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Chapter 1

Introduction

Since 1997 when Professor Steven Chu, Professor Claude Cohen-Tannoudji and Dr.
William D.Phillips won the Nobel prize of physics for developing methods to cool
and trap atoms with laser light, several investigation groups have done research in
this area obtaining lots of results in quantum mechanics such as the existence of
superposition states, when an object seems to be in different situations at the same
time. These fundamental studies were used to develop applications to new kinds of
physics measurements and processes such as high resolution spectroscopy, atomic
clocks, atomic collisions, quantum information processing, quantum simulation,
atom optics and bio-molecular interactions.
These results had been tested previously with small objects like atoms, ions,
photons and even molecules [1, 2]. Recently, has been shown that collections of
atoms, photons or Cooper pairs can also create superposition states [3].

In this project we were more ambitious and we wanted to develop a method
to cool and trap larger objects to test quantum mechanical phenomena at larger
scales. We propose a method to build a high-finesse cavity and it’s control to cool
and trap subwavelength objects, beginning with nanospheres of 250nm length and
aiming trapping big molecules or viruses and create superposition states of living
organisms, reviving the real Shrodinger’s Cat paradigm in a Schrodinger Virus
paradigm and open a discussion about quantum nature of living organisms.[4]

The complete original paper [4] this project is based on can be found in appendix
K. This project wants to develop this paper [4] in the point referred to the quantum
superposition of living organisms and come up with some methods for this purpose.
We chose to develop one of the proposed methods and try to cool and trap the first
nanometric sphere. Since viruses can survive in ultra vacuum, this is the first step
to go on and use ultra-vacuum chambers to manage to cool and trap a virus inside[5].

We propose a technique aimed at cooling and trapping with a very stable high
finesse cavity controlled by and FPGA (Free Programmable Gate Array) in order
to avoid perturbations from any kind of vibration, laser beam impacts, temperature
changes or outside noise. To achieve this goal, we designed a nearly-perfect confocal
Fabry-Perot cavity aligned by using a piezo on each mirror, having an excellent
control of the cavity length. Then we developed a LabView software to control the
FPGA in charge of controlling the vibrations with a PID (Proportional Integrative
Derivative) method based on detecting the transmission.
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To do that, we first chose the ideal system, studying which modes we will use and
the length of the cavity to match these modes inside the cavity, all taking care of
maintaining the cavity stable.
The second thing to do was to set up the cavity in the laboratory and be sensitive
to the mount and any misalignment, since perfect alignment is required for our
purposes. Finally, we checked all the work done by turning on the aligned system
and controlling it with the developed software. After this point, when everything
is achieved, the cavity will be stable.

The first part of the manuscript is devoted to the theoretical background in
cavity theory, such as different types of Fabry-Perot cavities, the stability and the
finesse of a cavity and what does it implies. In this first part, the propagation
of the beam through the cavity and the evolution of the modes and the reasons
of choosing the length of the cavity with some simulations can are explained.
All the mentioned before is necessary for understanding the decisions of choos-
ing a small confocal cavity and the modes that will perform the trapping and cooling.

After that, there is the laboratory implementation in which the specifications of
the used laser and mirrors can be found. It also explains the experimental part and
the difficulties found in the set up work. In this part, the effects of the misalignment
and the requirements of extremely precisely aligned are also explained. For this
reason, a protocol aiming to fulfill perfect alignment by setting the cavity length
fine-alignment with the piezoelectric devices situated in the mirrors of the cavity is
developed.
All that must be controlled by a real time hardware and software application. For
that a complete program in LabView is developed, which can be found in appendix
J. Here, each routine and the protocol used to develop the transmission peak
searching is developed. Also, we explain which part of the software is used at each
time, either the computer or the FPGA for the real time following. For achieving
the real time control we implemented a PID module in the FPGA that always tries
to follow a setpoint for its stability.

