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Resum 
 

 
Éste proyecto consiste en el estudio de las prestaciones, durante la fase de 
arrancada, de un micro-aerogenerador, el IT-PE100, diseñado por Soluciones 
Prácticas-ITDG para el suministro eléctrico domestico. El aerogenerador de 
100 W produce energía eléctrica mediante la extracción de parte de la energía 
cinética del viento y se pretende que satisfaga los requerimientos básicos de 
energía para hogares localizados en áreas rurales remotas. 
 
Particularmente, el principal objetivo del proyecto es determinar el 
comportamiento del rotor y de la veleta del micro-aerogenerador durante el 
arranque para una serie de ángulos de incidencia y velocidades 
predeterminados. Éstas condiciones de viento han sido definidas de acuerdo 
con las del área rural de Alto Perú, proporcionados por el Grup de Recerca en 
Cooperació i Desenvolupament Humà (GRECDH) de la UPC. Después de un 
exhaustivo estudio llevado a cabo por Carlos Sánchez [5], las intensidades de 
viento asignadas a la simulación del micro-aerogenerador fueron de 3.63, 6.42 
y 7.44 m/s. Por otro lado, los ángulos de incidencia establecidos han sido de 
0º, 10º, 20º y 30º. Por lo tanto, se han considerado un total de 12 casos de 
simulación posibles. 
 
Para llevar a cabo el estudio, GRECDH, que contribuye a un desarrollo 
sostenible a través de la investigación y aplicación de la tecnologías 
adecuadas, nos ha provisto de un archivo CAD con el diseño del micro-
aerogenerador. A continuación, la geometría CAD ha sido adaptada, mallada y 
preparada mediante el software Gambit para su posterior análisis de Dinámica 
de Fluidos Computacional (CFD). La simulación estacionaria del micro-
aerogenerador para todas la configuraciones de viento anteriormente 
mencionadas ha sido llevada a cabo con el uso del software Fluent, que 
permite obtener tanto la fuerzas producidas en el modelo a lo largo de los 3 
ejes como los gráficos de contorno de las propiedades físicas deseadas, como 
por ejemplo la velocidad, la presión o la densidad. 
 
Los resultados obtenidos incluyen un estudio de las fuerzas laterales, el par de 
giro y la fuerza de empuje producida en el micro-aerogenerador, así como un 
análisis de las fuerzas cortantes que actúan en la torre de soporte. 
 



  

 
 
Overview 
 

 
This project consists in the study of the performance, during the startup phase, 
of a micro-wind turbine, the IT-PE-100, designed by Soluciones Prácticas-
ITDG for private household energy supply. This 100 W wind turbine generates 
electrical energy by extracting part of the kinetic energy of the wind, and is 
aimed to satisfy the basic energy requirements for family housings located in 
remote rural areas. 
 
Particularly, the main objective of this project is to determine the behavior of 
the rotor and the tail vane of the micro-wind turbine during the startup for a set 
of predetermined wind incidence angles and speeds. These wind conditions 
have been defined according to the wind patterns of a rural area in the Alto 
Perú, which were provided by the UPC’s research group called Grup de 
Recerca en Cooperació i Desenvolupament Humà (GRECDH). After a 
comprehensive study accomplished by Carlos Sánchez [5], the wind intensities 
assigned for the simulations of the micro-wind turbine were 3.63, 6.42 and 7.44 
m/s. The incidence angles established for performing the simulations were 0º, 
10º, 20º and 30º. Therefore, twelve different wind conditions have been taken 
into account to implement the simulations.  
       
In order to carry out this study, GRECDH, which contributes to sustainable 
development through the research and application of the appropriate 
technologies, provided us with a CAD file of the micro-wind turbine design. 
Then, this CAD geometry has been adapted, meshed and prepared using 
Gambit software for its posterior Computational Fluid Dynamics (CFD) 
analysis. The stationary simulations of the micro-wind turbine for all the 
aforementioned wind conditions have been carried out using Fluent software, 
which  enables to obtain the forces produced on the model along the three 
axes of the coordinate system, as well as contour graphs for the desired 
physical properties, such as velocity, pressure or density. 
 
The obtained results mainly include a study of the lateral forces, torque and 
thrust force produced on the micro-wind turbine, as well as an analysis of the 
shear forces acting on its tower. 
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INTRODUCTION 
 
 
In 1887, the first windmill for production of electricity was developed in Scotland 
by Professor James Blyth of the Anderson’s College. He installed a cloth-sailed 
wind turbine of 10 meters high in the courtyard of his cottage to charge 
accumulators for the household lighting. 
  
It is also remarkable the work by the Danish scientist Poul La Cour in 1896, who 
designed a wind tunnel to perform the first wind tunnel tests on wind turbines. 
He demonstrated that the performance of wind turbines was higher when they 
were built with few, thin blades. It was not until 1981 that he constructed his first 
wind turbine for the lighting of a school, but instead of charging batteries, it 
produced hydrogen to store the energy. 
 
In the 1920s and 1930s significant progresses on wind turbines were made. 
Albert Betz, a professor at the University of Göttingen (Germany), established in 
1929 that the maximum value of energy that can be extracted from the available 
wind kinetic energy is 59.3% (currently, state of the art turbines slightly exceed 
50%). This limit is known as Betz’ Law. In 1922 and 1931, the Savonius and 
Darrieus vertical axis wind turbines were respectively invented. 
 
Unfortunately, at that time, the interest in developing large scale wind turbines 
decreased significantly due to the rise of the fossil fuel plants. 
 
However, in 1973 the oil crisis and the availability of new technologies spurred 
the investigations on wind energy and renewable energies in general. 
Consequently, in 1979 large wind turbines for public network energy supply 
were at first developed in Denmark. This was the beginning of the modern wind 
industry whose importance increases every day and contributes to satisfy the 
growing energy demand. 
 
Nowadays, due to concerns about global warming and security together with 
the high price of oil, the interest in renewable energies and particularity wind 
energy has increased even more. Nevertheless, small scale wind turbines for 
private use do not have the same degree of development than the large scale 
ones, which are the pillar of a consolidated, multimillion industry. Therefore, 
collaborating in the study of the implementation of mini-wind turbines in rural 
areas is a very motivating challenge. 
 
Particularly, the main objective of this project is to determine the behavior of the 
rotor and the tail vane of the micro-wind turbine during the startup for a set of 
predetermined wind incidence angles and speeds.  
 
In the first chapter of this document, a brief introduction to aerodynamics is 
exposed to enable a better understanding of the simulation parameters and the 
analysis of the obtained results. In Chapter 2, the fundamentals of wind turbines 
are presented, as well as a description of the studied mini-wind turbine. Next 
follows an introduction to CFD. This chapter contains a comparison between 



2                                              CFD study of the performance of a micro wind generator for energy supply in rural areas  

experimental and theoretical methods to study fluid dynamics along with the 
steps of CFD simulation and analysis. In Chapter 5, the process followed to 
perform all the simulations is explained, from retrieving the CAD geometry 
provided by Soluciones Prácticas-ITDG to acquisition of the results from Fluent 
software. Finally, the analysis and discussion of the obtained results are 
presented in Chapter 6, followed by the conclusions of this research. 
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CHAPTER 1. FUNDAMENTALS OF AERODYNAMICS 
 

1.1 General equations of the movement 

 
Aerodynamics is the branch of fluid mechanics focused on the study of the 
actions that occur on solid bodies when there is a relative movement between 
them and the fluid in which the movement takes place [1]. In order to determine 
these actions, i.e. the aerodynamic forces, we must reach a compromise 
between the physical reality and the necessary simplifications required for the 
mathematical treatment of the problem model. 
 
In aerodynamics, the starting point is the general equations of the movement, 
which are the continuity equation, the balance of the momentum in each axis of 
the reference system, the energy equation and the state equation. Generally, all 
these equations express the balance in a certain control volume of the physical 
magnitudes involved in the fluid movement. 
  

1.1.1 Continuity equation 

 
The continuity equation expresses the principle of mass conservation. As seen 
in Figure 1, we consider a control volume D fixed in space and limited by a 
boundary S. 

 

Figure 1. Control volume D in which we apply the principle of mass conservation 

 
This principle states that the net mass flow through the surface of the control 
volume must be equal to the time variation of the mass contained in the domain 
D.  
 
The differential form of the continuity equation is: 
 

𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌𝑉) = 0 

 
Where ρ is the fluid density, t is the time and V the velocity vector.  
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1.1.2 Momentum equation 

 

The equations of the momentum are the transcription to a fluid motion of the 
Second Newton’s Law, which states that the momentum time variation of a fluid 
volume is balanced by the resultant of the forces acting on it. The forces acting 
on the mentioned fluid volume are on the one hand the forces acting on its 
surface, such as the pressure and the ones generated due to the fluid viscosity, 
and on the other hand the mass forces. 
 
The three equations of the momentum can be summarized in a single 
expression using the vector form: 
 

𝜌 ∙
𝜕𝑉

𝜕𝑡
= −∇p + ∇ ∙ τ′ + 𝜌𝐹𝑚  

 
Where p is the pressure, τ’ the viscous stress tensor and Fm the mass forces.  
 

1.1.3 Energy equation 

 

The energy equation is a generalization of the Thermodynamics’ First Principle, 
and establishes the balance in a control volume of the total energy variation per 
unit time, the work produced by the external forces per unit time and the heat 
received from the exterior, also per unit time. Then, the energy equation as a 
function of the internal specific energy, e, is written as: 

 

𝜌 ∙
𝜕𝑒

𝜕𝑡
= ∇ ∙  𝑘∇𝑇 − p∇ ∙ 𝑉 + Φv − ∇ ∙ qr + 𝑄𝑟𝑞  

 
Where k is the thermal conductivity, T the temperature, qr the heat flux vector by 
radiation, Qrq the specific heat per unit time due to chemical reactions and φv 
the Rayleigh’s dissipation function. 
 

1.1.4 State equation 

 
Finally, the state equation for fluids relates the equilibrium conditions in terms of 
pressure, temperature and density. Its expression for ideal gases is:  

 
𝑝 = 𝜌𝑅𝑇 

 
Where R is the ideal gas constant, which has a value of 287 m2·s-2·K-1 in the 
case of air.   
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1.2 Fluid configurations 

 

1.2.1 Steady and unsteady state 

 

Steady state flow refers to the condition where the fluid properties in a particular 
point of the system do not change over time. That is: 
 

𝜕𝜙

𝜕𝑡
= 0 

 
Where φ represents a fluid property such as velocity, temperature, density or 
pressure. The properties, however, may vary from one point to another, which 
means that they could be a function of space. 
 
In the study of fluid mechanics, depending on the chosen reference frame, it is 
often assumed that the flow is steady to simplify the analysis but still give a 
realistic representation of the real flow field. 
 
On the other hand, in the case of an unsteady or non-steady state the fluid 
properties are functions of time. Generally, unsteady flows are less tractable 
than the similar steady flows. 
 

1.2.2 Laminar and turbulent flow 

 
Due to its irregularity and diffusivity, the turbulence is one of the most complex 
phenomena to be modeled in aerodynamics. A turbulent flow is defined as a 
flow regime characterized by chaotic and stochastic property changes, which 
includes momentum diffusion and convection and also rapid variation of 
pressure and velocity in space and time. Figure 2 gives us a clear picture of this 
type of fluid movement.  
  
Owing to the frictional force, a fluid that flows around an airfoil loses velocity as 
it approaches to its surface, where it has zero velocity.  Then, we define the 
boundary layer of a fluid as the zone in the surroundings of a solid where the 
effects of viscosity are significant. Adverse pressure gradients or abrupt 
changes of the solid’s geometry can lead to the separation of the boundary 
layer, which is a major cause of the turbulence. In the process of the boundary 
layer separation, the flow changes from laminar to turbulent.  
 
On the other hand, the laminar flow, sometimes named streamline flow, occurs 
when a fluid flows in parallel layers, with no disruption between the layers. We 
can see it graphically in Figure 2. 
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Figure 2. Laminar and turbulent flow 

 

The dimensionless Reynolds number is an important parameter that describes 
whether flow conditions tend to be laminar or turbulent flow. Its expression is: 
 

𝑅𝑒 =
𝜌𝑉𝐿

𝜇
 

 
Where L is a characteristic dimension of the studied solid and μ the absolute 
viscosity coefficient. 
 
If its value is less than about 2000, we can consider that we are working with 
laminar flow. If it is between 2000 and 10000 we can assume that we are 
working in the transition area. And finally, if Re is greater than 10000 the flow is 
very prone to be considered as turbulent.  Obviously, these margins are nothing 
but an approximation to determine whether the flow tends to be laminar or not, 
because there are so many factors included, such as the roughness of the 
surface, that it would be wrong to take them as exact border values. 
 

1.2.3 Compressible and incompressible fluid 

 
A fluid is classified in compressible or incompressible depending on the 
variation of its density. In the case of compressible fluids, their density varies 
significantly in response to a change in pressure or temperature. In the case of 
incompressible fluids, their density remains approximately constant. 
  
Actually, all fluids are compressible to some extent; however, in many situations 
the changes in pressure and temperature are so small that the changes in 
density are negligible. Therefore, the flow can be modeled as an incompressible 
flow. 
    
The parameter that allows us to determine whether to use compressible or 
incompressible fluid dynamics is the dimensionless Mach number. It can be 
computed using this expression: 
 

𝑀 =
𝑉

𝑐
 

 
Where c is the speed of sound in the corresponding medium. In the case of the 
air at room temperature at sea level, the speed of sound has a value of 340 
m/s. 
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If the Mach number is lower than 0.3, we can assume that the density variations 
due to pressure changes are negligible, so the fluid is considered 
incompressible. Otherwise, if the Mach number is greater than 0.3, we are not 
able to maintain this approximation.   
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CHAPTER 2. WIND GENERATORS 
 

2.1 Definition 

 

A wind generator is a device that gets electrical energy from the kinetic energy 
of the wind [2]. Firstly, the wind energy is converted into mechanical energy 
thanks to the wind turbine, composed by the wind rotor blades and the 
mechanical transmission system. That system enables the transfer of the 
mechanical energy from the rotor blades to the electric generator, which is 
usually a tri phase alternator. 
  
The mechanical energy is harnessed by the rotor of the generator (the 
inductor), composed by a set of permanent magnets or electromagnets. When 
the rotor turns inside the stator of the generator (the induced), which contains 
the coils, the flux of the magnetic field that flows through the stator will vary with 
time. Thus, according to Faraday’s Law, electrical energy will be generated. 
 

2.2 Components 

 
The main components of a wind generator are: 
 
Rotor blade: The blades transform the wind’s kinetic energy into a torque 
applied on the rotation axis. Modern blades have diameters up to 80 meters and 
the number of blades is usually three, although two-bladed rotors also exist. 
 
Rotor hub: It is the centre of the rotor, where the blades are “anchored”. Inside 
the hub lies the system that allows changing the blade pitch in order to optimize 
the performance according to the wind intensity and direction. 
 
Nacelle: Contains the mechanic and electric systems of the turbine. 
 
Gearbox: It turns the rotational speed of the rotor blades into a quicker 
rotational speed that is more suitable to drive an electrical generator. 
  
Tower: Rises the rotor to a certain height, where the winds are stronger, and 
transmits the loads to the ground. 
 
Generator: Converts the mechanical energy into electricity.  
 
Wind orientation control: Orientates the rotor for optimum efficiency. 
 
Connection to electric grid: Enables the electricity generated to be introduced 
into the electric grid. 
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2.3 Types 

 
Wind generators are classified according to different rotor typologies. 
 

2.3.1 Axis Orientation 

 

Horizontal axis rotor 
 
Horizontal-axis wind generators are the most common and most efficient option 
and they can adapt easily to work under different power regimes. As seen in 
Figure 3, their rotor plane is perpendicular to a horizontal axis parallel to the 
ground. This kind of rotors is based on lift, i.e., the driving force of the blade is 
obtained by generating lift. 
 
However, this type of rotors has the following drawbacks. On the one hand, the 
blades are subjected to large bending moments due to their length. On the 
other hand, due to turbulences and poor quality of the wind on the ground 
layers, the rotor shall be elevated in order to enhance performance. This fact 
increases the costs of the system. Finally, it is worth mentioning that the noise 
generated on the blade tips is quite loud, therefore the wind farms are usually 
situated far from inhabited areas. Nevertheless, as it has been mentioned, the 
advantages of the horizontal-axis rotors are strong enough to make them the 
most used configuration. 
 

 

Figure 3. Horizontal axis wind generator 

 
 
Vertical axis rotor 
 
This kind of rotors have vertical rotation axis, as seen in Figure 4. They can be 
based on drag or on lift. 
Vertical-axis rotors do not have to face the wind, because of their rotational 
symmetry that makes the operation of the rotor independent of the wind 
direction. Furthermore, due to the smaller rotational velocities, the noise impact 
is lower. That is because the noise level depends on the difference between the 
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wind speed and the tip blade velocity. Another advantage is that they have low 
visual impact, since there is no need for a support tower, as they can operate at 
small heights. Finally, construction is simpler and cheaper. For example, blades 
are anchored to the support on both sides, which makes them stiffer for a given 
blade mass. 
 
The drawbacks are that they have lower efficiency than the horizontal-axis 
rotors. That is because they operate near the ground, where the wind speed is 
lower and turbulence is significant. Mainly due to this disadvantage and the fact 
that the advantages are not too relevant, their use is more limited. Moreover, 
some of them need to be started using electrical power with the aid of a 
generator that acts as an engine. 
  
There are two different types of vertical-axis rotors: Savonius and Darrieus. 
Then, there are subtypes based on the same principles that these ones. 
Savonius rotors are formed by two or more scoops that are dragged by the 
wind. Their efficiency is low but they are highly reliable. What matters as per 
Darrieus rotors is their acceptable efficiency. However, the reliability is poor due 
to the high torque ripple that produces cyclical stresses on the tower. Moreover, 
as the starting torque is not very high, they require some system for starting up.  
 

 

Figure 4. Darrieus vertical axis wind generator 

 

2.3.2 Physical operating principle 

 
Rotor based in drag 
 
In this case, the driving force for the rotor to spin around its axis is the 
aerodynamic drag. 
The most known and efficient type of wind generators with rotor based in drag 
are called Savonius (see Figure 5). These rotors are widely used for pumping, 
ventilation and other applications with low power requirements, because they 
feature the lowest power coefficients Cp. This coefficient is the fraction of wind 
energy that the wind generator converts to electrical energy. This rotors work at 
very small tip speed ratio λ (relation between the blade tip speed and the speed 
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of the incident wind). Another advantage is that, contrary to horizontal-axis 
rotors, they work approximately at the same Cp for any wind speed.  
 

 

Figure 5. Savonius type wind generator 

 
 
Rotor based in lift 
 
In this case, the driving force of the blade is obtained by generating lift. These 
devices take advantage of the fact that the lift of a streamlined body is 
potentially higher than the drag (100 times approx.), so they are much more 
efficient devices, despite being more complex in design. The most common 
design of a vertical-axis wind generator based on lift is the Darrieus type, which 
has already been explained (see Figure 6). Horizontal-axis turbines are also 
based in lift (see Figure 3). 
 
The main drawbacks of this kind of rotors are the complexity to fabricate the 
blades, which are usually twisted in order to maximize their performance, and 
also the fatigue loads caused by non-stationary phenomena. 
 

 

Figure 6. Darrieus type wind generator 
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2.3.3 Rotor Orientation 

 
This classification has only sense for horizontal axis rotors because the 
orientation is measured depending on the rotor axis position respect to the 
support tower. 
 
Upwind 
 
In order to avoid the turbulence produced by the tower, this kind of rotors is 
situated upwind of the tower itself. Working with an undisturbed flow represents 
a great improvement on the performance. However, the stiffness of the system 
must be enhanced in this configuration to prevent the blades to bend near the 
tower. 
 
Downwind 
 
Despite receiving a disturbed flow, which reduces their performance, downwind 
rotors (see Figure 7) orientate themselves into the direction of the flow and, 
therefore, no orientation control system is required. Nevertheless, the nacelle 
has to be well-designed to make this happen. Additionally, the costs of the rotor 
could be reduced by making the blades more flexible without any risk. 
  

