongest signal from the observed spatial
spectrum. The method consists of the following steps:
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1. The method starts with an estimation of the Bartlett spectrum P̂0(�) =
sH (�) R̂s (�), this constitutes the so-called dirty spectrum.

2. Locate the maximum of the spatial spectrum. A peak in the Bartlett
spectrum indicates a direction corresponding to a source or several
closely-spaced sources. Let

�̂0 = argmax
�
P̂0(�) (2.11)

�̂20 =
P̂0(�)

M2
(2.12)

being M the number of sensors

3. Remove a fraction of the strongest signal and create the so-called resid-
ual spectrum P̂1(�).

P̂1(�) = P̂0(�)� ��̂20
���sH (�) s(�̂0)���2 (2.13)

where � is the loop gain and tries to prevent the propagation of errors
through the algorithm. It is a user de�ned parameter that ful�lls 0 <
� < 1 (See Section 6.5.7 of [7]). The main raison for the selection of an
� lower than 1 is that if the maximum of the spatial spectrum is due to
several closed-spaced sources, a cluster, to remove only an small part
of the maximum of the spectrum will leave some power at and around
�̂0: This will let the algorithm the possibility of resolve true sources in
future iterations. There are not clear guidelines in how to choose the
parameter, [7] suggests � 2 [0:1; 0:25]:

4. Iterate the procedure until an stopping criterion is ful�lled and obtain
the new residual spectrum P̂k(�) at each step, being k the index of the
iteration.

The algorithm must be halted by some stopping condition. Di¤erent
criteria are exposed in the literature [41]:

� To iterate a prede�ned number of iterations [7]. This criterion is useful
in some applications where the result is insensitive to over-iteration,
such as image processing.
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� An stopping criterion based on some mis�t to the data.

� To stop when the maximum of the residual drops below a prede�ned
threshold. The de�nition of the threshold level is critical and is based
on ad-hoc or heuristic criteria. Any contribution below that level is
atributed to noise. In some papers this is referred as "to halt when the
residual spectrum looks like noise".

� To iterate until the residual spectrum becomes too negative at some
components [7].

Recently, P. Stoica and R. Moses have thrown light on the semiparametric
nature of CLEAN [7] deriving the algorithm in an alternative fashion. This
approach is called semiparametric because the number of incoming signals is
assumed to be unkonwn and no assumptions are made regarding noise. The
following spatial covariance model is considered:

R =
L�1X
�2i

i=0

s (�i) s
H (�i) +Rw (2.14)

whith L unknown. The only assumption made in (2.14) is that the incoming
signals are uncorrelated. Fitting the sample covariance R̂ to the model in a
least square sense it results:

min
f�2i ;�ig

R̂�
L�1X
�2i

i=0

s (�i) s
H (�i)


2

F

(2.15)

The CLEAN algorithm is a sequential algorithm for approximately minim-
izing the expression (2.15). Let us start estimating the pair (�20; �0) by min-
imizing (2.15), considering �21 = �

2
2 = �

2
3 = � � � = 0. Formally, this can be

expressed as:

min
�20;�0

R̂� �20s (�0) sH (�0)2F (2.16)

In chapter 6 of [7] it is proved that the solution of (2.16) is �̂0 = argmax� P̂0(�)

and �̂20 =
P̂0(�)
M2 , where P̂0(�) =sH (�) R̂s (�).
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Instead of substracting �̂20s
H (�0) s (�0) in expression (2.16), let us remove

a fraction ��̂20s
H (�0) s (�0) with � 2 [0; 1) to let the residual spatial covari-

ance matrix R̂ � ��̂20sH (�0) s (�0) to be positive de�nite. Being � the loop
gain described above. Next, estimate the pair (�21; �1) by minimizing (2.15),
considering �22 = �

2
3 = � � � = 0:

min
�21;�1

R̂� ��̂20s (�0) sH (�0)� �21s (�1) sH (�1)2F (2.17)

It is easy to prove that the solution is:

�̂1 = argmax
�
P̂1(�) and �̂

2
1=
P̂1(�)

M2
(2.18)

being P̂1(�) = s
H (�)

h
R̂� ��̂20s (�0) sH (�0)

i
s (�). It is straightforward to re-

write this as the expression (2.13). Note that P̂1(�) is the Bartlett estimator
applied over the residual covariance matrix after the �rst iteration of the
algorithm, that is, over R̂1 = R̂� ��̂20s (�0) sH (�0). Iterating the procedure
the traditional CLEAN method is obtained.

The CLEAN method is summarized in Algorithm 1.

Algorithm 1 The CLEAN procedure
INITIALIZATION: R̂0 = R̂
k = 0
while 6=stopping criterion do
P̂k(�) = s

H (�) R̂ks (�)
�̂k = argmax� P̂k(�)

�̂2k =
P̂k(�)
M2

R̂k+1 = R̂k � ��̂2ks(�̂k)s
H(�̂k)

k = k + 1
end while

Although the original method is quite old, the theoretical understanding
of algorithm is relatively poor. Appart from a preliminary study carried out
by Schwarz in [43], is di¢ cult to �nd a statistical analysis of the method in the
literature. Therein the author investigated the conditions for the converge of
CLEAN to a unique solution. Basically, the major drawback of CLEAN is
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the heuristic nature of the method. It depends upon the choice of two user
de�ned parameters: the loop gain and the number of substractions [44]. By
changing them noticeably di¤erent results can be obtained. Furthermore,
both parameters have in�uence on the computational burden of the method.

In certain applications, such as in image, in which a reconvolution step is
applied to reconstruct the image, an over-iteration is not critical. However, in
other applications such as direction �nding an over-iteration could probably
lead to the estimation of angles with nonexistent sources. On the contrary, an
underestimation could provoke the loss of directions associated to impinging
signals.
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Chapter 3

Sparse regularization for
solving ill-posed linear inverse
problems

The aim of this chapter is to describe linear ill-posed inverse problems. This
type of problems are frequently encountered in many areas of sciences and
engineering. In chapter 4, the classical source location problem will be re-
written as a linear inverse problem that is ill-posed. The solutions of this
type of problems are very sensitive to noise and regularization methods must
be used to stabilize the solutions by considering some additional information
about the data. The structure of the chapter is the following. Quadratic
regularization, which is the classical tool for solving ill-posed problems, is
mentioned �rst. Unfortunately, it does not lead to sparse solutions. Due to
this reason, sparse regularization techniques are introduced and discussed in
the context of signal representation with overcomplete basis.