At the end of the project some results and real images are attached and the final
conclusions of this project are exposed, which gives us a starting point for going on
developing the next steps for obtaining a Schrödinger’s Virus trap.
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We understand cavity as an arrangement of mirrors able to keep electromagnetic
(EM) waves that can only exist at a given discrete wavelength λi. Optical cavities
are key to laser technology. Light confined in the cavity reflects multiple times
producing standing waves for certain resonance frequencies called modes.
Different cavity types can be distinguished by the focal lengths of the two mirrors
and the distance between them with different stability properties, so, normally, the
geometry is chosen so that the beam remains stable, it does not continually grow
with multiple reflections.

2.1 Types of cavities

The most common type of cavities are with planar or spherical mirrors. The simplest
of this is the one that have two opposing parallel plane mirrors, usually called Fabry-
Perot (Figure 2.1(a)). While these cavities are simple, large-scale lasers rarely use
them due to the difficulty of alignment. However, this problem is reduced for shorter
cavities with small mirror separation distance.
To a first approximation, the modes of a Fabry-Perot resonator can be considered as
the superposition of two plane EM waves propagating in opposite directions along
the cavity axis. Imposing the condition that cavity length L must be an integral
number of half-wavelengths we can obtain the resonant wavelengths (L = n(λi/2)).
Nonetheless, at any given instant, only a relatively few wavelengths within this
overall envelope are allowed to oscillate. This is a necessary oscillation condition for
the electric field of an EM standing wave to be zero on both mirrors[6][7]. In this
case, the resonant frequencies are given by vi = n

c

2L
.

We can also obtain this imposing a second equivalent condition that the phase shift
of a plane wave doing one round-trip through the cavity must be an integral number
times 2π. This condition is readily obtained by a self-consistency argument, if the
frequency of the plane wave is equal to that of a cavity mode, the phase shift after
one round-trip must be zero (apart from an integer multiple of 2π). Only in this
case, in fact, do the amplitudes at any arbitrary point, due to successive reflections,
add up in phase to give an appreciable total field [8].

For a resonator with two mirrors with radius of curvature R1 and R2, there are
different common cavity configurations.
If this consists of two mirrors with the same radius R separated by distance L = 2R

such that the mirror centers of curvature are coincident we have Concentric or
Spherical resonator(Figure 2.1(b)). In this case the modes can be approximated
by the superposition of two oppositely traveling spherical waves originating from
central point.
Other kinds of resonators, less common, are those which have two different mirrors.
For example we can have a Concave mirror in one side and a convex on the other,
so we call this concave-convex cavity(Figure 2.1(c)). On the other side, we have
semi-confocal cavities which are those that have one plane mirror and the other
one with a radius R = 2L. If R = L we call this hemispheric cavity(Figure 2.1(d)).
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(a) Plane Parallel cavity (b) Concentric (Spherical) cavity

(c) Concave Convex cavity (d) Hemispherical cavity

Figure 2.1: Diferent type of cavities

2.2 Confocal Cavities

This consists of two spherical mirrors of the same radius of curvature R separated
by a distance L = R. It then follows that the center of curvature of one mirror, lies
on the surface of the second mirror. From a geometrical-optics point of view, we can
draw any number of closed optical paths changing the distance of the two parallel
rays from the resonator axis (as we can see on Figure 2.2). This geometrical optics
description, however, does not give any indication of what the mode configuration
will be. We shall see, in fact, that this configuration cannot be described by either
a plane or a spherical wave. For the same reason, resonant frequencies cannot be
readily obtained from geometrical optics considerations.

Figure 2.2: Confocal cavity

So, due to the key point of the cavity is to obtain a high intensity field in the
cavity mode we chose to use the confocal type. The confocal cavity provide a good
compromise between cavity stability, as we will see in the next section, and mode
size.
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2.3 Stability of the cavity

In order for a beam become a stable beam, the beam profile at the mirrors must
duplicate itself after successive passes through the cavity. Our approach will
therefore be to analyze the round-trip propagation of a beam from one mirror to
the other many successive times and then to determine the conditions for which
the beam remains concentrated within the cavity or diverge out of the cavity.
Those conditions for which it converges will then be designated as the stable
conditions. We will use ray matrix theory, incorporating what are often called
ABCD matrices, to aid us in developing the stability criteria for cavity, since it
offers a convenient way of mathematically allowing a large number of round-trip
passes of the beam to be produced within cavity.