 

Figure 7. Downwind wind generator 

 

2.3.4 Control System 

 

Wind generators usually have a control system that optimizes the performance 
of the rotor and limits the rotational speed to avoid dangerous loads on the 
structure. The principal control systems are: 
 

 Pitch angle control system: This is the most complex, but improves the 

aerodynamic efficiency, reduces vibrations and noise, and eases the 

start of the rotor. It consists of adapting the pitch angle of the blades to 

the intensity of the wind, reducing it when the wind is too strong and vice 

versa.  
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 Passive stall control system: This system is cheaper and simpler, but it 

has reduced efficiency and presents fatigue loads. The blades are 

designed such that when the wind speed rises to dangerous levels, the 

blade stalls itself and the generated power is reduced. 

 Active stall control system: This is similar to the pitch control system but 

it stalls the blade instead of reducing the pitch angle when the wind gets 

stronger. By doing this, the wind generator can work almost always at 

nominal regime. However, the system is as complex as the first one and 

the control of the stall is so difficult that it leads to fatigue loads. 

 

2.3.5 Number of blades 

 
The number of blades of a wind generator determines its efficiency (together 
with the already defined parameter λ).  Nevertheless, the more blades a wind 
generator has, the more expensive it is. Approximately, the blades cost 
represents more than 20% of the whole system’s cost. 
 
It is also important to keep the number of blades relatively low to reduce the 
amount of rotating mass that causes stress to the structure. But when the 
number of blades is reduced, the rotation speed is increased and, 
consequently, the noise level increases as frequency increases. High frequency 
noise is much more irritating, so this is an aspect to take into consideration. 
 
Thus, a compromise solution seems to be 3 blades. A 3-bladed rotor has also 
the advantage of almost cancelling the Coriolis acceleration which reduces the 
loads applied on the structure and makes smoother its operation. 
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CHAPTER 3. IT-PE-100 MICRO WIND GENERATOR 
 
The generation of electrical energy on a small scale, using wind, is an 
alternative for scattered and isolated rural areas that have this resource. 
However, the technological development of these small size wind generators 
has not had the same development level than the ones of medium or large 
scale, where the technology is already consolidated. 
 
In 1998 an analysis was made to ascertain what type of wind generator could 
be more convenient for isolated rural areas, particularly in Peru and Sri Lanka. 
As a result of that evaluation, the 100 W IT-PE-100 wind generator was 
developed by Soluciones Prácticas-ITDG. It is designed to be used in diverse 
wind conditions, ranging from soft breezes (it begins to generate electricity from 
3 m/s) to strong winds. For higher velocities, it has a mechanical protection 
system that enables it to gradually escape of the wind direction.  
 
This low power wind turbine (see Figure 8) has been designed considering 
possible adverse weather conditions and taking into account practical 
considerations to ease its operation and maintenance. It is designed for single-
family use, to supply small loads like a TV, a radio, a mobile phone charger or 
for illumination. 
 

 

Figure 8. IT-PE-100 Micro wind generator 
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3.1 Components 

 
Rotor 
 
It is a horizontal axis turbine with three blades making the most of the state of 
the art in low power wind turbines (i.e. considering maximum efficiency, 
performance and facilities for the manufacturing, assembly and operation). 
 
The blades are made of a combination of fiberglass and resin and they have an 
aerodynamic and standardized airfoil of type NACA 4412. The fiberglass is a 
material that can take shape with facility, so blades are manufactured using 
molds, such as the one shown in Figure 9. 
 

 

Figure 9. Blade molds 

 
Generator 
 
It is composed by the rotor and the stator (see Figure 10). The rotor is 
composed by a set of permanent magnets, which are distributed geometrically 
around two iron discs. This kind of magnets enables generation of energy at low 
rotational velocities, allowing a direct coupling turbine-generator. The stator is 
disc shaped. It is the part where the coils are situated, totally covered by resin. 
 

  

Figure 10. Rotor (left) and stator (right) of the generator 

 



16                                              CFD study of the performance of a micro wind generator for energy supply in rural areas  

The three-phase alternating current (AC) obtained is later transformed into 
direct current (DC) thanks to the rectifier diodes. By doing this, the energy 
produced by the wind generator can be stored in batteries. 
 
Support tower 
 
A structure capable of withstanding the wind turbine is required. The features of 
this structure depend on the hub height for the wind turbine and the hub height 
depends mainly on the wind speed and the orographic characteristics of the 
target location. 
  
In general, the IT-PE-100 wind generator does not require large and complex 
structures. In order to overcome the aerodynamic drag due to the wind, the 
tower is built on a foundation and fixed with equidistant tensors arranged in 
circle (see Figure 11).  
 
Orientation and protection system 
 
It consists of a mobile tail vane that orients the wind turbine, keeping it always 
aligned with the wind direction. This system will act as protection when the wind 
speed exceeds 12 or 15 m/s (depending on the air density). The tail vane is 
made of rolled steel, covered with paint that supports the corrosion.   
 
 

 

Figure 11. Support tower and orientation and protection system 
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CHAPTER 4. INTRODUCTION TO CFD 
 

4.1 Experimental methods 

 
The best information about a fluid dynamic process is usually obtained by 
carrying out direct experimental measurements because they provide reliable 
data.  A real scale model can be tested in the same operating conditions, but 
these tests are generally extremely expensive. Low scaled model tests that 
simulate the original scale model conditions also exist and reduce the costs of 
the analysis. However, sometimes it is impossible to satisfy the necessary 
conditions to extrapolate the results of this low-scalar analysis to the real one. 
Furthermore, frequently several phenomena are omitted in low-scale tests, and 
the accuracy is penalized. Occasionally, there are also problems to carry out 
the correct measures because of the geometry or the complexity of the 
situation, and even the measurement instruments add some error. What is 
more, even a small change on the geometry would require building a new 
model. 
 

4.2 Numerical methods  

 
Taking these disadvantages into account, an alternative to the experimental 
analysis can be considered. That is the theoretical analysis in which a 
mathematic model is used, instead of a physical one, to predict the behavior of 
a process. In order to solve the theoretical analysis, as the majority of the 
problems are not easy enough to find a closed analytical solution, numerical 
methods are performed. Nowadays, thanks to the huge power of the computers 
it is possible to obtain the value of the fluid magnitudes in lots of discrete points 
that represent the fluid domain. A mesh is built using these points and an 
approximation of the differential equations, which consists of transforming them 
into algebraic ones, is applied at every point. This builds a powerful 
computational tool. 
Nevertheless, it is essential to have an order of magnitude of the expected 
results and determine whether they have physical sense or not. Otherwise, 
there could be a mistake in the computational process that would give 
unsatisfactory results. As the details of the process are not visible during the 
computation, it is necessary to check the outputs of the simulation. As a 
conclusion, the power of computation that a single engineer could have in a 
laptop computer (which is bigger than the one of the engineering team that 
made possible the arrival to the moon) should be used carefully and with 
common sense. 
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4.2.1 Advantages of the numerical methods 

 
Some of the advantages of the numerical methods in front of the experimental 
ones are: 
 

 Low cost: that is the main advantage of the numerical methods because, 

normally, the economical cost of a simulation is several orders of 

magnitude lower than the experimental test.  

 Complete information:  a computational simulation gives the value of the 

fluid magnitudes along the whole domain. These magnitudes can be the 

velocity, the pressure, the temperature or the turbulence intensity and 

can be very difficult to be obtained in an experimental test. Additionally, 

the computational simulation can be useful to complete the insufficient 

experimental information in the most conflictive points. 

 Time: a numerical simulation can normally be carried out quite fast. The 

process could even be speeded up by increasing the power of the 

computers. 

 Without measurement errors: since there are no measurement 

instruments, no error is added to the numerical simulation and also the 

flow is not disturbed. Nevertheless, the numerical method introduces 

approximation errors. 

 Real conditions can be simulated: for a computer, there is no difference 

between simulating a real scale model or a scaled one. Extreme 

temperatures or toxic substances can also be simulated without any risk 

at all. 

 Ideal conditions can be performed: when a basic phenomenon is studied, 

several approximations can be considered in order to focus the attention 

to the most important parameters. Bidimensional flow, constant density, 

adiabatic surfaces, inter alia, can easily be imposed in a computer code 

and probably the simulation would run faster. 

 

4.2.2 Disadvantages of the numerical methods 

 
Although numerical methods have numerous advantages, it is important to be 
aware of their disadvantages. 
 
For problems in which it is possible to write an adequate mathematical 
description (for example heat conduction or laminar flows), there are, initially, no 
disadvantages. Very fast processes like turbulence require very small 
resolutions in space and time and as a result, powerful computers are needed. 
  
There is another kind of problems which involves complex turbulent flows, non 
Newtonian fluids or biphasic flows. This group of problems presents extra 
disadvantages as well as the ones of the first group. In this case, the results 
obtained with the simulation have to be, almost obligatory, checked with 
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experimental tests. The investigation of new mathematic models allows a 
progressive transfer for the problems of this second group to the first one. 
 

4.3 Simulation processes 

 

When a numerical simulation using CFD is carried out, the following steps are 
followed in order to obtain correct results. Initially, a preprocessing is done 
followed by the calculation itself (when the simulation is performed). Finally, a 
postprocessor is used. 
 

4.3.1 Preprocessing 

 
Initially, the geometry of the problem has to be defined. The physical bounds 
and the geometry can vary from the surface of a car to a wing of an airplane. 
  
Then, the control volume is defined depending on the geometry previously 
introduced. These control volume represents the bounds of the experiment and 
its geometry can be rectangular, cylindrical or spherical, as appropriate. 
 
The next step consists in dividing the control volume, where the properties of 
the flow are going to be studied, into discrete elements. A mesh is therefore 
created and the elements can be of a wide range of forms. The most usual in 
2D geometries are the polygonal ones, that is, triangular, quadrilateral, hybrid 
(this one combines the previous two forms) or even another different forms 
depending on the software. Regarding 3D geometry, these forms turn into 
tetrahedrals or hexahedrals. The meshing process has to be handled with care 
as it determines whether the simulation will be satisfactory or not. When 
meshing, there could be conflictive elements that have to be improved by 
changing the resolution or the shape of the mesh. It is very important to refine 
the mesh where the expected values of the magnitudes are going to change 
substantially in a low dimensional scale or in the regions where the study wants 
to be focused to obtain more detailed data. 
 
Finally, the boundary conditions are defined on the control volume in both the 
inlet and the outlet of the flow. There are also physic limitations that act as walls 
for the flow such as in a wind tunnel. As a result of this process, the test is 
almost ready to be performed. 
 

4.3.2 Process 

 
In this step of the test, the numerical simulation is done by what is called “the 
solver”. Having defined the initial conditions and the fluid properties, the 
algebraic approximation of the equations is applied to every point of the mesh. 
The simulation goes on until a concrete number of iterations have been reached 
or the convergence criterion is accomplished. That happens when the solution 
of the current iteration is practically identical with the previous one and hence, 
no additional information is computed and the simulation process finishes. 
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4.3.3 Postprocessor 

 
The results of the simulation are managed by the post-processor in order to 
present the information in a clear way. It enables to plot several graphs and to 
obtain concrete data. As a result, the conclusions of the analysis are quite easy 
to obtain. 
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CHAPTER 5. SIMULATION 
 
This section presents the steps followed to develop our particular simulation. In 
order to carry out the Preprocess and the Process the following software has 
been used: 
 
GAMBIT (Geometry And Mesh Building Intelligent Toolkit): This 
preprocessor for CFD analysis is meant to perform the geometry construction 
and import, the mesh generation, the mesh quality examination and the 
boundary zone assignment.  

 
FLUENT: This solver provides 2D or 3D simulations with a wide variety of flows; 

incompressible-compressible, steady-unsteady, laminar-turbulent or inviscid 
and at any speed rating (subsonic, transonic, supersonic or hypersonic). 
 

5.1 Geometry 

 
The 3D drawing of the wind generator was defined by the UPC’s research 
group called GRECDH. Then, the first step consists in exporting it to GAMBIT 
software so as to carry out the pre-process of the simulation. The drawing was 
given in IGES format so, as it is one of the formats that GAMBIT admits, we are 
able to import it as seen in Figure 12.  
 

 

Figure 12. 3D drawing imported to Gambit 

 
Before starting the mesh process we must ensure, as far as possible, that the 
geometry is reliable enough to be successfully meshed. 
 
So, the next step is to dispose the geometry so that it has not a very high level 
of detail and that it has not any useless part from the aerodynamic point of view, 
which would only complicate the mesh process and decrease the mesh quality. 
By using Gambit’s tools we simplify the structure of the wind generator but 
always trying to keep the original shape of the surfaces and the contours to 
prevent the modification of the aerodynamic performance. 
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First, we cleared up the entire rotor’s area. We removed some useless pieces 
situated inside and around the hub and simplify the joint between the three 
blades and the hub. 
 
Second, we simplified the structure that supports the tail vane. As the inferior 
tube, which can be seen in Figure 12, has no aerodynamic relevance we 
decided to remove it.  We consider that it would most likely disturb the meshing 
process. 
  
And finally, we also decided to remove the rotor’s cone located in the hub. In 
the original 3D drawing, it had some imperfections that surely would lead to 
some problems with the mesh. So, using Gambit’s tools we tried to draw it 
ourselves because we considered that this part, unlike the others, does really 
affect the aerodynamic performance of the wind turbine. Then, we drew it 
keeping its original shape but, in the end, we realized that it could not be 
meshed successfully due to its complexity. Therefore, we had to remove it. 
 
The geometry obtained after the corresponding simplifications is represented in 
Figure 13.  
  

 

Figure 13. Final 3D geometry of the wind generator 

 

In the first attempt of the meshing process, we realized that the geometry and 
the situation of the tail vane caused the mesh to be faulty. As the tail vane’s 
thickness is very small, the mesh resolution had to be extremely high so that the 
mesh volumes could fit inside it. Therefore, we decided to neglect its thickness 
representing it as a face rather than a volume. Obviously, we kept its original 
shape in order to maintain its aerodynamic performance. What is more, instead 
of connecting the tail vane with its supporting tube, as we can see in Figure 13 
we had to place it a few units above the tube because this way the quality mesh 
increases considerably. 
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5.2 Fluid domain 

 
Once we have finished the geometry, there is only one step left before starting 
the meshing process. We must define the domain that has to be meshed. 
  
The mesh nodes are used by the Solver to know in which points it must 
implement the calculations of the Navier-Stokes equations. Therefore, it seems 
clear that we have to mesh the fluid that surrounds the wind turbine and not the 
wind turbine itself. However, in order to accomplish this, first we must define the 
bounds of the fluid domain. 
 
The dimensions of this domain are quite important. It must be large enough to 
be able to study the behavior of all trails, wakes and turbulent regions, and to 
leave enough space between blade tips and the bounds of the domain (walls). 
But also not exceedingly large, since in this case we would be analyzing many 
areas where the streamlines of the wind are completely free and, therefore, 
completely devoid of useful information. It would only take up unnecessary 
mesh volumes and memory, and this fact can deprive you of performing a mesh 
with the desired resolution, having to increase the size of the mesh volumes 
with the consequent decrease of the quality mesh and hence poorer results. 
 
Regarding the shape of the domain, it mainly depends on the model's geometry 
and on the direction of the desired incident wind. Usually, if we only need to 
simulate the problem for a unique wind direction, it is used a cubic domain. But 
in our particular case, we must perform the simulation using some different 
incidence angles of the wind, mainly in order to study the effect produced by the 
tail vane. So, our flow domain must be a cylinder instead of a cube. 
 
Taking into account that the wind generator has a length of 1.75 units and a 
height of 2 units approximately, we have decided to make a 40-units-diameter 
fluid domain with a 10-units height. 
 

 

Figure 14. Fluid domain 

 
As we can see in Figure 14, we have separated the fluid domain in two equal 
parts. It represents that the wind enters through the section situated in front of 
the wind generator and exits through the rear section. The geometry has been 
also separated in two parts; the transversal plane cuts it by the support tower.   
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5.3 Mesh 

 
This process consists in discretizing the fluid domain into a set of tetrahedrons 
and nodes. We can observe the Figure 15 in order to get a better understanding 
of this concept. 
 

 

Figure 15. Wind generator’s mesh 

 
The meshing process is one of the most important steps during the simulation 
because the reliability of the final results is mainly determined by the mesh 
quality.  
   
We create the mesh so that the area immediately around the wind generator 
has the highest resolution, and as we go away from the object the mesh 
resolution decreases. That is because we want to obtain the most precise data 
in the surroundings of the wind generator, which is the most interesting area to 
be studied. Whereas in the surroundings of the domain bounds we do not need 
such precision.  
 
The Gambit’s tool known as Sizing Function allows us to apply a linear 
decrease of the resolution mesh along the domain.  First, we must select where 
we want to start the resolution gradient. So, in the field called Source, we pick 
all faces of the wind generator, because it is where we want the highest 
resolution. Secondly, we select the volume corresponding to the fluid domain in 
the field called Attachment. Thus, the decreasing resolution gradient acts from 
the contours of the wind generator to the bounds of the fluid domain. 
 
And finally, we define the next parameters: 
 

 Start size: 0.001 units 

 Growth rate: 1.2 

 Size limit: 0.8 units 

The Start size is the tetrahedron’s size of the mesh just at the contours of the 
selected Source. Then, from the Source to the bounds of the fluid domain, the 



Simulation   25 

tetrahedron’s size grows by 20% each iteration, as long as it does not turns 
higher than the Size limit of 0.8 units. 
      
Once we have applied the Sizing Function to our fluid domain, it is ready to be 
meshed. The Mesh Volume tool will automatically recognize the Sizing Function 
and create the mesh following its parameters.  
 
Note that we have to follow these steps for each part of the fluid domain. So, as 
we can see in Figure 16, first we mesh one part of the domain and then the 
other one.  
 
Finally, we get a mesh of 2,449,727 elements. 
 

 

Figure 16. Meshed flow domain  

 

5.4 Mesh quality 

 
Gambit allows us to review the quality of the mesh using a tool called 
Examination Mesh. The objective is to avoid having elements with too sharp 
angles. 
 
The quality criteria for the examination of the mesh called Equi-Angle Skew 
shows us graphically the mesh quality in a range from 0 to 1 for each mesh 
element, being 1 the worst possible case. If the quality of any element 
overcomes the value of 0.95, the Fluent Solver will have difficulties to deal with 
this mesh. 
  
Figure 17 shows the mesh elements within the range of 0.75-1. As we 
expected, the worst elements are situated around the wind generator because it 
has a higher level of detail. There are 1,757 mesh elements within this range, 
which represents the 0.07% of the total elements.  
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Figure 17. Equi-Angle Skew: range 0.75-1 

 
As we can see in Figure 18, most of the elements within the range of 0.8-1 and 
0.85-1 are situated around the tail vane and its support tube. There are 
respectively 200 and 31 mesh elements within these ranges. 
 

 

Figure 18. Equi-Angle Skew: range 0.8-1 (left) and range 0.85-1 (right) 

 
There is also an option called Worst element which shows the mesh element 
with the poorest quality and displays its quality value. This element has a quality 
value of 0.934.   
 

5.5 Boundary Conditions 

 
The last step before exporting the mesh to the Fluent Solver consists in defining 
the Boundary Conditions. 
  
The Boundary Conditions determine the behavior of the fluid along the mesh. 
They establish where the fluid must enter, which areas act as Walls or where 
the fluid must exit. 
 
In our particular case, we define as Walls the top and the bottom face of the 
fluid domain.  This sets to zero the fluid velocity in these surfaces. Then, the 



Simulation   27 

rear face of the cylinder is defined as Pressure Outlet and the front face as 
Velocity Inlet. This allows us to control the magnitude and the direction of the 
fluid velocity in the entrance of the test chamber or fluid domain.  In Figure 19 
we can see graphically the assignment of the Boundary Conditions.  
 

 

Figure 19. Boundary conditions of the fluid domain 

 
We also define as Walls the surfaces of the wind generator: each blade 
separately, the tail vane, the support tower, the rotor and the horizontal tube 
that supports the tail vane. And we assign them the names shown in Figure 20. 
 

