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Esta tesina, realizada en el ETH de Zurich, incluye una retrospectiva de la vida de Eduardo Torroja 
y sus principales proyectos, en particular el Mercado de Abastos de Algeciras diseñado en 1933, en 
el cual se han estudiado los planos y memoria originales. Éstos han sido cedidos por el Archivo 
Torroja en el CEHOPU en Madrid, en enero de 2012, para la realización de este documento.

En primer lugar se ha revisado la vida y contribuciones de Eduardo Torroja a los campos de 
la ingeniería civil y la arquitectura. Se ha presentado una selección de los principales proyectos de 
Torroja, donde se han incluido los siguientes proyectos: acueducto de Tempul, puente de Sancti 
Petri, Frontón Recoletos, Hipódromo de la Zarzuela y acueducto de Alloz. En cada uno de estos 
proyectos se ha procurado destacar sus aspectos innovadores y su contribución a la práctica de la 
ingeniería  civil.  Para  su  desarrollo  se  ha  utilizado  material  gráfico  de  sus  principales  obras  y 
documentos del Archivo Torroja. Complementariamente, se ha realizado un breve estudio sobre 
láminas de hormigón, explicando su historia, evolución, ventajas e inconvenientes así como las 
obras de sus máximos exponentes.

El Mercado de Abastos de Algeciras ha sido revisado y situado en contexto. Se ha descrito el 
proyecto desde su concepción hasta el proceso constructivo, que sufrió diversos cambios durante la 
realización del proyecto. Se muestran también fotografías originales del Archivo Torroja, así como 
el proyecto de remodelación llevado a cabo recientemente.

Los cálculos originales, planos, especificaciones técnicas y fotos de el Mercado han sido 
estudiados y analizados con el fin de proporcionar una mejor comprensión de la estructura y para 
mostrar  cómo los  cálculos  se  llevaron  a  cabo.  Al  mismo tiempo,  los  resultados  obtenidos  por 
Torroja en los cálculos originales han sido comparados con los obtenidos con las teorías de lámina 
utilizadas hoy en día.

Torroja estudió las tensiones en la cúpula del mercado mediante un método gráfico usado 
para estado de membrana. Se ha hecho un estudio analítico de las tensiones y las deformaciones y 
los resultados se han contrastado entre sí, dando mismos órdenes de magnitud. Otros análisis que se 
han llevado a cabo incluyen carga de viento o nieve, siempre considerando tensiones de membrana.

Los efectos locales que se generan en la unión entre el anillo de refuerzo y el borde de la 
cúpula se han estudiado y modelado con una analogía con la teoría de vigas flotantes. Este estudio 
lo lleva a cabo también Torroja en sus cálculos originales, dando resultados muy similares en cuanto 
a momentos flectores, cortantes y desplazamientos.

Otros análisis llevados a cabo incluyen el encofrado, consideraciones sobre el pandeo, un 
estudio de las tensiones en la cúpula teniendo en cuenta la claraboya, un estudio de las bóvedas 
cilíndricas  mediante  el  método  gráfico  original,  un  estudio  del  método  de  tensado  del  anillo 
perimetral  y  una  validación  de  los  resultados  con  un  modelo  de  elementos  finitos,  que  se  ha 
utilizado únicamente para comprobar los patrones de comportamiento y los órdenes de magnitud.

Tras el estudio llevado a cabo se puede concluir que Torroja entendió cómo trabajaba la 
estructura y fue capaz de aproximar el comportamiento de la cúpula con la suficiente precisión. 
Además,  también  se  ha  demostrado  que,  bajo  ciertas  condiciones  de  contorno,  la  teoría  de  la 
membrana predice con exactitud las tensiones y deformaciones en las láminas esféricas. Se muestra 
también que los métodos gráficos  pueden ser lo suficientemente precisos para dar una primera 
aproximación de los valores de tensiones

Aparte  de  estas  valoraciones,  se  considera  que  se  ha  conseguido  ilustrar  la  filosofía  y 
contribuciones de Torroja a la ingeniería española y mundial con suficiente detalle.
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This thesis, carried out at the ETH in Zurich, includes a retrospective of the life of Eduardo Torroja 
and his main projects, in particular the Algeciras Market Hall designed in 1933, by studying the 
original drawings and calculations, which were handed over by the Torroja Archive in the CEHOPU 
in Madrid, in January 2012.

 First, the life and contributions of Torroja to the Civil engineering and architecture practices 
has been reviewed. A selection of projects has also been provided, and the following projects by 
Torroja have been reviewed: Tempul aqueduct, Sancti Petri  bridge, Frontón Recoletos, Zarzuela 
Racecourse and Alloz aqueduct. In each of these projects, efforts have been made to highlight the 
innovative aspects and its contribution to the civil  engineering practice.  This has been done by 
reviewing the main publications by Torroja and pictures and technical prospects handed over by the 
Torroja  Archive.  Additionally,  a  brief  study on  concrete  shell  structures  has  been  carried  out, 
explaining its history, evolution, advantages and disadvantages as well as the works of the main 
designers in the field.

The Market Hall in Algeciras has been reviewed and summarized. The conception, structure 
and construction procedure have been described and illustrated with photographs from the Torroja 
Archive.  Details  on  the  restoration  projects  and  graphical  images  handed  over  by  the  Torroja 
Archive have also been displayed.

The original calculations, drawings, technical specifications and pictures of the Market Hall 
in  Algeciras  have  been studied  and analyzed in  order  to  provide  a  better  understanding of  the 
structure and to show how the calculations were carried out. At the same time, the results obtained 
by Torroja in the original calculations have been compared with those obtained with shell theories  
used nowadays.

Torroja studied the stresses in the shell with a graphical method for membrane state theory. 
An analytical study has been carried out and the results have been contrasted with each other, giving 
same orders of magnitude. Further analysis have been carried out regarding wind loading and snow 
loading with very similar patterns, always considering membrane state of the shell.

The local effects that are generated in the junction between the reinforcement ring and the 
edge of the shell have been studied and modeled with an analogy with the floating beam. Torroja 
followed the same approach, and the results give very similar results.

Further analysis have included a study of the formwork, a brief mention to buckling, the 
stresses in the shell taking into consideration the skylight, the study of the cylindrical vaults using 
the funicular polygon, the original method for stressing the ring and a validation of the results with 
a finite element method, which has been only used to validate the pattern of the stresses and to 
check the orders of magnitude for the different strains.

The study shows that  Torroja  understood the structure and was able  to  approximate the 
behavior of the shell very accurately. Furthermore, it has also been demonstrated that under certain 
boundary conditions the membrane theory of shells predicts accurately the stresses and strains in the 
shell. Furthermore, the graphical methods can give a first approximation of the stresses in the shell, 
and  its  pattern  has  been  recognized.  Apart  from  these  considerations,  it  is  thought  that  the 
philosophy and contributions of Torroja to the Spanish and global engineering has been illustrated 
with enough detail.
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0. Introduction and Purposes

This thesis includes a retrospective of the life of Eduardo Torroja and his main projects, in particular  the  Algeciras Market Hall,  which was designed in 1933.  The CEHOPU,  based in Madrid, kindly handed over the original calculations, drawings, technical specifications and pictures of the Market Hall. These have been studied and analyzed in order to provide a better understanding of the structure and to show how the calculations were carried out.  At the same time,  this  document  compares  the  results  of  Torroja with those  obtained with shell  theories used nowadays.
As mentioned previously, this thesis originated thanks to Prof. Dr. Peter Marti, who proposed this topic in July 2011. After considering several projects, it was decided to select the Market Hall in Algeciras for several reasons. First, it is one of the most important projects of Eduardo Torroja and one of the most emblematic. Second, the available documentation for this project was very comprehensive and it allowed a deep research on it. Third, there are no previous  analysis of the structure.
The thesis has been structured in three main parts. A comment about the life and projects of  Eduardo Torroja,  a deep description of the Market Hall in Algeciras and an analysis of the  structure. Along with what has been explained above, the main purposes of this thesis are to:
Review the life and philosophy of Eduardo Torroja in order to have a closer understanding of his contribution to Structural and Civil engineering.
Provide a selection of the main works and projects of Eduardo Torroja, underlining the main innovative features that contributed to the improvement of the construction techniques of the twentieth century.
Summarize the evolution of thin concrete shells, in particular spherical shells.
Describe the main features and construction procedures in the Market Hall in Algeciras.
Analyze the original drawings, calculations and technical specifications of the Market Hall in order to show the approach of Eduardo Torroja in this particular project.
Compare the results that Torroja obtained with those using standard theories.





1. About Eduardo Torroja

The origins

Eduardo Torroja Miret was the son of Eduardo Torroja Caballé and María Mercedes Miret, a  Catalan couple.
Torroja Caballé was a renowned mathematician, architect and Doctor of Science. The influence that  his  scientific  rigor  and  mathematical  spirit  had  upon Eduardo  Torroja  and  upon the architecture in Spain makes it necessary to study his figure and contributions in greater detail, and it  will  help to  better  understand some characteristics  of  the  works  and projects  that Torroja and other designers of that time undertook.
Eduardo Torroja Caballé was an academic who participated in  the  renovation  of  the  mathematical  analysis  in  Spain, along  with  two  great  mathematicians  of  that  time,  José Echegaray and Zoel García de Galdeano.
Among  other  important  innovations  in  the  field  of geometry, Torroja introduced and developed in his country the concepts of ruled surfaces, first introduced by Leroy in “Traite  de  geometrie  descriptive”. The  book  by  Torroja "Teoría  geométrica  de  las  líneas  alabeadas  y  de  las superficies  desarrollables"   (Geometric  theory  of  twisted  
lines and developable surfaces),  published in 1904, was an unprecedented advance in the field of geometry.
A ruled surface is that in which at any point there exists a straight line which is contained in  the surface. This means that any ruled surface may be defined through straight lines, hence allowing  a  definition  of  the  surface  that  is  easier  than  that  of  other  arbitrary  surfaces. Furthermore, a ruled surface may be physically constructed through straight lines. This has an important  significance  in  the  engineering  and  architecture  fields  for  its  easiness  of construction.
The easiness of definition and construction is the reason why ruled surfaces started to have a strong influence in architecture. The first important example of this in Spain is the Crypt of the Colonia  Güell  church by Gaudí.  At  the  same time of  the  introduction of  ruled surfaces  by Torroja  at  the  beginning  of  the  20th century,  Gaudí  started  to  study  its  applications  in architecture  and  construction,  and  he  would  later  masterpiece  its  practice  in  his  most renowned projects.
 

1.1. Eduardo Torroja Caballé



The life of Eduardo Torroja

Eduardo Torroja  Miret  was one of  the  most  notable  structural  engineers  of  the  twentieth century,  along  with  Isler,  Freyssinet  or  Nervi.  He  was  a  pioneer  in  the  use  of  reinforced concrete  structures,  especially  concrete  shell  structures,  as  well  as  an  extraordinary researcher and theoretician of building science.  The research and contributions of  Torroja about the behavior of reinforced concrete are internationally recognized, being still object of publications, conferences and research projects around the world (Fernández Ordóñez, 1999).
Torroja  was born in  Madrid  in  1899.  He  joined the  School  of  Civil  Engineering  in   1917,  becoming a Civil Engineer (Ingeniero de Caminos, Canales y Puertos) six years later, in 1923. Soon  after  graduating  he  joined  the  Compañía  de  Construcciones  Hidráulicas  y  Civiles  -  
Hidrocivil, where he would work for five years, mainly in the design of bridges, such as the Tempul Aqueduct or the Sancti Petri bridge in Cádiz. Even in his early projects he standed out for the innovative design of his structures.
In 1927, he joined the Board of the Ciudad Universitaria of Madrid. The architect Modesto López Otero, responsible for the project of the Ciudad Universitaria, selected a group of young graduates  for  the  Board,  among  which  he  distributed  the  different  projects.  Renowned architects  such as  Luis  Blanco  Soler,  Rafael  Bergamin,  Miguel  de  los  Santos  and  engineer Eduardo Torroja were among this select group of technicians.
Eduardo Torroja standed out for his innovative approach, making  decisive contributions to the  construction  techniques  of  the  twentieth  century.  With  his  intuition  and  the  vast possibilities of the relatively young reinforced and prestressed concrete, he shaped his own aesthetic  and functional  vision of  structural  engineering.  This  vision will  be  shown in the following chapters with a summary of his main projects and contributions.
Torroja was an important industrialist as well as a brilliant engineer. In 1927, he created his  own office, Oficina Técnica Eduardo Torroja, where he would develop his main projects. Few years later, together with a renowned group of architects and engineers, he also created the company ICON, with appropriate measuring laboratories for research and measurement on models  and applicable to  all  types  of investigations for  construction. Most  important,  his endeavor developed into the Technical Institute of Construction and Building, later known as the Technical Institute of Construction and Cement, of which Torroja became its Director.



Eduardo Torroja was not only a renowned engineer and industrialist, but also an academic. He was the author of works such as "Theory of Elasticity", "Philosophy of structures" and "Razón y Ser de los tipos estructurales". Professor of the School of Architecture and the School of Civil  Engineering, he taught "Structural Analysis", "Theory of Elasticity", "Structural Typology" and, of  course,  "Reinforced and prestressed Concrete".  He researched and theorized elastic  and visco-plastic behaviour of concrete at the Institute for Construction and Cement in Madrid. He also  taught  specialized  courses  and  conferences  in  countless  universities  and  technical associations around the world.
He was a member of the Royal Academy of Exact,  Physics and Natural Sciences,  the Royal Academy of Sciences and Arts of Barcelona and Honorary member of the Institution of Civil Engineers.  He  also  chaired  the  company  ENHER  (National  Hydroelectric  Company Ribagorzana)
Honorary  doctorate  of  the  Swiss  Federal  Institute  of  Technology  in  Zurich  (by  that  time Federal  Polytechnic  Institute),  Torroja  was  member  or  chair  of  almost  every  technical association  of  that  time,  including  the  International  Federation  for  Prestressing  and  the International Committee for Shell  Structures.  Torroja received the Grand Cross of the Civil  Order of Alfonso X El Sabio, and the Grand Cross of the Order of Civil Merit, as well as being an honorary member of many international technical partnerships .
Eduardo Torroja was involved in over 800 projects during his life, including viaducts, canals,  civil structures, churches, hangars, industrial structures, or reservoirs. As it will be seen later, all his projects had a very strong component of innovation.
Torroja  died at  the  age of  61 in  his  office of  the Technical  Institute  that  he  founded.  The Institute would be called since then Instituto Eduardo Torroja as a tribute to his figure.