3.1 Linear ill-posed inverse problems

Ill-posed problems appear frequently in many areas of science and engin-
eering. This term was introduced in the early 20-th century by Jacques
Hadamard. Consider the next linear system
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~y = Ax (3.1)

where ~y 2 RMx1 is the measured vector, A 2 RMxN is a known matrix
and x is the unknown vector that we want to estimate. It models an inverse
problem; that is, a situation where the hidden information is computed from
external observations. This linear system is said to be well-posed if it satis�es
the following three requirements:

1. Existence. For each ~y, it exists a vector x such that ~y = Ax.

2. Uniqueness. The solution is unique. Formally, if Ax1 = Ax2, then
x1 = x2:

3. Stability. The solution is stable with respect to perturbations in the
measured vector ~y, that is, small perturbations on ~y do not cause
an arbitrary large perturbation in the solution. In other words, the
solution depends continously on the observed data vector ~y in some
reasonable topology.

If one or more of these conditions are not ful�lled, the linear problem is
said to be ill-posed. In practice this happens when the matrix A is theoret-
ically or numerically rank de�cient.

The model presented in (3.1) is noiseless. This is normally an oversimpli-
�cation either because of a modelling error or because a nonnegligible level of
noise is normally present in the measurement. The addition of a noise term
to the model (3.1) provides a mechanism for dealing with both situations. A
model including an additive noise can be expressed as

y = ~y + n = Ax+ n (3.2)

Many problems in signal processing can be formulated as an underde-
termined linear system of equations and this will be the case of the problem
addressed in the next chapter. For this reason, our discussion on ill-posed
problems will be focused on this speci�c case.

Consider a linear system of equations that has more unknowns than equa-
tions, i.e. N > M . In this case, the system either has no solution or in�nitely
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many solutions. These two situations violate the second and the third of the
Hadamard�s conditions exposed above and as a consequence, an underde-
termined linear system is, by de�nition, an ill-posed problem. To avoid the
possibility of having no solution, we shall hereafter consider that the matrix
A is full-rank, implying that its columns span the entire space RM . If we
have in�nitely many possible solutions x of (3.1), among which there are some
that may "look" better than the others. Then, how can we �nd the proper
x? As the matrix A cannot be directly inverted, an alternative objective
function must be de�ned to solve the inverse problem. The goal is to �nd a
functional that measures how close the predicted data �ts the measurement.
The standard approach is to minimize the Euclidean distance between the
observed data and the predicted data from the model. Formally, this can be
expressed as

x̂ = min
x
ky �Axk22 (3.3)

The solution of this problem is well-known and is given by

x̂ = A#y (3.4)

where A# denotes the Moore-Penrose pseudo-inverse A# = (ATA)�1AT .
Unfortunately in presence of noise in the measurement, if the condition num-
ber of A# (the ratio between the largest and the smallest singular value) is
too large, the application of the pseudo-inverse could lead to a solution dom-
inated by noise. Let us analyze hereafter more deeply this e¤ect. First of all,
consider the Singular Value Decomposition (SVD) of the matrix A

A = U�VT =
MX
i=1

�iuiv
T
i (3.5)

being U and V square matrices of dimensions M and N; respectively, and
� aM x N matrix. Furthermore, U and V are unitary matrices. Therefore,
UUT = IM and VVT = IN , where IM denotes the identity matrix of size
M . Bearing in mind (3.5), the pseudo-inverse is given by

A#= V�
#

UT =
MX
i=1

��1i viu
T
i (3.6)

By applying the pseudoinverse we can �nd the minimum least squares solu-
tion. Recalling (3.2), (3.5) and (3.6), it yields:
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x̂ = A#y =�XM

j=1
��1j vju

T
j

� �XM

i=1
�iuiv

T
i

�
x+

XM

i=1
��1i viu

T
i n

(3.7)

Let us analyze this expression. If the noise is white, the power distribution
of the noise on all the left singular values of A is uniform and as consequence

Ef
���uTi n���2g is not a function of i. By applying the pseudo-inverse, noise

components are multiplied by the inverses of the eigenvalues. This is critical
if the condition number of A# is large, because the ampli�cation of the noise
components will dominate the �nal solution and the signal component of
interest will become hidden under the noise level.

To obtain a meaningful solution of an ill-posed problem we need to con-
sider the so-called regularization methods. Much e¤ort has been devoted in
the last decades in the �eld of discrete ill-posed problems to �nd an appropi-
ate solution less sensitive to noise. These methods incorporate some a priori
information about the problem. A possible way of regularizing ill-posed in-
verse problems is to impose a constraint on the norm of the solution. If the
coe¢ cients of x, denoted by xj with j = 1; :::; N , remain unconstrained they
are more susceptible to exhibit a high variance. By controlling the norm of
the solution, we can control how large the coe¢ cients grow. This problem

can be formulated as

min
x

ky �Axk22 s.t. kxkpp 6 � (3.8)

where kxkp =
"X
i

jxijp
#1=p

, with p > 0; denotes the so-called lp-norm. Con-

sequently, kxkpp =
X
i

jxijp. Figure 3.1 shows the geometry of lp norm for

p = 0:5; 1; 2; 3.