 

Figure 20. Boundary conditions on the wind generator 

 
Once we have defined the Boundary Conditions, the pre-process of the 
simulation is finished. Therefore, the mesh created with Gambit is exported to 
the Fluent Solver. 
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5.6 Solver parameters 

 
After having imported the mesh to Fluent, we use the tool called Display Grid in 
order to check it. As we can see in Figure 21, the mesh is ready to be used. 
 

 

Figure 21. Display of the mesh imported to Fluent 

 
Second, so as to obtain the results corresponding to the real dimensions of the 
wind generator, the Grid must be scaled. As we noted in section 0, in Gambit 
software the wind generator is about 1.75 units long and 2 units high. These 
values already correspond to the dimensions of the wind generator in meters, 
so all we have to do in Fluent is introduce this unit of length as the appropriate 
one.  
  
The next step consists in introducing the parameters of the simulation. These 
are the following ones: 
 
Space: 3D 
 
The space considered by the solver has to be obviously a 3D Space, because 
the mesh in Gambit was created in three dimensions. 
   
Equation-solving mode: Segregated 
 
We choose the segregated model flow instead of the coupled model flow.  
The segregated algorithm solves sequentially and separately the equations of 
the velocity and pressure variables while the coupled algorithm solves them at 
the same time. What is more, the segregated solving-mode is an implicit solver. 
It means that for calculating the value of an x point in the n iteration, it uses the 
value in the n-1 iteration of the x point and the values of the adjacent points that 
are not calculated yet in the current iteration n.  
Usually, the segregated model flow is the traditional numerical method for 
solving incompressible flows besides, the coupled model flow, which is more 
costly, is mostly used for high-speed compressible flows.   
 
Time: Steady 
 
We consider a steady flow because we want to perform the simulation for fixed 
values of the fluid’s properties, i.e. in the permanent regime, which do not vary 
over the time, such as the fluid inlet velocity or its density. 
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An unsteady simulation may be more realistic, but would be too computationally 
expensive to be applied within the framework of this TFC. 
 
Fluid: Air 
 
Air is considered as an ideal gas and an incompressible fluid. This assumption 
is completely justified given the low flow velocities involved in the simulation. In 
fact, we are working with velocities around Mach 0.02. 
  
We set the density of the air at 1.225 kg/m3 and its viscosity at 1.7894e-5 
kg/m·s. 
 
Boundary Conditions – Velocity Inlet 
 
One of the most important parameters we have to introduce in Fluent is the fluid 
inlet velocity. To get an idea, the micro wind generators start generating 
electricity at very low wind velocities (around 3 m/s) and have a generating 
curve up to wind velocities of 12 m/s. 
  
The micro wind generator IT-PE-100 is designed to be installed in rural areas of 
Peru; consequently, we must analyze the wind data recorded on this site to 
make our simulation more reliable and valuable. 
  
After a comprehensive study carried out by Carlos Sánchez [5] with the 
collaboration of GRECDH, three representative wind intensities have been 
selected for this case. 
 
The first one corresponds to the absolute average of the whole year. Its statistic 
value is questionable because we are taking into account some intensities that 
are useless from the point of view of the wind generator, such as samples of 
null wind days or values of wind velocities extremely high and unlikely. 
However, it has been proven that the absolute annual average is a parameter 
widely used in the industry sector; so, we have included it as relevant 
information. The absolute annual wind velocity average is 3.63 m/s. 
 
Second, we have decided to take as representative wind intensity the limit of 
extreme wind. We consider that extreme wind is the intensity that overcomes 
the absolute average by a greater value than the standard deviation one. The 
limit of extreme winds is 6.42 m/s; from this value onwards it is considered an 
extreme sample. 
 
Finally, we also take the average of the daily maximum intensities as an 
interesting value to be studied. We think that it is a good way to reflect a 
maximum value at which the wind generator could work at least in a day-time. 
Its value is 7.44 m/s. 
   
As it was explained in 0, apart from the wind intensities we also found 
interesting to study the effect produced by the tail vane when the wind direction 
is not aligned with the wind generator. So, we decided to include four different 
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incidence angles for each wind intensity, those are 0º, 10º, 20º and 30º. Thus, 
we must perform the simulation for 12 different cases: 3 velocities and 4 
incidence angles. 
 
Viscous Model: Laminar 
 
As we explained in section 1.2.2, the Reynolds number allows us to determine if 
the flow conditions lead to laminar or turbulent flow. So, we compute its value 
using the next expression: 
 

𝑅𝑒 =
𝜌𝑣𝐿

𝜇
 

 
As we stated before, the fluid density is 1.225 kg/m3 and its viscosity 1.7894e-5 
kg/m·s. In the case of the fluid velocity we take the most restrictive one, i.e. 7.44 
m/s. And finally, as the wind direction is basically perpendicular to the rotor 
plane and the wind turbine is initially still, we take the thickness of the blades as 
the characteristic dimension to compute the Reynolds. When the wind turbine is 
rotating at nominal speed, the chord should be considered as the most 
significant dimension. The value of the average thickness of the blades is 
0.0095 m. 

 
 

𝑅𝑒 =
1.225 ∗ 7.44 ∗ 0.0095

1.7894 ∗ 10−5
= 4839 

 
 
This Reynolds value corresponds to the transition area, because it is greater 
than 2000 and lower than 10000. As this is the most restrictive case and it is 
closer to the laminar area rather than the turbulent one, we select laminar flow 
as first approximation. Thus, the simulation process is greatly simplified. 
 
Furthermore, we tried to simulate one of the cases with the turbulent viscous 
model called κ-ε. This two-equation method solves one equation for the 
turbulent kinetic energy k, and another for its dissipation, ε, which represents 
the amount of k per mass and time converted into heat by viscous action. We 
noticed that the differences between the results of this simulation and the one 
with the laminar viscous model were insignificant. Therefore, we can state that 
this approximation is completely assumable. 

 

5.7 Solving process 

 
Once we have introduced these parameters, we are ready to carry out the 
simulations. A steady-state flow simulation involves starting with a uniform flow 
field and iterating in time until the final steady-state flow field is obtained. This is 
called iterative method, but requires some criteria for determining convergence. 
At convergence, it should be satisfied that all discrete conservation equations 
(momentum, energy, etc.) are obeyed in all cells to a specified tolerance or that 
the solution no longer changes with the subsequent iterations. Furthermore, it 
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should be fulfilled that overall mass, momentum, energy, and scalar balances 
are achieved.  
 
In our particular case, we examine the iterative convergence by monitoring the 
residuals, which are the changes produced in the equations over an iteration. 
So, we establish our convergence criteria when the residuals stabilize and 
reach values below 0.1 for the case of the continuity equation and below 
0.00001 for the rest of equations. 
  
In Figure 22, we can see the residuals of the continuity, x-velocity, y-velocity 
and z-velocity equations for the case of an inlet velocity of 3.63 m/s and no 
incidence angle. Note that it took more than 50 iterations to reach our 
established convergence criteria. However, depending on the velocity inlet 
case, the appropriate number of iterations varies between 50 and 100.  
    

 

Figure 22. Representation of the equations residuals during the iterative method 

 
Now that we have already obtained a solution for our model, we extract all the 
information provided by Fluent, such as contour graphs and numerical values of 
the forces acting on each wind generator’s element, in order to get the 
conclusions about the results.     
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CHAPTER 6. RESULTS AND DISCUSSION 
 
In this section, the results obtained with Fluent are presented and discussed. 
 

6.1 Flow velocity and pressure contours 

 
First of all we compare the contour plots of flow velocity and pressure for the 
different studied cases. The most significant and interesting changes occur 
when the incidence angle is modified. Although the aerodynamic forces depend 
on the square of the wind velocity, we do not appreciate significant changes in 
the contours plots when the wind speed is modified. 
    
Figure 23 shows a graph of the air flow velocity around the wind generator, 
which is seen from above. Fluent uses a color scale to indicate the intensity of 
the studied magnitude, in this case the fluid velocity, whose values, in m/s, are 
shown in the left hand side of the figure. 
 
This figure corresponds to the case of inlet velocity of 7.44 m/s and an 
incidence angle of 0º. We can observe that in the surroundings of the wind 
generator the fluid loses velocity, and this effect extends along the entire wake’s 
length. When the fluid approaches the blades, it decelerates until it hits the 
surface, where the fluid has zero velocity. However, the fluid streamlines near 
the leading and trailing edge tend to adhere to the blade’s surface and, 
consequently accelerate, because they have to cover more distance until they 
overcome the airfoil’s surface. Therefore, in Figure 23 we can see that the fluid 
velocity increases about 2 m/s in some areas near the blades. Note that, due to 
the position of the blades on the rotor, the velocity pattern in the figure is not 
completely symmetric. 
    
Furthermore, ahead of the rotor there is an area where the fluid undergoes a 
sharp slowdown. This is mainly caused by the completely non-aerodynamic 
hub, for which its conical shape was simplified by a cylinder in the Preprocess 
of the simulation as commented in section 5. 
 

 

Figure 23. Top view of the velocity contour for 7.44 m/s and 0º  
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Now it is presented how the velocity contour changes as the incident angle 
increases. First, as it can be seen in Figures 24, 25 and 26, the angle between 
the wake direction and the x axis increases with the incidence angle. However, 
it does not increase as fast as the incidence angle. Note also that when the 
incidence angle is 10º, the tail vane is still interfered by the wake, contrary to 
what happens when the incidence angle is 20º or 30º. 
  

 

Figure 24. Top view of the velocity contour for 7.44m/s and 10º 

 

 

Figure 25. Top view of the velocity contour for 7.44 m/s and 20º 

 

 

Figure 26. Top view of the velocity contour for 7.44 m/s and 30º 



34                                              CFD study of the performance of a micro wind generator for energy supply in rural areas  

Figures 27 and 28 compare the velocity diagram from a frontal view of the wind 
generator. As we can see, in Figure 27 the fluid velocity increases about 2 m/s 
around the tip of the blades. Nevertheless, when the incidence angle is 
increased to 30º we can observe that the velocities do not increase so much, 
especially in the right hand side blade. 
 

 

Figure 27. Front view of the velocity contour for 3.63 m/s and 0º 

 

 

Figure 28. Front view of the velocity contour for 3.63 m/s and 30º 

 
We have considered two different planes to study the velocity pattern for a 
lateral cut of the wind generator. Figures 29 and 31 are the contours obtained 
for the symmetry plane of the tower and Figure 30 and 32 are those obtained 
for the tail vane plane. 
  
We can observe how the fluid accelerates when it flows around the inferior 
blade tip, but due to the abrupt change in the blade geometry, the fluid can no 
longer flow in contact with it, i.e. the boundary layer separates. So, we can see 
that behind the blade there is an area where the fluid has very low velocities. 
 
The most significant difference between the graphs for an incidence angle of 0º 
and the ones for 30º is the interaction with the tail vane. In the case of 30º, the 
wake produced by the tail vane can be appreciated whereas in the case of 0º it 
is imperceptible. This is probably due to the fact that the tail vane, which is 
symmetric, generates null lift at null angle of attack (which is approximately the 
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case for incidence angle of 0º), and also because the tail vane receives a much 
more homogeneous flow for 30º. 
 

 

Figure 29. Side tower view of the velocity contour for 3.63 m/s and 0º 

 

 

Figure 30. Side tail vane view of the velocity contour for 3.63 m/s and 0º 

 

 

Figure 31. Side tower view of the velocity contour for 3.63 m/s and 30º 
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Figure 32. Side tail vane view of the velocity contour for 3.63 m/s and 30º 

 
Figures 33 and 34 compare the velocity graph with the pressure graph for the 
same simulation case. According to Bernoulli’s Principle, the total energy in an 
incompressible fluid remains constant along a stream line. Thus, the following 
expression applies: 
 

𝑉2

2
+ 𝑃 = 𝑐𝑡 

 
Therefore, an increase of the fluid velocity will correspond to a decrease of the 
pressure. This is the effect that we can observe in the figures. For instance, 
note that around the inferior blade tip the velocity increases around 2 m/s and 
the pressure decreases more than 15 Pa. Obviously, as in the Bernoulli’s 
Principle the velocity is squared, the changes in pressure are more noticeable. 
 
 

 

Figure 33. Side view of the velocity contour for 3.63 m/s and 0º 
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Figure 34. Side view of the pressure contour for 3.63 m/s and 0º 

 

6.2 Lateral Forces 

 
First, we can compare the lateral forces (z-axis) acting on the tail vane with the 
ones acting on the rotor. It may be interesting to see if the moment produced by 
the rotor helps the turbine to orient itself to the wind direction, or on the 
contrary, it makes a destabilizing moment, which could be overcome by the tail 
vane.  
 
Note that the forces reported in Fluent correspond to the resultant force acting 
on the selected surface along the direction of the indicated axes. It has been 
assumed that the point of application of this resultant force is the pressure 
center (CP) of the surface. The CP is defined as the point of a body where the 
total sum of a pressure field acts, causing a resultant force and no moment 
about that point. For example, it is approximately located in the 25% of the 
chord from the leading edge of an airfoil. 
 
Therefore, first of all, we estimated the position of the CP of both surfaces 
involved in this case study: the tail vane and the rotor. The procedure followed 
for the calculation is explained in detail in section 2.1 of the Annexes. The 
coordinates in meters of the position computed for the CP of the tail vane were 
(0.2975, 0.145), taking as reference a coordinate axis whose origin is situated in 
the lower vertex of the tail vane. And, due to its symmetrical geometry, the 
position for the CP of the rotor was assumed to be exactly in the center of the 
hub. 
   
The problem is shown in Figure 35. Fvane and Frotor are the forces obtained with 
Fluent along the z-axis, My is the moment produced on the tower in the y-axis, 
Vw is the wind velocity and α is the wind incidence angle. The distance d1 is the 
separation between the CP of the tail vane and the rotation axis (1.276 m). 
Whereas d2, which has a value of 0.178 m, is the distance from the rotor’s CP 
to the rotation axis. 
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Figure 35. Scheme of the lateral forces produced on the wind generator 

 
Table 1 presents the tabulated results for all the studied wind conditions. 
  

Table 1. Results of the lateral forces and moments 

 

Initial Conditions Vane Rotor 
My [Nm] 

α [º] Vw [m/s] Fvane [N] Myvane [Nm] Frotor [N] Myrotor [Nm] 

0 

3.63 0.062 -0.0791 -0.015 -0.0027 -0.0818 

6.42 0.196 -0.2501 -0.047 -0.0084 -0.2585 

7.44 0.263 -0.3356 -0.063 -0.0112 -0.3468 

10 

3.63 0.402 -0.5130 -0.076 -0.0135 -0.5265 

6.42 1.274 -1.6256 -0.212 -0.0377 -1.6633 

7.44 1.712 -2.1845 -0.282 -0.0502 -2.2347 

20 

3.63 0.769 -0.9812 -0.061 -0.0109 -0.9921 

6.42 2.404 -3.0675 -0.194 -0.0345 -3.1020 

7.44 3.251 -4.1483 -0.264 -0.0470 -4.1953 

30 

3.63 0.975 -1.2441 -0.051 -0.0091 -1.2532 

6.42 3.118 -3.9786 -0.100 -0.0178 -3.9964 

7.44 4.185 -5.3400 -0.135 -0.0240 -5.3640 

 
The moment produced by the tail vane is the result of multiplying the tail vane’s 
force by the distance d1 and, similarly, the moment produced by the rotor is the 
result of multiplying the rotor’s force by the distance d2. The last column 
contains the values of the total moment produced around the y-axis.  
 
Note that, although the forces of the tail vane and the rotor are opposite, the 
moments that they produce have the same direction, because they are applied 
on opposite sides of the rotation axis.  So, the first important conclusion is that, 
fortunately, the moment produced by the rotor slightly helps the tail vane to 
direct the rotor into the wind direction. 
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Another interesting issue to study is how the forces are affected when the initial 
conditions change. The moment of the tail vane vs. the wind speed for each 
incidence angle is shown in Figure 36. The modules of the force and the 
moment on the tail vane increase with the angle of incidence and with the wind 
intensity, as expected. Because the drag force on the tail wind depends on the 
square of the wind velocity and on the exposed surface, which increases with 
the incidence angle.   
  
As per the behavior of the lateral forces on the rotor, the direction of the force 
opposes the z-component of the wind velocity. In fact, from the geometry of the 
blades and the position of their leading edges, it can be deduced that the rotor 
must rotate clockwise. Thus, it seems coherent that at least for the inferior blade 
a large component of the force points to the negative direction of the z-axis, so 
as to push the blade (and the rotor) to begin to rotate in the appropriate 
direction. 
   
Figure 37 shows the rotor’s moment vs. the wind speed for each incidence 
angle. The modulus of the force and the moment on the rotor also increase with 
the wind speed, however we have not identified any pattern in their behavior 
with the incidence angle. The main reason for the observed variations could be 
the changes in the Angle Of Attack (AOA) of the blades with the angle of 
incidence. For instance, when the angle of incidence is 30 degrees, one of the 
blades may be prone to stall, and, with the consequent loss of lift, the resultant 
force decreases as stated in Table 1. 
 

 

Figure 36. Graph of the tail vane’s moment 

 
It is important to remark that the values of the moments on the rotor are smaller 
than those on the tail vane, almost around two orders of magnitude. This really 
falls within the expected results (the difference between the distances to the 
rotation axis is around one order of magnitude). The forces are nearly one order 
of magnitude different, probably due to the difference in wet surface. 
 

-6

-5

-4

-3

-2

-1

0

3 4 5 6 7 8

W
in

d
 V

an
e

's
 M

o
m

en
t 

[N
m

]

Wind Speed [m/s]

0º

10º

20º

30º



40                                              CFD study of the performance of a micro wind generator for energy supply in rural areas  

 

Figure 37. Graph of the rotor’s moment 

 
Finally the total moment around the y-axis vs. the wind speed for each 
incidence angle can be observed in Figure 38. This plot is very similar to the 
one that shows the tail vane’s moment, because the rotor’s moments are two 
orders of magnitude smaller than those on the tail vane. 
 

 

Figure 38. Graph of the total moment around y axis 
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6.3 Angles of attack of the blades 

 
This section studies the relative position of each blade with respect to the wind 
direction, i.e., their AOA. The main reason to accomplish this analysis lies on 
explaining the unexpected behavior of the lateral forces on the rotor with the 
variation of the incidence angle, seen in the previous section. As the AOA is 
directly related to the lift force produced on each blade, it can provide useful 
information for a better understanding of the aerodynamic performance of the 
rotor depending on the wind conditions. 
 

 

Figure 39. Terminology used for the blades 

  

6.3.1 Right blade 

 

The component of the wind that is contained on the airfoil’s plane is the only 
one that contributes to the generation of aerodynamic forces. 
 
Figure 40 represents a two-dimensional scheme of the airfoil of the right blade’s 
tip (see Figure 39) and the incident wind. However, in order to calculate the 
AOA we have to take into account the three coordinates of the space, because 
we have to define the three components vector of the airfoil’s plane so that we 
can project the vector of the wind velocity on it. 
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Figure 40. Scheme of the right blade 

 
The results of the AOA for each incidence angle and for the velocity of 6.42 m/s 
are shown in Table 2. The steps followed for the computation of the AOA are 
explained in section 2.2.1 of the Annexes. 
 

Table 2. Values of the AOA for the right blade 

 

α [º] Vw [m/s] Wind’s vector [m/s] AOA [º] 

0 6.42 (6.42, 0, 0) 101.26 

10 6.42 (6.32, 0, 1.11) 114.40 

20 6.42 (6.03, 0, 2.20) 126.70 

30 6.42 (5.56, 0, 3.21) 137.92 

 
 

6.3.2 Inferior blade 

 
Figure 41 represents the two-dimensional scheme of the inferior blade’s tip and 
the Table 3 shows the values of the AOA for each incidence angle. 
 

 

Figure 41. Scheme of the inferior blade 
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Table 3. Values of the AOA for the inferior blade 

 

α [º] Vw [m/s] Wind’s vector [m/s] AOA [º] 

0 6.42 (6.42, 0, 0) 88.20 

10 6.42 (6.32, 0, 1.11) 78.20 

20 6.42 (6.03, 0, 2.20) 68.14 

30 6.42 (5.56, 0, 3.21) 58.05 

 
 

6.3.3 Left blade 

 
In Figure 42 it is represented the scheme of the left blade’s tip and in the Table 
4 are shown the results for the AOA for each incidence angle. 
 