The 'Instituto de Ciencias de la construcción Eduardo Torroja'

The legacy of Torroja goes beyond his projects and works. As we have already mentioned, in  1934 a group of technicians, being Eduardo Torroja the most prominent driving force, founded the Spanish Institute for Construction and Building as a private institution devoted exclusively to construction research and the study of construction materials, through the application of innovative research in appropriate measuring laboratories and facilities.
One  decade  later  the  institute  was  incorporated  into  the  Spanish  Council  for  Scientific Research. A further merger originated the Construction and Cement Engineering Institute, and it was chaired and headed by Eduardo Torroja since then. As a tribute to Eduardo Torroja after his death in June 1961, the institute was renamed as the Eduardo Torroja Institute for Construction Science (IETcc), as mentioned before.
The present activities of the Institute include scientific and technical research in the field of  construction  and  construction  materials,  technological  support  for  the  construction  and engineering  industry  and  knowledge  transfer  between  academic  communities  and  the industry through seminars, conferences and colloquiums.
The 'CEHOPU' and the Torroja ArchiveThe Centre for Historical studies of Public Works and Town Planning is a public organism that is  attached  to  the  Ministry  of  Public  Works  of  the  government  of  Spain.  This  organism promotes the study and preservation of historical and relevant public work projects carried out in Spain. The centre currently  preserves the works and projects of figures such as Carlos Fernández Casado or Eduardo Torroja.
The CEHOPU is home to the Torroja Archive, an endeavor that originated after an  agreement between the  family  of  Eduardo  Torroja  and  the  CEDEX  to  ensure  free  access  to  Torroja's projects for study and research purposes.  The archive includes almost one thousand files from the projects that Torroja carried out in his Technical Office, as well as many photographs  and publications.
Virtually all the original drawings, pictures and files from Torroja used in this document have been handed over by the Torroja Archive in Madrid in January 2012.



1.2. Eduardo Torroja Miret, born in Madrid, Spain, in 1899. Torroja Archive

1.3. Images of the Torroja Institute (left) and the CEDEX, home of the CEHOPU.



The vision of Eduardo Torroja

José Antonio Fernández Ordóñez was a Spanish Civil Engineer and a promising student when Eduardo Torroja taught Theory of Structures at the School of Civil Engineering in Madrid. In his own words: 'Eduardo Torroja and José Entrecanales inspired my vocation for engineering, not because of the technical knowledge they transmitted, but because of the vision of life I learned with them'.
In  his  book  'Eduardo  Torroja,  Engineer'  J.  A.  Fernández  Ordóñez  lists  the  'fifteen 
Ammendments of Eduardo Torroja'  (Fernández Ordóñez, 1999). These can be summarized in four main aspects and they clearly describe the vision of Eduardo Torroja: the integration of the structure in a single shape; the formal and structural simplicity; the technique-art fusion; the structural truth. Some of the Ammendments are shown below:

'Every material has a specific and distinguishing personality, and every form imposes a  
different stress  phenomenon.  The natural  solution to  a  problem, optimum in the face of  the  
previous impositions which originated it, is impressive by its message, satisfying the demands of  
both the technician and the artist.'

'The origin of a structural assembly, as a result of a creative process, a fusion of technique  
and art, ingenuity and knowledge, imagination and sensitivity, escapes the boundaries of logic to  
penetrate the frontiers of inspiration.'

'Structural design is concerned with much more than knowledge and techniques: it is also  
concerned with art, common sense, sentiment, aptitude, and enjoyment of the task of creating  
opportune outlines to which scientific calculations will add finishing touches, substantiating that  
the structure is sound and strong in accordance with the requirements'.

'Humanity builds with a purpose that is difficult to achieve. Constructions are not made  
to withstand. Its resistance is a fundamental condition, but not its purpose. '             



The Market Hall in Algeciras might be one of the most clear examples of the philosophy and  vision  of  Eduardo  Torroja.  He  understood  the  boundary  conditions  and  applied  a  very innovative solution, as it will be seen in further chapters.
At  a  glance,  it  is  an  example  of  the  integration  of  the  structure,  the  simplicity  over  the complexity, the technique-art fusion and of course a deep understanding of how the structure worked.

1.4.  Market Hall in Algeciras (1933), designed by Torroja. Torroja Archive.

1.5. Bridge in Tortosa, Spain (1983).  Bridge designed by Fernández Ordóñez and built by his  
former  professor,  José  Entrecanales.  Materials:  white  prestressed  concrete  –  steel.  It  spans  
102+180+102m and it  was  the  longest  composite  bridge in  the world  for nearly   ten years.  
Fernández  Ordóñez  declared  that  Torroja  and  Entrecanales  inspired  his  vocation  for  civil  
engineering (Fernández Ordóñez, 1999). 



A selection of projects

The following is a selection of some of the main projects carried out by Torroja. Each of the examples summarized here is important because it shows the application of new techniques  in  the  field  of  structural  and  civil  engineering,  a  particular  and  innovative  design,  a  new construction procedure or a particular feature that makes it worth mentioning.
Please note that Torroja carried out an extensive number of projects during his career. We could divide these projects  in two main parts:  conventional building projects  and singular projects. Although a high percentage of all the projects designed by Torroja were conventional building projects, this selection only includes singular projects, as they are more relevant in the field of structural and civil  engineering.  Although, Torroja also brought very important innovations in the field of building technology (Antuña, 2002); all his works were constructed before the existence of any Code of Practice, something that Torroja tried to initiate in The Institute he founded through deep experimentation. 
In  the  following examples,  most  of  which are  shell  structures,  efforts  have  been made  to underline the innovative aspects of each project, trying to analyze the differential factors that make each case special, and comparing each solution with classic designs when appropriate.
Torroja makes use of ruled surfaces in many of his projects. It is here where we go back to the  innovations  and  knowledge  in  this  field  transmitted  by  his  father,  Torroja  Caballé. Hyperboloids and hyperbolic paraboloids appear many times in his projects, as it will be seen.
All the original drawings and pictures shown in these examples have been handed over by the 'Torroja Archive', held in the CEHOPU in Madrid. 
The examples are presented chronologically in order to show the evolution of his designs.



Tempul Aqueduct (1925)

One of the first contributions of Torroja to the engineering practice is the Tempul aqueduct, one of the first cable-stayed bridges. The design was projected in  1925. An earlier structure  had been destroyed by a flooding in 1917 and a replacement was urgently required. Torroja was appointed responsible for the project and the execution. The aqueduct would span 280 m in total, of which 60 m would cover the river Guadalete in Jerez, Cádiz, Spain (Torroja, 1958). 
A first design of the aqueduct was proposed with three equal spans of 20 m, which required the construction of  foundations within the  riverbed.  The constructor raised concerns  that even piled foundations could present erosion problems, due to inadequate soils and recurrent floods. Furthermore, the piles would put up the cost considerably. As a result of this, Torroja  had to modify the initial design, which motivated the final typology of the structure. The final  proposal included the use of twisted cable stays to replace the foundations under the river, leaving the rest of the project unchanged.

1.6. Initial and final design of the bridge. Floodings were not unusual and could be very intense.  
For that reason, Torroja would later propose a cable-stayed solution replacing the foundations  
over the river.

The construction of the bridge was clearly one of the main challenges of the project because of the relatively large deflections of the cables when tensioned. The operation of bringing the cables into tension was carried out in a very innovative way. The upper section of each tower was concreted apart from the rest. The cable stays passed over saddles on top of each of those  sections, which were jacked upwards to tension the cables and lift the bridge off its formwork at the same time (Chías-Abad, 2005).



The cable forces were adjusted having a great control over shrinkage and cable relaxation. According to Torroja himself, the towers were jacked 40 cm., whereas the extremal sections of the decks lifted 5 cm. Once the cables were in tension, the tower heads were concreted and the jacks  removed.  The  cables  were  surrounded  in  concrete  to  provide  protection  against corrosion, and it compressed the deck, a concrete box.

1.7. The bridge during its construction. The tower heads are being jacked, tensing the cables and  
lifting the decks off  the formwork. Once the cables  were tensioned, the tower heads and the  
cables were concreted. Torroja Archive

The bridge was very early put to the test of floods in 1930, when the river Guadalete bursted its banks and overflowed.

1.8. Above, the ordinary level of the river. Below, the river during a flood in 1930. Torroja Archive.



Foundations of the Sancti Petri Bridge (1926)

One of the first projects in which Torroja used shell structures was the caisson design for a series of underwater foundations for bridges under compressed air.
This  system  was  a  standard  procedure  of  that  time  in  the  construction  of  underwater foundations for bridges, and it worked in the following way: the caissons were constructed inland, floated to its final site and then sunk on the riverbed after anchoring  and filling them.  The caissons acted as a chamber in which workers excavated the foundation of the bridge. Afterwards the underwater foundation under compressed air was concreted, and the caissons were removed after concrete setting.
The shape of traditional caissons was a hollow prism with plane ceiling. The height of the interior room was  limited and it could be dangerous for workers in case of accident. Torroja designed  many  traditional  caissons  between 1923  and  1925,  while  working at  Hidrocivil, introducing slight  improvements.  For the Sancti  Petri  bridges,  though,  he proposed a very innovative  solution:  a  caisson  with  a  circular  shape  and  interior  walls  in  the  shape  of hyperboloids of revolution.
This new design had many advantages: the inner walls prevented the caisson from sinking too rapidly.  That means that in very soft soil workers would not lose room too fast,   reducing  danger. The circular shape resisted better the hydrostatic pressures, and it included several bracing rods in order to prevent buckling. Its construction required less material than that of  traditional caissons. The walls were built with brick and cement mortar, reducing the weight and facilitating its flotation (Torroja, 1926).

1.9. Caisson for the foundation of Montesa Menor bridge  (left) and caisson for the  
Sancti Petri bridge in Cádiz. Both built by Torroja in 1925 and 1926.



The Algeciras Market Hall (1933)

This thin shell structure is the main topic of this document and it will be studied in  following chapters. It is mentioned here in order to give a chronological understanding of this project in  the context of the works and projects of  Torroja. 
The Market Hall in Algeciras is an thin concrete spherical shell, spanning 48 meters with a  thickness of just 10 centimeters. The dome rests on eight supports, which are connected by a prestressed ring.
The Zarzuela Racecourse in Madrid (1935) In 1934 a tender arose  for the construction of a new racecourse in Madrid. Torroja presented his proposal, in association with Arniches and Domínguez, with whom Torroja had worked in previous projects. In total, there were 9 different proposals from different architects or joint-ventures of architects and engineers.
The project consisted of a series of buildings (of which the Racecourse tribune building was the most representative) as well as the urbanization and development of the area. The most  complex factor and the key issue in the tribune building was the roof of the structure over the public stands and a top promenade.

1.10. The nine proposals for the racecourse in Madrid. Note that all of them are very similar. The  
key factor is the roof, mainly due to its own weight, which is very high compared to the overall  
actions over the structure. The last picture is the proposal of Torroja. Torroja Archive.



1.11.  Sketches  of  the  preliminary  and  final  designs  of  the  tribune  building  brought  to  the  
competition. Torroja explained about this project: 'With  only  a  few  days  left  before  the  
expiration of the deadline for submitting the designs, and when it seemed certain that we had  
lost  all  chance of  winning the competition,  the  final  form came to  me at  one o'clock in the  
morning.'  (Torroja, 1958). He was referring to the final design presented to the competition.

1.12. Image of the building supports. Note the arch shape of the lower faces. This contributed to a  
sense of amplitude of those in the main hall of the building. Torroja Archive.

Looking at the cross-section pictures of Torroja's proposal, we can observe that the lower face of the stand supports are shaped as circular arches, as opposed to all other designs. The roof  structure presents an original design with cylindrical shells.
Certainly, the roof of the structure is the differential element and probably what made this proposal win the competitive tender.  Nevertheless, the project suffered a series of changes before  its  construction.  The  roof  suffered  the  most  important  changes,  as  well  as  its construction procedure.  We shall  now describe  the  initial  and final  solutions for  the  roof, which was the most innovative element of the whole project.
The initial design consisted of a series of cantilever beams, separated 5 meters lengthwise and with a length of 13 meters. Each beam was supported by a column which absorbed the vertical stresses.  A strut 5 meters from this column would anchor the whole frame. A cylindrical shell  lied over each pair of frames. Each of these had cross stiffeners every 2.5m, only visible above the structure; the audience underneath the roof would only see a smooth surface consisting on consecutive cylindrical shells (Torroja, 1941).



1.13. Initial design of the roof structures. The cylindrical shells would be supported by every pair  
of  frames. Horizontal stresses canceled each other except at the first and last moment frames,  
where a prominent concrete structure was needed in order to absorb those.

This initial  design was later  modified,  partly because of  construction difficulties.  The roof structure would only be stable after the erection of all elements, as it would work as a whole.  This meant that the formwork and scaffolding could not be removed until the structure was totally finished, increasing its cost sensibly. Further problems were water evacuation due to the stiffeners and the fact that the roof needed to be concreted in various stages,  also for constructive reasons.
The  contribution  of  Torroja  at  this  stage  of  the  process  was  to  bring  a  solution  for  the problems that the team of architects just encountered. In fact, many sources seem to suggest  
(Antuña, 2002) that the initial design of the roof was only a preliminary layout which needed to be further studied and improved in any case. It is here where Torroja's approach proved to  be very innovative.
The first issue that needed to be addressed was the fact that the construction procedure of the initial design could not be undertaken easily. Torroja proposed, instead of cylindrical shells resting over cantilever beams, a unit structure that could stand by itself acting as a cantilever. This would reduce the scaffolding required and the complexity of the procedure. 
As in the initial  design,  where the cantilever beams presented variable thickness,  the new cantilever structure should be thicker close to the support, and also resemble a 'wave' aspect at  the  edge.  The  surface  which  most  matched  these  requirements  was  a  hyperboloid  of revolution. As it is a ruled surface, it would be possible to use straight reinforcement bars.  As  it is a surface of revolution, the scaffolding would be simpler. At the same time, the drainage and water dispersal problems would be solved, because the stiffeners  would disappear.
The shape that was finally chosen differed very slightly from that of a hyperboloid. This slight modification was mainly for aesthetic reasons (Torroja, 1958), and applied to the intersection of consecutive paraboloids,  where a straight line was used, and to the cross section at the edges, where a circular section defined the roof. This contributed to its simplification because every cross section could be generated by a circular arch.