The classical approach to regularize ill-posed problems is to control the
energy of the solution using the squared Euclidean norm (p = 2):

min
x

ky �Axk22 s.t. kxk22 6 � (3.9)

This problem is the so-called Tykhonov regularization. Introducing the Lag-
rangian it is easy to obtain the next closed-form solution
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xTikhonov� =
�
ATA+�IN

��1
ATy (3.10)

Where � is a Lagrange multiplier. Note that inclusion of � makes the prob-
lem non-singular even if ATA is not invertible. The use of the Euclidean
norm is widespread in a plethora of �elds of engineering. This is mainly due
to its simplicity as it has been shown in the above closed-form solution. Nev-
ertheless, the following question arises: is kxk22 the best choice in (3.8)? Well,
it depends. The selection of a proper regularizer depends on the property
of the solution that we want to enforce and, consequently, this depends on
the particular application. Traditionally, in many mathematical problems,
priors of choice are di¤erent forms of smothness or energy constraints (as in
the Tykhonov problem), and the corresponding regularizers are l2-norms of
x or its derivatives. Unfortunately, Tykhonov regularization leads to non-
sparse solutions which typically have non-zero values associated to all the
coe¢ cients. While the Tykhonov is an e¤ective mean of achieving numer-
ical stability and increasing predictive performance, it does not address any
problem related to the parsimony of the model or the interpretability of the
coe¢ cient values. Contrary, in the last years, the use of sparsity promoting
norms has attracted the interest of researchers in many areas. This is the
case of lp-norms with 0 6 p 6 1 in the problem (3.8) which enforce sparsity
and promote few non-zero components in the solution vector. Unfortunately,
the problem (3.8) is not convex for p < 1 and therefore, the l1-norm (p = 1)
is preferred. l1 regularization has many of the bene�cial properties of the l2
regularization but yields sparse solutions that can be more easily interpreted.

Figure 3.1: Geometry of the lp norm in three dimensions. This �gure show
lp norm for various values of p. From left to right, p = 0:5; 1; 2; 3.
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3.2 Sparse signal representation

Sparse representation of signals over redundant dictionaries is a hot topic that
has attracted the interest of researchers in many �elds during the last dec-
ade, such as image reconstruction [9], variable selection [10] and compressed
sensing [11]. The most basic problem aims to �nd the sparsest vector x such
that y = Ax, where y is the measured vector and A is known. This matrix
A is called dictionary and is overcomplete, i. e., it has more columns that
rows. As a consequence, without imposing a sparsity prior on x, the set of
equations y = Ax is underdetermined and admits many solutions. Formally,
the objective is to minimize kxk0 subject to y = Ax, where k�k0 denotes the
l0-norm [12]. This is an intractable NP-hard combinatorial problem in gen-
eral [13]. Fortunately, if the vector is su¢ ciently sparse the problem can be
relaxed replacing the l0-norm by a l1-norm, de�ned as kxk1 =

P
i jxij, leading

to a convex optimization problem with a lower computational burden. The
conditions that ensure the uniqueness of the solution were studied in [14].

In case of an observation vector contaminated by noise, a natural vari-
ation is to relax the equality constraint to allow some error tolerance " > 0:

min
x
kxk1 subject to ky �Axk22 6 " (3.11)

Or alternatively,

min
x
ky �Axk22 subject to kxk1 6 � (3.12)

where the constraint kxk1 6 � with � > 0 promotes sparsity. This
formulation is known as LASSO (Least Absolute Shrinkage and Selector Op-
erator) and was originally proposed by Tibishirani in [15]. The augmented
formulation of (3.12) is well-known in signal processing and is commonly
called Basis Pursuit Denoising (BPDN) [16]:

min
x
ky �Axk22 + � kxk1 with � � 0 (3.13)

The three formulations (3.11)-(3.13) are equivalent in the sense that the
sets of solutions are the same for all the possible choices of the parameters
� ; "; �. To go from one formulation to the other we only need a proper
correspondence of the parameters. Nevertheless, even if the mapping between
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the regularization parameters exists, this correspondence is not trivial and it
is possibly non-linear and discontinous [17].
When the vector x is real, the LASSO problem (3.12), or its equival-

ent formulation (3.13), can be solved with standard quadratic programming
techniques [15]. However, these techniques are time demanding and faster
methods are preferred. Osborne et al. [18] and later Efron et al. [19] pro-
posed an e¢ cient algorithm for solving the LASSO. This algorithm is known
as "homotopy method" [18] or LARS (Least Angle Regression) [19]. In this
master thesis this technique will be referred to as LARS/homotopy. A vari-
ant of the traditional LASSO problem, that will be specially useful in the
covariance �tting that will be addressed later on, is the so-called positive
LASSO. In this case, an additional constraint over the entries of the vector x
is considered in the LASSO problem to enforce the components of the vector
to be non-negative:

min
x
ky �Axk22

subject to kxk1 6 � and xi � 0 8i
(3.14)

The positive LASSO problem (3.14) can be solved in a e¢ cient way intro-
ducing some slight modi�cations in the traditional LARS/homotopy. This
approach was proposed by Efron et al. in [19], but is not as widely known as
the traditional one. Brie�y, the algorithm starts with a very large value of � ,
and gradually decreases the regularization parameter, until the desired value
is attained. As � evolves, the optimal solution for a given � , x (�) moves on a
piecewise a¢ ne path. As the minimizer x (�) is a piecewise-linear function of
� we only need to �nd the critical regularization parameters � 0; � 1; � 2; :::; � stop
where the slope changes [17], these values are the so-called breakpoints. The
algorithm starts with x = 0 and operates in an iterative fashion calculating
the critical regularization parameters � 0 > � 1 > � � � > � stop > 0 and the as-
sociated minimizers x (� 0) ; x (� 1) ; :::;x (� stop) where an inactive component
of x becomes positive or an active element becomes equal to zero. Normally,
the number of active components increases as � decreases. Nevertheless, this
fact cannot be guaranteed: at some breakpoints, some entries may need to
be removed from the active set.
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Chapter 4

Sparse covariance �tting for
source location

Consider L narrowband signals fxi [k]gLi=1 impinging on an array ofM sensors.
The kth observation can be expressed as:

y [k] = S (�)x [k] +w [k] k = 1; : : : ; N (4.1)

where x [k] =
h
x1 [k] � � � xL [k]

iT
is the vector of unknown source sig-

nals, the matrix S (�) 2 CM�L is the collection of the steering vectors cor-
responding to the angles of arrival of the sources � = [�1; : : : ; �L]