 

Figure 42. Scheme of the left blade 

 

Table 4. Values of the AOA for the left blade 

 

α [º] Vw [m/s] Wind’s vector [m/s] AOA [º] 

0 6.42 (6.42, 0, 0) 86.80 

10 6.42 (6.32, 0, 1.11) 94.40 

20 6.42 (6.03, 0, 2.20) 102.10 

30 6.42 (5.56, 0, 3.21) 110.10 

 
 

We have to take into account that as the blades do not move in our simulation, 
we are only studying the instant of the wind generator startup. Wind generator’s 
blades are designed so that its maximum performance is achieved when they 
are spinning. The blade tips reach very high velocities when the blades are 
rotating, so the wind component due to its rotational velocity is much higher 
than the incident wind. Therefore, as we approach the blade tips of a wind 
generator, we can observe that they are orientated according to the wind 
component that they see when they are rotating instead of the incident wind 
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component. The reason why the calculated AOA of the three blades are so 
large is, because the rotor has null rotational speed. It makes sense from a 
theoretical point of view, because in the study of wind generators the angles of 
attack are expressed in values between -180 and 180 degrees. However, in 
practice, these values should not create any lift force in the blade, so we are not 
able to extract any conclusions about the relative position of each blade to the 
incident wind direction.  
 
Furthermore, due to the lower rotational velocity in the roots of the blades, the 
airfoil at the blade root tends to align with the direction of the incident wind in 
order to take profit of it and help for the startup. This feature of the blades is 
called torsion, which follows the next linear expression in the IT-PE-100: 
 

𝑇 º = −18.143  
º

𝑚
 · 𝑑 𝑚 + 14.5 (º) 

 
Therefore, in the blade tip, i.e. when d is 0.7 m, there is only a torsion of 1.8º. 
This means that the chord of the airfoil at the blade tip is almost contained in the 
rotor plane. Whereas in the blade root of the blade, when d is zero, there is a 
torsion of 14.5º. So, in order to calculate the AOA in the blade root, we would 
have to subtract 14.5º to the ones already calculated. Note that, even so, the 
obtained AOA are still too large to be able to study the behavior. 

 

6.4 Torque 

 
The study of the moment produced by the blades around the x-axis is another 
interesting feature. This parameter will allow us to get an idea of how the rotor 
starts the rotation movement depending on the wind speed and the angle of 
incidence of the wind.   
 
Fluent calculates the forces acting on each blade in the z and y-directions (the 
x-direction force is not involved in this case). We assume, once again, that the 
point of application of these forces is the CP of each blade and that it is located 
in the middle of the 25% line of the chord. As the chord increases as we 
approach to the blade root, the area of the half of the blade closest to the 
rotation axis is greater than the other one. However, as the velocity is greater in 
the half of the blade furthest from the rotation axis, we have assumed that the 
lift produced on both halves is the same. Therefore the moment is null in the 
middle of the blade.     
 
The moment around the x-axis is produced by the component of the forces 
which is perpendicular to the 25% line, as represented in Figure 43. So, the first 
step consists in projecting the forces Fy and Fz of each blade into the direction 
of F1, F2 or F3 depending on the blade. This computation is developed in section 
2.3 of the Annexes. 
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Figure 43. Scheme of the rotor’s forces 

 
The results are tabulated in  
Table 5, where the last column, which corresponds to the total torque produced 
on the rotor, is obtained by adding the three moments of each blade.  
 

Table 5. Values of the moments produced on each blade and total moment 

 

Initial Conditions Right blade Inferior blade Left blade Rotor 

α [º] Vw [m/s] M1 [Nm] M2 [Nm] M3 [Nm] Mx [Nm] 

0 

3.63 -0.090 -0.095 -0.085 -0.270 

6.42 0.284 0.295 0.270 -0.850 

7.44 0.381 0.397 0.362 -1.140 

10 

3.63 0.072 0.094 0.098 -0.264 

6.42 0.225 0.286 0.301 -0.812 

7.44 0.302 0.384 0.404 -1.090 

20 

3.63 0.068 0.086 0.105 -0.259 

6.42 0.214 0.270 0.328 -0.812 

7.44 0.287 0.363 0.441 -1.090 

30 

3.63 0.058 0.077 0.101 -0.314 

6.42 0.193 0.237 0.330 -0.760 

7.44 0.260 0.317 0.443 -1.019 

 
 

6.5 Moment of inertia of the rotor 

 
Once the values of the moments around the x-axis have been computed, it may 
be interesting to obtain the rotor’s moment of inertia in order to compute the 
angular acceleration using the Second Newton’s Law. The angular acceleration, 
rather than the moment, is a parameter giving a much clearer idea about the 
beginning of the rotation movement of the rotor. Moreover, it allows calculating 
other interesting parameters like the angular velocity, the angular displacement 
or the tip lineal velocity at the first instants. 
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First, we calculate the moment of inertia around the x-axis of a blade and the 
hub separately. We consider a simplified blade of constant thickness and a 
cylinder with the same dimensions than the one used in our simulations for the 
case of the hub. The material of the two surfaces is fiberglass/epoxy resin 
composite, which has a density of 1600 kg/m3. The results obtained after the 
relevant calculations, which can be found in section 2.4 of the Annexes, are: 
 

𝐼𝑥ℎ𝑢𝑏 = 0.0838 𝑘𝑔 ∙ 𝑚2 
 

𝐼𝑥𝑏𝑙𝑎𝑑𝑒 = 0.304 𝑘𝑔 ∙ 𝑚2 
 
When the moments of inertia of the different parts of the body are calculated 
with respect to the same axis, then the moment of inertia of the whole body 
respect to that axis is simply the addition of them.  
   

𝐼𝑥𝑟𝑜𝑡𝑜𝑟 = 𝐼𝑥ℎ𝑢𝑏 + 3𝐼𝑥𝑏𝑙𝑎𝑑𝑒  
 

𝐼𝑥𝑟𝑜𝑡𝑜𝑟 =  0.9958 𝑘𝑔 ∙ 𝑚2 = 995.8 𝑔 ∙ 𝑚2 
 
Afterwards we used Solid Edge, a 3D CAD software, to verify that the computed 
moment of inertia was of the correct order of magnitude, and we obtained this 
value: 
 

𝐼𝑥 = 8088506.34 𝑔 ∙ 𝑐𝑚2 = 808.506 𝑔 ∙ 𝑚2 
 

Both values have the same order of magnitude. The one calculated manually is 
slightly larger than the one provided by Solid Edge. This difference is probably 
due only to the simplifying assumption that the blade thickness was constant 
and equal to the average thickness. Since the thickness decreases as we 
approach the blade tip, the assumption of constant thickness considers more 
mass to be far from the rotation axis. Thus, according to the definition of the 
moment of inertia, this fact leads to an overestimation of the moment of inertia.  
 
The other geometric difference between the two analyzed models is the hub 
shape, because in the model exported to Solid Edge the hub has its original 
conical shape. But we think that this contribution is not noticeable in the final 
result, because the moment of inertia of the hub is very small in comparison 
with that of the blades. Summarizing, although the result of the moment of 
inertia obtained from the theoretical calculation is really reliable, we think that 
the one provided by Solid Edge is the most precise one. 
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6.6 Angular Acceleration 

 
The main reason for calculating the rotor’s moment of inertia is to study the 
rotational movement at the beginning of the rotation. The expression that 
relates the torque on a body and its angular acceleration (φ) is: 
 

𝑀𝑥 = 𝐼𝑥𝑟𝑜𝑡𝑜𝑟 ∙ φ 
 
This equation is the equivalent of the Second Newton’s Law for a rotational 
movement. While the mass is the resistance of a body to be accelerated in 
translation, the moment of inertia is the resistance of a body to be accelerated 
in rotation. From the previous expression, we isolate the angular acceleration: 
 

𝜑 =
𝑀𝑥

𝐼𝑥𝑟𝑜𝑡𝑜𝑟
 

 
Table 6 shows the results of the angular acceleration of the rotor. The values of 
the torque Mx correspond to the data shown in  
Table 5 and the moment of inertia used is that provided by Solid Edge.  
 

Table 6. Angular acceleration values 

 

Initial Conditions 
Mx [Nm] φ [rad/s2] 

α [º] Vw [m/s] 

0 

3.63 -0.270 -0.334 

6.42 -0.850 -1.051 

7.44 -1.140 -1.409 

10 

3.63 -0.264 -0.326 

6.42 -0.812 -1.003 

7.44 -1.090 -1.347 

20 

3.63 -0.259 -0.320 

6.42 -0.812 -1.003 

7.44 -1.090 -1.347 

30 

3.63 -0.314 -0.388 

6.42 -0.760 -0.939 

7.44 -1.019 -1.260 

 
 
From the values of the angular acceleration, we can obtain other interesting 
parameters such as the angular velocity (ω), the angular displacement (ϴ) or 
the blade tip speed (vtip) at the beginning of the rotational movement. At first, 
the main objective of computing these parameters was to compare the results 
with those obtained by Carlos Sánchez [5] with Aerodyn, another CFD solver. 
However, due to the inaccuracy and instability of Aerodyn at the beginning of 
the rotational movement finally this comparison could not be carried out.  
 
As each iteration of the Aerodyn results lasts 0.001 seconds, this value was the 
time step used to compute these parameters. We assumed that during the first 
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0.001 seconds of the rotational movement the angular acceleration remains 
constant. The results of all these parameters are tabulated in 
 
Table 7 (the details of the computations are shown in section 2.5 of the 
Annexes). 
 

Table 7. Rotational parameters 

 

Initial Conditions  
φ [rad/s2] 

 
ω [rad/s] θ [rad] vtip [m/s] 

α [º] Vw [m/s] 

0 

3.63 -0.334 -3.338e-4 -1,669e-07 -2.856e-4 

6.42 -1.051 -10.507e-4 -5,253e-07 -8.991e-4 

7.44 -1.409 -14.092e-4 -7,046e-07 -12.058e-4 

10 

3.63 -0.326 -3.261e-4 -1,630e-07 -2.790e-4 

6.42 -1.003 -10.032e-4 -5,016e-07 -8.585e-4 

7.44 -1.347 -13.473e-4 -6,737e-07 -11.529e-4 

20 

3.63 -0.320 -3.202e-4 -1,601e-07 -2.740-4 

6.42 -1.003 -10.033e-4 -5,017e-07 -8.586e-4 

7.44 -1.347 -13.473e-4 -6,737e-07 -11.529e-4 

30 

3.63 -0.388 -3.881e-4 -1,941e-07 -3.321e-4 

6.42 -0.939 -9.392e-4 -4,696e-07 -8.037e-4 

7.44 -1.260 -12.596e-4 -6,298e-07 -10.778e-4 

 
We can obtain the parameter called “Tip speed ratio (λ)” just by dividing the tip 
speed by the wind velocity. This is tabulated in Table 8. 
 

Table 8. Tip speed ratio 

  

Initial Conditions 
vtip [m/s] λ 

α [º] Vw [m/s] 

0 

3.63 -2.856e-4 -7,867e-05 

6.42 -8.991e-4 -4,448e-05 

7.44 -12.058e-4 -3,839e-05 

10 

3.63 -2.790e-4 -7,687e-05 

6.42 -8.585e-4 -4,346e-05 

7.44 -11.529e-4 -3,750e-05 

20 

3.63 -2.740-4 -7,547e-05 

6.42 -8.586e-4 -4,267e-05 

7.44 -11.529e-4 -3,682e-05 

30 

3.63 -3.321e-4 -9,149e-05 

6.42 -8.037e-4 -5,173e-05 

7.44 -10.778e-4 -4,464e-05 
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6.7 Thrust 

 
Taking into account the theoretical considerations presented in section 2.6 of 
the Annexes, and using the data provided by Fluent, the thrust force coefficient 
can be obtained. However, it is important to remark that this coefficient does not 
correspond to the one at which the wind turbine operates in nominal conditions, 
since we are only studying the startup. All in all, the thrust force is the projection 
of the aerodynamic forces in the transversal plane, i.e. the plane perpendicular 
to the rotor one, just as Figure 44 shows.  
 

 

Figure 44. Scheme of the Thrust force 

 
Thus, adding the forces of the three blades in the desired direction, we are able 
to compute the thrust coefficient for every wind speed and angle of incidence, 
as shown in Table 9. 
 

𝐶𝑡 =
𝑇

1/2𝜌𝐴𝑟𝑜𝑡𝑜𝑟𝑈∞
2 =

𝑇

1
2 · 1.225 · 𝜋 · 0.85572 · 𝑈∞

2
=

𝑇

0.4485 · 𝜋 · 𝑈∞
2 

 
The thrust force and thrust coefficient vs. wind speed are plotted in Figure 45 
and Figure 46, respectively.  
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Table 9. Values of the thrust force and thrust coefficient 

 

Initial Conditions Rotor 

α [º] Vw [m/s] T [N] Ct [N] 

0 

3.63 3.50 0.188 

6.42 10.94 0.188 

7.44 14.69 0.188 

10 

3.63 3.45 0.186 

6.42 10.52 0.181 

7.44 14.12 0.181 

20 

3.63 3.32 0.179 

6.42 10.40 0.179 

7.44 13.95 0.179 

30 

3.63 3.05 0.164 

6.42 9.83 0.169 

7.44 13.20 0.169 

 
 

 

Figure 45. Graph of the thrust force 

 
As expected, the thrust force increases with the wind speed due to its origin in 
the aerodynamic forces. Additionally, it decreases slightly with the angle of 
incidence since the rotor is not working in the conditions for which it has been 
designed, i.e. aligned with the incident wind. 
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Figure 46. Graph of the thrust coefficient 

 
 
By looking at Figure 46, we can reach the same conclusion as in Figure 45, that 
is, the thrust diminishes with the angle of incidence. As expected, wind speed 
does not affect the thrust coefficient significantly. In fact, it remains almost 
constant for every wind speed because the dependence on wind speed is 
suppressed due to the definition of the thrust coefficient itself. The reason for 
the small variations between 1% and 3%, which are almost negligible, could lie 
on approximations of the Fluent simulation. 
 
The mechanical power in the rotor axis, obtained from the wind kinetic energy, 
and hence the power coefficient cannot be computed considering the case we 
are studying, which is the start of the rotor. Because the wind turbine starts to 
generate power once the rotor begins to spin. But an idea of the behavior of the 
power can be derived from the related magnitude of the thrust. 

 

6.8 Shearing forces 

 
This section studies the forces that the support tower has to overcome. Surely, 
rather than the compression forces, the forces that are perpendicular to the 
tower’s axis are the most disturbing forces acting on the structure, i.e., the 
shear forces. 
 
The shear forces that the tower suffers are: 
 

 The forces acting in x and z-direction (see Figure 47) produced by all the 

structure above the tower, i.e., the rotor, the tail vane and the cylinder 

that binds them. These forces are applied on the top of the tower. 

 The forces acting in x and z-direction produced by the tower itself. These 

forces are applied uniformly throughout the tower, since they are mainly 

produced by the wind resistance. 
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Figure 47. Front view of the studied case  

 
Table 10 shows the values of Fx and Fz obtained with Fluent, and the resultant 
forces of the rotor-vane structure (Fr) and the tower (Ft), which have been 
calculated using the Pythagorean Theorem. 
 

Table 10. Data of the shear forces 

 

Initial Conditions Rotor-Vane Tower 

α (º) Vw (m/s) Fx (N) Fz (N) Fr (N) Fx (N) Fz (N) Ft (N) 

0 

3.63 4.520 0.048 4.520 0.0877 -0.032 0.093 

6.42 14.130 0.151 14.130 0.252 -0.100 0.271 

7.44 18.980 0.203 18.980 0.336 -0.137 0.363 

10 

3.63 4.500 0.375 4.516 0.141 -0.080 0.162 

6.42 13.900 1.233 13.955 0.474 -0.429 0.639 

7.44 18.660 1.660 18.734 0.636 -0.600 0.874 

20 

3.63 4.370 0.804 4.443 0.100 -0.084 0.131 

6.42 13.690 2.506 13.917 0.323 -0.345 0.473 

7.44 18.360 3.383 18.669 0.435 -0.514 0.673 

30 

3.63 4.146 1.110 4.292 0.074 0.137 0.156 

6.42 13.100 3.600 13.586 0.517 0.135 0.534 

7.44 17.580 4.836 18.233 0.703 0.148 0.718 

 
 

As expected, the values of Fx on the rotor-vane structure are quite larger than 
the values of Fz. The higher incidence of the wind in x direction and the greater 
exposed surface are the main reasons for this. Note that the values of Fx are 
very similar to the thrust produce by the blades (  
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Table 9) and the values of Fz to the lateral force produced on the tail vane 
(Table 1). 
 
Regarding the forces on the tower, the difference between the modulus of Fx 
and Fz is minimal. In this case, this difference is only caused by the angle of 
incidence of the wind, because the exposed surface is always the same in any 
direction, and a cylinder produces no lift. On the other hand, the sense of Fz is 
not really the one we expected. By definition, the drag is always opposite to the 
relative velocity of the body. As the velocity of the body is zero and the wind 
velocity is +Vz, the relative velocity of the tower is –Vz. So logically, as drag is 
the unique force acting on the tower, the sense of Fz should be in positive z 
direction. We think that this may occur due to the interference caused by the 
lower blade, which is located just in front of the tower. 
  
Figure 48 shows the distribution of stress on the tower. We use the worst case 
from Table 10, i.e., the maximum values of the forces, which are the ones 
highlighted in bold. So, Fr is the maximum resultant force of the rotor-vane 
structure, w is the maximum resultant force of the tower uniformly distributed 
throughout all the longitude L of the tower and Rx and Ry are the reactions that 
appear in the supporting point. 

 

Figure 48. Support tower’s forces scheme 

  
Then, the distribution of the shear forces and the bending moments are 
represented in Figure 54 and 55 respectively. So as to consult the equations 
governing these distributions, see sections 2.8.1 and 2.8.2 of the Annexes. 
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Figure 49. Distribution of the shear forces 

 

 

Figure 50. Distribution of the bending moments 

 
The maximum value for the bending moment is: 
 

𝑀𝑧𝑚𝑎𝑥
 𝑦 = 𝐿 = −169.8 𝑁𝑚 

 
 

6.9 Bending stress 

 
From the value of the maximum bending moment we can obtain other 
interesting parameters. 
  
According to Navier’s Law, the bending stress of a longitudinal fiber situated a 
distance x from the neutral axis is:  
 

𝜍𝑦 = −
𝑀𝑧

𝐼𝑧
∙ 𝑥 
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The neutral axis is an axis in the cross section of a beam along which there are 
no longitudinal stresses or strains. If the section is symmetric, isotropic 
(uniformity in all orientations) and is not curved before a bend occurs, then the 
neutral axis is at the geometric centroid. All fibers on one side of the neutral axis 
are in a state of tension, while those on the opposite side are in compression. 
 
Mz is the bending moment around the z-axis (the one we have computed) and Iz 
is the area moment of inertia (also called second moment of area or second 
moment of inertia) of the cross section, and it is calculated in section 2.9 of the 
Annexes. 
 
 
 
 
 
 
Maximum bending stress 
 
As always, the value corresponding to the worst case is the one that provides 
more useful information. So, we compute the maximum bending stress with the 
next expression: 

𝜍𝑦𝑚𝑎𝑥
= −

𝑀𝑧𝑚𝑎𝑥

𝐼𝑧
∙ 𝑥𝑚𝑎𝑥  

 
Where Mzmax is the bending moment at the top of the tower and xmax is the 
distance to the longitudinal fiber farthest from the neutral axis. 
  
Now, we have to identify the position of the neutral axis. Initially, the tower is 
designed to be made of steel, so, as all of the metallic materials are isotropic, 
we can conclude that the neutral axis is situated in the geometric centroid, 
which corresponds to the central axis of the cross section of the tower. 
Therefore, the most distant longitudinal fibers from the neutral axis are the ones 
situated on the outer radius of the cross section, which we have named a. 
  