Ray matrices, or ABCD matrices, offer a convenient way for describing the prop-
agation of optical rays through various optical elements. Because they are matrix
representations, a sequence of events can be combined by matrix multiplication to
get a final result in a single matrix. It is thus possible, for example (Figure 2.3 ), to
propagate radiation from an object to a lens, refract it through the lens, propagate
it to another lens, refract through that lens, and then propagate it to the image
location and to describe all these events with a single matrix equation [9].

Figure 2.3: Example of radiation propagation

We will first consider the propagation of a beam from point 1 to point 2 that
translates the beam a distance d in the direction of the optical propagation axis, as
shown in Figure 2.4. In this example r1 represents the initial displacement of point
1 above the axis and θ1 represents the angular direction of propagation with respect
to the axis. Thus, as the beam arrives at point 2, it has been displaced a distance
d along the axis and is still propagating at an angular direction θ1 = θ2.

If we consider a medium change at a flat interface going from medium 1 with
index n1 to medium 2 with index n2 (Figure 2.5) we can consider the following
ABCD matrix.

For a beam reflected from a curved mirror of focal length
R

2
the appropriate

matrix ABCD is shown in Figure 2.6.
If the beam passes through a thin lens, without considering medium change, the

Figure 2.7 shows how the ABCD matrix is built. If the focal length f is the same as
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θ1 = θ2

r2 = r1 + θ1d
⇒
[
r2

θ2

]
=

[
1 d

0 1

] [
r1

θ1

]
(2.1a)

ABCD =

[
A B

C D

]
=

[
1 d

0 1

]
(2.1b)

Figure 2.4: Translation

θ1 =
n2

n1
θ2

r2 = r1

⇒ ABCD =

[
1 0

0 n1
n2

]
(2.2)

Figure 2.5: Medium Change

f =
R

2
θ2 = θ1 −

r1

f

⇒ ABCD =

[
1 0
−2
R 1

]
(2.3)

Figure 2.6: Mirror reflection
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the previous case we can consider the cases equivalent.

f =
R

2
⇒ ABCD =

[
1 0
−1
f 1

]
(2.4)

Figure 2.7: Thin Lenses

Combining two different cases we can consider a ray passing through a curved
boundary of radius R at a dielectric interface, and the ABCD resultant matrix is
the one in figure 2.8. We can see the utility of the ABCD matrix for a more complex
structure.

f =
R

2
⇒

ABCD =

[
1 0
−1
f 1

][
1 0

0 n1
n2

]
=

[
1 0

1
f

(
n1
n2
− 1
)

n1
n2

]
(2.5)

Figure 2.8: Passing through a curved boundary with changing index

Now, in order to determine mathematical criteria, we consider the situation of
having a laser beam in instable and stable conditions (Figure 2.9). If ray leaves
mirror 1, propagates to mirror 2, and is reflected from mirror 2, we can ask whether
r2 is greater or smaller than r1 at that point and whether θ2 is greater or smaller
than θ1. If r2 < r1 and θ2 < θ1 then the beam will tend toward stability, since it
would always be attempting to converge to the optic axis as indicated in figure 2.9.
However, if r2 > r1 and θ2 > θ1 we would consider being on a diverging path that
would lead to instability after many passes, since the beam would walk out of the
cavity, figure 2.9 [10][11].