The final design was a shell structure of a thickness of only 5 cm at the edges. The cantilever spanned nearly 13 m. This remarkable fact was obtained without the use of any nerves or stiffeners.
Torroja  admitted that  the  theoretical  study of  the  roof  was not  easily  approachable.  'The  
theory of elasticity has not yet developed a suitable mathematical technique for a stress analysis  
of  this  type of  structure'  (Torroja,  1958).  Although,  there  existed graphical  methods which could  approximate  the  position  of  the  neutral  axis  at  each  section  and  which  could  help approximate  the  direction  and  intensity  of  the  probable  stresses  and  also  the  required reinforcement in the shell.
The contractor offered to make a full scale model in order to clear any doubts. It would also help to secure the construction techniques and assure that the position of the reinforcement bars were adequate. This model was brought to breaking load, proving to be able to carry 3 times  its  own  weight  and  live  loads,  including  snow.  The  double  curvature  of  the  shape contributed to the high resistance of the element.

1.14. Direction of stresses in the shell  and full  scale model.  The model resisted a total of 5.9  
KN/m2. During the experiment the deformations were measured, with a maximum  of 15 cm at  
the edge of the cantilever. As expected, the main loading was due to the cantilever action of the  
structure, making the shell collapse through  radial compression. Torroja Archive.

Torroja showed a very innovative solution for this particular structure. He again understood the boundary conditions and applied the most suitable and creative solution of that time. 



The following is a set of images of the structure to illustrate what has been explained:

1.15. The roof structures in the tribunes once finished. The racecourse opened in 1941 after the  
end of the Spanish Civil War (1936-1939) . Note that, unlike the initial solution,  the roof did not  
require a prominent support at the edge, making the structure much  lighter. Torroja Archive  
and El País.



1.16. The structure nowadays. The racecourse is currently being restored, because of the poor  
maintenance carried out. The racecourse was declared Historic Monument in 1980. In spite of  
this, it had been semi-abandoned for several years. Junquera Arquitectos.

Junquera Arquitectos,  responsible for the project, kindly handed over graphic documentation of the renovation process.

1.17. The roof before and after its restoration. The restoration works started in 2008 and should  
finish shortly. Junquera Arquitectos.



Frontón Recoletos (1935)

Frontón, in English 'Pelota Court' is a facility designed for playing Basque Pelota, a game which originated in the Basque Country. The wall geometry required for playing this game and the location of the forecourt introduce a series of boundary conditions that need to be satisfied in  every construction of this type: a minimum height, lighting, width, etc. 
Torroja started to work in this  frontón project in early 1935, with the architect Secundino Zuazo. The structure consisted mainly of two parts: public stands and roof structure. The most  remarkable aspect of this project is the roof, a shell structure.
                          Minimum height                               Skylights

1.18.  Boundary  conditions  for  this  particular  case.  Note  that  the  minimum  height  and  the  
location and orientation of the skylights were already determined by the necessity of preventing  
direct sunlight from entering the hall. The structures of Eduardo Torroja.

These very strong constraints limited the solutions for the roof.  At first two different solutions were  proposed,  consisting  of  either  longitudinal  or  transverse  girders.  These  solutions,  though, proved not to be satisfactory. 

1.19.  Longitudinal girders roof and transverse trussed girders roof. These ideas were abandoned  
because they proved to be both aesthetically and structurally inefficient.



The final solution would be something completely different: a cylindrical shell in two lobes. 
Torroja wrote about this design:  'Remembering the requirements of height and lighting while  
also desiring to give the greatest possible feeling of spaciousness to the hall,  the hand of the  
imagination instinctively drew out two arcs, the asymmetry of which rhymes with the hall itself  
'(Torroja, 1958).

1.20. The final design of the structure. The skylights would be triangulated concrete structures  
and triangular glass panels.  The structures of Eduardo Torroja.

This cylindrical shell in two lobes had the following features: around 55 meters long and 32 wide. The radius of the larger cylindrical sector was 12.2 meters while that of the smaller was  6.4 m. Both cylindrical sectors encountered at an angle of 90o. The thickness of the shell was 8 cm  except  close  to  the  supports,  where  it  grew  up  to  16  cm.  The  structure  was  simply supported over the two longitudinal edges.
Certainly,  this  solution  had  some  minor  inconveniences.  The  whole  structure  had  to  be concreted in  one single  operation,  meaning that  the  necessary  amount  of  timber for  the formwork would be higher than in other solutions. Although, the completion of the hall was an urgent issue, and the shell structure was very thin, meaning that the scaffolding need not have been very heavy and resistant. Furthermore, the construction could be carried out in only 90 working days, compensating for the formwork used. 
For the calculation of the shell structure Torroja followed the latest theories of that time. It is  remarkable  that  Torroja  wanted  to  explore  the  latest  theories  in  its  applications  for construction. Shell structures were already a spread typology in countries such as Germany and France, and many important projects had been carried out.



In this case, the approach of Torroja followed the theory of Finsterwalder (1932), applicable to long structures, which was the earliest theory for cylindrical shells. This theory, as opposed to  those  of  Flügge  (1934) or  Dischinger  (1935)  that  were  developed  later,  used  some simplifications in the number of variables used, as some stresses, moments and deformations were considered zero.
The classic method followed by Torroja proved to be more complicated than usual, because of  the  asymmetry  of  the  shell,  the  intersection  between the  two  cylindrical  sectors  and  the skylights.  Furthermore,  wind,   snow  and  live  actions  had  to  be  studied  under  different conditions.  Torroja admitted that it  took three months of very hard work to carry out the  calculations. 
In order to support the results, a scale model was constructed and tested. Certainly there was a danger of error. Furthermore, the calculations were carried out without taking into account the  skylights,  and  its  influence  over  the  real  structure  was  unknown.  The  model  was constructed to scale 1/10. Its results were later compared with those of the classic theory and with the real structure, which was monitored during its erection, as will be seen later.

1.21.  Image of  the scale model with the reading instrumentation.  The model  used a pioneer  
method for applying the loads and recording the stresses and deformations. This system allowed  
the simulation of wind suction as well as other interactions. Archivo Torroja.



The construction procedure is also worth mentioning. The formwork consisted of a continous surface supported over  a second scaffolding with a series of  sand boxes,  which would be useful  for  the  removal  of  the  formwork.  Once  the  concrete  had set,  the  sand  boxes  were partially emptied, and the deformations of the roof were monitored in 100 points. 

1.22.  The  formwork  of  the  roof  structure.  Once  the  concrete  had  set,  the  sand  boxes  were  
emptied, making the upper formwork go down. Torroja Archive

The  values  of  the  deformations  of  the  theoretical  results,  the  scale  model  and  the  real structure were compared.  Except for slight  differences in  the skylights,  due to the greater rigidity of those, all measurements coincided well.

1.23. Comparison of actual, theoretical and model deformations in the shell. The structures of  
Eduardo Torroja.

During the  early  stage  of  the  construction  of  the  shell,  the  strains  and  deflections  of  the  structure were recorded. Torroja mentioned in a report that a longitudinal crack in the  larger cylindrical  sector  appeared after construction:  'This  crack is  evidently  produced due to  the  
bending concentration'. (Torroja, 1941). Nevertheless, this crack was not of importance.

Sand boxes

TheoreticalModelActual



There were also cracks in the structure close to the supports,   due to torsional moments. Despite  these  cracks  were of  little  importance,  Torroja  advised that  for  larger  shells  with different stiffnesses torsion be taken into account, establishing a practical limitation to the theory of  Finsterwalder.

1.24. A comparison of the cylindrical shell with other similar shells previously built. The shell was  
the largest of its type. Its most remarkable feature was the combination of the two cylindrical  
sectors. Torroja Archive.

The  structure  was  built  only  months  before  the  outbreak  of  the  Spanish  Civil  War.  The structure suffered several  hits  and strong vibrations due to  bombings  in  Madrid.  For  that reason, the nerve that joined the two cylindrical sectors suffered strong deflections, and the larger sector was severely cracked.
Just after the end of the war, Torroja proposed a series of transverse rings for stiffening the structure and restoring its functionality, but it collapsed before it could be undertaken.

1.25. The roof after collapsing. RTVE.



1.26. The frontón after its construction. Note that the skylights are a significant percentage of  
the surface of the shell. Torroja Archive.

1.27. The formwork of the skylights and reinforcements. Torroja Archive.



Alloz Aqueduct (1939)

In 1939 Torroja started to work in a project for an aqueduct in Alloz, Navarra Spain. As we  have previously seen, the Tempul Aqueduct used a concrete box to contain the main pipeline. In this case, water would be carried in an open channel, meaning that the pipeline would be the bridge itself. One of the main concerns was cracking in the concrete, and Torroja designed  the bridge to ensure that concrete remained in compression.
The  final  design  used  a  parabolic  cross-section  for  the  pipeline  (both  structurally  and hydraulically convenient) and compass-shape legs which provided a saddle support to the aqueduct. The aqueduct had a total length of around 200 m. The thickness of the channel walls  was 15 cm and every pair of supports spanned 40m.

1.28. An image of the bridge just after construction. The bridge is at full usability today, with  
minor maintenance works carried out. Torroja Archive.

For  guaranteeing  compression,  Torroja  splited  every  span  at  midspan,  avoiding  positive bending moments throughout the bridge and having a zero moment at midspan. This means that the bottom edge of the bridge is always compressed.

1.29. Bending moment diagram of the longitudinal section of the channel. With this, the lower  
faces of the bridge are always in compression and the maximum moments occur at the supports.  
The structures of Eduardo Torroja.



For the tensile stresses in the upper edge, Torroja incorporated prestressing cables into the deck.  He  introduced  transverse  jacks  between  a  pair  of  cables,  hence  lengthening  and stressing them. 
Transverse prestresses were also applied in the top flanges of the deck,  using bars placed every 5 m transversely through turnbuckles. With this, the inner face of the channel stayed compressed.

1.30. Left, the transverse jacks that lengthened and stressed the longitudinal prestressing cables  
and the jack tightening device. Right, the transverse prestressing mechanism and the diagrams  
for longitudinal compression and transverse compression in the inner face.  The structures of  
Eduardo Torroja.

Although modern techniques for prestressing are quite different to those used in the Alloz aqueduct, Torroja showed a remarkable ingenuity in the way he designed the prestressing mechanisms, arranging the features of the bridge to produce the desired stresses.

1.31. The Aqueduct today. Gran Enciclopedia de Navarra.



About shell structures

It  is  commonly  accepted  that  a  shell  is  a  relatively  thin  structural  element  in  which  the material  is  bound  between two  simple  or  double  curved  surfaces  a  small  distance  apart,  
(Zingoni,  1997).  This  curvature  gives  shells  structural  properties  that,  under  certain  load patterns, provide less deformations and lower stresses than other structural typologies.
Shell  structures in  architecture and engineering have existed for many centuries.  Relevant examples of early shell structures are the Pantheon's dome in Rome, which was constructed around 2000 years ago, or the Hagia Sophia's domes in Istanbul, finished around 1500 years  ago.  More recent  examples  of  shell  structures  are  the  St.  Peter's  Cathedral  in  Rome,  built around 400 years ago, or St. Paul's Cathedral in London, around 300 years old.

1.32. Left, The Pantheon in Rome. Right, Hagia Sophia in Istanbul. These early structures where  
very heavy compared to current shells. For example, the dome of the Pantheon weighs 4.500 t.  
Both structures are a great accomplishment of architecture and engineering, as the materials  
used could carry very little or no tension.

Early shell structures differ much from what might be called modern shell structures. This evolution of shell structures has been conditioned by many different factors. The material is  one  of  them  and  it  has  always  determined  the  design  of  structures.  Material  properties restrain the structural  shapes,  especially shells.  The first  material  used to build true shell structures was stone. Stone masonry appeared and mortar joints improved some mechanical  properties of the latest after some centuries. Stone, though, cannot resist much tension stress and has a relatively large density, limiting its use.
Certainly,  most  structural  shells  nowadays  have  been  constructed  with  concrete.  Early concretes could only resist very low tensions, meaning that the distance that shells could span was rather limited and their thickness large.
Reinforced concrete revolutionized the world of construction, and of course the construction of shell structures. Steel bars allowed structures to carry strong tensions, and relatively thin elements could span much larger distances. The Algeciras Market Hall, for example, spanned nearly 50 m with a thickness of only 10 cm.



As we have already mentioned, the evolution of shell structures has not been influenced only by the evolution of the materials used. A driving factor has also been the knowledge around its  features and structural behaviors. It is clear that the structural behavior of shell structures is  intuitively different from straight structures, but the knowledge in the field goes back a long way.
Giovanni Poleni, a renowned physicist,  was called by the Pope Benedict XIV to analyze the dome  of  St.  Peter's  Cathedral,  which  was  suffering  important  cracks  and  deflections 
(Chalmers, 1816). In his analysis he used the concepts raised by Hooke's hanging chain theory,  postulated decades before. 

1.33. Left, the analogy of the geometry of a compressed arc and a hanging chain with uniform  
weight,  first introduced by Robert Hooke in the seventeenth century.  Right,  the analysis that  
Poleni undertook in the dome of St. Peter's Cathedral decades later.

Many years later Gaudí used this  technique to design the Vaults of  the Sagrada Família  in Barcelona, Spain. Heinz Isler, one of the most renowned engineers of the twentieth century,  designed a vast number of shells also with the aid of this principle.
The theory of shell  structures developed mainly at the beginning of the twentieth century, along with the introduction of reinforced and prestressed concrete, pioneered by Dischinger 
(1935) and  Finsterwalder  (1932).  Certainly,  since  the  introduction  of  reinforced  concrete, shells and plates could be much thinner and span larger distances, and there was a necessity to  understand,  model  and  predict  its  behavior.  Theories  of  thin  shell  structures  were developed  with  this  purpose  and  by  the  third  quarter  of  the  twentieth  century  very comprehensive theories had been developed.
Thin shell  structures were designed and built  mostly during the first half of the twentieth century, especially between 1910 and 1950, being the most common shells  spherical domes. Th One of the first examples of a reinforced concrete shell of this kind is the Jena dome, built in 1922 by Franz Dischinger (Schönemmann, 1987). This shell had a diameter of 25 metres with a thickness of only 6 cm. In 1933 Eduardo Torroja designed the Market Hall in Algeciras, and in 1934 Anton Tedesko built a thin concrete dome with a hemisphere shell in New York, in the  United States (Billington, 1982). 