𝜍𝑦𝑚𝑎𝑥
= −

𝑀𝑧(𝑦 = 𝐿)

𝐼𝑧
∙ 𝑎 

 
Then, substituting the corresponding values:  
 

𝜍𝑦𝑚𝑎𝑥
= 1.0223 𝑀𝑃𝑎 

 
At first glance, we can see that the result obtained is not very restrictive. We 
can do a comparison with the yield strength or the ultimate tensile strength of 
some possible materials of the tower. 
 
In the case of steel, the yield strength can take values from 450 to 690 MPa [6]. 
As we can see, the maximum bending stress is more than two orders of 
magnitude below the yield strength, so the deformation caused on the tower will 
be insignificant and totally elastic. The same goes for the aluminum, which has 
a yield strength between 80 and 165 MPa. However, if the material chosen is 
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wood, which has an ultimate tensile strength around 1.5 and 3.5 MPa, the tower 
would be at risk of deformation or breakage. 
 

6.10  Deformations 

 
This section describes the relationship between the bending moment and the 
deformations it produces on a structure. It will allow us to compute the slope 
and the deflection from the bending moment or vice versa. 
 
Elastic differential equation 
 

The elastic equation is the differential equation that, for a straight axis beam, 
allows us to find the concrete form of the elastic curve. Namely, it determines 
the displacement field experienced by the beam axis, which flexes from its 
original straight shape to the curved one. 
  
For a beam of linear elastic material subjected to small deformations, the elastic 
differential equation is given by [7]: 
 

𝑑2∆

𝑑𝑥
=

𝑀𝑧(𝑥)

𝐸 ∙ 𝐼𝑧
 

 
Where Δ represents the deflection, i.e. the vertical displacement (along the y-
axis) produced on the beam from the initial position, without acting forces.  X is 
the abscissa (x axis) on the beam, Mz (x) is the bending moment on the x-axis, 
E is the Young’s modulus of the material and Iz is the area moment of inertia of 
the cross section. 
 
Deflection 
 

From the elastic equation, we obtain the expression of the deflection by 
isolating the variable Δ.  
 

∆(𝑥) =  
𝑀𝑧(𝑥)

𝐸 ∙ 𝐼𝑧
𝑑𝑥 

 
However, in our particular case, x and y coordinates are exchanged, because 
the beam is situated along the y axis and the deflection is caused horizontally. 
  

∆(𝑦) =  
𝑀𝑧(𝑦)

𝐸 ∙ 𝐼𝑧
𝑑𝑦 

 
Refer to section 2.10 of the Annexes for more details. 
  
Slope deformation 
 
In order to compute the slope deformation or the angular shift produced on the 
beam, we use the First Mohr’s theorem.  It says that the angle between the two 
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tangents at any two points A and B of the elastic curve is equal to the total area 
of the corresponding piece in the moment diagram, divided by the flexural 
rigidity (the multiplication of E by Iz). 
 
So, the equation that allows us to compute this angle is: 
 

𝜃𝐵 − 𝜃𝐴 =  
𝑀𝑧(𝑦)

𝐸 ∙ 𝐼𝑧
𝑑𝑦

𝑦𝐵

𝑦𝐴

 

 
Please refer to section 8.4.3 of the Annex for further details regarding the slope 
deformation. 
 

 
Particular cases 
 
Considering that the material of the tower is steel, which has a Young’s 
modulus of 205 GPa, we obtain the next expression for the slope once we have 
substituted all the known parameters: 
 

𝜃 𝑦 = 3.7685 ∙ 10−6 𝑦2 − 16𝑦 − 4.173 ∙ 10−8 𝑦3 − 24𝑦2 + 192𝑦  
 
If we plot this expression in function of the variable y, we obtain the next graph: 
 

 

Figure 51. Graph of the steel tower’s slope deformation 

 
As we can see, the slope deformation of the tower increases exponentially with 
the height. As we approach the top of the tower, the slope increases more 
slowly.  
 
The value at the top of the tower is:  
 

𝜃 𝑦 𝑚á𝑥 = −2.6255 ∙ 10−4 𝑟𝑎𝑑 
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It is very insignificant; we can say that it is not noticeable. 
 
The expression for the deflection when the chosen material is steel: 
 

∆ 𝑦 = −1.256 ∙ 10−6 24𝑦2 − 𝑦3 − 1.0432 ∙ 10−8 𝑦4 − 32𝑦3 + 384𝑦2  
 
And plotting it in function of the variable y, we get: 
 

 

Figure 52. Graph of the steel tower’s deflection 

 
In this case, the deflection also increases exponentially with the height of the 
tower, but as we approach the top of the tower, it increases faster. This 
difference is due to the equation for the deflection, which is of one higher order 
than the equation for the slope deformation.   
 
Note that the deflection is negative for all values of y.  As the bending moment 
is negative, the horizontal deformation produced in the tower is obviously also 
negative.  
 
The maximum value of the deflection is: 
 

∆ 𝑦 𝑚á𝑥 = 1.4143 ∙ 10−3 𝑚 = − 1.4143 𝑚𝑚 
 
It is also an insignificant value, so we can conclude that the bending moment 
produced on the tower would be totally bearable if the chosen material is steel. 
First, that is because of the high yield strength of the steel in comparison with 
the maximum bending stress and finally because of the low values in the slope 
deformation and deflections graphs. 
 
With respect to the aluminum, its Young’s Modulus value is 68 GPa. The values 
obtained are in the same order as in the case of the steel. They are slightly 
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higher in the case of the aluminum because its Young’s Modulus is a bit lower, 
so the deformations produced in the tower are greater. 
 

𝜃 𝑦 𝑚á𝑥 = −7.915 ∙ 10−4 𝑟𝑎𝑑 
 
As we can see, the maximum value of the slope deformation is also 
insignificant. 
 
As expected, the results of the deflection also have the same order as in the 
case of steel. 
 

∆ 𝑦 𝑚á𝑥 = −4.2643 ∙ 10−3  𝑚 = −4.2643 𝑚𝑚 
 
So, for the same reasons as in the case of the steel, the aluminum is also 
another appropriate material for the tower.  
  
And finally, for the case of wood, which has a Young’s Modulus of 11 GPa, the 
deformations produced are quite larger. For this reason, the values of the slope 
deformation are one order of magnitude higher in this case than in the case of 
steel or aluminum. 
 

𝜃 𝑦 𝑚á𝑥 = 4.893 ∙ 10−3  𝑟𝑎𝑑 
 
And the deflection is also one order of magnitude higher than the other cases. 
 

∆ 𝑦 𝑚á𝑥 = 2.636 ∙ 10−2  𝑚 =  26.36 𝑚𝑚 
 
Therefore, we can conclude that a wood tower is not an adequate option taking 
into account the comparison between the ultimate tensile strength of the wood 
and the maximum bending stress and the values obtained in the slope 
deformation and deflection graphs. 
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CONCLUSION 
 
 
The first step of the project was to adapt and prepare the CAD geometry of the 
turbine provided by Soluciones Prácticas-ITDG so that it could be successfully 
analyzed with the Fluent solver. This was carried out with the software called 
Gambit, which allowed us to refine the geometry, mesh it and define the 
boundary conditions associated with the micro-wind turbine operation. Then, the 
simulations for the proposed wind speed and incidence angle conditions were 
performed using Fluent and the results have been presented in the last section 
of the document. 
 
It is important to point out that the simulations study the startup phase, so the 
conclusions that can be acquired are more limited than if the nominal conditions 
were studied. The reason why we have studied the startup phase lies on the 
great complexity in the CFD analysis to enable the rotation of the wind turbine, 
having to define the rotor degrees of freedom in Gambit and carry out the 
simulations in the transitory regime with Fluent. However, the simulations 
performed in this project also provide several interesting results regarding the 
startup performance of the micro-wind-turbine.  
  
From the study of the lateral forces, we conclude that the moment produced by 
the rotor helps the tail vane to align the micro-wind turbine to the direction of the 
incident wind. It is also observed that the tail vane moment is significantly 
larger, which indicates that, even if the moment of the rotor was opposed to that 
of the tail, the tail would align the rotor axis with the incident wind in the startup. 
 
With regard to the moment that causes the rotational movement of the blades, 
i.e. the torque, we obtained values that have physical sense. As we expected, 
the maximum torque occurs when the wind intensity is maximum (7.44 m/s) and 
the incident angle is 0º. Consequently, the same happens in the case of the 
angular acceleration, which has a maximum value of 1.409 rad/s2 for the same 
wind conditions. Note that, if the angular acceleration be constant upon startup, 
it would take 43 seconds to reach the 420 rpm corresponding to the nominal 
rotational velocity. Nevertheless, as the blades start to move, due to the wind 
component induced by the rotational movement, the forces on the blades 
increase and consequently the torque and the angular acceleration increase, 
too. Therefore, it would probably take much less time to reach the nominal 
rotational velocity.  
 
With respect to the thrust force on the micro-wind turbine, we also obtained 
sound results. First, the thrust force increases with the wind speed due to its 
origin in the aerodynamic forces. Second, it decreases with the angle of 
incidence since the rotor is not working in the conditions for which it has been 
designed, i.e. aligned with the incident wind. 
 
Finally, as per the shear forces on the tower, we conclude that metallic 
materials such as steel or aluminum are the most suitable for withstanding the 
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maximum bending stress and the maximum values of the slope deformation 
and the deflection. 
 
The objectives of the project have been mainly achieved. The startup 
performance of the micro-wind turbine for the different wind conditions has been 
defined with the obtainment of significant rotation parameters such as the 
torque or the angular acceleration. As expected, its performance increases with 
the wind velocity and decreases with the incidence angle. Furthermore, 
interesting and valuable conclusions have been obtained from the analysis of 
the lateral forces applied on the micro-wind turbine and the shear forces on the 
tower. However, the study of the blades AOA has not led to any conclusion, and 
the behavior of the lateral forces produced on the rotor with the variation of the 
incidence angle finally could not be explained. 
 
This project can be more deeply developed in the future from several different 
areas. On the one hand, experimental measurements could be carried out on a 
real scaled model or low scaled model, depending on the affordable costs, of 
the micro-wind turbine. This study would provide more precise data of the 
startup and the nominal conditions of the wind turbine could be analyzed. On 
the other hand, the project could be continued with another CFD analysis 
focused on studying the nominal conditions of the micro-wind turbine. 
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ANNEX 1. IT-PE-100 MICRO WIND GENERATOR 

 

1.1 Characteristics 

 
Rotor 
 

 Three aerodynamic blades, NACA 4412 airfoil, fabricated with fiberglass 

and resin 

 Nominal speed (when the power generated stabilizes, i.e. the curve wind 

speed-power turns lineal) of 420 rpm with a wind speed of 6.5 m/s 

 Nominal diameter of 1.7 m 

 Direct coupling with the generator 

 

 

Figure 1. Wind speed vs. power 

 
Generator 
 

 Three-phase with permanent ferrite magnets 

 12 Volts DC 

 8 pairs of poles, double star connection   

 Nominal power of 330 W 

 Nominal speed of 420 rpm 

 Efficiency: 70% 

 



2                 Annexes 

 

Figure 2. Working curves of the generator with NdFeB magnets 
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ANNEX 2. RESULTS AND DISCUSSION 

 

2.1 Lateral Forces 

 
First, we can compare the lateral forces (z-axis) acting on the tail vane with the 
ones acting on the rotor. It may be interesting to see if the moment produced by 
the rotor helps the turbine to orient itself to the wind direction, or on the 
contrary, it makes a destabilizing moment, which could be overcome by the tail 
vane. 
  
Note that the forces reported in Fluent correspond to the resultant force acting 
on the selected surface along the direction of the indicated axes. It has been 
assumed that the point of application of this resultant force is the pressure 
center (CP) of the surface. The CP is defined as the point of a body where the 
total sum of a pressure field acts, causing a resultant force and no moment 
about that point. For example, it is approximately located in the 25% of the 
chord from the leading edge of an airfoil. 
 
Therefore, first of all, we estimated the position of the CP of both surfaces 
involved in this case study: the tail vane and the rotor.     
In order to calculate the center of pressure of the tail vane, the next steps shall 
be followed: 

 

Figure 3. Scheme of the tail vane’s geometry 
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1) Assume that the horizontal position of the center of pressure is situated in the 
line of the 25% of the chord. 
 
2) Get the expression of the chord c(y) from the straight lines s1 and s2 of the 
Figure 3.   

𝑠1      𝑥 =  −1.058𝑦 + 0.55 
 

𝑠2      𝑥 =  −0.1763𝑦 
 

𝑐 𝑦 = 𝑠1 − 𝑠2 = 0.55 − 0.8817𝑦 
 
3) Obtain the expression of the lift L produced by the tail vane. 
 
The lift coefficient of a sheet can be expressed as:   
 

𝐶𝑙 = 2𝜋𝛼 
 
Where α is the angle of attack in radians. The expression of the lift stands as 
follows: 

𝐿 =
1

2
𝜌𝑣2𝐴𝐶𝑙  

 
Where ρ is the fluid density, v the velocity and A is the reference area of the 
body. 
 
So, the resulting expression is: 
 

𝐿 = 𝜋𝛼 ∙ 𝜌𝑣2 ∙ 𝑐(𝑦) ∙ 𝑦 
 
4) Calculate the moment on the center of pressure produced by the lift 
components of the tail vane surface above the CP.   
 

𝑀1 =  𝜋𝛼
𝑙𝑓

𝑦𝑐𝑝

𝜌𝑣2𝑐 𝑦  𝑦 − 𝑦𝑐𝑝 𝑑𝑦 

 

𝑀1 = 𝜋𝛼𝜌𝑣2 −0.147𝑦𝑐𝑝3 + 0.275𝑦𝑐𝑝2 − 0.1333𝑦𝑐𝑝 + 0.019334  
 
5) Calculate the moment on the center of pressure produced by the lift 
components of the tail vane surface below the CP.  
 

𝑀2 =  𝜋𝛼
𝑦𝑐𝑝

0

𝜌𝑣2𝑐 𝑦  𝑦𝑐𝑝 − 𝑦 𝑑𝑦 

 

𝑀2 = 𝜋𝛼𝜌𝑣2 −0.147𝑦𝑐𝑝3 + 0.275𝑦𝑐𝑝2  
 
6) Considering the definition of the pressure center, the sum of both moments 
must be null, so ycp can be isolated. 
 

−0.147𝑦𝑐𝑝3 + 0.275𝑦𝑐𝑝2 − 0.1333𝑦𝑐𝑝 + 0.019334 = −0.147𝑦𝑐𝑝3 + 0.275𝑦𝑐𝑝2 
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𝑦𝑐𝑝 = 0.145 

 

7) Get the value of xcp. 
𝑠3      𝑥 =  −0.793𝑦 + 0.4125 

 
Substituting y by the value of ycp: 
 

𝑥𝑐𝑝 = 0.2975 

 
Due to the symmetrical geometry of the rotor, the pressure center is assumed to 
be exactly in the center of the hub as can be appreciated in Figure 4. 
 

 

Figure 4. Front view of the rotor 

 
Once we have obtained the positions of the centers of pressure, we already 
know which is the point of application of the forces that Fluent provides. The 
next step consists in calculating the moments produced by these forces. So, we 
have to get the perpendicular distances from the direction of the forces to the 
rotation axis, which corresponds to the axis of the support tower.  
 
As we can see in Figure 5, the distance from the rotation axis to the end of the 
tail vane can be measured with a Gambit’s tool. In order to be sure that the 
measured distances are perpendicular to the direction of the forces, we select 
the view in the x-y plane, because the forces follow the direction of the z-axis. 
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Figure 5. Side view of the wind generator 

 
Then, knowing that the horizontal distance from the end of the tail vane to the 
center of pressure corresponds to xcp, we can compute the unknown distance 
d1.   
 

𝑑1 =  1.573 − 𝑥𝑐𝑝 = 1.573 − 0.2975 

 
𝒅𝟏 =  𝟏. 𝟐𝟕𝟓𝟓 𝒎 

 
On the case of the rotor, the distance measured with Gambit is already the 
unknown distance, as seen in Figure 6.  
 

𝒅𝟐 =  𝟎. 𝟏𝟕𝟖 𝒎 = 𝟏𝟕. 𝟖 𝒄𝒎 
 
 

 

Figure 6. Side view of the rotor 

 
The problem is shown in Figure 7. Fvane and Frotor are the forces obtained with 
Fluent along the z-axis, My is the moment produced on the tower in the y-axis, 
Vw is the wind velocity and α is the wind incidence angle. 
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Figure 7. Scheme of the lateral forces produced on the wind generator 

 
  

Table 1 presents the tabulated results for all the studied wind conditions.  
 

Table 1. Results of the lateral forces and moments 

 

Initial Conditions Vane Rotor 
My [Nm] 

α [º] Vw [m/s] Fvane [N] Myvane [Nm] Frotor [N] Myrotor [Nm] 

0 

3.63 0.062 -0.0791 -0.015 -0.0027 -0.0818 

6.42 0.196 -0.2501 -0.047 -0.0084 -0.2585 

7.44 0.263 -0.3356 -0.063 -0.0112 -0.3468 

10 

3.63 0.402 -0.5130 -0.076 -0.0135 -0.5265 

6.42 1.274 -1.6256 -0.212 -0.0377 -1.6633 

7.44 1.712 -2.1845 -0.282 -0.0502 -2.2347 

20 

3.63 0.769 -0.9812 -0.061 -0.0109 -0.9921 

6.42 2.404 -3.0675 -0.194 -0.0345 -3.1020 

7.44 3.251 -4.1483 -0.264 -0.0470 -4.1953 

30 

3.63 0.975 -1.2441 -0.051 -0.0091 -1.2532 

6.42 3.118 -3.9786 -0.100 -0.0178 -3.9964 

7.44 4.185 -5.3400 -0.135 -0.0240 -5.3640 

 
The moment produced by the tail vane is the result of multiplying the tail vane’s 
force by the distance d1 and, similarly, the moment produced by the rotor is the 
result of multiplying the rotor’s force by the distance d2. The last column 
contains the values of the total moment produced around the y-axis. 
 
Note that, although the forces of the tail vane and the rotor are opposite, the 
moments that they produce have the same direction, because they are applied 
on opposite sides of the rotation axis.  So, the first important conclusion is that, 
fortunately, the moment produced by the rotor slightly helps the tail vane to 
direct the rotor into the wind direction. 
 



8                 Annexes 

Another interesting issue to study is how the forces are affected when the initial 
conditions change. The moment of the tail vane vs. the wind speed for each 
incidence angle is shown in Figure 9. The modules of the force and the moment 
on the tail wind increase with the angle of incidence and with the wind intensity, 
as expected. Because the drag force on the tail wind depends on the square of 
the wind velocity and on the exposed surface, which increases with the 
incidence angle. 
 
As per the behavior of the lateral forces on the rotor, the direction of the force 
opposes the z-component of the wind velocity. In fact, from the geometry of the 
blades and the position of their leading edges (see Figure 8), it can be deduced 
that the rotor must rotate clockwise. Thus, it seems coherent that at least for the 
inferior blade a large component of the force points to the negative direction of 
the z-axis, so as to push the blade (and the rotor) to begin to rotate in the 
appropriate direction.  
 
Figure 10 shows the rotor’s moment vs. the wind speed for each incidence 
angle. The modulus of the force and the moment on the rotor also increase with 
the wind speed, however we have not identified any pattern in their behavior 
with the incidence angle. The main reason for the observed variations could be 
the changes in the Angle Of Attack (AOA) of the blades with the angle of 
incidence. For instance, when the angle of incidence is 30 degrees, one of the 
blades may be prone to stall, and, with the consequent loss of lift, the resultant 
force decreases as stated in Table 1. 
 

 

Figure 8. Rotor’s direction of rotation 
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Figure 9. Graph of the tail vane’s moment 

 
It is important to remark that the values of the moments on the rotor are smaller 
than those on the tail vane, almost around two orders of magnitude. This really 
falls within the expected results (the difference between the distances to the 
rotation axis is around one order of magnitude). The forces are nearly one order 
of magnitude different, probably due to the difference in wet surface. 
 