T , that is,
S (�) = [s (�1) � � � s (�L)] ; and w [k] 2 CM�1 denotes a zero-mean additive
noise, spatially, and temporally white, independent of the sources with cov-
ariance matrix �2wIM , being IM the identity matrix of size M .
Taking into account (4.1) the spatial covariance matrix can be expressed

as:
R = E

n
y [k]yH [k]

o
= S (�)PSH(�)+�2wIM (4.2)

being P = E
n
x [k]xH [k]

o
. The classical direction �nding problem can be

reformulated as a sparse representation problem. With this aim, let us con-
sider an exploration grid of G equally spaced angles � = f�1; : : : ; �Gg with
G >> M and G >> L. If the set of angles of arrival of the impinging signals
� is a subset of �; the received signal model (4.1) can be rewritten in terms
of an overcomplete matrix SG constructed by the horizontal concatenation
of the steering vectors corresponding to all the potential source locations.

y [k] = SGxG [k] +w [k] (4.3)
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where SG 2 CM�G contains the steering vectors corresponding to the angles
of the grid SG = [s1 � � � sG], with si = s(�i), and xG [k] 2 CG�1 is a sparse
vector. The non-zero entries of xG [k] are the positions that corresponds to
the source locations. In other words, the nth element of xG [k] is di¤erent
from zero and equal to the qth component of the vector x [k] de�ned in (4.1),
denoted by xq [k] ; if and only if �n = �q. It is important to point out that
the matrix SG is known and does not depend on the source locations.
The assumption that the set of angles of arrival is a subset of � is only

required for the derivation of the algorithm. Obviously, it does not always
hold. Actually, this is a common assumption in many exploration methods
in the direction �nding literature (e.g., Capon, Normalized Capon, MUSIC,
etc). In the case that � * �; the contribution of the sources leaks into the
neighboring elements of the grid.
Bearing in mind (4.3) and assuming a white noise with covariance matrix

�2wIM , the spatial covariance matrix of (4.1) can be rewritten in terms of SG
and takes the form:

R = E
n
y [k]yH [k]

o
= SGDS

H
G + �

2
wIM (4.4)

withD =E
n
xG [k]x

H
G [k]

o
. An important remark is thatD 2 CG�G is di¤er-

ent to the source covariance matrix P 2 CL�L introduced in (4.2). Actually,
since only L2 entries out of G2 can di¤er from zero, D is a sparse matrix.
A common assumption in many direction �nding problems is that sources

are uncorrelated. Under this assumption, the matrix D is a diagonal matrix

with only L non-zero entries given by diag (D) =
h
p1 � � � pG

iT
= p,

being p 2 RG�1+ :
Note that p is a G x 1 sparse vector with non-zero entries at positions

corresponding to source locations. Furthermore, the elements of p are real-
valued and non-negative.
To cast the problem into a positive LASSO with real variables let us make

some manipulations on (4.4). Applying the next property of vectorization
vec fABCg = AT 
B vec fBg to (4.4) it yields:

vec fRg = S�G 
 SG vec fDg+ �2w vec fIMg (4.5)

where 
 and vec f�g denote the Kronecker product and the vectorization
operator. It should be remarked that the result of S�G 
 SG 2 CM

2�G2 :
Since D is a diagonal matrix because the sources are uncorrelated, only

G columns of S�G 
 SG have to be taken into account. Using this fact, the
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dimensionality of the problem can be reduced. In this way, it is straightfor-
ward to rewrite the expression (4.5) in terms of vector p just removing some
columns of S�G 
 SG:

vec fRg = ~Ap+ �2w vec fIMg (4.6)

with ~A= [ s�1
s1 s�2
s2 � � � s�G
sG ]. Note that ~A 2 CM2�G:

Separating real and imaginary parts the above equation takes the form:"
rr
ri

#
=

"
~Ar

~Ai

#
p+

"
�2w vec fIMg
0M 2x 1

#
(4.7)

where
rr = Re fvec [R]g ~Ar = Re

n
~A
o

ri = Im fvec [R]g ~Ai = Im
n
~A
o

In the expression (4.7), vecfIMg denotes the vectorization of the identity
matrix of dimensions M x M and 0M2 x1 is a vector of zeros of size M2 x 1.

More compactly, the expression (4.7) can be rewritten as:

r = Ap+ n (4.8)

with obvious de�nitions for r, A, p, and n. Note that r and n 2 R2M2�1

and A 2 R2M2�G:

Unfortunately, the spatial covariance matrix is unknown in practice and
is normally replaced by the sample covariance matrix obtained from a set of

N observations R̂ = 1
N

NP
k=1
y [k]yH [k] : A possible method for �nding p is the

following constrained least squares problem:

min
p
kr̂�Apk22

subject to pi � 0 i = 1; : : : ; G

kpk1 =
GP
j=1
pj 6 � with � > 0

(4.9)

where r̂ =

24 Renvec hR̂io
Im

n
vec

h
R̂
io 35 :
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Note that (4.9) is positive LASSO problem. The main idea behind (4.9) is
to �t the unknown powers to the model such that the solution is sparse. The
method tries to minimize the residual, or in other words, tries to maintain
the �delity of the sparse representation with the received data subject to a

non-negative constraint on the powers and
GP
j=1
pj 6 �: This last constraint

promotes sparsity, as it was exposed in (3.12), but also imposes a bound in
the received signal power. Unfortunately, the parameter � is unknown and
has to be estimated. Even worse, the solution of (4.9) is very sensitive to the
parameter �, a little error in the estimation of the parameter can lead to a
wrong solution vector.
Instead of solving (4.9) let us consider the next equivalent formulation:

min
p
kr̂�Apk22 + � kpk1

subject to � � 0; pi � 0 i = 1; : : : ; G
(4.10)