Some of the most important designers of that period were Pier Luigi Nervi, Eduardo Torroja,  Félix  Candela  and  Heinz  Isler,  because  they  went  one  step  further  in  their  designs, contributing to the knowledge of its behavior. A selection of their works in this field has been placed at the end of this chapter. 

1.34. The Zeiss Planetarium dome in Jena, Germany, built by Dischinger in 1922. This shell has  
the shape of a hemisphere. The construction system was patented, but the technique evolved very  
fast, and the system was overtaken by new approaches soon later.

The large spans that these kind of structures achieved made them very popular, especially for recreational or public structures. This popularity of thin concrete shells was also driven by the fact that shells can cover large areas without the aid of internal supports. Furthermore, its  lightness  and  shape  provide  a  strong  visual  and  aesthetic  effect  which might  be  strongly attractive.  Nevertheless,  these  kind of  structures  present  some drawbacks,  some of  which contributed to the drop of shell structures being built in the fourth quarter of the twentieth  century (Meyer, 2005). The formwork and scaffolding for these structures is rather elaborate and  expensive,  as  will  be  seen  later,  and  the  relatively  low  thicknesses  give  corrosion problems, requiring elaborate and expensive waterproof systems.
With the introduction of new analysis tools a new trend for free-from shells with innovative materials. The development of new construction techniques has also driven the new tendency for these structures, and there are recent examples of successful designs.

1.35. The Sage Gateshead in Gateshead, United Kingdom, built in 2003.



Once introduced the topic of thin shell structures, we shall now have a closer look at the way spherical shells behave.
All  thin  concrete  shells  are  designed  to  work  through  membrane  forces,  with  either compressive or tensile stresses. That is why these structures can be thinner and thus lighter, and with the  introduction of  reinforced concrete,  shells  could take larger  tensile  stresses. Depending on the boundary conditions in the shell, bending moments are generated and the thickness needs to be increased where those appear (Ventsel et al, 2001). 
Spherical  shells  also  work  in  this  way.  These  structures  are  usually  constructed  over provisional formworks, which are kept in place until the concrete has set. Once concrete is  able to carry the necessary load, either the formwork is removed or the dome lifted. The cost  of the formwork has been usually blamed for the decrease in the number of constructions using domes (Meyer, 2005). Spherical shells have double curvature, which means that they are not developable surfaces. This is an advantage in terms of structural strength, because the necessary  energy  to  deform  the  structure  is  higher,  but  the  formwork  required  for  its  construction is usually more expensive as it is more difficult to produce. In general, as new construction techniques  have evolved,  also  new types of  formworks have been developed, such  as  inflated  formworks  (Ripa,  1981).  These  are  very  cost-effective  and  for  certain monolithic  domes  give  very  good  results.  Although,  these  have  limited  applications  and traditional formworks are extensively used.
It is  worth mentioning how some of these systems work. The first patent for an inflatable formwork arrived in the early forties (Neff, 1964). Nowadays there exist modern systems that allow  larger  diameters.  In  some  of  them,  a  concrete  ring  foundation  is  created,  and  the reinforcement rings are placed on top of it. The inflatable formwork is blown through fans, creating the shape of the spherical sector. Then, a foam layer is applied and the reinforcement  bars are attached to this layer, ready for concreting. The main problem of standard formworks for spherical shells is that their usability is very low when compared to other systems such as standard deckings, falsework or shoring products,  which might be used for multiple construction projects. Although, better usability ratios can be achieved with a good planning and agreement between designers and contractors. A clear example of this is what was mentioned in the previous chapter for the Frontón Recoletos. 

1.36. A standard falsework and formwork from RMD Kwikform.



The following is a selection of some projects whose authors had a strong influence in the  development of shell structures.

1.37. The interior of the Pallazeto Dello Sport, by Pier Luigi Nervi. Nervi was one of the main  
influences in the development of thin-shell structures and structural engineering of the twentieth  
century. Many of his designs present ribs and vaults to improve strength and eliminate columns,  
and they are considered masterpieces of architecture and engineering (Askari, 2005).

Nervi made a breakthrough in the field of reinforced concrete: the invention of ferrocemento, which consisted of a steel mesh brushed with a thin layer of concrete, obtaining a flexible, and elastic material with very convenient mechanical properties. 

1.38.  The Paul  VI  Auditorium Hall.  Nervi  believed  that  intuition should be  used as  much as  
mathematics in design, especially with thin shell structures. 



1.39. Gartencentre Wyss Zuchwil by Heinz Isler. Isler, born in Switzerland, was a renowned civil  
engineer who pioneered the construction of shell structures (Marti et al, 2005).

1.40.  Basing  his  observations  in  nature,  such  as  hanging  
towels,  Isler  designed  the  optimal  shape  of  thin-walled,  
curved sides reinforced concrete shells. 

In the image the Deitingen Sued service station and a hanging membrane model.



1.41. Félix Candela was a student of Eduardo Torroja. Born in Spain, he was one of the greatest  
practitioners of shell design with light, thin structures revealing great sophistication. Exiled due  
to the dictatorship of Franco, he designed hundreds of shell structures in South America. Among  
his  best-known  works  are  the  Cosmic  Ray  Pavilion  or  Los  Manantiales  restaurant,  pictured  
(Saito, 1995).

1.42. Candela believed that strength should come from the shape. This belief led to an extensive  
exploration of tensile shell structures, building full scale models and innovating through deep  
experimentation and research. In the image, chapel in Lomas de Cuernavaca.





2. The Market Hall in Algeciras (1933)
Introduction

Algeciras is a port city on the Bay of Gibraltar, in southern Spain. Until the first half of the  twentieth century, the agriculture and fishing industry in the city and the nearby area were among the most important resources in the region. 
The  supplies  market  was  then  an important  social  and economic hub since the beginning of the eighteenth century.  A  new  building  was constructed  in  1827  to  hold  the emerging  demand  of  a  supplies trading  floor.  By  1929,  though,  the facilities  were  outdated  and  the construction of a new building in the outskirts  of  the  city  began.  Before finishing its construction, the project was  aborted  because  the  safety  of pedestrians could not be guaranteed due to an excess of wheeled traffic (Sierra, 1992).
In 1933, in collaboration with Manuel Sánchez Arcas, Torroja submitted a proposal for a new  Market Hall, and the project was accepted by the Local Council. Two years later, the project would be totally finished.  The project  consisted of  a  thin-shell  reinforced concrete cupola,  spanning 48 meters with a thickness of only 10 cm.
As  we  have  mentioned  previously,  thin-shell  structures  started  to  be  very  popular  at  the beginning  of  the  twentieth  century,  especially  because  of  the  appearance  of  reinforced concrete, which lead to a big improvement in the  knowledge  of  the  theory  of  shell structures. 

The  project  of  the  Market  Hall  in  Algeciras originated after the construction of the Basel and Leipzig market halls (Fernández, 1930). 

Although, it was one of the first structures of this kind in Spain, and Torroja would include several features that made the Market Hall a unique project. 
2.2. Domes of the Leipzig Market, by Dischinger.

2.1. The original building of 1827, in the plaza 
Ntra. Sra. de la Palma. Sierra.



The  original  market  hall  of  1827  was  demolished,  and  the  square  would  remain  empty, inscribed in the intersection of four different streets. This can be seen in the aerial photograph shown below.

2.3. Location of the Market Hall, in the Square of Nuestra Señora de la Paz.

The design that Torroja proposed was, as we mentioned, a thin-shell cupola spanning  ca. 48 meters.  Though,  a  very  particular  feature  of  the  project  is  that  the  cupola  rests  over  8 supports, configuring an octagonal shape in plan, and totally fitting into the square, giving a  strong sense of amplitude while maximizing the interior space. The combination of a spherical shell and the octagonal plan is one of the main features of the structure. 

2.4. The Market Hall in 1955. Diario Sur. In the original report from 1933 Torroja wrote about  
the  plan  geometry:  'The  octagonal  shape  allows  easy  access  to  the  market,  clearing  the  
surrounding streets. The corners give  the square important amplitude.'



The structure

The structure of the market hall is a spherical shell of radius 44.1 m with a thickness of only  10 cm. This thickness increases to 55 cm in order to absorb the stresses produced close to the edge of  the cupola.  A total  of  eight cylindrical  cantilever vaults  connect  each support  and represent the boundary between the spherical shell and the supports.

2.5. Distribution of the stands inside the structure. Torroja Archive. The plan of the structure is  
an  octagonal  polygon of  width 18.2 m.  There is  an entrance every alternative  side  and  the  
interior supplies stands are inscribed in the polygon.

What  follows  is  a  description  of  the  main  elements  of  the  structure,  the  construction procedure,  and a short reference to the reduced scaled model and the repair works carried out by his son. 
The cupola or dome, as we mentioned, is  the main element of the structure. It has a radius of 44.1  m  and  a  thickness  of  10  cm  which increases near the supports to resist  bending stresses.  In the zenith of the dome there is  a skylight made of reinforced concrete and glass panels,  with a diameter of  9.1 m and slightly bulky.  It  has  a  total  of  128  panels  with  the shape of an octagon.

2.6. Skylight. Picture by David Gutiérrez.



In the perimeter of the structure there is a reinforcement ring  equilibrating the stresses of the dome. This ring consists of 16 tensioned trusts which were covered in concrete once they were put in tension. 

 2.7. Image of the ring in tension before being concreted. Archivo Torroja.

The cylindrical vaults are a very important element of the structure, because they contribute to stiffening and reinforcing the sphere and they prevent the vault from any kind of buckling. This will be seen in the following chapter.
The cantilever vaults  have a horizontal  axis  and a total height of  2.5 m. These present an  increasing width towards midspan, as can be seen below. The arcs in the intersection of the cylinders and the spherical shell are reinforced with a series of trusts that rigidize the arcs and the whole structure. 

 2.8. Image of  the cantilever vaults. Note that these vaults work as a reinforcement as well as  
rain protection, meaning that the openings behind them can be open.



Changes in the project and construction procedure

There were several changes in the project, mainly three, according to the original documents and the final drawings. First, the reinforcement ring was not finally built with 6 trusts but with 16. This was done for more easiness of construction. Second, it was first planned that a steel ring  would  reinforce  the  dome  in  the  intersection  between the  cylindrical  vaults  and the spherical shell. Nevertheless, this was finally discarded. The image below shows the original drawing with the ring. Third, the way of putting the lower reinforcement ring in tension. At first, it was planned to tension the ring through weight at midspan. This was finally discarded in favour of turnbuckles. This will be shown and studied later.

 2.9. Original drawing that shows a reinforcement ring at the junction between the cylindrical  
vaults and the spherical shell. Archivo Torroja.

Once  introduced  the  main  changes  in  the  project,  we  shall  now explain  the  construction procedure briefly.
Apart from the design of the structure, Torroja also undertook the construction of the dome.  At  that  time,  Spanish  construction  companies  did  not  have  the  necessary  expertise  for building a structure of these characteristics, and Torroja assumed the task.
The formwork of the structure consisted of a series of timber panels with the shape of the  spherical shell, resting in radial timber frames, and creating a continuous surface. Then, the  shell was concreted, but the formwork was not removed until the reinforcement ring was put in tension. This was the main innovation in the construction procedure. The reinforcement ring  would  suffer  a  deflection  when  tensioned,  meaning  that  these  deflections  would  be transmitted to the shell and thus creating stresses. Putting the ring in tension before removing the concrete would mean that the deflection of the shell would be restrained, and only local  effects would appear. 



In order to put the cables in tension, a series of turnbuckles were used instead of placing weight at midspan. The final disposition of the reinforcement trusts and the mechanism for tightening them is shown below.

 2.10. Mechanism for tightening the ring. Archivo Torroja.

Reduced scale model

In the original documents Torroja asserted that it was not possible at that time to carry out a  mathematical  analysis  of  the structure.  He was particularly concerned with the cylindrical vault and the skylight, which did not allow any study. 
Nevertheless,  he carried out a simplified analysis of  the structure,  which will  be reviewed later, and the results turned out to be very safe, in the sense that there were no high stresses at any  point  of  the  shell.  He  believed  that  with  the  reinforcement  ring,  the  vaults  and  the construction procedure, the membrane state of the shell was assured.
The reduced scale model would validate his analysis and assess how safe was the structure.  The  following  image  shows  the  reduced  scale  model.  The  model  collapsed  because  the reinforcement ring failed, and that made Torroja further study the mechanism for tightening the rings, finally choosing turnbuckles instead (Antuña, 2002). 

 2.11. Reduced scale model.



Repair works

The structure remained with very few maintenance works until nearly 2000. The market hall  is located next to the sea, and it presented important corrosion problems. The market had just been declared historical monument and the project for the repair works was awarded to José Antonio Torroja, the son of Eduardo Torroja.
The main problems were in  the  reinforcement  ring,  where the  reinforcement  trusts  were totally visible. This was very dangerous because if the ring failed the structure would collapse.  This would not happen immediately, but it could happen in the long term. As a result, a second prestressed  ring  was  superposed  to  the  previous  one,  and  the  market  was  completely restored. The works finished in 2001.

2.12. An aerial image of the location of the market.

2.13. Image of the damages in the structure (Torroja, A. 1997). 



Images

The following is a set of images of the structure, kindly handed over by the Torroja Archive.

2.14. The market hall once finished (Torroja Archive). Observe the fountain in the middle and the  
natural  lighting.  The interior  of  the  market  is  very bright  and  clear.  Note  that  the  original  
project did not include any stands as they would be portable. 

It has been stated by many authors that the Market Hall in Algeciras was a project in which  
achieving a cost-effective structure  was important (Antuña, 2003). It is generally accepted that  
the  market  hall  would  not  have  been  much  more  cheaper  if  it  was  a  conventional  frame  
structure (Antuña, 2002).



2.15. Reinforcement. We can observe two reinforcement bars of diameter 50 along the arch of  
the cylindrical vaults.  We can also observe the thicker reinforcement bars at the edge of the  
cylindrical vaults. In general, ϕ12 rebars are placed in both parallel and meridional directions.  
Archivo Torroja. 