We should attempt to solve the ABCD matrix equation by asking whether so-

lutions exist in which the ray
[
r2
θ2

]
will differ from the ray

[
r2
θ2

]
by only a constant

factor µ: [
r2

θ2

]
= µ

[
r1

θ1

]
(2.6)

For such solution the ray would be diverging for µ > 1 since in the case r2 > r1 and
θ2 > θ1, which produces a diverging ray. It would likewise be converging for µ > 1

since then r2 < r1 and θ2 < θ1. We will develop the solution of the equation by
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Figure 2.9: Laser beam tending to (a)stability and (b)instability

using the ABCD matrices to solve for the possible values of µ. The stability criteria
will then be obtained after considering a large number of passes inside the cavity
[10].
Writing the relationship with the ABCD matrix leads to[

r2

θ2

] [
A B

C D

] [
r1

θ1

]
= µ

[
r1

θ1

]
(2.7)

As µ is a constant, we recombine the equality to obtain[
A− µ B

C D − µ

] [
r1

θ1

]
= 0 (2.8)

this equation is a characteristic eigenvalue equation that will be satisfied only if the
determinant of the matrix is 0 [11]:∣∣∣∣A− µ B

C D − µ

∣∣∣∣ = 0 (2.9)

To get an idea, we will suppose ABCD values for the laser cavity with two curved
mirrors of equal curvature R and focal length f = R

2 , separated by a distance d
on the axis. Propagation of a ray over distances of one pass through the cavity
and then reflected by the mirror is equivalent to an axial displacement d in a lens
diagram and then a refraction due to the lens. This can be expressed in ray matrix
form as [

1 0
−1
f 1

][
1 d

0 1

]
=

[
1 d
−1
f 1− d

f

]
(2.10)

This leads to the determinant ∣∣∣∣∣1− µ d
−1
f 1− d

f − µ

∣∣∣∣∣ = 0 (2.11)
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which must be solved for eigenvalues. Solving the determinant leads to the eigen-
value equation

µ2 − 2µ

(
1− d

2f

)
+1 = 0 (2.12)

which is a second grade equation with both real and imaginary solutions. The real

solution for µ occurs for | α |> 1 with α = 1− d

2f
and is defined as

µ = α±
√
α2 − 1 = e±φ (2.13)

where the solution of µ is expressed as an exponential form µ = e±φ.
The imaginary for | α |< 1 solution is:

µ = α± j
√
α2 − 1 = e±jφ (2.14)

In both cases φ is a real number. What is involved in the stability, we want to
know what happens to the ray after N passes through the cavity. As is evident, the
answer requires N successive applications of ABCD matrix. So, in N passes we will
achieve [10] [

rN
θN

]
= µN

[
r1

θ1

]
(2.15)

Thus, we can expand, for real solution, the previous equality for N passes as[
rN
θN

]
= µN

[
r1

θ1

]
= e±Nφ

[
r1

θ1

]
(2.16)

which would clearly diverge for large N since the general solution consists of
the sum of the exponential functions containing both the positive and negative
exponents, leading to an unstable cavity situation.

If we take the imaginary solution, | α |< 1, for N passes we would have[
rN
θN

]
= µN

[
r1

θ1

]
= ej±Nφ

[
r1

θ1

]
(2.17)

from which we can conclude that the trajectory would converge because | e−jNφ|
leads the beam to be confined to the region of the axis of the resonator [12].

Then, the requirement for stability will be | α |< 1, or

µ =

(
1− d

2f

)
±j
[
1−
(

1− d

2f

)2]1/2

=

(
1− d

2f

)
±j
[
d

f

(
1− d

4f

)]1/2

(2.18)

The value of λ will remain imaginary, leading the beam to stability, only if

1 >
d

4f
or 0 < d < 4f , this means 0 < d < 2R for spherical mirrors of radius

R = 2f . In case we have mirrors of unequal curvature, so f1 6= f2, separated a
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distance d, the relationship will change as 0 < α1α2 < 1. In this case the solutions
for lphai are:

αi = 1− d

2fi
= 1− d

Ri
= gi (2.19)

These gi‘s must not be confused with the statistical weights or the gain of the laser.
Those are condition for stability.

So, the requirement for stability is 0 < g1g2 < 1 which means [11]:

0 <

(
1− d

R1

)(
1− d

R2

)
< 1 (2.20)

This condition gives us a stability diagram shown in figure 2.10

Figure 2.10: Stability diagram for two mirrors

As we saw in the previous section, the confocal cavity gives us a stability point
but have chosen of this cavity leds us to a mistake for two reasons.
A perfect confocal cavity is stable, but on a singularity point in the stability diagram,
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a simple error will put the cavity in an instable regime.
For a perfect confocal cavity odd and even modes are super-imposed, and half FSR,
apart from each other. Thus not possible to have odd and even modes within 100 -
200 MHz apart.
So the solution is to build a smaller nearly perfect confocal cavity.