The problems (4.9) and (4.10) are equivalent in the sense that the path
of solutions of (4.9) parametrized by a positive � matches with the solution
path (4.10) as � varies. To go from one formulation to the other one we need
a proper correspondence between the parameters.
The problem (4.10) can be solved with the LARS/homotopy algorithm

for positive LASSO. The method operates in an iterative fashion computing
the critical regularization parameters � 0 > � 1 > � � � > � stop > 0 and the
associated minimizers p (� 0) ; p (� 1) ; : : : ;p (� stop), where an inactive com-
ponent of p becomes positive or an active element becomes equal to zero.
Let us remark that there is only one new candidate to enter or leave the
active set at each iteration (this is the �one at a time condition" described
by Efron et al. [19]).
The algorithm is based on the computation of the so-called vector of

residual correlations, or just residual correlation, b (�)= AT (r̂�Ap (�)) at
each iteration. The method starts with p = 0 which is the solution of (4.10)
for all the � > � 0 = 2max

i

�
AT r̂

�
i
, being

�
AT r̂

�
i
the ith component of the

vectorAT r̂, and proceeds in an iterative manner solving reduced-order linear
systems. The whole algorithm is summarized in Algorithm 2 (see Appendix D
and [19, 45] for further details). This iterative procedure must be halted when

a stopping condition is satis�ed. This stopping criterion, will be described
in the next Section.
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It should be pointed out that the least squares error of the covariance �t-
ting method exposed in (4.10) decreases at each iteration of the LARS/homotopy
algorithm. This result is justi�ed by the next two theorems.

Theorem 1. The sum of the powers increases monotonically at each itera-
tion of the algorithm. Given two vectors with non-negative elements p(�n+1)
and p(�n) that are minimizers of (4.10) for two breakpoints �n+1 and �n
respectively, with �n > �n+1, it can be stated that

p(�n+1)1> kp(�n)k1 :
Proof. See Appendix A.

Theorem 2. The least squares error kr̂�Ap(�)k22 decreases at each iter-
ation of LARS/homotopy algorithm. Given two vectors with non-negative
elements p(�n) and p(�n+1) that are minimizers of (4.10) for two consecut-
ive breakpoints �n and �n+1 of the LARS/homotopy, with �n > �n+1, it can
be stated that kr̂�Ap(�n+1)k22 6 kr̂�Ap(�n)k

2
2 :

Proof. See Appendix B.

4.1 Stopping criterion: the cumulative spec-
trum

The de�nition of an appropriate stopping criterion is of paramount import-
ance because it determines the �nal regularization parameter � stop and con-
sequently the number of active positions in the solution vector. In general,
larger values of � produce sparser solutions. Nevertheless, this fact cannot
be guaranteed: at some breakpoints, some entries may need to be removed
from the active set.
Most of the traditional approaches exposed in the literature for choosing

the regularization parameter in discrete ill-posed problems are based on the
norm of the residual error in one way or another, e. g. discrepancy principle,
cross validation and the L-curve. Nevertheless, recent publications [46], [47]
suggest the use of a new parameter-choice method based on the residual
spectrum. This technique is based on the evaluation of the shape of the
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Algorithm 2 Proposed method

INITIALIZATION: p = 0, � 0 = 2max
i

�
AT r̂

�
i
, n = 0

J = active set = ? ; I = inactive set = J c
while 6=stopping criterion and 9 i 2 I such that bi > 0 do
1) Compute the residual correlation b = AT (r̂�Ap)
2) Determine the maximal components of b. These will be the non-zero
elements of p(�n) (active components).

J = argmax fbjg, I = J c
3) Calculate the update direction u such that all the active compon-
ents lead to an uniform decrease of the residual correlation (equiangular
direction).

uJ =
�
AT
JAJ

��1
1J

4) Compute the step size  such that a new element of the b becomes
equal to the maximal ones (9 i 2 I such that bi (�n+1) = bj2J (�n+1))
or one non-zero component of p becomes zero (9 j 2 J such that
pj (�n+1) = 0).
5) Actualize p! p+ u; �n+1 = �n � 2; n = n+ 1

end while

Fourier transform of the residual error. From the best of our knowledge, this
approach has never been used as a stopping criterion in sparse representation
problems. The method exposed herein is inspired in the same idea with some
slight modi�cations. The main di¤erence resides in the fact that no Fourier
transform needs to be computed over the residual, as it will be exposed later
on, the spatial spectrum of the residual arises in a natural way when the
LARS/homotopy is applied to (4.10). The following result is the key point
of the stopping criterion proposed in this master thesis.

Theorem 3. When the LARS/homotopy is applied to the problem (4.10), the
residual correlation obtained at the k-th iteration of the algorithm, expressed
as b (� k)=AT (r̂ � Ap(� k)), is equivalent to the Bartlett estimator applied
to the residual covariance matrix Ĉk = R̂ �

GP
i=1
pi (� k) sis

H
i
. Then, the i-th

component of the vector of residual correlations satis�es bi(� k) = sHi Ĉksi.

Proof. See Appendix C
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This theorem provides an alternative interpretation of the residual cor-
relation at the k-th iteration b (� k) which can be seen as a residual spatial
spectrum. Bearing in mind this idea and under the assumption that the noise
is zero-mean and spatially white the following parameter-choice method is
proposed: to stop as soon as the residual correlation resembles white noise.
Under the assumption that the noise is spatially white, the power is dis-

tributed uniformly over all the angles of arrival and the spatial spectrum has
to be �at. To determine whether the residual correlation corresponds to a
white noise spectrum a statistical tool has to be considered. Several tests are
available in the literature to test the hypothesis of white noise. Herein the
metric that will be considered to see if the residual looks like noise is:

ck (l) =

lP
i=1

jbi (�k)j

GP
i=1

jbi (�k)j
l = 1; � � � ; G (4.11)

where the subindex k denotes the k-th iteration of the LARS/homotopy
algorithm, with k = 0; � � � ; kstop. The metric ck is a slight modi�cation of
the conventional normalized cumulative periodogram proposed by Bartlett in
[48] and later by Durbin in [49] . Traditionally, the cumulative periodogram
has been de�ned for real-valued time series. In the real case, the spectrum is
symmetric and only half of the spectrum needs to be computed. However, it
can be easily extended to embrace complex-valued vectors as it is shown in
(4.11). Throughout this entire document ck will be referred to as Normalized
Cumulative Spectrum (NCS).
For an ideal white noise the plot of the NCS is a straight line and re-

sembles the cumulative distribution of a uniform distribution. Thus, any
distributional test, such as the Kolmogorov-Smirnov (K-S) test, can be con-
sidered to determine the �goodness of �t�between the cumulative spectrum
and the theoretical straight line. In [48] Bartlett proposed the use of the
Kolmogorov-Smirnov test which is based on the largest deviation in absolute
value between the cumulative spectrum and the theoretical straight line. The
K-S test rejects the hypothesis of white noise whenever the maximum devi-
ation between the cumulative spectrum and the straight line is too large.
On the contrary, the cumulative spectrum is considered white noise if it lies
within the Kolmogorov-Smirnov limits. The upper and the lower K-S limits,
as a function of index l; are given by
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l