 

Figure 10. Graph of the rotor’s moment 

 
Finally the total moment around the y-axis vs. the wind speed for each 
incidence angle can be observed in Figure 11. This plot is very similar to the 
one that shows the tail vane’s moment, because the rotor’s moments are two 
orders of magnitude smaller than those on the tail vane. 
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Figure 11. Graph of the total moment around y axis 

 
 

2.2 Angles of attack of the blades 

 
This section studies the relative position of each blade with respect to the wind 
direction, i.e., their AOA. The main reason to accomplish this analysis lies on 
explaining the unexpected behavior of the lateral forces on the rotor with the 
variation of the incidence angle, seen in the previous section. As the AOA is 
directly related to the lift force produced on each blade, it can provide useful 
information for a better understanding of the aerodynamic performance of the 
rotor depending on the wind conditions.  
 

 

Figure 12. Terminology used for the blades 
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2.2.1 Right blade 

 

The component of the wind that is contained on the airfoil’s plane is the only 
one that contributes to the generation of aerodynamic forces. 
 
Figure 13 represents a two-dimensional scheme of the airfoil of the right blade’s 
tip (see Figure 12) and the incident wind. However, in order to calculate the 
AOA we have to take into account the three coordinates of the space, because 
we have to define the three components vector of the airfoil’s plane so that we 
can project the vector of the wind velocity on it. 
 

 

Figure 13. Scheme of the right blade 

 
Firstly, we have to obtain with Gambit all the available data of the Figure 13. 
 
The points of the trailing edge and the leading edge are: 
 

𝑃𝑜 = (−0.250259, 0.618998,−0.664793) 
 

𝑃𝑓 =  −0.252898, 0.675904,−0.627411  

 
Where the first coordinate corresponds to the x component, the second one to 
the y component and the last one to the z component. 
 
Then, subtracting the value of Po to Pf we obtain the vector corresponding to the 
chord of the airfoil.  
 

𝑣𝑐𝑜𝑟𝑑 = (−0.002639, 0.056906, 0.037382) 
 
The points of the upper camber and the lower camber have the next values: 
 

𝑃𝑒 =  −0.245965, 0.662676, −0.636629  
 

𝑃𝑖 = (−0.253444, 0.661783, −0.636587) 
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Subtracting the value of Pi to Pe we get a vector perpendicular to the chord’s 
vector:  
 

𝑣𝑐𝑜𝑟𝑑  𝑝𝑒𝑟𝑝 = (0.007479, 0.000893, −0.000042) 

 
As the wind intensity does not influence the final result of the AOA, we are 
going to use only the wind velocity of 6.42 m/s to carry out all the computations, 
but obviously for each angle of incidence. So, the vector of the wind velocity for 
the first case is: 
 

𝑣𝑤𝑖𝑛𝑑 = (6.42, 0, 0) 
 
Now we have to calculate a vector perpendicular to the surface of the airfoil’s 
plane, this vector is the one that defines the geometry of the plane. It can be 
computed with the vector product of the chord’s vector and the perpendicular 
chord’s vector, because the desired vector is perpendicular to both.  
 

𝑣𝑝𝑙𝑎𝑛𝑒 = 𝑣𝑐𝑜𝑟𝑑 × 𝑣𝑐𝑜𝑟𝑑  𝑝𝑒𝑟𝑝  

 

𝑣𝑝𝑙𝑎𝑛𝑒 = (−0.0000357722,−0.000279469, −0.000427957) 

 
The expression that enables us to compute the projection of the wind velocity 
vector on the airfoil’s plane is: 
 

𝑃𝑟𝑜𝑗𝑝𝑙𝑎𝑛𝑒 𝑣𝑤𝑖𝑛𝑑 = (𝑢 × 𝑣𝑤𝑖𝑛𝑑 ) × 𝑢 

 
Where u is the unit vector of the characteristic vector of the plane. So, we have 
to divide all the components of the plane’s vector by its module. And we obtain 
the next unit vector: 

  
𝑢 = (−0.06981622, −0.54543726,−0.83523882) 

 
And finally, the resultant vector of the projection is: 

  
𝑣′𝑤𝑖𝑛𝑑 = (−2.5687838, 0.24447596, 0.37437085) 

 
The angle of attack is the angle between the airfoil’s chord and the direction of 
the wind. In order to calculate it, we use the scalar product, also called dot 
product.  
 

𝑣𝑐𝑜𝑟𝑑 ∙ 𝑣′𝑤𝑖𝑛𝑑 =  𝑣𝑐𝑜𝑟𝑑  ∙  𝑣′𝑤𝑖𝑛𝑑  ∙ 𝑐𝑜𝑠𝛽 
 
We obtain the next β value: 
 

𝛽 = 78.7415º 
 
This value corresponds to the angle between the chord’s vector and the wind’s 
vector when they are located in the same coordinate origin. However, in our 
case, as we can see in Figure 13, the wind’s vector points to the end of the 
chord’s vector. So, the next operation is needed to compute the angle of attack: 
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𝐴𝑂𝐴 = 180º − 𝛽 = 101.26º 

 
Following the same procedure, we can compute the AOA for the other angles of 
incidence of the wind. We just have to change the wind’s vector. 
 

Table 2. Values of the AOA for the right blade 

 

α [º] Vw [m/s] Wind’s vector [m/s] AOA [º] 

0 6.42 (6.42, 0, 0) 101.26 

10 6.42 (6.32, 0, 1.11) 114.40 

20 6.42 (6.03, 0, 2.20) 126.70 

30 6.42 (5.56, 0, 3.21) 137.92 

 
 

2.2.2 Inferior blade 

 
Figure 14 represents the two-dimensional scheme of the inferior blade’s tip and 
the Table 3 shows the values of the AOA for each incidence angle. 
 

 

Figure 14. Scheme of the inferior blade 

 

Table 3. Values of the AOA for the inferior blade 

 

α [º] Vw [m/s] Wind’s vector [m/s] AOA [º] 

0 6.42 (6.42, 0, 0) 88.20 

10 6.42 (6.32, 0, 1.11) 78.20 

20 6.42 (6.03, 0, 2.20) 68.14 

30 6.42 (5.56, 0, 3.21) 58.05 
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2.2.3 Left blade 

 
In Figure 15 it is represented the scheme of the left blade’s tip and in the Table 
4 are shown the results for the AOA for each incidence angle. 
 

 

Figure 15. Scheme of the left blade 

 

Table 4. Values of the AOA for the left blade 

 

α [º] Vw [m/s] Wind’s vector [m/s] AOA [º] 

0 6.42 (6.42, 0, 0) 86.80 

10 6.42 (6.32, 0, 1.11) 94.40 

20 6.42 (6.03, 0, 2.20) 102.10 

30 6.42 (5.56, 0, 3.21) 110.10 

 
 

We have to take into account that as the blades do not move in our simulation, 
we are only studying the instant of the wind generator startup. Wind generator’s 
blades are designed so that its maximum performance is achieved when they 
are spinning. The blade tips reach very high velocities when the blades are 
rotating, so the wind component due to its rotational velocity is much higher 
than the incident wind. Therefore, as we approach the blade tips of a wind 
generator, we can observe that they are orientated according to the wind 
component that they see when they are rotating instead of the incident wind 
component. The reason why the calculated AOA of the three blades are so 
large is, because the rotor has null rotational speed. It makes sense from a 
theoretical point of view, because in the study of wind generators the angles of 
attack are expressed in values between -180 and 180 degrees. However, in 
practice, these values should not create any lift force in the blade, so we are not 
able to extract any conclusions about the relative position of each blade to the 
incident wind direction.  
 



Results and discussion  15 

 

Furthermore, due to the lower rotational velocity in the roots of the blades, the 
airfoil at the blade root tends to align with the direction of the incident wind in 
order to take profit of it and help for the startup. This feature of the blades is 
called torsion, which follows the next linear expression in the IT-PE-100: 
 

𝑇 º = −18.143  
º

𝑚
 · 𝑑 𝑚 + 14.5 (º) 

 
Therefore, in the blade tip, i.e. when d is 0.7 m, there is only a torsion of 1.8º. 
This means that the chord of the airfoil at the blade tip is almost contained in the 
rotor plane. Whereas in the blade root of the blade, when d is zero, there is a 
torsion of 14.5º. So, in order to calculate the AOA in the blade root, we would 
have to subtract 14.5º to the ones already calculated. Note that, even so, the 
obtained AOA are still too large to be able to study the behavior. 
 

2.3 Torque 

 
The study of the moment produced by the blades around the x axis is another 
interesting feature. This parameter will allow us to get an idea of how the rotor 
starts the rotation movement depending on the wind speed and the angle of 
incidence of the wind.   
 
Fluent calculates the forces acting on each blade in the z and y-directions (the 
x-direction force is not involved in this case). We assume, once again, that the 
point of application of these forces is the CP of each blade and that it is located 
in the middle of the 25% line of the chord. As the chord increases as we 
approach to the blade root, the area of the half of the blade closest to the 
rotation axis is greater than the other one. However, as the velocity is greater in 
the half of the blade furthest from the rotation axis, we have assumed that the 
lift produced on both halves is the same. Therefore the moment is null in the 
middle of the blade. 
 
The moment around the x-axis is produced by the component of the forces 
which is perpendicular to the 25% line, as represented in Figure 16. So, the first 
step consists in projecting the forces Fy and Fz of each blade into the direction 
of F1, F2 or F3 depending on the blade. 
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Figure 16. Scheme of the rotor’s forces 

 
Using a Gambit’s tool, we get the coordinates of the initial and final point of the 
25% line. Then, we can calculate the vector that connects these two points and 
get the angle between the 25% line and the horizontal or the vertical line. 
Knowing this angle and using some basic trigonometry we obtain the 
projections of forces Fy and Fz in the desired direction.  
 

2.3.1 Computation of F1 

 

The points of the 25% line of the right blade are: 
 

𝑃0 = (0.188821, 0.213809) 
 

𝑃𝑓 = (0.471988, 0.823159) 

 
Where the first component is y and the second z. 
 
Then, the vector corresponding to the 25% line is: 
 

𝑣1 = (0.283167, 0.60935) 

 

Figure 17. Scheme of the right blade’s 25% vector 
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Then, the value of the angle α represented in Figure 17 is: 
 

𝛼 = tan−1
0.283167

0.60935
= 24.924º 

 
Now, as we can see in Figure 18, we project the forces provided by Fluent (Fy, 
Fz) on the direction of the force F1: 
 

 

Figure 18. Projections of the forces Fy and Fz 

 
We can obtain the next expressions from the representation of Figure 18. 
 

𝐹1
′ = 𝐹𝑦 cos𝛼 

 

𝐹1
′′ = 𝐹𝑧 sin 𝛼 

 
 

𝐹1 = 𝐹1
′ + 𝐹1

′′  
 
 
In order to obtain the forces of the other two blades we follow the same 
procedure. 
 

2.3.2 Computation of F2 

 
 
The points of the 25% line of the inferior blade are: 
 

𝑃0 = (−0.028042, −0.011635) 
 

𝑃𝑓 = (−0.697284,−0.071071) 

 
Then, the vector corresponding to 25% line is: 
 

𝑣2 = (−0.669242,−0.059436) 
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Figure 19. Scheme of the inferior blade’s 25% vector 

 

𝛽 = tan−1
−0.669242

−0.059436
= 84.92º 

 

 

Figure 20. Projections of the forces Fy and Fz 

 
 
 

𝐹2
′ = 𝐹𝑦 cos 𝛽 

 
𝐹2

′′ = 𝐹𝑧 sin 𝛽 
 
  

𝐹2 = 𝐹2
′ + 𝐹2

′′  
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2.3.3 Computation of F3 

 

 
The points of the 25% line of the left blade are: 
 

𝑃0 = (0.275656,−0.086665) 
 

𝑃𝑓 = (0.661783, −0.636587) 

 
Then, the vector corresponding to 25% line is: 
 

𝑣3 = (0.386127, −0.549922) 
 

 

Figure 21. Scheme of the left blade’s 25% vector 

 
 

𝜇 = tan−1
0.386127

0.549922
= 35.07º 

 

Figure 22. Projections of the forces Fy and Fz 

 

  
𝐹3

′ = 𝐹𝑦 cos𝜇 
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𝐹3
′′ = 𝐹𝑧 sin 𝜇 

 
  

𝐹3 = 𝐹3
′ + 𝐹3

′′  
 
 
Table 5 presents the values of the each blade forces and for all the studied 
cases. As in the previous study of the rotor’s lateral forces, the results obtained 
are quite random and unexpected, except the force F3 of the left blade, which 
always increases with the wind speed and with the angle of incidence. 

 

Table 5. Values of the forces acting on each blade 

 

Initial C. Right blade Inferior blade Left blade 

α [º] 
Vw 

[m/s] 
Fy [N] Fz [N] F1 [N] Fy [N] Fz [N] F2 [N] Fy [N] Fz [N] F3 [N] 

0 

3.63 -0.10 0.186 0.169 -0.12 -0.19 0.177 0.195 0.002 0.160 

6.42 -0.32 0.582 0.532 -0.36 -0.59 0.553 0.611 0.007 0.505 

7.44 -0.42 0.782 0.714 -0.49 -0.79 0.744 0.820 0.009 0.677 

10 

3.63 -0.08 0.145 0.135 -0.12 -0.19 0.176 0.224 -0.001 0.183 

6.42 -0.26 0.443 0.421 -0.36 -0.57 0.536 0.689 -0.002 0.563 

7.44 -0.35 0.595 0.565 -0.48 -0.77 0.720 0.926 -0.003 0.757 

20 

3.63 -0.08 0.132 0.128 -0.12 -0.17 0.161 0.239 0.001 0.196 

6.42 -0.25 0.411 0.400 -0.37 -0.54 0.505 0.749 0.002 0.615 

7.44 -0.34 0.552 0.538 -0.50 -0.73 0.679 1.006 0.002 0.825 

30 

3.63 -0.07 0.114 0.108 -0.11 -0.16 0.145 0.230 0.004 0.190 

6.42 -0.23 0.375 0.362 -0.36 -0.48 0.443 0.745 0.013 0.618 

7.44 -0.30 0.503 0.487 -0.48 -0.64 0.593 1.000 0.017 0.829 

 
 

As seen in the Table 5, the force Fy of the inferior blade is negative. It means 
that this component of the force contributes negatively to the resultant force, as 
observed in Figure 23. 
 

 

Figure 23. Scheme of the negative force Fy of the inferior blade 
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So, we have to take into account that when we apply the next equation, the 
force F2’ is negative: 
 

𝐹2 = 𝐹2
′ + 𝐹2

′′  
 
The same happens with some cases on the force Fz of the left blade. The 
negative ones are contributing negatively to the resultant force. 
 

 

Figure 24. Scheme of the negative force Fz of the left blade 

 
Next step is to calculate the perpendicular distances from the center of the rotor 
hub to the direction of the force vector. This data can be easily obtained with 
Gambit, and it is represented in Figure 25. 
 

 

Figure 25. Front view of the right blade 

 
For symmetry, the distances of the other two blades are equivalent. So, we are 
able to calculate the torque produced by each blade just by multiplying the 
values of the forces tabulated in Table 6 by the distance of 0.534 meters. The 
results are tabulated in Table 6, where the last column, which corresponds to 
the total torque produced on the rotor, is obtained by adding the three moments 
of each blade.   
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Table 6. Values of the moments produced on each blade and total moment 

 

Initial Conditions Right blade Inferior blade Left blade Rotor 

α [º] Vw [m/s] M1 [Nm] M2 [Nm] M3 [Nm] Mx [Nm] 

0 

3.63 -0.090 -0.095 -0.085 -0.270 

6.42 0.284 0.295 0.270 -0.850 

7.44 0.381 0.397 0.362 -1.140 

10 

3.63 0.072 0.094 0.098 -0.264 

6.42 0.225 0.286 0.301 -0.812 

7.44 0.302 0.384 0.404 -1.090 

20 

3.63 0.068 0.086 0.105 -0.259 

6.42 0.214 0.270 0.328 -0.812 

7.44 0.287 0.363 0.441 -1.090 

30 

3.63 0.058 0.077 0.101 -0.314 

6.42 0.193 0.237 0.330 -0.760 

7.44 0.260 0.317 0.443 -1.019 

 
 

2.4 Moment of inertia of the rotor 

 
Once the values of the moments around the x-axis have been computed, it may 
be interesting to obtain the rotor’s moment of inertia in order to get the angular 
acceleration using the Second Newton’s Law. 
 
The angular acceleration, rather than the moment, is a parameter giving a much 
clearer idea about the beginning of the rotation movement of the rotor. 
Moreover, it allows us to calculate other interesting parameters like the angular 
velocity, the angular displacement or the tip lineal velocity at the first instants. 
 
First, we calculate the moment of inertia of the hub around the x-axis. We 
consider a cylinder made of fiberglass/epoxy resin composite with the same 
dimensions than the one used in our simulations. It is represented in Figure 26. 
 

 

Figure 26. Graphic representation of the hub 

 
The radius R of the hub has a value of 0.165 m and the length L 0.045 m. 
Then, as seen in Figure 27, we take a mass differential situated a distance z 
from the center of the cylinder. 
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Figure 27. Scheme of the mass differential 

 
As we can see in Figure 28, the mass differential can be represented as a flat 
plate of thickness dz, a width 2πz and a height L. 
 

 

Figure 28. Graphic representation of the flat plate 

  
The volume of this flat plate is: 
 

𝑑𝑉 = 2𝜋z ∙ dz ∙ L 
 

And its mass is: 
  

𝑑𝑚 = 2𝜋z ∙ dz ∙ L ∙ ρ 
 
The definition of the moment of inertia for a continuous mass body is: 
 

𝐼𝑥 =  𝑧2 dm 

 
Substituting dm by the expression found previously and defining the integration 
limits we get the next expression: 
 

𝐼𝑥 =  2𝜋𝐿𝜌 ∙ 𝑧3
𝑅

0

𝑑𝑧 

 
Solving the integral: 

𝐼𝑥 = 2𝜋𝐿𝜌 ∙
𝑅4

4
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And knowing that the density of the fiberglass/epoxy resin composite is 
approximately: 

𝜌 = 1600 
𝑘𝑔

𝑚3
 

 
We get the moment of inertia of the hub: 
 

𝐼𝑥 = 2𝜋 ∙ 0.045 ∙ 1600 ∙
0.1654

4
 

 

𝑰𝒙𝒉𝒖𝒃 = 𝟎. 𝟎𝟖𝟑𝟖 𝒌𝒈 ∙ 𝒎𝟐 
 
Now, we have to compute the moment of inertia of the blades.  
 
We consider the geometry represented in Figure 29. The only difference 
between this geometry and the one used in our simulations is that here we have 
assumed the thickness of the blade as constant to simplify the computation. 
  
Note that the three blades have the same moment of inertia, because they are 
always at the same distance from the axis rotation, regardless the rotation 
movement. 

 

Figure 29. Scheme of the blade 

 
From the document [1] we obtain the Table 7. Where the Local radius is the 
distance from the rotation axis to the corresponding Blade station, as we can 
see in Figure 30. 
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Table 7. Data of chord width of the blade 

 

 
 

 

Figure 30. Scheme of the blade’s stations 

 
With the values of the Table 7 we can obtain the expression that relates the 
Chord width with the Local radius, which is the equivalent to our z variable.  
 

𝑐 𝑧 = 0.1892 − 0.142𝑧 
 
The values of z0 and zf correspond to the Local radius of the Blade station 1 and 
15 respectively.  

𝑧0 = 0.15 𝑚 
 

𝑧𝑓 = 0.85 𝑚 
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Returning to the Figure 29, we take a mass differential situated a distance z1 
from the rotation axis. 
  
The area of the mass differential is: 
 

𝑑𝐴 = dz ∙ c(z1) 
 
Its volume is: 
  

𝑑𝑉 = dz ∙ c(z1) ∙ e 

 
Where e is the thickness of the blade. 
 