2.16. Image of the reinforcements. Archivo Torroja.



2.17. Sketch of the Market presented to the Council. Note that the final design varied slightly.  
Archivo Torroja.



Comments on the structure

It is considered important to summarize the main aspects that made the market hall special  and to understand the contributions of this particular structure to the civil  and structural engineering practices.
Domes in Leipzig, Basel or Jena, built few years earlier, spanned significantly higher distances than the hall in Algeciras. Nevertheless, the significance and importance of the market hall is  the use of a double curved shell structure spanning a high distance for the time it was built.  This involved a deep understanding on how the structure worked. The cylindrical vaults that stiffen  the  cupola  demonstrate  this  vision.  Without  any  well  established  theory  available,  Torroja knew how to rigidify the structure and give the correct boundary conditions to attain the membrane state in the shell. The most similar structure at that date was the dome in Jena,  with a similar span:thickness ratio, although it had a continuous support. 
The  construction  procedure  is  also  remarkable,  by  tensing  the  ring  before  removing  the formwork. This demonstrates again a very deep understanding of thin-shells.
It  is  clear,  in this projects  and in those presented previously,  that  Torroja tried to make a  research exercise of each project. His research with reduced scale models contributed to a better understanding of shells.  The same applies to the Frontón Recoletos or the Zarzuela hippodrome, where he established important boundaries and breakthroughs in the field.
The Market Hall might be the most clear example of the vision and philosophy of Eduardo Torroja. 
First,  it is an example of the integration of the structure in the environment. The shell fits perfectly in the square, and after more than 65 years, the market hall remains timeless. It has only gone through a slight restoration process, but all the elements remain exactly the same.
Second,  the  simplicity  over  the  complexity  is  clearly  shown  here.  A  cupola,  8  cylindrical sectors and 8 supports. The interior is very well-lit. There is no need of internal lighting. All elements have a function, and there are no gratuitous elements.
Third,  the  technique-art  fusion.  The  structure  is  art  itself,  but  it  is  a  demonstration  of construction  technique  at  the  same  time.  It  is  also  worth  mentioning  that,  apart  from aesthetically successful designs, Torroja always wanted to achieve functional structures. He had the ability to combine impressive designs with an optimized use of the material and the  latest construction techniques. In the original report, it is stated that the cost of the market  was lower than if used a conventional structure.





3. Analysis

We shall now analyze the structure of the Market Hall in order to have a better understanding of how the structure works, comparing at the same time these results with the calculations  carried out by Torroja in 1933. 
At first we will introduce the shell theory applicable to this particular case, using a consistent notation. An brief outline of the historical development of theories for shell structures has  been placed in this chapter and not in previous chapters because it was considered that it will  be easier to understand and follow the calculations if they are enclosed with the theoretical elements that rule them in each case.
Most shell theories are based on linear elasticity. Linear shell theories predict stresses and strains for elastic deformations, in which it is assumed that the governing equations in the deformed shape are the same as in the non-deformed shape.
As in most well developed theories, there has been a historical evolution and the knowledge in the field backs up a long time. Love  (1892) was the first academic to present a shell theory based  on  the  principles  of  linear  elasticity.  Later,  Reissner  (1941) and  Sanders  (1959) developed a linear theory for thin shells, as well as Timoshenko  (1959). These were the so-called  first  order  approximation  theories.  Flügge  (1962)  developed  a  second  order approximation theory.   Reissner  (1959) also developed a theory for large deflections,  also called geometrically non-linear theories.
Along with these general theories, most of them germinating in the late nineteenth century, a number of specialized shell theories appeared, taking into consideration certain geometries,  deformations or stress ranges and applying them into a first order approximation theory. The membrane theory of thin shells is one of them, and it was first introduced by Beltrami (1881). Further  theories  applied  those  in  particular  cases  such  as  shallow  shells  or  shells  of  revolution.
The general linear theory of thin shells uses the same principles as those for plates. For an arbitrary shape, the following conditions are assumed: normals to the original middle surface remain straight and normal to the deformed middle surface; displacements of an arbitrary point are small in comparison to the thickness of the shell; the transverse normal stress is small compared with other normal stress components; the material is elastic, isotropic and homogeneous. 
When the previous theory is studied under membrane state, we talk about membrane theory of shell structures, assuming that bending and torsion are non-existent or negligible. These assumptions  are  implemented  in  the  general  linear  theory,  simplifying  the  governing equations of those.



Preliminary calculations

First, we will introduce the global equilibrium of the structure, which gives an approximation of the loads carried by the reinforcement ring considering the eight columns that support the  cupola. 
The sketch on the left shows the equilibrium condition at the edge of one support.  The reaction of the column is here  noted  as  C,  the  tension  of  the  ring  T  and  the corresponding value for the cupola R.
We know that each of the eight supports will carry one eighth of the total weight of the structure. Thus, we can write that the reaction C is: 

Where a is the radius of the sphere and q is the own weight per unit area. φ is the angle made by the normal to the surface at the edge and the axis of rotation. In this particular case a=44.1 m ; φ=32.6O;q=2.94 KN/m2 obtaining a value for C of 707.5 KN. 
Thus, as R sin32.6O=707.5, the value of R is 1313.2 KN. 
Imposing equilibrium horizontally we obtain that  R cos32.6O=2T sin22.5O and we can  thus deduce that the value of T is 1445.5 KN.
Torroja obtained in his analysis a tensile stress in the ring around  6% lower. This is due to  slight differences in the geometrical conditions considered in his calculations. 
As we mentioned in the previous chapter, the six bars of the reinforcement ring were finally replaced by a higher number of thinner bars. Using the original values, which were 6 struts of diameter 50mm, we obtain that the total area of a cross-section of the ring is 0.011781 m 2, giving a total tensile stress in the bar of 122.7 N/mm2 < fy . The final ring, though, was formed by 16ϕ30 giving a total area of 0.01131 m 2, and the tensile stress is then 127.8  N/mm2.
A vertical cross section of a column has a total area of 0.4366 m2, giving a compression of 1.62 N/mm2.

C=2a2q1−cos
8



Membrane stresses

We  shall  now  study  the  stress  state  of  the  Market  under  its  own  weight,  considering membrane state (Timoshenko, 1959). This consideration gives a very good approximation of the  stresses  except  very  close  to  the  lower  parallel,  where  bending  stresses  occur.  Local  stresses will be seen later.
A spherical shell is obtained by rotation of a plane curve about an axis lying in the plane of he curve. This curve is called the meridian. The position of a meridian is defined by an angle  θ measured from a zero plane. The position of a parallel circle is defined by φ, which is the angle made by the normal to the surface and the axis of rotation. Nφ and Nθ are the magnitudes of the normal forces per unit length as shown in the diagram below.
Considering the equilibrium of the portion of the shell above the parallel  circle defined by φ, and taking into account the total weight  R of  the portion above it,  we have that  the main equation of equilibrium is given by:
2 r0 N sinR=0 [1]The equation of equilibrium in the direction of the tangent is given by:
N 

a

N 

a
=−R [2]    3.1. Definition of membrane stressesThe meridian and parallel loads per unit length at any point in a spherical shell under its own  weight are then given by:

N=−
aq

1cos ; N=aq 1
1cos−cos         [3][4]Where  a is the radius of the sphere and  q is the own weight per unit area.  As the load is symmetric, the values of  Nφ and  Nθ do not depend on θ. For this calculation  we have used 

R=2a2q 1−cos . [5]The calculation of these values for the particular case of the Market Hall are given by: a=44.1 m ;  q=2.94 KN/m2(we take the same values as Torroja:  300 kg/m2).  The angle  φ0,  which defines the lower parallel of the structure has a value of 32.6o.
It is shown that  Nφ are always negative, meaning that they are in compression. For the values of Nθ, though, there might be either tensile or compressive stresses, depending on the value of φ. The critical value is 51.8o,  which means that any shallower dome will be compressed in both directions. In our case, as  φ0 is 32.6o, we have always compression stresses. The stresses 

R
Nθ

Nφa φ



are obtained by simply dividing Nθ,φ  over the thickness of the shell. The thickness h has been considered in these calculations 0.1 m.
It is worth noting that the stresses in the shell do not depend on its thickness, as q depends on the thickness  h [q  (KN/m2)=γ  (KN/m3)  h  (m)] and the values of the stresses can be totally described in terms of γ.

D1. Stresses under own weight. Instead of describing the stresses as a function of φ, they are here  
shown as a function of the distance to the axis of revolution. This has been done in order to  
compare with the original results more easily. Also note that stresses are compressive.

The value of Nφ and Nθ at the top is 648.3 KN/m2. In the lower parallel the results for Nφ and Nθ  are  respectively 702.7 and 393.0  KN/m2.The following is  a  sketch that  shows the  parallel stresses along the shell on the right and the meridional stresses on the left.

D2. Stresses in the shell subject to its own weight. 
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Once we have the results of the stresses using the membrane theory, we will now analyze the method that Torroja used and compare his results with those.
In the technical report, dated December 1933, Torroja used a graphical method derived from that introduced by Dischinger, who specified in 1928 a general method for determining the stress  conditions  of  any  thin  reinforced  concrete  shell.  Back  in  1904,  Dunn  had  already developed a graphical method for the analysis of the membrane stress conditions in spherical shells, which is very similar to the graphical method used in the technical report.
In 1933 the analytical solution for the membrane conditions was well developed. Although, Torroja preferred to use the graphical method  because  it  was  easier  to  modify  parameters  and determine the most convenient geometries.
All these graphical methods are based in the membrane state conditions, meaning that they are  conceptually  the  same  as  the  methods  using  analytical  solutions.  There  are  slight differences when obtaining the stresses, but the principles coincide. This will be shown later.
The following image is  the original  drawing of  the calculations.  On the right diagram, the weights of 9 fractions or rings of the dome are calculated.  It  is only an indicative diagram because the weights do not correspond to the drawings. The diagram on the left shows the graphical method itself, which will be developed now.

3.3. Graphical calculation of the stresses under its own weight, using a modified method of the  
Dischinger original model. The main difference is that the weight is applied here in the centre of  
gravity, whereas in the Dischinger method they are at the edge. Torroja Archive.

We will drive through the calculations in the same order. First, the weight of the fractions need to be calculated. These rings are 3 m wide and in the original calculations were obtained as  beams, not curved structures. The main assumption is that each ring compresses the next one and is compressed by the preceding ring.

3.2. Dunn graphical method.



3.4. Ring division in the sphere. Torroja calculated the weights as planar structures, multiplying  
the length of the radius in the centre of gravity by the area of a section as coloured. After Torroja  
Archive.

Once the weigth Pi of each ring is calculated,  they are applied to the graphic method. The analytical solution of it has been derived and is as follows:
 N '1=

P1

sin1
; N '2=

P1P 2

sin2
; N ' i=

P1 ...P i
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[6]
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−N ' 1 ; N ' i=
P1 ...P i
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−N 'i−1 [7]
The loads  Pi  are placed in the y axis in order, as shown below. From each of the origins on the left a line is drawn with the angle φ defined by a normal to the surface and the axis of rotation, measured in the centre of  gravity of  each ring.  These lines define the values of  N'φi in its intersection with the x axis. The values of  N'θi  can be found easily as they are the horizontal components of  N'φi . The values  N'φi  and  N'θi are referred to the whole perimeter of the ring. Thus, to know the compression per linear meter, the obtained N'φi need to be divided  by 2πasin φi , which is the perimeter of each parallel (with angle φi), in order to obtain the values of  Nφi. For the parallel stresses N'θi  the values need to be multiplied by the radius asin φi (as we are looking for the longitudinal  compression) and divided by 2bπasinφi,  where  bi is  the arc of  each sector as shown in figure 3.4. 

bi



Thus we have that:
N i=

N ' i

2a sini
; N i=

N ' i

2bi
, [8]which divided by the thickness h give the stresses in the shell.

With this, Torroja concluded the study of the membrane state of the shell, stressing that local  effects needed to be controlled, but considering the results reliable due to the relatively low stresses.

3.5. Sketch of the graphic method used by Torroja. After Torroja Archive.

What follows is a study of the graphic method carried out analytically, taking the equations [6][7][8]. The results depend strongly on the values taken for b, i.e. the number of rings taken. Taking rings every 0.25 m, the results are nearly the same as those obtained in the previous  analysis. 

D3. Analytical analysis of the graphical method, taking a total of 95 rings. The results converge  
to the analytical solution.
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Certainly, the graphical methods are not intended to divide and draw such a large number of rings. Its main advantage over analytical procedures is that they can be obtained very easily without the aid of analytical tools or spreadsheets and geometries can be modified easily.
It is interesting to see at what extent the graphical method used by Torroja is reliable enough,  i.e., how the results differ with a varying number of rings.
Of course, the less number of rings taken, the less accurate results. Three different cases have been studied, taking 5, 10 and 20 rings. The results of these have been plotted and compared against the analytical solution that was previously found (D1).

D4.  Meridional  and  Parallel  stresses  taking  5,  10  and  20  rings.  The  dashed  line  shows  the  
analytical solution found in Diagram D1.

We can observe that for rings close to the axis of revolution the values of both meridional and  parallel  stresses  are  less  accurate  and  precise  than for  those  at  the  edges.  The  graphical  method does not provide good results in the first five meters, as can be seen in the diagram.
Another relevant observation is that meridional stresses found with this graphical method are higher  than the  analytical  solution and parallel  stresses  are  lower.  Also note  that  parallel  stresses converge faster to the analytical solution than meridional stresses. This can be seen,  for example, looking at the case where 10 rings have been considered.
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What  follows  is  a  diagram  comparing  the  original  results  obtained  by  Torroja  and  the analytical solution. 

D5.  Original  results  obtained  by  Torroja  and  analytical  solution.  Note  that  the  two  trends  
observed in  the graphical  method appear here:  for  the first  five  meters  the results  are  very  
inaccurate, and meridian stresses are higher than in the analytical solution. Parallel stresses are  
much more accurate and precise.