G
� �p

MN
(4.12)

where � = 1:36 for the 95% con�dence band and � = 1:63 for the 99%
band.
Notice that the NCS does not require an accurate estimation of the noise

power at the receiver. Since the cumulative spectrum (4.11) is normalized
with respect to the average power at each k-th iteration, the decision metric
only depends on the shape of the spatial spectrum.
The proposed stopping condition is: to stop as soon as the residual

correlation resembles white noise, that is, when the NCS lies within the
Kolmogorov-Smirnov limits.
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Chapter 5

Numerical results

The aim of this Section is to analyze the performance of the covariance
�tting method proposed in this master tesis. To carry out this objective,
some simulations have been done in Matlab. Throughout the simulations, a
uniform grid with 1o of resolution has been considered for all the analyzed
techniques. Furthermore, a zero-mean white Gaussian noise with power �2w =
1 has been considered. The generated source signals are uncorrelated and
distributed as circularly symmetric i.i.d complex Gaussian variables with
zero mean. Since the same power P will be considered for all the sources,
throughout this entire section the signal to noise ratio (SNR) is de�ned by
SNR(dB) = 10 log10(

P
�2w
):

To illustrate the algorithm and the new stopping condition based on the
cumulative spectrum, we have considered four uncorrelated sources located
at -36o, -30o, 30o, 50o that impinge on a uniform linear array (ULA) with
M = 10 sensors separated by half the wavelength. The SNR is set to 0
dB and the sample covariance matrix is computed with N = 600 snapshots.
Figure 5.1 and Figure 5.2 show the evolution of the normalized cumulative
spectrum and the vector of residual correlations, respectively. As it is shown
in Figure 1, the algorithm is stopped after 16 iterations when the NCS lies
within the Kolmogorov Smirnov limits of the 99% con�dence band. The
�nal solution p is shown in the Figure 5.3. Note that the residual spectrum
of the �nal solution in Figure 5.2 is almost �at and the residual correlation
resembles white noise.
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Figure 5.1: Cumulative Spectrum as a function of the angle
index. The scenario is composed by four sources located at
� = [�36 o ;�30 o ; 30 o ; 50 o ]; M = 10 sensors; N = 600 snapshots, SNR = 0
dB. The �nal solution is achieved after 16 iterations of the LARS/homotopy
and it is chosen as the �rst one that lies within the Kolmogorov-Smirnov
limits of the 99% con�dence band.
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Figure 5.2: Evolution of the vector of residual correlations b with the itera-
tions of the LARS/homotopy. The scenario is composed by four sources loc-
ated at � = [�36 o ;�30 o ; 30 o ; 50 o ]; M = 10 sensors; N = 600 snapshots,
SNR = 0 dB. The �nal solution is achieved after 16 iterations of the
LARS/homotopy and it is chosen as the �rst one that lies within the
Kolmogorov-Smirnov limits of the 99%. Note that the residual correlation is
almost �at.
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Figure 5.3: The power estimate of the proposed covariance matrix
�tting method. Final solution p obtained by the LARS/homotopy
after 16 iterations. The settings are: four sources located at
� = [�36 o ;�30 o ; 30 o ; 50 o ]; M = 10 sensors; N = 600 snapshots, SNR = 0
dB.
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Next, the probability of resolution of the covariance �tting method as a
function of the SNR is investigated. With this aim we have considered two
uncorrelated sources located at -36o and -30o that impinge on a ULA with
M = 9 sensors. Both sources transmit with the same power and the sample
covariance has been computed with N = 1000 snapshots. Figure 5.4 shows
the results of the covariance �tting method compared to other classical es-
timators: MUSIC [4], Capon [2] and Normalized Capon [3]. In order to make
a fair comparison between the di¤erent techniques, the number of sources of
the MUSIC algorithm has been estimated with the Akaike Information Cri-
terion (AIC) [7]. The curves in Figure 5.4 are averaged over 300 independent
simulation runs. From this �gure, it is clear that the proposed covariance
�tting technique outperforms the other classical estimators and it is about
6 dB better than the MUSIC algorithm and about 12 dB better than the
Normalized Capon method.
Next, the perfomance of the proposed method in terms of Root Mean

Square Error (RMSE) is analyzed and presented in Figure 5.5. Two uncor-
related sources separated by �� = 6o that impinge on an array of M = 9
sensors were taken into account in the simulations. In this case, the positions
of the sources do not correspond to the angles of the grid. With this aim, the
angle of the �rst source �1 is generated as a random variable following a uni-
form distribution between -80o and 80o and the angle of the second source
is generated as �2 = �1 + ��: The sample covariance has been computed
with 900 snapshots. Figure 5.5 shows the RMSE of the proposed method
and MUSIC as a function of the SNR as long as the two sources are resolved
with a probability equal to 1. In the case of MUSIC the determination of the
number of signal sources is performed by the AIC. The two curves are based
on the average of 300 independent runs. From Figure 5.5 it can be concluded
that at low SNR the proposed method outperforms MUSIC. When the SNR
increases both methods tends to exhibit the same performance.
Finally, the resolution capability of the method as a function of the num-

ber of snapshots is investigated. The scenario considered for this purpose is
the following: two sources located at �1 = �36o and �1 = �30o that impinge
on a ULA with M = 9 sensors. In this case, the transmitted signals have
constant modulus, which is a common situation in communications applic-
ations, s1(t) = ej'1(t) and s2(t) = ej'2(t). The signal phases f'k(t)g2k=1 are
independent and follow a uniform distribution in [0; 2�]. Figure 5.6 shows the
probability of resolution of the proposed method and MUSIC as a function
of the number of snapshots N . In this case the signal to noise ratio is �xed to
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Figure 5.4: Probability of resolution against SNR.
� = [�36 o ;�30 o ]; M = 9 sensors; N = 1000 snapshots. The curves
were obtained by averaging the results of 300 independent simulation runs.