So, its mass is: 
  

𝑑𝑚 = dz ∙ c(z1) ∙ e ∙ ρ 

 
Using the same definition of the moment of inertia as previously: 
 

𝐼𝑥 =  𝑧2 dm 

 
 
Substituting dm by its expression: 
 

𝐼𝑥 =  𝑒𝜌 ∙ 𝑐(𝑧) ∙ 𝑧2
𝑧𝑓

𝑧0

𝑑𝑧 

 

𝐼𝑥 = 𝑒𝜌 (0.1892 − 0.142𝑧)𝑧2
𝑧𝑓

𝑧0

𝑑𝑧 

 
Solving and substituting the parameters z0 and zf, we get: 
 

𝐼𝑥 =
1

50
𝜌𝑒 

 
The material of the blades is also a fiberglass/epoxy resin composite, so the 
value of the density is about 1600 kg/m3. 
 
With respect to the thickness, we take the average thickness of the blade. The 
thickness decreases as the chord width increases. The values at the extremes 
of the blade are:  

𝑒𝑧0
= 0.012 𝑚 

 

𝑒𝑧𝑓
= 0.007 𝑚 

 
So, the average thickness is: 
 

𝑒 = 0.0095 𝑚 
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Substituting the value of the density and the thickness, we obtain: 
 

𝑰𝒙𝒃𝒍𝒂𝒅𝒆 = 𝟎. 𝟑𝟎𝟒 𝒌𝒈 ∙ 𝒎𝟐 
 
Now that we already have computed the moment of inertia of the hub and the 
moment of inertia of a blade, we can deduce the total moment of inertia around 
the x-axis. 
When the moments of inertia of the different parts of the body are calculated 
with respect to the same axis, then the moment of inertia of the whole body is 
simply the addition of them.   
  

𝐼𝑥𝑟𝑜𝑡𝑜𝑟 = 𝐼𝑥𝑢𝑏 + 3𝐼𝑥𝑏𝑙𝑎𝑑𝑒  
 

𝐼𝑥𝑟𝑜𝑡𝑜𝑟 = 0.0838 + 3 ∙ 0.304 𝑘𝑔 ∙ 𝑚2  
 

𝑰𝒙𝒓𝒐𝒕𝒐𝒓 =  𝟎. 𝟗𝟗𝟓𝟖 𝒌𝒈 ∙ 𝒎𝟐 = 𝟗𝟗𝟓. 𝟖 𝒈 ∙ 𝒎𝟐 
 
 

Afterwards we used Solid Edge, a 3D CAD software, to verify that the moment 
of inertia obtained was of the correct order of magnitude. 
As Solid Edge is compatible with IGES format we could import the original 
design done by the manufacturer. Then, we deleted all the undesired surfaces 
and obtained the geometry of the Figure 31. As we can see, the geometry of the 
hub and the variable thickness of the blades are the only differences between 
this model and the one we have already used to make the previous calculation. 
 

 

Figure 31. The rotor in Solid Edge software 

 
Next step was to create a new coordinate axis so that the x-axis coincides with 
the rotation axis of the rotor. It can be observed in Figure 32. 
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Figure 32. Coordinate axis 

 
Afterwards, we introduced the value of the density, the aforementioned 1600 
kg/m3. 
 
And finally, using an option of the Solid Edge we got all the moments of inertia 
as well as the total mass of the rotor and its total volume. All these values are 
shown in the Figure 33. 
 

 

Figure 33. Physical properties of the rotor 

 
Ixx denotes the moment of inertia around the x-axis when the body rotates 
around the x-axis, while Ixy denotes the moment of inertia around the y-axis 
when the body rotates around the x-axis, and so on with the other moments of 
inertia. 
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Then, it is clear that the moment of inertia corresponding to our case is the Ixx. 
As we can see in Figure 33, its value is: 
 

𝑰𝒙𝒙 = 𝟖𝟎𝟖𝟖𝟓𝟎𝟔. 𝟑𝟒 𝒈 ∙ 𝒄𝒎𝟐 = 𝟖𝟎𝟖. 𝟓𝟎𝟔 𝒈 ∙ 𝒎𝟐 
 

Remember that the value obtained in the previous computation was 995.8 g·m2. 
Both values have the same order of magnitude. The one calculated manually is 
slightly larger than the one provided by Solid Edge. This difference is probably 
due only to the simplifying assumption that the blade thickness was constant 
and equal to the average thickness. Since the thickness decreases as we 
approach the blade tip, the assumption of constant thickness considers more 
mass to be far from the rotation axis. Thus, according to the definition of the 
moment of inertia, this fact leads to an overestimation of the moment of inertia.  
 
The other geometric difference between the two analyzed models is the hub 
shape, because in the model exported to Solid Edge the hub has its original 
conical shape. But we think that this contribution is not noticeable in the final 
result, because the moment of inertia of the hub is very small in comparison 
with that of the blades. Summarizing, although the result of the moment of 
inertia obtained from the theoretical calculation is really reliable, we think that 
the one provided by Solid Edge is the most precise one. 
 

2.5 Angular Acceleration 

 
The main reason for calculating the rotor’s moment of inertia is to study the 
rotational movement at the beginning of the rotation. The expression that 
relates the torque on a body and its angular acceleration (φ) is: 
 

𝑀𝑥 = 𝐼𝑥𝑟𝑜𝑡𝑜𝑟 ∙ 𝜑 
 
This equation is the equivalent of the Second Newton’s Law for a rotational 
movement. While the mass is the resistance of a body to be accelerated in 
translation, the moment of inertia is the resistance of a body to be accelerated 
in rotation. From the previous expression, we isolate the angular acceleration, 
which is our unknown:  
 

𝜑 =
𝑀𝑥

𝐼𝑥𝑟𝑜𝑡𝑜𝑟
 

 
Table 8 shows the results of the angular acceleration of the rotor. The values of 
the torque Mx correspond to the data shown in of Table 6. And the moment of 
inertia used is that provided by Solid Edge.  
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Table 8. Angular acceleration values 

 

Initial Conditions 
Mx [Nm] φ [rad/s2] 

α [º] Vw [m/s] 

0 

3.63 -0.270 -0.334 

6.42 -0.850 -1.051 

7.44 -1.140 -1.409 

10 

3.63 -0.264 -0.326 

6.42 -0.812 -1.003 

7.44 -1.090 -1.347 

20 

3.63 -0.259 -0.320 

6.42 -0.812 -1.003 

7.44 -1.090 -1.347 

30 

3.63 -0.314 -0.388 

6.42 -0.760 -0.939 

7.44 -1.019 -1.260 

 
 
From the values of the angular acceleration, we can obtain other interesting 
parameters such as the angular velocity (ω), the angular displacement (ϴ) or 
the blade’s tip speed (vtip) at the beginning of the rotational movement. At first, 
the main objective of computing these parameters was to compare the results 
with those obtained by Carlos Sánchez [5] with Aerodyn, another CFD solver. 
However, due to the inaccuracy and instability of Aerodyn at the beginning of 
the rotational movement finally this comparison could not be carried out.  
 
As each iteration of the Aerodyn results lasts 0.001 seconds, this value was the 
time step used to compute these parameters. We assumed that during the first 
0.001 seconds of the rotational movement the angular acceleration remains 
constant. 
 
We apply the next equation to calculate the angular velocity: 
 

𝜔 = 𝜑 ∙ ∆𝑡 
 
Where Δt is the time step since the rotor starts the rotational movement. 
 
The angular displacement can be obtained by using this expression: 
 

𝜃 = 𝜑 ∙
∆𝑡2

2
 

 
Where ϴ is expressed in radians. 
  
And finally, in order to calculate the value of the blade’s tip speed, we apply: 
 

𝑣𝑡𝑖𝑝 = 𝜔 ∙ 𝑅 
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Where R is the radius of the rotor, which has a value of 0.8557 m. It is 
represented in Figure 34. 
 

 

Figure 34. Radius of the rotor 

 
We have tabulated the results of all these parameters in Table 9. 
 

Table 9. Rotational parameters 

 

Initial Conditions  
φ [rad/s2] 

 
ω [rad/s] θ [rad] vtip [m/s] 

α [º] Vw [m/s] 

0 

3.63 -0.334 -3.338e-4 -1,669e-07 -2.856e-4 

6.42 -1.051 -10.507e-4 -5,253e-07 -8.991e-4 

7.44 -1.409 -14.092e-4 -7,046e-07 -12.058e-4 

10 

3.63 -0.326 -3.261e-4 -1,630e-07 -2.790e-4 

6.42 -1.003 -10.032e-4 -5,016e-07 -8.585e-4 

7.44 -1.347 -13.473e-4 -6,737e-07 -11.529e-4 

20 

3.63 -0.320 -3.202e-4 -1,601e-07 -2.740-4 

6.42 -1.003 -10.033e-4 -5,017e-07 -8.586e-4 

7.44 -1.347 -13.473e-4 -6,737e-07 -11.529e-4 

30 

3.63 -0.388 -3.881e-4 -1,941e-07 -3.321e-4 

6.42 -0.939 -9.392e-4 -4,696e-07 -8.037e-4 

7.44 -1.260 -12.596e-4 -6,298e-07 -10.778e-4 

 
 
We can obtain the parameter called “Tip speed ratio” just by dividing the tip 
speed by the wind velocity. This is tabulated in Table 10. 
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Table 10. Tip speed ratio 

 

Initial Conditions 
vtip [m/s] λ 

α [º] Vw [m/s] 

0 

3.63 -2.856e-4 -7,867e-05 

6.42 -8.991e-4 -4,448e-05 

7.44 -12.058e-4 -3,839e-05 

10 

3.63 -2.790e-4 -7,687e-05 

6.42 -8.585e-4 -4,346e-05 

7.44 -11.529e-4 -3,750e-05 

20 

3.63 -2.740-4 -7,547e-05 

6.42 -8.586e-4 -4,267e-05 

7.44 -11.529e-4 -3,682e-05 

30 

3.63 -3.321e-4 -9,149e-05 

6.42 -8.037e-4 -5,173e-05 

7.44 -10.778e-4 -4,464e-05 

 
 

2.6 Theoretical considerations 

 
In order to obtain the expressions to characterize the performance of the wind 
turbine, we are going to apply the conservation laws (mass, momentum and 
energy) to a control volume that represents the fluid wake as it can be 
appreciated in Figure 35. 
 

 

Figure 35. Control volume and nomenclature of the fluid magnitudes 

 
However, the following simplifications are applied so as to reduce the 
complexity of the problem: 
 

 Incompressible flow. 

 The rotor is infinitesimal with an ignorable mass; it only produces a 

pressure change. 
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 The flow movement is axial and one-dimensional. 

 There are no viscous efforts or heat exchange between the rotor and the 

fluid and vice versa. 

 Stationary movement. 

 
Conservation of mass 
 

𝑚 = 𝜌 · 𝑆∞ · 𝑣∞ = 𝜌 · 𝑆𝑟 · 𝑣𝑟 = 𝜌 · 𝑆𝑓 · 𝑣𝑓  

 
Conservation of momentum 
 

𝑇 = 𝑚 ·  𝑣𝑓 − 𝑣∞ = 𝜌 · 𝑆𝑟 · 𝑣𝑟 ·  𝑣𝑓 − 𝑣∞  

 
Conservation of energy 
 

𝑃 =
𝑑𝐸

𝑑𝑡
=

1

2
· 𝑚 ·  𝑣𝑓

2 − 𝑣∞
2  =

1

2
· 𝜌 · 𝑆𝑟 · 𝑣𝑟 ·  𝑣𝑓

2 − 𝑣∞
2   

 
However, the power can be computed also as force times a velocity so, in the 
rotor plane: 

𝑃 = 𝑇 · 𝑣𝑟 = 𝜌 · 𝑆𝑟 · 𝑣𝑟
2 ·  𝑣𝑓 − 𝑣∞  

 
And equating both power expressions the result is: 
 

𝑣𝑟 ·  𝑣𝑓 − 𝑣∞ =
1

2
·  𝑣𝑓

2 − 𝑣∞
2  =

1

2
·  𝑣𝑓 − 𝑣∞ ·  𝑣𝑓 + 𝑣∞ → 𝑣𝑟 =

1

2
· (𝑣𝑓 + 𝑣∞) 

 
This result shows that the velocity at the rotor plane is the average of the 
upstream and downstream ones. It is important to notice that, since 𝑣𝑓 < 𝑣∞ , 

thrust and power turn to be negative, which means that energy is being taken 
from the fluid instead of being delivered to the flow. This last case would be the 
operation regime of the helicopters, but in this case, the thrust would be like a 
drag force (in terms of the moving energy generation system) taking into 
account the sign, so it would face downstream in Figure 35. 
 
The next step consists of using the first expression of the power (as well as the 
equation that relates all the three velocities) to find the optimum relationship 

between the upstream and downstream velocities (
𝑣𝑓

𝑣∞
) and therefore maximize 

the obtained power. 
 

𝑃 =
1

2
· 𝜌 · 𝑆𝑟 · 𝑣𝑟 ·  𝑣𝑓

2 − 𝑣∞
2  =

1

4
· 𝜌 · 𝑆𝑟 · (𝑣𝑓 + 𝑣∞ ) ·  𝑣𝑓

2 − 𝑣∞
2   

 

And operating the product of velocities introducing 
𝑣𝑓

𝑣∞
: 
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𝑃 =
1

4
· 𝜌 · 𝑆𝑟 · 𝑣∞

3 ·  1 +  
𝑣𝑓

𝑣∞
 −  

𝑣𝑓

𝑣∞
 

2

−  
𝑣𝑓

𝑣∞
 

3

  

 

In order to maximize the power, 𝑑𝑃/𝑑  
𝑣𝑓

𝑣∞
 = 0 is carried out finding the 

optimum velocities relationship: 
 

𝑑𝑃

𝑑  
𝑣𝑓

𝑣∞
 

=
1

4
· 𝜌 · 𝑆𝑟 · 𝑣∞

3 ·  1 − 2 ·  
𝑣𝑓

𝑣∞
 − 3 ·  

𝑣𝑓

𝑣∞
 

2

 = 0 

 

 
𝑣𝑓

𝑣∞
 
𝑜𝑝𝑡

=
1

3
 

 
Where the negative solution of the second grade equation has been discarded 
knowing that the flow does not change its direction while flowing across the 
turbine. This result means that, in order to extract the maximum energy of the 
fluid, the turbine should reduce the upstream velocity to a third. 
 
Substituting the result into power equation, the well-known Betz’s limit is finally 
found: 
 

𝑃𝑚𝑎𝑥 =
1

2
· 𝜌 · 𝑆𝑟 · 𝑣∞

3 ·
16

27
 

 
And defining the cp factor, which represents the amount of energy extracted by 
the turbine, only the 59.3% can be exploited. So cpmax is 0.593 and the power 
equation finally is: 

𝑃 =
1

2
· 𝜌 · 𝑆𝑟 · 𝑣∞

3 · 𝐶𝑝  

 
Additionally, when working at cpmax, the thrust equation, using the relationships 
between velocities that have been found becomes: 
 

𝑇 = 𝜌 · 𝑆𝑟 · 𝑣𝑟 ·  𝑣𝑓 − 𝑣∞ =
1

2
· 𝜌 · 𝑆𝑟 ·  𝑣𝑓 + 𝑣∞ ·  𝑣𝑓 − 𝑣∞  

 

𝑇 =
1

2
· 𝜌 · 𝑆𝑟 · 𝑣∞

2 ·   
𝑣𝑓

𝑣∞
 

2

− 1 → 𝐹𝐻𝑃𝑚𝑎𝑥
=

1

2
· 𝜌 · 𝑆𝑟 · 𝑣∞

2 ·  −
8

9
  

 
 
Where, if a thrust coefficient Ct is defined, analogously as in the power 
equation, the thrust equation is: 
 

𝑇 =
1

2
· 𝜌 · 𝑆𝑟 · 𝑣∞

2 · 𝐶𝑡  
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And, as already expressed, the Ct that maximizes the power is 𝐶𝑡 ,𝑃𝑚𝑎𝑥 = − 8
9  

being negative for the signs convention. 
 

 

Figure 36. Cp and Ct coefficients as a function of the velocities relationship 

 
Figure 36 represents both power and thrust coefficients as a function of the 
velocities relationship i.e. how much deceleration experiments the fluid. The 
optimum values that have been found mathematically are also represented. 
However, real turbines achieve only between the 70% and the 80% of the 
Betz’s law limit which leads to Cp around 0.4 or 0.5. 
 

2.7 Thrust 

 
Taking into account the presented theoretical considerations into account and 
using the data provided by Fluent, the thrust force coefficient can be obtained. 
However, it is important to remark that this coefficient does not correspond to 
the one at which the wind turbine operates in nominal conditions, since we are 
only studying the startup. All in all, the thrust force is the projection of the 
aerodynamic forces in the transversal plane, i.e. the plane perpendicular to the 
rotor one, just as Figure 37 shows.  
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Figure 37. Scheme of the Thrust force 

 
Thus, adding the forces of the three blades in the desired direction, we are able 
to compute the thrust coefficient for every wind speed and angle of incidence, 
as shown in Table 11. 
 

𝐶𝑡 =
𝑇

1/2𝜌𝐴𝑟𝑜𝑡𝑜𝑟𝑈∞
2 =

𝑇

1
2 · 1.225 · 𝜋 · 0.85572 · 𝑈∞

2
=

𝑇

0.4485 · 𝜋 · 𝑈∞
2 

 
 
The thrust force and thrust coefficient vs. wind speed are plotted in Figure 38 
and Figure 39. 
 

Table 11. Values of the thrust force and thrust coefficient 

 

Initial Conditions Rotor 

α [º] Vw [m/s] T [N] Ct [N] 

0 

3.63 3.50 0.188 

6.42 10.94 0.188 

7.44 14.69 0.188 

10 

3.63 3.45 0.186 

6.42 10.52 0.181 

7.44 14.12 0.181 

20 

3.63 3.32 0.179 

6.42 10.40 0.179 

7.44 13.95 0.179 

30 

3.63 3.05 0.164 

6.42 9.83 0.169 

7.44 13.20 0.169 
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Figure 38. Graph of the thrust force 

 
As expected, the thrust force increases with the wind speed due to its origin in 
the aerodynamic forces. Additionally, it decreases slightly with the angle of 
incidence since the rotor is not working in the conditions for which it has been 
designed, i.e. aligned with the incident wind. 
 

 

Figure 39. Graph of the thrust coefficient 

 
By looking at Figure 39, we can reach the same conclusion as in Figure 38, that 
is, the thrust diminishes with the angle of incidence. As expected, wind speed 
does not affect the thrust coefficient significantly. In fact, it remains almost 
constant for every wind speed because the dependence on wind speed is 
suppressed due to the definition of the thrust coefficient itself. The reason for 
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the small variations between 1% and 3%, which are almost negligible, could lie 
on approximations of the Fluent simulation. 
 
The mechanical power in the rotor axis, obtained from the wind kinetic energy, 
and hence the power coefficient cannot be computed considering the case we 
are studying, which is the start of the rotor. Because the wind turbine starts to 
generate power once the rotor begins to spin. But an idea of the behavior of the 
power can be derived from the related magnitude of the thrust. 
 

2.8 Shearing forces 

 
This section studies the forces that the support tower has to overcome. Surely, 
rather than the compression forces, the forces that are perpendicular to the 
tower’s axis are the most disturbing forces acting on the structure, i.e., the 
shear forces. 
 
The shear forces that the tower suffers are: 
 

 The forces acting in x and z-direction (see Figure 40) produced by all the 

structure above the tower, i.e., the rotor, the tail vane and the cylinder 

that binds them. These forces are applied on the top of the tower. 

 The forces acting in x and z-direction produced by the tower itself. These 

forces are applied uniformly throughout the tower, since they are mainly 

produced by the wind resistance. 