Comparing  Torroja's  solution  with  an  analytical analysis  using  9  rings,  we  can  see  that  parallel stresses are more accurate and meridional stresses are less accurate.
It is considered that the errors obtained are mainly due  to the errors in drawing the graphical method. Considering  the  rings  planar  does  not  give important errors,  and the geometrical values used have been checked as well without important errors. What differs is the accuracy of the values of  N'φi and  N'θi, which have errors of up to 20%, mainly because the method is very sensible to small angles.
Nevertheless,  it  is  important  to  remind  that  Torroja  only  undertook these  calculations  to guarantee the stability of the structure. As the stresses are very low, it was not necessary to undertake further analysis and the graphical results were considered safe enough. Also note that with the graphical method the geometrical properties can be adjusted in order to balance meridional  and parallel  stresses much easier than with the analytical  solution,  which was already well developed at that time. Most probably, the geometric properties of the dome were estimated using this method and that is why the graphical method was used.
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Live or snow loads

As we have seen, the analytical solution of the stresses in the shell under its own weight can be  found  easily  without  solving  the  differential  equations  that  constitute  the  governing condition of the shell, because they are simplified due to the axisymmetric loading.
For Live Loads applying to the Market Hall, the same rule applies (Ventsel et al, 2001). As the cupola is shallow, we can consider that any live loads such as snow are applied uniformly distributed over the plan area of the surface of the cupola, as opposed to self-weight loading,  which is uniformly distributed over the surface area.
Denoting the meridional and parallel forces generated by a Live Load by Nφll  and  Nθll, we can obtain their  values easily  by just  analyzing a differential  elements  as shown in the image below. We define q as the load per plan area and r as the equivalent load per surface area of the sell.

As ds = a dφ, we can write that:            r ad =qa d cos⇒ r=qcos   [9]Which applied to the governing equations for shells of revolution yields that:
N φll=

−qa
2                       [10]

Substituting this value into [2] we easily get the value of Nθll, obtaining N =
−qa
2
cos 2   [11]

The Code CTE establishes that for an altitude of 0 m in the province of Cádiz the snow load to be taken is 0.2 KN/m2. Such a small value will give very low stresses in the shell.  These have been analyzed and plotted for the Market Hall and are shown in the diagram on the right. 
Meridional  stresses  are  always  compressive. Deriving  Nθll,  we  obtain  that  for  φ  >  π/4  the parallel stresses are tensile. In our case we have then only compression.
The maximum values obtained are 44.1 KN/m2.
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D7. Stresses in the shell due to snow loading. Note that 
the pattern is similar to that of own weight.
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3.6. Definition of Live Loads



Wind Loading The cupola is protected from wind because it is surrounded by buildings that are much taller  than the Market. Although, the surrounding streets might create wind currents and Torroja considered in his analysis a wind pressure of around 1 KN/m2.Nevertheless,  the original  calculations  (Torroja,  1933) only considered wind for a  stability analysis  of  the  structure,  i.e.  ,  testing  that  the  columns  were  able  to  absorb  the  moment  created by the force of the wind acting in the vertical projection of the structure.In  the  general  case  of  asymmetrically  loaded  cupolas,  the  governing  equations  of  the membrane  theory  have  to  be  solved  without  the  simplifications  used  for  axisymmetric  loading. Furthermore, wind is a dynamic load and its analysis could not be carried out easily.  Nevertheless, for the sake of simplicity, it is usual to represent these dynamic loadings with static equivalents, and to consider some simplifications in order to study these loads more easily.The following sketch shows the pattern of the wind considered for these calculations. The wind  is  composed  of  pressure  on  the  wind  side  and  suction  on  the  protected  side.  It  is considered here that the load component acting perpendicular to the middle surface is the main action, neglecting frictions horizontally and vertically. The wind is assumed here to act in the direction of the meridian plane θ0, also for the sake of simplicity.Thus, we have that in the direction of the middle surface the load is given by:
r=q sincos  [12]

This equation,  when introduced in the governing equations and only first order terms are considered, yields the following values for meridional, parallel and shear forces:
N w=−
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Now, the stresses do not depend only on the values of φ but also on θ. Furthermore, there are tensile  stresses  in  the  shell.  On  top  of  the  cupola,  the  stresses  are  zero  to  comply  with compatibility conditions.

3.7. Definition of wind loads



In a hemispherical shell, the maximum values of the stresses are in the following coordinates:For the meridional stresses:  θ=0, π ;  φ=  π/4For the parallel stresses: θ=0, π ;  φ=  π/4For the shear stresses: θ=π/2, 3π/2 ;  φ=  π/2In our case, the maximum values are found in the following meridians and parallels:For the meridional stresses: θ=0 (compressive), π (tensile) ;  φ=  φ0For the parallel stresses: θ=0 (compressive), π (tensile);  φ=  φ0For the shear stresses: θ=π/2, 3π/2 ;  φ=  φ0The following diagrams show the values obtained for the maximum meridional, parallel and shear stresses along the parallels defined below considering the thickness of 0.1 m without taking any steel into account for the tensile stresses.

D8. Meridional stresses. D9. Parallel stresses.Note that  the load per area considered for q, 1KN/m2, is very high. As q=γairv2/2 it would correspond to a wind of 150 km/h, taking  γair=1.25 kg/m3. Although, it has been chosen here because the stresses due to wind loading are proportional to q.For  the  meridional  loadings  shown  in  D8,  the maximum stresses occur in the direction of the wind,  both  in  the  unprotected  and  protected sides.  The  diagram  shows  the  variation  of  the stresses  along  the  base  parallel  and  along  the parallels  located  5  and  10  from  the  axis  of revolution as shown in the image. The maximum tensile and compressive stresses are 55.9 KN/m2

3.8. Definition of the parallels for the analysis.
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For the parallel stresses shown in D9, the same pattern applies: the maximum stresses occur in the direction of the wind. Note that the parallel stresses are higher than the meridional stresses. In the diagram the maximum value of the meridional stresses has been plotted in order to show the difference of magnitude. The maximum parallel stress is 181.7 KN/m2. 

D10. Shear stresses. 5m corresponds to the parallel which is at a distance of 5 m from the axis of  
revolution. The same applies for 10 m. φ0 corresponds to the base parallel where the maximum  
stresses  occur.  Note  that  the  maximum  shear  stresses  occur  perpendicularly  to  the  wind  
direction, and the pattern is antisymmetric. The maximum stress is 66.3 KN/m2.

3.9. Image of the reinforcement bars along the parallels and along the meridians, consisting of  
ϕ12 bars every 0.15 m at any meridional cut, more than doubling the number of bars close to the  
edge. The details of this can be found at the end of this chapter.If we considered only the steel for the maximum parallel load, 18.1 KN/m, the stress taken by the  steel  without  considering  the  concrete  would  be  more  than  assumable,  even  only considering the longitudinal reinforcements. If we take only 10ϕ12/m, then the stress taken by the steel would be 16 N/mm2. Please note that we do not consider the interaction with shear or other stresses and that we took a constant thickness of ten cm.With  a  wind  of  150  km/h  the  reinforcement  ring  would  take  a  tension  of  
55.9·23.75·cos32.6=1118 KN
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Deformations

As we have seen, the analytical solution of the stresses in the shell under its own weight can be found more easily without solving the differential equations, because they are simplified. The same will  apply for the deformation under  the  same loading,  given certain boundary conditions  (Timoshenko, 1959).
In the case of a symmetric deformation in a spherical shell, any displacement of a point can be decomposed in two directions: v in  the  direction  of  the  tangent  and  w in  the  direction perpendicular  to the  middle  surface.  Considering the  element AB pictured in 64 and the values of the displacement shown, we can construct a series of relations that applied to the governing equations  will  describe  the  deformations  at  any  point  of  the shell.
The total change in length of the element AB can be written as:
dv
d 

⋅d −w⋅d [16]
Thus, the strain of the shell in the meridional direction is:
∈=

1
r1

dv
d 

−w
r1

[17]
The radius r0 increases by vcosφ – wcosθ and thus the strain in the parallel direction is given by:
∈=

1
r 0
vcos−wsin [18]

As r0=r2 sinφ, and combining [17] and [18] we obtain the following differential equation for v:
dv
d 

−vcot=r1∈−r2∈ [19]By applying Hooke's Law, we find:
∈=

1
Eh

N −N  ; ∈ =
1
Eh

N −N  ; where  dv is the Poisson ratio [20][21]
By substituting [20][21] in [19] we find the governing equation of the deformations in the shell, which can be written as:
dv
d 

−cot= 1
Eh

⋅N  r1vr 2−N  r2v r1 [22]

3.10. Displacements of an 
element AB. Timoshenko.



We can now apply the values of Nφ and Nθ found in the previous analysis to eq. [22]. The analysis of the own weight is as follows:
In the case of our spherical shell,  r1=r2=a. Taking equations [3][4] and applying them to eq. [22] we find that the differential equation is given by:
dv
d 

−cot=a2q1v 
Eh

cos− 2
1cos

 [23]As the equation is now only dependent on φ, we can integrate obtaining a general solution for the displacements v under self-weight:
v=a2q 1v

Eh
sin log 1cos− sin

1cos
C sin [24]where  C is  the constant  of  integration which will  be found from the boundary conditions chosen,  in  this  case  that  the  displacement  v at  the  edge is  zero.  These are not the  actual boundary conditions, but they give a first order approach over the displacements in the shell under its own weight.

Once  the  constant  of  integration  is  found,  the  values  for  v can  be  readily  found.  The displacements w can be the derived from eq. [18].
When applied to the particular case of the Market Hall, the displacements are as follows:

D11. Displacements by self- weight under boundary conditions shown in 3.11. The Poisson ratio  
used is 0.2; The modulus of elasticity of concrete used is 24.5 GPa.

3.11. Boundary conditions for the analysis. Note that these are  
not  the  actual  boundary  conditions,  meaning  that  bending  
stresses appear, as will be shown later. 
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Analysis of the local effects

We have mentioned that, in order to have a complete analysis of the structure, it is necessary to study the local bending effects that are produced in the base parallel.
As we have seen, the deformation of the shell under the boundary conditions shown in 3.11.  allows  the  shell  to  deform  with  very  little  or  no  bending  moments  and  shear  stresses.  Nevertheless, the actual boundary conditions are fixed with the reinforcement ring, and the local effects need to be studied, especially because the shell is very thin and even low bending moments could cause high stresses in the shell.
In order to assess these stresses, we will proceed with the same analogy that Torroja used and that will be checked later. 
The effects in the edge of the shell are analogous to those under a floating beam. A floating beam, or beam on elastic foundation, is a structural element in which at all point the reaction of the foundation beneath it is proportional to the deflection of that point. Local effects on spherical shells can be modeled by assuming that every parallel gives an elastic reaction which is proportional to the deflection at that point.  In other terms, any meridional strip can be studied as a floating beam in order to find the local bending moments, shears and deflections due to the restricted movement in the boundary.
The results are very sensible to the assumptions used. In this case, it is considered satisfactory to study the floating beam with the loads and displacements under self-weight in the base ring,  where  the  dome  is  restrained.  The  ring  is  already  tensed  before  the  formwork  is removed, so the supposition taken is sound.
We already found the displacement w at the edge, with a value of 0.43687 mm. We will impose this displacement in the floating beam and we will analyze the bending and twisting stresses. By doing this we are calculating the restrain of the ring over a shell under membrane stresses.
The Winkler coefficient establishes a linear relationship between the reaction per unit length on the elastic foundation and the vertical displacement in the beam. This expression is given by p=kv, where p is the load per unit length in the beam and w is the vertical deflection.  k is known as the Winkler coefficient. For a uniform beam with width b  we have that k = bc, where 
c is known as the foundation modulus.
It is very important to stress that we do not actually have a reinforcement ring but a series of  cylindrical vaults which act as so. The effects of those are 2.5 m from the edge ring and they are also very important. They will be studied later.



It is necessary to establish the value of c in order to proceed. Taking F as the force per linear meter acting in  the section in the strained parallel, we obtain that the radial stress component  
f  is given by:
f =F 1

a sin0 [25]where a is the radius of the sphere. r0 is the radius of the parallel, which is obtained as asinφo ,  being φo  the angle of  a normal to middle surface at the parallel with the axis of revolution.
The strain in the parallel can be written as:
∈= F

Eh [26]in the direction of the beam the absolute displacement is:
w=

FRsin0

Eh [27]The value of c can be written as:
c= hE

a2 sin20 [28]h is 0.1 m; a is 44.1 m;  φo  is 32.6o.E is the Young Modulus: 24500 MN/m2. 
c=4.39 MN/m3. Thus, the value of k is 0.0439 MN/m2=43.9 KN/m2.
For  an  arbitrary  loading  q on  an  elastically  supported  beam,  the  reaction  of  a  Winkler foundation  is  kw.  The  curve  w=w(x) is  the  deflected  shape  of  the  beam  along  the  axis. Analyzing the forces acting in a differential element of the beam we obtain that the governing equation is given by (Marti, 2012):
EI d

4w
dx4

+ kw=q [29]By introducing a parameter β we have that:
4= k

4EI [30]Knowing k and EI we may find the value of  β, which in this case is 0.53755 m-1. 



For  a  semi-infinite  beam  with  a  load  Q  in  the  edge,  the  values  of  the  displacements  w,  moments M and reactions Q are given below:
w=2Q

k
e− x cos x [31]

M=−Q

e− xsin  x [32]

V=Q e− x cos  x−sin x  [33]The maximum displacement occurs at x=0, where we have that:
w 0=2Q

k [34]Then the value of w0 as a function of Q results w0 = 24.489Q.
We will impose a displacement w of 4.3687·10-4 m. Thus, the load Q that needs to be applied will be 1.7840· 10-5 MN=17.84 N. The assumption here is that the parallel would be restrained in the same amount as under free normal displacement in the support.
With this we have all the necessary elements for defining the bending moments, shears and stresses in the floating beam of width 0.01 m.
The following diagrams show the results obtained for these calculations, in units N and m because they are more convenient in this case. Note that P [N/m]: k·w. 
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D12, D13, D14, D15. Moment, displacement, shear and Winkler reacction in the beam. Left to right and up to down



The bending moment diagram is shown below with higher detail:

D16. Bending moment diagram. The maximum moment occurs at x=4π/β = 1.46 m with a value  
of 10.7 N·m in the beam (and thus 1.07 KN·m/m):  This gives a stress of 6420 KN/m2. 