1 dB. As in the previous cases, in order to make a fair comparison between
the two techniques, the number of sources of the MUSIC algorithm has been
determined using AIC. The curves were obtained by averaging the results
of 500 independent trials. Note that the covariance �tting method clearly
outperforms MUSIC and is able to resolve the two sources with a probability
greater than 95% if N > 30:
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Chapter 6

Conclusions and future
research lines

A new method for �nding the directions of arrival of multiple sources that
impinge on a ULA has been presented in this master thesis. The proposed
technique is based on sparse signal representation and outperforms classical
direction �nding algorithms, even subspace methods, in terms of RMSE and
probability of resolution. The proposed technique assumes white noise and
uncorrelated point sources. Furthermore, it does not require either the know-
ledge of the number of sources or a previous initialization.

Related to this work, the next future lines of research are considered:

1. The extension of the algorithm to correlated sources and non-
linear arrays using new algorithms for solving the linearly constrained
l1-penalized least-squares problems based on the LARS method.

2. Frequency estimation in irregularly sampled time series. Re-
cently, the location of pure frequencies in the spectrum of irregularly
sampled time series has attracted the interest of the researchers in sev-
eral areas in the last years, such as in astrophysical data analysis. In
this �eld, large time series of observations exhibit sampling irregular-
ities and large observational gaps caused by the earth�s rotation and
the weather conditions. So far, from the best of our knowledge, the
algorithms proposed for the estimation of the frequencies are based
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on ad-hoc criteria based on the discretised Fourier spectrum of the
residual. The use of the LARS/homotopy method jointly with the nor-
malized cumulative periodogram provides an interesting criterion that
can be investigated as a tool for the estimation of the frequencies of
pure sinusoids in irregularly sampled time series.

42



Appendix A

Proof of theorem 1

The LARS/homotopy provides all the breakpoints � 0 > � 1 > � � � > � stop > 0
and the associated solutions p(� 0); p(� 1); : : : ; p(� stop) where a new compon-
ent enter or leaves the support (the set of active elements) of p(�): It can be
proved that the sum of powers increases monotonically at each iteration of
the algorithm. Suppose two non-negative vectors p(�n) and p(�n+1) that are
minimizers of (4.10) for the regularization parameters �n and �n+1, respect-
ively, with �n > �n+1 > 0: The following inequality holds for the breakpoint
�n:

kr̂�Ap (�n)k22 + �n kp (�n)k1 6 kr̂�Ap (�n+1)k
2
2 + �n kp (�n+1)k1 (6.1)

Note that the regularization parameter �n is the same on both sides of
the inequality. The expression on the right-hand side of the inequality (6.1)
is equal to kr̂�Ap (�n+1)k22 + �n+1 kp (�n+1)k1 +(�n � �n+1) kp (�n+1)k1 :
Therefore, the expression (6.1) can be rewritten as:

kr̂�Ap (�n)k22 + �n kp (�n)k1 6 kr̂�Ap (�n+1)k
2
2 + �n+1 kp (�n+1)k1

+(�n � �n+1) kp (�n+1)k1
(6.2)

By using minimization properties, if p (�n+1) is the minimizer of (4.10)
for the regularization parameter �n+1. Then, next inequality holds:

kr̂�Ap (�n+1)k22 + �n+1 kp (�n+1)k1 6 kr̂�Ap (�n)k
2
2 + �n+1 kp (�n)k1 (6.3)
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Note that the regularization parameter �n+1 is the same on both sides
of the inequality. Bearing in mind (6.3) and (6.2), it is straightforward to
obtain

kr̂�Ap (�n)k22 + �n kp (�n)k1 6 kr̂�Ap (�n)k
2
2 + �n+1 kp (�n)k1

+(�n � �n+1) kp (�n+1)k1
(6.4)

If the term �n kp (�n)k1 is added and subtracted from expression on the
right-hand side of the inequality (6.4), the next expression is obtained:

kr̂�Ap (�n)k22 + �n kp (�n)k1 6 kr̂�Ap (�n)k22 + �n kp (�n)k1
+(�n � �n+1) (kp (�n+1)k1 � kp (�n)k1)

(6.5)

Therefore we can conclude that (�n��n+1)( kp(�n+1)k1�kp(�n)k1 ) > 0.
As �n > �n+1 > 0; then kp(�n+1)k1�kp(�n)k1> 0. Finally, we obtain
kp(�n+1)k1> kp(�n)k1 :
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Appendix B

Proof of theorem 2

If p(�n+1) is a vector with non-negative components that minimizes the prob-
lem (4.10) for �n+1 > 0, then the following inequality is ful�lled:

kr̂�Ap(�n+1)k22+�n+1 kp(�n+1)k1 6 kr̂�Ap(�n)k22+�n+1 kp(�n)k1 (6.6)

which can be rewritten as:

�n+1(kp(�n+1)k1 � kp(�n)k1) 6 kr̂�Ap(�n)k22 � kr̂�Ap(�n+1)k
2
2 (6.7)

Since �n+1 > 0 and kp(�n+1)k1�kp(�n)k1 > 0, as it was proved in Theorem

1, the following inequality is ful�lled kr̂�Ap(�n)k22�kr̂�Ap(�n+1)k
2
2 > 0.