 

 

Figure 40. Front view of the studied case 

 
Table 12 shows the values of Fx and Fz obtained with Fluent, and the resultant 
forces of the rotor-vane structure (Fr) and the tower (Ft), which have been 
calculated using the Pythagorean Theorem. 
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Table 12. Data of the shear forces 

 

Initial Conditions Rotor-Vane Tower 

α (º) Vw (m/s) Fx (N) Fz (N) Fr (N) Fx (N) Fz (N) Ft (N) 

0 

3.63 4.520 0.048 4.520 0.0877 -0.032 0.093 

6.42 14.130 0.151 14.130 0.252 -0.100 0.271 

7.44 18.980 0.203 18.980 0.336 -0.137 0.363 

10 

3.63 4.500 0.375 4.516 0.141 -0.080 0.162 

6.42 13.900 1.233 13.955 0.474 -0.429 0.639 

7.44 18.660 1.660 18.734 0.636 -0.600 0.874 

20 

3.63 4.370 0.804 4.443 0.100 -0.084 0.131 

6.42 13.690 2.506 13.917 0.323 -0.345 0.473 

7.44 18.360 3.383 18.669 0.435 -0.514 0.673 

30 

3.63 4.146 1.110 4.292 0.074 0.137 0.156 

6.42 13.100 3.600 13.586 0.517 0.135 0.534 

7.44 17.580 4.836 18.233 0.703 0.148 0.718 

 
 
As expected, the values of Fx on the rotor-vane structure are quite larger than 
the values of Fz. The higher incidence of the wind in x direction and the greater 
exposed surface are the main reasons for this. Note that the values of Fx are 
very similar to the thrust produce by the blades (Table 11) and the values of Fz 
to the lateral force produced on the tail vane (Table 1). 
 
Regarding the forces on the tower, the difference between the modulus of Fx 
and Fz is minimal. In this case, this difference is only caused by the angle of 
incidence of the wind, because the exposed surface is always the same in any 
direction, and a cylinder produces no lift. On the other hand, the sense of Fz is 
not really the one we expected. By definition, the drag is always opposite to the 
relative velocity of the body. As the velocity of the body is zero and the wind 
velocity is +Vz, the relative velocity of the tower is –Vz. So logically, as drag is 
the unique force acting on the tower, the sense of Fz should be in positive z 
direction. We think that this may occur due to the interference caused by the 
lower blade, which is located just in front of the tower.  
 
Figure 41 shows the distribution of stress on the tower. We use the worst case 
from Table 12, i.e., the maximum values of the forces, which are the ones 
highlighted in bold. So, Fr is the maximum resultant force of the rotor-vane 
structure, w is the maximum resultant force of the tower uniformly distributed 
throughout all the longitude L of the tower and Rx and Ry are the reactions that 
appear in the supporting point. 
 
Note that the forces Fr and w are represented in the same plane in Figure 41. 
But, it is obvious that seeing the values of the Table 12, they are not really 
aligned. Therefore, we should project the vector of the force Ft to the direction of 
Fr. However, the value of Ft is too small compared with Fr that this projection 
may be neglected. In addition, the worst case is that the two forces are aligned, 
so we take the values of the Table 12 directly. 
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Firstly, we have to compute the value of w. As the values of Fx and Fz were 
provided by Fluent, the calculated force Ft is applied on the cp of the tower. 
Nevertheless, as this force corresponds to a drag, it is much more realistic that 
this is uniformly distributed throughout the tower.  
 
Hence, knowing that the longitude of the tower in our simulation is 1.405 
meters. Then, the uniform shear force on the tower is: 
 

𝑤 =
𝐹𝑡

𝐿
=

0.8744 𝑁

1.405 𝑚
= 0.62235 𝑁/𝑚 

 

 

Figure 41. Support tower’s forces scheme 

  
As we are studying a hyperstatic structure, when we apply the Second 
Newton’s Law we can obtain the values of Rx and Ry: 
 

 𝐹𝑥 = 0 

 
𝐹𝑟 + 𝑤𝐿 + 𝑅𝑥 = 0 

 
𝑅𝑥 = −𝐹𝑟 − 𝑤𝐿 

 

 𝐹𝑦 = 0 

 
𝑅𝑦 = 0 

 
 
As there are no axial forces on the structure, we directly analyze the shear 
forces acting on the tower.  
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2.8.1 Shear forces 

 
 

0 < 𝑦 < 𝐿 

𝑄1 = 𝑅𝑥 + 𝑤 ∙ 𝑦 
 

𝑄1(𝑦 = 0) = 𝑅𝑥  

 

𝑄1  𝑦 =
𝐿

2
 = 𝑅𝑥 + 𝑤 ∙

𝐿

2
 

 
𝑄1 𝑦 = 𝐿 = 𝑅𝑥 + 𝑤 ∙ 𝐿 

 
𝑦 = 𝐿 

𝑄2 = 𝑅𝑥 + 𝑤 ∙ 𝐿 + 𝐹𝑟 = 0 
 
 
And substituting the value of Rx obtained previously we can represent the 
distribution of shear forces along the tower in function of Fr and w. 

 

Figure 42. Distribution of the shear forces 

 
Next step is to calculate the bending moment distribution produced along the 
tower. 
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2.8.2 Bending moments 

 
 
0 < 𝑦 < 𝐿 

𝑀1 = 𝑅𝑥 ∙ 𝑦 + 𝑤 ∙ 𝑦 ∙
𝑦

2
 

 
𝑀1(𝑦 = 0) = 0 

 

𝑀1  𝑦 =
𝐿

2
 = 𝑅𝑥 ∙

𝐿

2
+ 𝑤 ∙

𝐿2

8
 

 

𝑀1 𝑦 = 𝐿 = 𝑅𝑥 ∙ 𝐿 + 𝑤 ∙
𝐿2

2
 

 
𝑦 = 𝐿 

𝑀2 = 𝑅𝑥 ∙ 𝑦 + 𝑤 ∙ 𝑦 ∙
𝑦

2
+ 𝐹𝑟 ∙ 𝑦 ∙ 0 

 

𝑀2(𝑦 = 𝐿) = 𝑅𝑥 ∙ 𝐿 + 𝑤 ∙
𝐿2

2
 

 
 
And, again, substituting the value of Rx, we represent the distribution of the 
bending moments in function of Fr and w. 
 

 

Figure 43. Distribution of the bending moments 

 
As we can see in Figure 43, the maximum bending moment is produced at the 
top of the tower, and its expression is: 
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𝑀𝑧𝑚𝑎𝑥
 𝑦 = 𝐿 = −𝐹𝑟 ∙ 𝐿 − 𝑤 ∙

𝐿2

2
 

 
Although L has a value of 1.405 m in our simulation, the real value of L that will 
be implemented in the micro wind generators is of 8 meters. This does not 
affect in any of the results obtained so far, because the force acting on the 
tower is totally proportional to its length. Moreover, in this study we have used 
the variable w, which is the force per unit of longitude.  
 
Then, substituting the values, we get: 
 

𝑀𝑧𝑚𝑎𝑥
 𝑦 = 𝐿 = −18.734 ∙ 8 − 0.62235 ∙

82

2
 

 
𝑴𝒛𝒎𝒂𝒙

 𝒚 = 𝑳 = −𝟏𝟔𝟗. 𝟖 𝑵𝒎 

 
 

We can see the graph of the bending moment in function of L in Figure 44.  
 

 

Figure 44. Graph of bending moment 
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2.9 Bending stress 

 
From the value of the maximum bending moment we can obtain other 
interesting parameters.  
 
According to Navier’s Law, the bending stress of a longitudinal fiber situated a 
distance x from the neutral axis is: 
  

𝜍𝑦 = −
𝑀𝑧

𝐼𝑧
∙ 𝑥 

 
The neutral axis is an axis in the cross section of a beam along which there are 
no longitudinal stresses or strains. If the section is symmetric, isotropic 
(uniformity in all orientations) and is not curved before a bend occurs, then the 
neutral axis is at the geometric centroid. All fibers on one side of the neutral axis 
are in a state of tension, while those on the opposite side are in compression. 
 
Mz is the bending moment around the z-axis (the one we have computed) and Iz 
is the area moment of inertia (also called second moment of area or second 
moment of inertia) of the cross section.  
 
Area moment of inertia 
 
The cross section of the tower is represented in Figure 45. The values of the 
parameters a and b are 73 mm and 60 mm respectively. 

 

Figure 45. Cross section of the tower 

 
The expression of the area moment of inertia of a ring with a certain thickness is 
[2]:  
 

𝐼𝑧 =
1

4
∙ 𝐴(𝑎2 + 𝑏2) 

 
The area of the ring can also be expressed in function of the parameters a and 
b: 
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𝐴 = 𝜋(𝑎2 − 𝑏2) 

 
 
Then, we obtain the next expression: 
 

𝐼𝑧 =
1

4
𝜋 𝑎2 − 𝑏2 (𝑎2 + 𝑏2) 

 

𝐼𝑧 =
1

4
𝜋 𝑎4 − 𝑏4  

 
And substituting, we get the next value: 
 

𝑰𝒛 = 𝟏. 𝟐𝟏𝟐𝟓 ∙ 𝟏𝟎−𝟓 𝒎𝟒 
 
 

Maximum bending stress 
 

As always, the value corresponding to the worst case is the one that provides 
us more useful information. So, we compute the maximum bending stress with 
the next expression: 
 

𝜍𝑦𝑚𝑎𝑥
= −

𝑀𝑧𝑚𝑎𝑥

𝐼𝑧
∙ 𝑥𝑚𝑎𝑥  

 
Where Mzmax is the bending moment at the top of the tower and xmax is the 
distance to the longitudinal fiber farthest from the neutral axis.  
 
Now, we have to identify the position of the neutral axis. As we can see in 
Figure 45, the cross section is totally symmetric. Initially, the tower is designed 
to be made of steel, so, as all of the metallic materials are isotropic, we can 
conclude that the neutral axis is situated in the geometric centroid, which 
corresponds to the y axis on Figure 45. Therefore, the most distant longitudinal 
fibers from the neutral axis are the ones situated on the outer radius a.   
 

𝜍𝑦𝑚𝑎𝑥
= −

𝑀𝑧(𝑦 = 𝐿)

𝐼𝑧
∙ 𝑎 

 
Then, substituting the corresponding values:  
 

𝜍𝑦𝑚á𝑥 = −
−169.8

1.2125 ∙ 10−5
∙ 73 ∙ 10−3 

 

𝝈𝒚𝒎á𝒙 = 𝟏𝟎𝟐𝟐. 𝟑 𝑲𝑷𝒂 = 𝟏. 𝟎𝟐𝟐𝟑 𝑴𝑷𝒂 

 

At first glance, we can see that the result obtained is not very restrictive. We 
can do a comparison with the yield strength or the ultimate tensile strength of 
some possible materials of the tower. 
 



46                 Annexes 

In the case of steel, the yield strength can take values from 450 to 690 MPa [3]. 
As we can see, the maximum bending stress is more than two orders of 
magnitude below the yield strength, so the deformation caused on the tower will 
be insignificant and totally elastic. The same goes for the aluminum, which has 
a yield strength between 80 and 165 MPa. However, if the material chosen is 
wood, which has an ultimate tensile strength around 1.5 and 3.5 MPa, the tower 
would be at risk of deformation or breakage. 

 

2.10  Deformations 

 
This section describes the relationship between the bending moment and the 
deformations it produces on a structure. It will allow us to compute the slope 
and the deflection from the bending moment or vice versa. 
 
Elastic differential equation 
 
The elastic equation is the differential equation that, for a straight axis beam, 
allows us to find the concrete form of the elastic curve. Namely, determines the 
displacement field experienced by the beam axis, which flexes from its original 
straight shape to the curved one.  
 
For a beam of linear elastic material subjected to small deformations, the elastic 
differential equation is given by [4]: 
 

𝑑2∆

𝑑𝑥
=

𝑀𝑧(𝑥)

𝐸 ∙ 𝐼𝑧
 

 
Where Δ represents the deflection, i.e. the vertical displacement (along the y-
axis) produced on the beam from the initial position, without acting forces.  X is 
the abscissa (x axis) on the beam, Mz (x) is the bending moment on the x-axis, 
E is the Young’s modulus of the material and Iz is the area moment of inertia of 
the cross section. 
 
Deflection 
 
From the elastic equation, we obtain the expression of the deflection by 
isolating the variable Δ.  
 

∆(𝑥) =  
𝑀𝑧(𝑥)

𝐸 ∙ 𝐼𝑧
𝑑𝑥 

 
However, in our particular case, x and y coordinates are exchanged, because 
the beam is situated along the y axis and the deflection is caused horizontally. 
  

∆(𝑦) =  
𝑀𝑧(𝑦)

𝐸 ∙ 𝐼𝑧
𝑑𝑦 

 
Remember that the expression of the bending moment is: 
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𝑀𝑧 𝑦 = 𝑅𝑥 ∙ 𝑦 + 𝑤 ∙
𝑦2

2
 

 
Then, we obtain that for our particular case, the expression of the deflection is: 
 

∆ 𝑦 =
−𝐹𝑟 ∙ 𝑦2

6 ∙ 𝐸 ∙ 𝐼𝑧
 3𝐿 − 𝑦 −

𝑤 ∙ 𝑦2

24 ∙ 𝐸 ∙ 𝐼𝑧
 𝑦2 − 4𝐿𝑦 + 6𝐿2  

 
As expected, the maximum deflection takes place at the top of the tower, i.e. 
when y is equal to L:    
 

∆ 𝑦 𝑚á𝑥 = ∆ 𝐿 =
−𝐹𝑟 ∙ 𝐿3

3 ∙ 𝐸 ∙ 𝐼𝑧
−

𝑤 ∙ 𝐿4

8 ∙ 𝐸 ∙ 𝐼𝑧
 

 
 
Slope deformation 
 

In order to compute the slope deformation or the angular shift produced on the 
beam, we use the First Mohr’s theorem.  It says that the angle between the two 
tangents at any two points A and B of the elastic curve is equal to the total area 
of the corresponding piece in the moment diagram, divided by the flexural 
rigidity (the multiplication of E by Iz). 
 
So, the equation that allows us to compute this angle is: 
 

𝜃𝐵 − 𝜃𝐴 =  
𝑀𝑧(𝑦)

𝐸 ∙ 𝐼𝑧
𝑑𝑦

𝑦𝐵

𝑦𝐴

 

 
We can see it graphically in Figure 46, where the left diagram corresponds to 
the elastic curve and the right one to the bending moment diagram. Note that t1 
and t2 straight lines are the two tangents at point A and B respectively, and the 
angle θAB is the angle between these two tangents. Its value is equal to the lined 
area in the moment diagram divided by the flexural rigidity and expressed in 
radians. 
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Figure 46. Scheme of the elastic curve and the bending moment diagram 

 
Then, in order to obtain the expression of the slope deformation in function of y, 
and not for a particular point, we have to develop this expression: 
 

𝜃(𝑦) =  
𝑀𝑧(𝑦)

𝐸 ∙ 𝐼𝑧
𝑑𝑦 

 
And developing the expression for our particular case, we obtain: 

  

𝜃 𝑦 =
𝐹𝑟 ∙ 𝑦

2 ∙ 𝐸 ∙ 𝐼𝑧
 −2𝐿 + 𝑦 −

𝑤 ∙ 𝑦

6 ∙ 𝐸 ∙ 𝐼𝑧
 𝑦2 − 3𝐿𝑦 + 3𝐿2  

 
Note that the expression of the slope deformation also has the maximum value 
when y is equal to L: 
 

𝜃 𝑦 𝑚á𝑥 = 𝜃 𝐿 =
−𝐹𝑟 ∙ 𝐿2

2 ∙ 𝐸 ∙ 𝐼𝑧
−

𝑤 ∙ 𝐿3

6 ∙ 𝐸 ∙ 𝐼𝑧
 

 

Particular cases 
 
 
Considering that the material of the tower is steel, which has a Young’s 
modulus of 205 GPa, we obtain the next expression for the slope deformation 
once we have substituted all the known parameters: 
 

𝜃 𝑦 = 3.7685 ∙ 10−6 𝑦2 − 16𝑦 − 4.173 ∙ 10−8 𝑦3 − 24𝑦2 + 192𝑦  
 
If we plot this expression in function of the variable y, we obtain the next graph: 
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Figure 47. Graph of the steel tower’s slope deformation 

 
As we can see, the slope deformation of the tower increases exponentially with 
the height. As we approach the top of the tower, the slope deformation 
increases more slowly.  
 
In Figure 46 we can see that the lined area of the moment diagram is located in 
the negative section of the x axis. That is the reason why the slope deformation 
is negative. It represents the angle between the tangent t1 and the tangent t2, in 
that order.   
  
The value at the top of the tower is: 
  

𝜃 𝑦 𝑚á𝑥 = −2.6255 ∙ 10−4 𝑟𝑎𝑑 
 
It is very insignificant, we can say that it is not noticeable. 
 
The expression for the deflection when the chosen material is steel: 
 

∆ 𝑦 = −1.256 ∙ 10−6 24𝑦2 − 𝑦3 − 1.0432 ∙ 10−8 𝑦4 − 32𝑦3 + 384𝑦2  
 
And plotting it in function of the variable y: 
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Figure 48. Graph of the steel tower’s deflection 

 
In this case, the deflection also increases exponentially with the height of the 
tower, but as we approach the top of the tower, it increases faster. This 
difference is due to the equation for the deflection, which is of one higher order 
than the equation for the slope deformation.   
 
Note that the deflection is also negative for all values of y. As the bending 
moment is negative, the horizontal deformation produced in the tower is 
obviously also negative.  
 
The maximum value of the deflection is: 
 

∆ 𝑦 𝑚á𝑥 = 1.4143 ∙ 10−3 𝑚 = − 1.4143 𝑚𝑚 
 
It is also an insignificant value, so we can conclude that the bending moment 
produced on the tower would be totally bearable if the chosen material is steel. 
First, that is because of the high yield strength of the steel in comparison with 
the maximum bending stress and finally because of the low values in the slope 
deformation and deflections graphs. 
 
With respect to the aluminum, its Young’s Modulus value is 68 GPa. Then, we 
obtain the next slope deformation expression and the corresponding graph: 
 

𝜃 𝑦 = 1.1361 ∙ 10−5 𝑦2 − 16𝑦 − 1.258 ∙ 10−7 𝑦3 − 24𝑦2 + 192𝑦  
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Figure 49. Graph of the aluminum tower’s slope deformation 

 
Note that the values obtained are in the same order as in the case of the steel. 
They are slightly higher in the case of the aluminum because its Young’s 
Modulus is a bit lower, so the deformations produced in the tower are greater. 
 

𝜃 𝑦 𝑚á𝑥 = −7.915 ∙ 10−4 𝑟𝑎𝑑 
 
As we can see, the maximum value of the slope deformation is also 
insignificant. 
 
And the expression of the deflection is: 
 

∆ 𝑦 = −3.787 ∙ 10−6 24𝑦2 − 𝑦3 − 3.1451 ∙ 10−8 𝑦4 − 32𝑦3 + 384𝑦2  
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Figure 50. Graph of the aluminum tower’s deflection 

 
As expected, the results of the deflection also have the same order as in the 
case of steel. 
 

∆ 𝑦 𝑚á𝑥 = −4.2643 ∙ 10−3  𝑚 = −4.2643 𝑚𝑚 
 
So, for the same reasons as in the case of the steel, the aluminum is also 
another appropriate material for the tower.   
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And finally, for the case of wood, which has a Young’s Modulus of 11 GPa, we 
obtain the next expression for the slope deformation produced on the tower: 
 

𝜃 𝑦 = 7.023 ∙ 10−5 𝑦2 − 16𝑦 − 7.7769 ∙ 10−7 𝑦3 − 24𝑦2 + 192𝑦  
 
 

 

Figure 51. Graph of the wood tower’s slope deformation 

 
As the Young’s Modulus is quite lower in the case of the wood, the 
deformations produced are larger. For this reason, the values of the slope 
deformation are one order of magnitude higher in this case than in the case of 
steel or aluminum. 
 

𝜃 𝑦 𝑚á𝑥 = 4.893 ∙ 10−3  𝑟𝑎𝑑 
 
And the expression of the deflection is: 
 

∆ 𝑦 = −2.341 ∙ 10−5 24𝑦2 − 𝑦3 − 1.9442 ∙ 10−7 𝑦4 − 32𝑦3 + 384𝑦2  
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Figure 52. Graph of the wood tower’s deflection 

 
As we can see, the deflection is also one order of magnitude higher than the 
other cases. 
 

∆ 𝑦 𝑚á𝑥 = 2.636 ∙ 10−2  𝑚 =  26.36 𝑚𝑚 
 
Therefore, we can conclude that a wood tower is not an adequate option taking 
into account the comparison between the ultimate tensile strength of the wood 
and the maximum bending stress and the values obtained in the slope 
deformation and deflection graphs. 
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