2.4 High-Finesse Cavity

The finesse of an optical resonator is defined as its free spectral range (FSR), which
is the distance between the frequencies of two successive axial modes (Figure 2.11),
divided by the bandwidth (FWHM) of its resonances [13].

F =
FSR

FWHM

Figure 2.11: Finesse, FSR & FWHM

To calculate the FSR we should know which cavity and which length are we
working with. At first instance, we will work with a confocal cavity with L = 25mm,
this means that we can calculate the FSR as ∆ω = ωq+1ωq = 2π c

2L [9] which lead
us to:

∆f =
c

2L
= 6GHz (2.21)

Otherwise, the finesse of the cavity (F ) is fully determined by the reflectivity of
the mirrors and it’s independent of the resonator length[14]. So, a new relation can
be defined as:

F =
π
√
ρ

1− ρ
(2.22)

for finesse calculation, where ρ is the reflectivity of the mirrors.
High finesse can be considered when F ≈ 104 is achieved, this can be get by

using dielectric supermirrors or in certain microcavities based on whispering gallery
modes. In the experiment explained on this memory mirrors with 99.9974498%

reflectivity at 1064nm are used, thing that will be explained on following section.
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So now, we are ready to conclude that the Finesse of the cavity we will use for

the trapping and cooling is F =
π
√
ρ

1− ρ
=

π
√

0.999974498

1− 0.999974498
= 123188, 479135 ≈ 105.

So it can be considered a very high finesse cavity.

2.5 Propagation inside the cavity

The operating modes of a physical system are formed by physical laws and boundary
conditions.
For example, let’s consider a guitar string that is plucked. The physical law is
the restoring force that tends to bring the string to its initial, straight position.
The boundary conditions are that on either end of the string, the amplitude of the
vibration must be zero. The superimposed waveforms that form the mode move
with a fixed velocity that is dependant on the properties of the string, and have
wavelengths equal to 2L

n , where L is the length of the string, and n is a positive
integer. These are the modes of the system.

A propagating electromagnetic wave, which light is one type of, must satisfy the
complex wave equation 2.23.

c2∇2u =
∂2u

∂t2
(2.23)

where u(r, t) is the complex amplitude of the wave:

u(r, t) = a(r)ejφ(r)ej2πυt (2.24)

The particular functions u(r, t) describe the different transverse modes.

2.5.1 Modes

Similarly, lasers have modes. They have longitudinal and transverse modes. The
transverse modes determine the intensity distributions on the cross-sections of the
beam.
The simplest mode is the Gaussian mode, which has a complex electric field ampli-
tude described by the cylindrical equation

E(r, z) = E0
wo
w(z)

e
−r2
w(z)2 e

−jk
(
z+ −r2

2R(z)
−ζ(z)

)
(2.25)

Where, r is the radial distance from the center axis of the beam, z is the axial
distance from the beam’s narrowest point, the waist (wo), k = 2π

λ is the wave
number, E0 = |E(0, 0)|, w(z) is the radius at which the field amplitude and intensity
drop to 1

e and 1
e2

of their axial values, respectively, R(z) is the radius of curvature
of the beam’s wavefronts, and ζ(z) is the Gouy phase shift.
Since optical intensity is defined by I(r) = |E(r)|2, then

I(r, z) =
|E(r, z)|2

2η
= I0

[
w0

w(z)

]2

e
−2r2

w(z)2 (2.26)
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where I0 = I(0, 0) is the intensity at the center of the beam at its waist. The
constant η is the characteristic impedance of the medium in which the beam is
propagating. (For free space, η = η0 =

√
µ0
ε0

= 1
ε0c
≈ 376.7Ω).