Finally, we obtain kr̂�Ap(�n)k22 > kr̂�Ap(�n+1)k
2
2 :
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Appendix C

An alternative interpretation of the residual

The residual correlation b that appears when the LARS/homotopy algorithm
is applied to the problem (4.10), has a clear physical interpretation.
Bearing in mind (4.7), the residual correlation b when LARS/homotopy

is applied to (4.10) takes the form

b(�) = AT (r̂�Ap(�)) =
h
~AT
r

~AT
i

i  " r̂r
r̂i

#
�
"
~Ar

~Ai

#
p(�)

!
(6.8)

which can be rewritten in terms of complex matrices ~A exposed in (4.6) and
the sample covariance R̂.

b(�) = Re
n
~AH

�
vec

h
R̂
i
� ~Ap(�)

�o
(6.9)

The term ~Ap(�) can be expressed as

~Ap(�) =
�
s�
1

s

1
s�
2

s

2
� � � s�

G

s

G

�
26664
p1 (�)
p2 (�)
...

pG (�)

37775 =
GX
i=1

pi (�) s
�
i

 si (6.10)

Since s�
i

 s

i
=vec(s

i
sH
i
), then ~Ap(�) = vec

(
GP
i=1
pi (�) sis

H
i

)
Applying from (6.10) to (6.9) the residual correlation at breakpoint �

yields:
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b(�) = Re

(
~AH

 
vec
h
R̂
i
� vec

"
GX
i=1

pi (�) sis
H
i

#!)
= Re

(
~AH vec

 
R̂�

GX
i=1

pi (�) sis
H
i

!)
(6.11)

Bearing in mind the matrix ~A presented in (4.6), the last expression can
be rewritten as:

b(�) = Re

8>>><>>>:
26664
sT
1

 sH

1

sT
2

 sH

2

...
sT
G

 sH

G

37775 vec hĈ�i
9>>>=>>>; = Re

8>>>>>><>>>>>>:

26666664

�
sT
1

 sH

1

�
vec
h
Ĉ�

i
�
sT
2

 sH

2

�
vec
h
Ĉ�

i
...�

sT
G

 sH

G

�
vec
h
Ĉ�

i

37777775

9>>>>>>=>>>>>>;
= Re

8>>><>>>:
26664
sH
1
Ĉ�s1

sH
2
Ĉ�s2
...

sH
G
Ĉ�sG

37775
9>>>=>>>;

(6.12)

being Ĉ� = R̂�
GP
i=1
pi (�) sis

H
i
.

The ith component of b(�) is real because it ful�lls sH
i
Ĉ�si = s

H
i
ĈH
� si.

Therefore, the residual correlation yields:

b(�) =
h
sH
1
Ĉ�s1 sH

2
Ĉ�s2 � � � sH

G
Ĉ�sG

iT
(6.13)

This result provides an alternative interpretation of the residual cor-
relation. At each breakpoint � , the corresponding residual b(�) can be
seen as the Bartlett estimator applied to the residual covariance matrix

Ĉ� = R̂�
GP
i=1
pi (�) sis

H
i
:

47



Appendix D

The LARS/homotopy for source location

The method operates in an iterative fashion computing the critical regular-
ization parameters � 0 > � 1 > � � � > � stop > 0 and the associated minimizers
p (� 0) ; p (� 1) ; :::; p (� stop) where an inactive component of p becomes positive
or an active element becomes equal to zero. The algorithm is based on the
computation of the so-called vector of residual correlations, or just residual
correlation, b (�) = AT (r̂�Ap (�)) at each iteration. Let J = fi : pi 6= 0g
denote the support of p (�) or active set and let I = fi : pi = 0g denote
the inactive set. Residual correlations on the support J must all have equal
magnitude �

2
, that is bj(�) = �

2
for j 2 J , whereas the residual correlations

for the inactive elements satisfy bi 6 �
2
for i 2 I:

The LARS/homotopy starts with p = 0 which is the solution of (4.10)
for all the � > � 0 = 2max

i

�
AT r̂

�
i
, being

�
AT r̂

�
i
the i-th component of the

vectorAT r̂, and proceeds in an iterative manner solving reduced-order linear
systems. Given the solution at one breakpoint �n, denoted by p (�n) ; it is
possible to construct the solution at the next breakpoint p (�n+1) as follows:

p (�n+1) = p (�n) + u (�n+1) (6.14)

being u (�n+1) the update direction and  > 0 the walking step. It is import-
ant to remark that  depends also on �n+1. However, herein this dependency
is omitted for notational convenience. This step results in a change in the
residual correlation of:

b (�n+1) = b (�n)� ATAu (�n+1) = b (�n)� v (�n+1) (6.15)
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Where the update direction is given by the solution of the following re-
duced order linear system:

AT
JAJuJ (�n+1) = 1J (6.16)

and ui (�n+1) = 0 for the components o¤ of the active set (ui (�n+1) = 0 for
i =2 J at �n). Where AJ denotes a submatrix of A consisting of the columns
of the elements of the set J and 1J denotes a column vector of ones with
length equal to the cardinality of the set J . The update direction uJ (�n+1) =�
AT
JAJ

��1
1J , also named equiangular direction by Efron et al. in [19], en-

sures that the maximal components of the residual correlation, those corres-
ponding to the active set, decline equally.

The step size  > 0 is calculated as the smallest real number that makes
a component of the new residual (6.15) becomes equal in size to the maximal
ones or an active component of p become equal to zero. Formally the step
size is determined by (see [17] and [45] for further details):

 = min f1; 2g (6.17)

1 is de�ned as 1 = min
i2I

�n
2
�bi(�n)

1�vi(�n+1) and is the minimum step which implies

the activation of a zero component of p: The parameter 2 is related with
the second scenario leading to a breakpoint: when an active component
crosses zeros. This occurs when 2 = min

j2J

n
� pj(�n)

uj(�n+1)

o
. It is important to

remark that there is only one new candidate to enter or leave the active set
at iteration of the algorithm (this condition is the so-called "one at a time
condition" by Efron et al. in [19]).

With the new step size the next breakpoint can be obtained as �n+1 =
�n � 2 (since  > 0, then �n > �n+1) and the associated minimizer as
p (�n+1) = p (�n)+u (�n+1) : This iterative procedure must be halted when
a stopping condition is satis�ed.
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