D17. Shear moment diagram. As, expected, the maximum is 17.81 N. The reaction due to the  
Winkler foundation gives a maximum stress of   0.171·44.1·sinφ0/0.1/0.01=4231.5 KN/m2. 
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Original analysis of the local effects

The following is a review of the local effects analyzed by Torroja, who studied how contraction and dilation would affect the behavior of the structure in the upper reinforcement ring that  was not finally constructed.
In  order  to  study  these  local  effects,  Torroja  considered  satisfactory  to  study  a  strain  of 0.00013 in the ring, which is at the parallel where the spherical shell intersects the cylindrical sectors. Torroja asserted that this would model a temperature variation of around 25 o and the effects of creeping and shrinkage would also be well predicted with this analysis. Please take into account that this calculations were undertaken in the original report of 1933, before any changes in the project.  Although, this calculation is very important because the cylindrical vaults act here as a constraint which will also create bending moments and shears stresses locally. 
In order to study how a dilation or contraction of 0.00013 affected the regions above this  parallel Torroja considered a differential slice defined by two consecutive meridians, so that  the width of the slice is 1 cm close to the parallel studied. This is the same procedure that we carried out for the analysis of the local effects in the lower reinforcement ring.
The modeling is the same as before: when the ring contracts or dilates, all the upper parallels experiment a contraction or dilation which give elastic reactions to the lateral faces of the slice  studied.  The  radial  component  of  these  elastic  reactions  determine  strains  which  are considered proportional to these. The slice can then be studied as a beam with an extremal  load, which is the radial component that originates the dilation or contraction of 0.00013. As the deformations over the beam are considered proportional to the radial components of the reactions, the beam can be modeled as a floating beam.
With this analysis, the bending moments in the direction of the meridians can be studied,  as well as the compression effects over the upper parallels. Some assumptions were applied for  the sake of simplicity. The width of the beam is considered constant, as well as the moment of inertia. As the effects studied are local, the errors might be neglected. What follows is an own calculation to compare with the results obtained by Torroja, using the same units and notation for more simplicity. Note that for our analysis we used slightly different nomenclature. 
The following figure shows the dimensions considered for these calculations:

3.12. Sketch of the floating beam



The equations for the ballast coefficient take now a slightly different notation. Taking F as the force per linear meter acting in  the section in the strained parallel, we obtain that the radial stress component f  is given by:
f =F 1

r0
=F 1

R cos0 [35]where R is the radius of the sphere. ro is the radius of the parallel, which is obtained as Rcosαo,  being αo  the angle of  a normal to middle surface at the parallel with the horizontal line. It is thus the complementary angle of φo. 
The strain in the parallel can be written as:
ζ= F

Ehin the direction of the beam the absolute variation results:
=

FR cos0
Eh [36]The value of  the ballast modulus c can now be written as 

c= hE
R2 cos2 0 [37]Torroja used in his calculations E= 250.000 kg/cm2;  R is known and is given by the radius of the sphere: 4410 cm; αo can be obtained in the original drawings and its value is 64.28o, being 

cosαo 0.434. 
The value obtained for c is 0.682 kg/cm3. Thus, the Winkler coefficient can be written as  k = 
bc. As the beam is 1 cm wide the value of k is 0.682 kg/cm2.
The same governing equations [28-33] are used here, giving the following results:
β = 9.512x10-3 cm-1.  The  value of  w0 as a function of  Q results  w0 = 0.02789Q. The absolute elongation in the edge for a strain of 0.00013 is as follows:
=0.00013R cos20 ; obtaining a value of 0.1079 cm.We will  proceed with the same approach as before: imposing the displacement above and calculating the required value of Q, which in this case is 3.86 kg.



Torroja  calculated  the  local  stresses  in  a  slightly  different  way.  Instead  of  using  the compatibility  of  the  deflection in  the  floating  beam and  the  radial  component  of  the  real  deflection of the lower parallel,  he obtained directly the value of Q. He considered a cross  section of 0.16 cm2, which is the maximum area of steel that it can carry, and he obtained the value of Q by simply multiplying  0.00013EA, as the strain is 0.00013. 
With this Q is 5.2 kg, which differs slightly from what we found. Although, slight differences in the values of  β and k might compensate these errors and they give very similar results in the values of M, V and w.
The original diagrams obtained by Torroja are shown below:

3.13. Images of the original analysis. Torroja Archive.



What follows is a set of diagrams comparing both results for displacements, moments and reactions. The order of magnitude is the same and differences account for opposite ways of obtaining Q and slight geometric differences.

D17. Deflections in the floating beam and comparison with the original results. 

D18.  Bending  moments  in  the  floating  beam and comparison  with  the  original  results.  The  
maximum bending moment is 132.5 kg·cm at x=86.1 cm. In the original results the maximum  
bending moment is at x=57.1 cm and its value is 122 kg·cm.
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The elastic reaction on the structure can be obtained with the Winkler relationship. This is shown in the diagram below.

D19. Shear stresses in the floating beam and comparison with the original results. 

D20. Winkler reaction in the floating beam and comparison with the original results. 
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Skylight considerations

Torroja undertook all calculations without taking into account the skylight on top of the dome. Certainly, the weight of the skylight is going to be very similar to that considering a closed  sphere,  and the results  will  not vary much. Nevertheless,  a study of the skylight has been carried out, taking into account the real weight of the structure which is considered to be less  than the 300 kg/cm2,  exactly 13% lower. Torroja thus introduced an overweight for higher 
peace of mind.
Thus, we shall now study the membrane state of the dome under its own weight taking a value for q of 25.5 KN/m3, which is closer to the real weight of a concrete with a thickness of 10 cm.  The  results  will  also  be  compared  to  a closed  sphere  with  the  value  for  q  used now.

The  skylight  has  a  total  of  128  glass windows.  Its  diameter  is  9.1  m,  and  it  is slightly bulky towards the zenith direction as can be seen in the original drawing on      the left.
It has been assumed a specific weight for the  glass  of  20  KN/m3.  The  original drawings  have  been  evaluated,  and  we have considered an approximate weight of: 81.7 KN (A) + 107.2 (B) = 188.9 KN.Which  distributed  along  the  edge  of  the upper ring give a load per linear meter of:

3.14. Skylight of the shell and original drawing. 6.60 KN/m.
The angle of the parallel corresponding to the skylight with the axis of revolution is defined as  φu and has  a  value  of  5.8o.  We define  P as  the  vertical  load per  unit  length  in  the  upper reinforcement ring, which has already been found. Then, the total weight of the structure can be obtained as:
R=2∫u


a2qsin d 2 P asinu [38]And the meridional and parallel forces per unit length are now:

N =
−aq⋅cosu−cos

sin 2
−
P⋅sinu

sin2 ; N =aq
cosu−cos

sin2
−aqcos

P⋅sinu

sin2[39][40]

A
B



The following diagram shows the results obtained applying this method. The skylight does not have a very important effect in the results because the weight of parts A and B (pictured) are very similar to a closed shell. 
Nevertheless, as the load considered now for the own weight is lower,  the meridional and parallel stresses obtained are lowered in the same proportion.
To illustrate this, the following diagrams are shown here:
Calculations with the skylight considering a load of  25.5 KN/m3Calculations with the skylight considering a load of  29.4 KN/m3Comparison with the closed spherical shell.

D21. D22. Meridional and parallel stresses taking 25.5 KN/m3 (left) and 29.4 KN/m3, and taking  
into account the skylight. Note that in the second case the weight of the skylight also increases in  
proportion for the part of material that is  made of concrete and not glass (thus in this case  
obtaining 7.30 KN/m).

When  we  compare  the  results obtained considering the skylight with those  analytically  supposing  a  closed axis,  we  see  that  the  results  are virtually the same.
Certainly, if the weight of the skylight is the same as that of the closed dome, the results must be the same.

D23.  Meridional  and  parallel  stresses  taking  29.7  KN/m3 with  and  without  considering  the  
skylight.
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Cylindrical vaults

What follows is a review of the analysis of the cylindrical sectors carried out in the original  report.
Torroja studied each cylindrical sectors as an arc, neglecting bending moments because the moments of inertia are considered very low and because every cylindrical sector is reinforced along the line that connects every consecutive pillar, as shown in the picture below.
The study using a funicular polygon gives the reaction in the trusts used to give more stability and rigidity to the cylindrical vaults.

3.15. Image of the trusts that rigidify and stiffen the cylindrical arc.

The image below shows the graphic method used in order to know the stresses in the bars that are used to rigidify the cylindrical sectors.

3.16. Original drawings. The weights Pi and the reaction at the edge can be calculated and the  
values Ri are unknown.

First the weights P1,2,3,4 and the reaction in the lower edge are found. Once this is known, the funicular polygon is drawn. The following set of images shows the procedure used for the graphic method.



3.17. The angles that the different sectors form with the horizontal are drawn from a random  
pole O as shown.

3.18. The value of R is drawn from pole O with the same direction, and from this point we can  
already find the value of R5 because we know its orientation and that it has to be in equilibrium  
with R and the corresponding arc sector.

3.19. Once found R5 we draw from q the corresponding weight P4, and from the edge we can find  
the value of R4 because the four forces acting at point s need to be in equilibrium. Repeating the  
same we can easily find all reactions R1 to R5. Note that some reactions will be compressive  
while other tensile.
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The following is an own calculation of the funicular polygon:
The weights considered are:P1: 34 KNP2: 22 KNP3: 10 KNP4: 9 KNR-P5: 75 KN

Obtaining the following values:
R1: 22 KNR2: 7 KNR3: 21 KNR4: 24 KNR5: 152 KN 
The bars have a diameter of 5 cm,giving a section area of 0.007853 m.
The maximum stress is at bar 4 with a total of 12.2 N/mm2. 
Note  that  R5  is  taken  by  the  reinforcement  ring.  If  we  sum  the  load  found  in  the  first  preliminary analysis of the ring, we have that the total tension carried by the trust taking this result into account is:
1445 + 152= 1597, and the tensile stress is then 141.2  N/mm2.
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3.20. Original drawings of the trusts. Torroja Archive.
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D24. Funicular polygon for the cylindrical vaults.



Formwork

The  formwork  itself  was  an  important  structure.  We  have  already mentioned that for spherical  shells, and shells in general, the formwork, falsework and scaffolding are very elaborate and may imply an important percentage of the total cost of the structure.
The  following  image  shows  an  original  drawing  of  one  of  the  sections  that  conform  the formwork of the cupola.

3.21. Formwork of the structure. The image corresponds to a meridian that intersects one of the  
main 8 pillars. Torroja Archive.

The dimensions of the elements that conform the formwork are not clear enough. A frame model has been designed with simplified dimensions, in order to have a closer look of where the stresses  concentrated.
According to the available images, an approximation has been made for the load  that  each  frame  carries.  If  we consider  that  the  distance  between each frame at the edge is 2 m, then the load  that  every  sector   carries increases  considerably  closer  to  the lower base.

3.22. Model for the formwork.



The formwork has been modeled as follows:

3.23. Image of the model. Every beam has been modeled as a timber section of width and height  
0.15 x 0.12 m with a fixed support.

The loads for each sector have been simplified and modeled as follows:
For sector 1: 5 KN/mFor sector 2: 17 KN/mFor sector 3: 25 KN/mFor sector 4: 37 KN/mFor sector 5: 46 KN/m
The following images show the bending moment, axial and shear diagrams of the frame under  the  weight  described  above  [KN].  Please  note  that  theses  values  are  very  sensible  to  the assumptions made. If the distance between frames were 1 m instead of 2, the loadings would be half of the supposed here. 
Furthermore,  the weight of  the cupola in the actual formwork was not directly applied to sectors 1 to 5, but they were loaded onto a wooden surface which rested on the frames, and  thus loads were not distributed as shown here.
We can also observe in the original drawings that members A to F and 1 to 5 have bigger dimensions than the rest of the elements. It is seen in the results that they are certainly the most stressed elements. In this analysis, though, all elements have the same dimensions, and thus the own weight will differ from that of the actual formwork.
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D25. Bending moment diagram. The maximum moment is 14 KN·m in sector 2. 

D26. Shear diagram. The maximum shear is 33.7 KN in sector 2. 

D27. Axial diagram. The maximum is 132.6 KN in element B. 

The software used for these calculations is Matrix Frame, based in linear elastic analysis.



Further considerations about the construction procedure

We have already mentioned that there are local effects when there is an incompatibility of the deformations in the junction of the ring and the dome. The method of construction has been mentioned as well, but it is also interesting to find a gross approximation of the necessary  loads that had to be applied to the reinforcement ring in order to lift the dome.
In the technical report Torroja metioned the following about the construction procedure:
'Our approach will be to give the trust a tensile stress when the dome has already experienced  
the largest possible set of contractions and dilations due to shrinkage, setting and retraction.  
Tensing the ring can be done by placing small loads in the central part of each ring segment. As  
the initial deflection is zero large tensile stresses can be achieved with small deflections. When  
the required tension is achieved and the dome lifted, the formwork can be then removed.'

We found in previous sections that under membrane state the deflection at the edge was 0.4 mm. This would apply to boundaries where normal displacements are unconstrained and free from transverse shears and moments. 
In our case, though, we have a reinforcement ring. If we consider the tension of the ring taking into account the cylindrical sectors, which is 141.2  N/mm2, we have that the deformation of the trust will be:
=∈E⇒∈= 141.2

210000
, and the unitary deformation of the ring is: 0.0006728. 

Thus, the absolute deformation of the ring is 0.0006728 sinφ0 ·44.1= 0.0159 m = 15.9 mm, and the total opening of the ring is 31.8 mm.
As we see, this value is much higher than the obtained for the dome in membrane state. If the formwork was to be removed with the ring relaxed,  there would be bending and twisting stresses to accommodate the dome to the new configuration. Thus, stressing the ring before removing the formwork is very convenient.
In the original report the procedure for tensing the rings is not explained and there is no reference to how this was actually applied. In more recent literature it was stated that finally turnbuckles  were  used.  Though,  we  can  calculate  grosso  modo  the  necessary  weight  to produce the required tensile stresses in the ring, as mentioned in the original report.



We define W as the weight to be placed in the centre of  each  sector  to  create  the  necessary  tensile stresses.  δ is the deflection were W is applied, T is the tension in the cable and  γ is the angle with the horizontal once the cable is deformed.
If we consider that the angle  δ is small enough, we can write that:
sin= 

L
≈ [41]; Expressing the tension of the trust T in these terms we may write:

T= W
2sin 

≈ W
2

≈WL
2 [42]The unit deformation can be written as : ∈= 2

2L2 [43], and on the other hand: ∈= T
AE [44]where A is the section of the cable. Combining [42], [43]and [44 ]:

W= AE 3

L3This expression shows the necessary weight W for a deflection  δ.
With this, we can calculate the necessary weight to be placed in the cables for obtaining the  desired tensile stress in the ring.
The section of the ring is  0.011781 m2=11781 mm2.Thus, the necessary tensile stress is  141.2 N/mm2.  With  this,  the  per-unit  deformation  is   0.0006728.  The  length  2L  is  18200  mm.  Applying this into the previous expressions yields that the displacement  δ is 333.8 mm.
For such a vertical displacement, the weight W yields 122.1 KN. This would be the necessary weight to put the cable into a tension of  141.2  N/mm2 for a total load of  1597 KN. We can observe that with this weight we obtain a load in the cable ten times higher.
The actual procedure for tensing the ring was totally different. The ring was tensioned using turnbuckles. In fact,  this procedure was much more convenient because applying a load of 122.1 KN required a high volume of material. Furthermore, the collapse of the reduced scale model forced Torroja to further study and to improve the mechanism.