For a Gaussian beam propagating in free space, the spot size w(z) will be at a
minimum value w0 at one place along the beam axis, known as the beam waist. For
a beam of wavelength λ at a distance z along the beam from the beam waist, the
variation of the spot size is given by equation 2.27

w(z) = w0

[
1+

(
z

z0

)2] 1
2

(2.27)

where the origin of the z-axis is defined, without loss of generality, to coincide with
the beam waist, and where

z0 =
πw2

0

λ

w0 =

(
λz0

π

) 1
2

is called the Rayleight length (zR = z0), which is the distance along the propagation
direction of a beam from the waist to the place where the area of the cross section
is doubled.
At a distance from the waist of zR, the width w of the beam, following 2.27, is

w(±zR) = w0

√
2 (2.28)

the distance between these two points is called the confocal parameter or depth of
focus of the beam

b = 2zR =
2πw2

0

λ

R(z) is the radius of curvature of the wavefronts comprising the beam. Its value
as a function of position is

R(z) = z

[
1+

(
z0

z

)2]
The parameter w(z) approaches a straight line for z � zr. The angle between

this straight line and the central axis of the beam is called the divergence of the
beam and it is given by

θ ≈ λ

πw0
(2.29)

Because of this property, a Gaussian laser beam that is focused to a small spot
spreads out rapidly as it propagates away from that spot. To keep a laser beam
very well collimated, it must have a large diameter. This relationship between
beam width and divergence is due to diffraction. Non-Gaussian beams also exhibit
this effect, but a Gaussian beam is a special case where the product of width and
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divergence is the smallest possible.

Since the gaussian beam model uses the paraxial approximation, it fails when
wavefronts are tilted by more than about 30◦ from the direction of propagation
[15]. Then, from the equation 2.29 for divergence, the Gaussian beam model is
valid only for beams with waists larger than about 2λ

π .

Laser beam quality is quantified by the beam parameter product (BPP). For a
Gaussian beam, the BPP is the product of the beam’s divergence and waist size w0.
The BPP of a real beam is obtained by measuring the beam’s minimum diameter
and far-field divergence, and taking their product. The ratio of the BPP of the
real beam to that of an ideal Gaussian beam at the same wavelength is known as
M2. The M2 for a Gaussian beam is one. All real laser beams have M2 values
greater than one, although very high quality beams can have values very close to one.

The longitudinal phase delay or Gouy phase of the beam is

ζ(z) = arctan
z

zR
(2.30)

This phase shifts by π as the beam passes through the focus, in addition to the
normal change in phase as the beam propagates.

In optics, the complex beam parameter is a complex number that specifies the
properties of a Gaussian beam at a particular point z along the axis of the beam. It is
usually denoted by q and it can be calculated from the beam’s vacuum wavelength
λ0, the radius of curvature R of the phase front, the index of refraction n, and
the beam radius w (as seen before defined at 1

e2
intensity), according to equation

2.31.[10]
1

q(z)
=

1

R(z)
− j λ0

πnw(z)2
(2.31)

The complex beam parameter is usually used in ray transfer matrix analysis, which
allows the calculation of the beam properties at any given point as it propagates
through an optical system, if the ray matrix and the initial complex beam parameter
is known. This same method can also be used to find the fundamental mode size
of a stable optical resonator.

Given the initial beam parameter, qi, one can use the ray transfer matrix of an

optical system,
(
A B

C D

)
, to find the resulting beam parameter, qf , after the beam

has traversed the system [15]

qf =
Aqi +B

Cqi +D
. (2.32)

It is often convenient to express this equation in terms of the reciprocals of q [15]

1

qf
=
C +D/qi
A+B/qi

. (2.33)
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To find the complex beam parameter of a stable optical resonator, one needs to find
the ray matrix of the cavity. This is done by tracing the path of beam in the cavity.
Assuming a starting point, find the matrix that goes through the cavity and return
until the beam is in the same position and direction as the starting point. With this
matrix and by making qi = qf, a quadratic is formed as:

Cqf
2 + (D −A)qf −B = 0. (2.34)

Solving this equation gives the beam parameter for the chosen starting position in
the cavity, and by propagating, the beam parameter for any other location in the
cavity can be found[6].