W
γδ

3.24. Detail of the mechanism.

2L



Buckling

In the original report it is mentioned that buckling must be avoided by all means, and it is  stated that in order to prevent the shell from buckling, the cylindrical arcs that connect the supports were provided with greater rigidity and stiffness.  The construction procedure, as explained in the previous chapter,  was also intended to avoid any instability. Nevertheless, there were no formal references or calculations of buckling.
Buckling is the most important stability problem in spherical shells. The behavior of shells  under stability problems differ much from that of beams, being much more unpredictable. In  order to give a first approximation to the stability of the structure, it is considered here to mention  the  linear  bucking  analysis  of  spherical  domes.  Although,  linear  stability  is  not  sufficient to completely predict buckling behavior and numerical methods must be used in this case using non-linear theories.
It  is  commonly  accepted  that  the  critical  stress  in  a  double  curvature  shell  can  be  found approximately with the following relation:
cr=CE  h

a

 [45]where E is the Young Modulus, h is the thickness of the shell, and a is the radius of the shell. C  and  α  depend  on  the  different  considerations  made.  A  generally  accepted  lower-bound solution is:

cr=0.25E 
h
a
 [46]In our case, the lower-bound solution would yield σcr =14172 KN/m2.

Many publications state that the most important stability problems in shells are referred to the case when they are loaded by an external pressure p, in which Nφ=Nθ=-pa/2.
In this case the maximum external load is given by:
pcr=2 E 

h
a

2

3 1−v 2
− 12  ; where v is the Poisson ratio [47]

Taking  v=0.2 we obtain that pcr and σcr can be written as:
pcr≈1.18 E 

h
a

2 ; cr=E  h

a
3 1−v 2−1 ; cr≈0.59 E 

h
a
 [48][49][50]Obtaining σcr =33446 KN/m2.

Although these calculations are not precise, they give solid foundations for a pre-analysis and show that these critical loads might not be achieved.



Finite Element Model

In this section we will introduce a finite element model which has been carried out to validate the results obtained by Torroja and those obtained with the own analysis. Note that the main purpose of these analysis was to understand the way Torroja designed the structure and to carry  out  an  analysis  using  the  current  theories  for  membrane  structures,  and  thus  this section is just intended to complement those. The finite element method will only reconfirm that the calculations were safe and give a closer understanding of how the cylindrical sections behave.
Below is shown a set of images of the model:

3.25. Image of the finite element method. Architrave.

3.26. Strip of the Finite Element Method.                 3.27. Strip of the Finite Element Method.

These two  strips shown above define the main stresses in the shell.
The results obtained in the previous analysis are:



Maximum moment due to the cylindrical vaults of 1.3 KN·m/m, located at x = 0.83 m. from the  edge of the vaults, and  maximum moment in the lower edge = 1.46 m with a value of  1.07 KN·m/m.
Taking the skylight into account, the membrane stress diagram is as shown:
These basic  results  obtained,  which are far from reaching the  elastic  limit  in  all  cases, will  be  checked  against  the  results  drawn from the finite  element  method of  the  real structure.
We should expect to have the same order of magnitude for both membrane stresses and local  effects,  although  these  are  more difficult to predict.
The  following  are  the  diagrams  for  meridional  stresses,  parallel  stresses  and  bending moments in the direction we took the floating beam:

3.28. Bending moment diagram of the Finite Element Method. We can observe that the bending  
moments are very local. The bending moments in the upper section of the cupola are negligible.  
The maximum moment is -1.68 KN·m/m while we found -1.07 KN·m/m. As Torroja predicted the  
cylindrical vaults also create local bending stresses, and its magnitude are very similar to those  
predicted with the floating beam.
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3.29. Parallel stress diagram. We can see that apart from relatively large stresses at the edges of  
the supports, the rest of the dome remains under the same orders of magnitude as we found, with  
values below 1000 KN/m2. 

3.30. Meridional stress diagram. We can observe the same pattern here as in the parallel stress  
diagram, with values below 1000 KN/m2. 

The model, carried out in the software Architrave, proves to be sound and it validates all the  assumptions made by Torroja at the time of construction. Certainly, there are local bending stresses above the vaults and close to the supports, but the membrane state of the shell in the  upper region proves to be the governing behavior of the structure, and all stresses are of the same order of magnitude.





4. Comments and conclusions

The following comments and conclusions can be drawn after the reviews and analysis carried out in the thesis:
Comments about the author

Apart from what has already been explained in previous chapters, it should be stressed that Eduardo  Torroja  contributed  very  actively  to  the  advance  of  the  civil  engineering  and structural practices.  He was aware of  the latest techniques and structural theories and he always  intended  to  apply  them in  his  projects,  and  thus  in  the  practice  in  general.  Clear  examples are the Market Hall  in Algeciras,  the Frontón Recoletos or the Hipódromo de la Zarzuela.  His  involvement  in  many  research  institutes  and  technical  associations  also demonstrated his divulgative approach, as well as technical reports about his structures.
The approach of Eduardo Torroja was to find the best structural solution  both in terms of  design, functionality and cost. For achieving this, it was necessary to hold a deep knowledge about every particular material and shape, which he did.
Comments about the Market Hall in Algeciras

The Market Hall is again an example of the creative and challenging approach of Torroja. It  was one of the first spherical concrete shells in Europe. Furthermore, although shell theories were well developed at the time, the means to calculate them were scarce. At the same time, the eight supports and cylindrical vaults made a complete analytical study nearly impossible. 
The study of the reduced scale model shows that in the field of shell structures, his works were a permanent research practice of new construction systems and procedures.
The design of the different elements of the Market Hall show that Torroja intuitively knew how the structure would behave and how he had to design the different elements.
Comments about shell structures

The decrease  in  popularity  of  shell  structures  is  mainly due to  the  cost  of  the  formwork. Although there exist innovative systems such as inflatable formworks, they are very limited and cannot be used for further applications. With the development of more versatile  systems, the  popularity  of  shells  for  certain  facilities  could  increase  due  to  its  advantages  over conventional structures.  



Comments and conclusions about the analysis

Torroja was able to understand the structure and to approximate the behavior and stresses in the shell very accurately. He knew exactly which stresses needed to be controlled and how to approximate them.
Given  adequate  boundary  conditions,  the  analysis  of  the  dome  under  self-weight  using membrane theory is accurate enough and might be sufficient to describe the general stresses in the structure. 
The consideration of the skylight in the calculations give very similar results to those in a closed shell. This shows that the assumption that Torroja undertook was very well based.
The study of the local effects with an analogy of the floating beam is enough to state that the  bending and shear stresses generated are very local and that the orders of magnitude found coincide with real values.
Torroja used the graphic method for many of his calculations. Although it is true that current analysis  techniques  allow  very  complex  calculations,  it  should  be  stressed  that  graphical methods such as the funicular polygon can give very good approximations where they are applicable, and they are very flexible and can be carried out promptly.
The graphical method in the case of the market hall gives higher values for the meridional  stresses and lower values for the parallel stresses. Although, as the stresses are so low, this is  of little importance and it can be used to give a first approximation of the values.
The finite element method validated the results of the analysis and proved that using standard analytical theories, which were already introduced in the first half of the twentieth century, the general behavior of the structure can be predicted in good measure.
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Meeting 1

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 22/02/2012

During this meeting we have discussed the different projects available for the thesis. The 
projects that have been proposed are: Madrid racecourse, Market at Algeciras, Frontón 
Recoletos, Club Tachira, Alloz Aqueduct, Les Corts Football stadium, Casa Factory, Water 
Tank  in  Souk  el  Arbaa,  Villaverde  Church,  Quince  Ojos  Viaduct,  Eo  Bridge  and  a 
Detachable Hangar.

For  some  of  the  projects  mentioned  above,  important  information  was  missing, 
calculations were not available or the project was not representative enough of the works  
and projects of Eduardo Torroja. For this reason, we have narrowed the scope to three 
projects in particular:  Frontón Recoletos, Market and Algeciras and Les Corts Football 
Stadium. All three projects are feasable enough because all  important calculations and 
drawings are available and they represent important projects. In particular, the first two 
projects might be more significant, as they might be more representative of the works of 
Torroja.

These  three  projects  offer  the  possibility  of  a  deep  analysis  of  how Eduardo  Torroja 
calculated the structure, and they allow a trully analytical  analysis in depth for a clear 
understanding of the structure, without discarding further analysis with specific software.

For the following week, I will study the 3 projects mentioned above in order to have a more  
clear understanding of which project is more feasible, comparing theories required for the  
analysis and the available information, calculations and drawings.

Fabra Abella
Texto escrito a máquina

Fabra Abella
Texto escrito a máquina

Fabra Abella
Texto escrito a máquina

Fabra Abella
Texto escrito a máquina



                                                                                                                                           

Meeting 2

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 01/03/2012

During this meeting we have discussed the three projects selected last week: Frontón 
Recoletos, Algeciras Market Hall and Les Corts Football Stadium. The latest has been 
discarded  because  it  is  not  as  representative  as  the  Market  Hall  and  the  Frontón 
Recoletos. Frontón Recoletos has also been discarded because there already exist thesis 
on this particular structure. For the Market Hall, on the contrary, there are less thesis and  
research projects available.

Once  this  has  been  settled,  I  have  presented  to  Professor  Dr.  Marti  the  available 
documents I currently hold for the Market Hall, which are original drawings and the project 
report  (memoria).  This  report  explains  the  methodoly  used  for  the  calculations  of  the 
structure, as well as theory and assumptions taken. Professor Dr. Marti has provided me 
with details on the calculations and with material sources such as Timoshenko's Theory of 
Plates and Shells.

For the following week, I will approach the assumptions used by Torroja in this particular  
project  and  deliver  preliminar  basic  calculations  based  on  what  he  did  and  the 
simplifications he performed in order to calculate the structure at that time. Following this 
preliminar analysis we will then study further issues that were very relevant to this project.

The important insight of the meeting has been to comprehend how Torroja understood the 
behaviour  of  shell  structures  and  how  he  acted  as  an  engineer  when  making 
simplifications without compromising the accuracy of the calculations.



                                                                                                                                           Meeting 3

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 08/03/2012

During this meeting I have shown to Professor Marti preliminar calculations on the global  
equilibrium of the structure. The recommended bibliography that is very important for the 
thesis is: Stresses in Shells from Flügge and Plates and Shells from Timoshenko.

For the following week I will study both of them in order to continue with the thesis with the 
necessary background.



                                                                                                                                           
Meeting 4

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 22/03/2012

In this meeting I have presented to Professor Marti  the relevant literature I  have been 
studying: 'Plates and Shells' from Timoshenko and 'Stresses in shells' by Flügge. Apart  
from these books I have researched online papers on the early stages of the project and I  
have requested further documents to the Torroja Archive. 

We have settled  the  main  structure  of  the  thesis,  which  at  a  glance will  follow these 
guidelines: a description of Eduardo Torroja, his contribution to engineering, and his main 
works;  an  introduction  to  Shell  Theory  and  Membrane  theory;  a  Description  of  the 
Algeciras Market Hall; the Analysis; Comments and conclusions on the analysis. 

For the following week I will show to Professor Marti my calculations on the stresses in the 
structure,  my analysis  on  the  graphic  method used,  and the  comparison between my 
calculations and the originals. In order to be representative, errors should not exceed ten 
percent.



                                                                                                                                           
Meeting 5

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 05/04/2012

During  this  meeting  I  have  presented  to  Professor  Marti  the  results  from  last  week 
regarding the stress state of the structure. Torroja's results do not differ much from the  
classic  theory,  although  in  order  to  be  more  precise  I  should  represent  the  results  
graphically.

For the following meeting I will present the stress results in a diagram and I will also study 
the  deformation  of  the  structure  under  membrane  theory,  supposing  a  tangential  
displacement in the edge of the dome but discarding any bending on it. 



                                                                                                                                           
Meeting 6

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 19/04/2012

In this meeting I have presented to Professor Marti the following results:

Stress results and comparison with classic theory for both meridional and parallel stresses;
Relative  error  diagrams.  They  never  grow more  than  ten  percent;  deformation  under 
membrane theory, supposing a simple support in the direction normal to the dome at the 
edge;  an example of  the format  of  the thesis;  a finite  element  model  I  obtained from 
Architrave, who have handed over the model for this thesis.

With this the basic analysis of the structure has finished. For the following week I will try to 
decipher Torroja's calculations under bending theory supposing a floating beam.

Professor  Marti  has  suggested,  now  that  we  finished  a  basic  analysis  supposing  a 
spherical shell, that I study the cylindrical cantilevers that end in the eight supports, trying  
to look for equilibrium, and supposing that the arches that form act as a rib. For this I will  
only study one sixteenth of the structure for symmetry.



                                                                                                                                           
Meeting 7

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 26/04/2012

In this meeting I have presented to Professor Marti the results of the analysis of the local
effects supposing a floating beam. For this analysis, Torroja took a meridional strip and
calculated the ballast and Winkler coefficients, obtaining the results for Q, M, S and P.
 
I have done this in the base parallel and in the cylindrical vaults. 

For the analysis of the cylindrical vaults, first I have proceeded as Torroja only for obtaining 
equilibrium. The study has been completed with a F.E.M to validate the results.  

-



                                                                                                                                           
Meeting 8

Josep Fabra Abella
Tutor: Prof. Dr. Peter Marti

Date: 10/05/2012

In this meeting I have submitted the final version of the thesis with the following sections:

Life of Eduardo Torroja
Works of Eduardo Torroja
Shell structures
The Market Hall in Algeciras
Analysis: membrane state under own weight, live loads, wind loading, skylight considerations,
formwork, cylindrical vaults, f.e.m. validation, etc.
 
Next week Prof. Marti will provide me with a feedback of the thesis.
 
  

-
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