Gaussian beams appears as a central bright dot when you capture its image
(figure 2.12). Them are usually the preferred output of most lasers, since they are
easy to manipulate, are circularly symmetric, and usually have the greatest overall
and concentrated intensity of all the transverse modes. They are stable as well,
which means they retain their shape as they propagate [16].

Figure 2.12: Gaussian Beam image and its profile, it’s also called TEM00 mode.

The power P passing through a circle (or pinhole) of radius r in the transverse
plane at position z is

P (r, z) = P0

[
1− e

−2r2

w2(z)

]
, (2.35)

where
P0 =

1

2
πI0w

2
0 (2.36)
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is the total power transmitted by the beam.

For a circle of radius r = w(z), the fraction of power transmitted through the
circle is

P (z)

P0
= 1− e−2 ≈ 0.865 . (2.37)

Similarly, about 95% of the beam’s power will flow through a circle of radius
r = 1.224w(z).

The peak intensity at an axial distance z from the beam waist is calculated using
L’Hôpital’s rule as the limit of the enclosed power within a circle of radius r, divided
by the area of the circle πr2

I(0, z) = lim
r→0

P0

[
1− e−2r2/w2(z)

]
πr2

=

P0

π
lim
r→0

[
−(−2)(2r)e−2r2/w2(z)

]
w2(z)(2r)

=
2P0

πw2(z)

(2.38)

The peak intensity is thus exactly twice the average intensity, obtained by dividing
the total power by the area within the radius w(z).

2.5.1.1 Hermite Gaussian Modes

The Gaussian mode is a specific case of the more generalized Hermite-Gaussian
(HG) modes. The HG modes are also referred to as Transverse Electro-Magnetic,
or TEM . A TEM mode is described as TEMmn, where m and n are the indices
of the mode.
m refers to the number of intensity minima in the direction of the electric field
oscillation, and n refers to the number of minima in the direction of the magnetic
field oscillation. An HG mode appears to be a grid of dots, or blobs as can be seen
in figure 2.13.
Hermite-Gaussian modes are a convenient description for the output of lasers

whose cavity design is not radially symmetric, but rather has a distinction between
horizontal and vertical directions. In terms of the previously defined complex q

parameter, the intensity distribution in the x− plane is proportional to

un(x, z) =

(
2

π

)1/4( 1

2nn!w0

)1/2( q0

q(z)

)1/2 [q0

q∗0

q∗(z)

q(z)

]n/2
·

Hn

(√
2x

w(z)

)
exp

[
−j kx

2

2q(z)

] (2.39)

where the function Hn(x) is the Hermite polynomial of order n (see Appendix D),
and the asterisk (∗) indicates complex conjugation. For the case n = 0 the equation
yields a Gaussian transverse distribution.
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Figure 2.13: Hermite Gaussian modes

For two-dimensional rectangular coordinates one constructs a function
um,n(x, y, z) = um(x, z)un(y, z), where un(y, z) has the same form as um(x, z).
Mathematically this property is due to the separation of variables applied to the
paraxial Helmholtz equation for Cartesian coordinates [6, 10].

So, applying these previous equations, Gaussian mode can be defined as TEM00,
or HG00 mode.

2.5.1.2 Laguerre Gaussian Modes

LG modes, like the Gaussian mode, are cylindrically symmetric and the natural
solution of the paraxial wave equation are Laguerre-Gaussian modes. All LG modes
except LG00 are hollow (figure 2.14), thing that we will use in our experiment for
the trapping.

Their key feature is the presence of a screw phase dislocation, which means that
it has orbital angular momentum that is always conserved. One cool application
of this is the transfer of this momentum to a particle, making it spin. This screw
phase dislocation is also the origin of the hollow center of an LG beam, since that
type of phase dislocation appears as a dark spot. An LG mode is described by the
equation 2.40 in cylindrical coordinates using Laguerre polynomials [12]

u(r, φ, z) =
CLGlp
w(z)

(
r
√

2

w(z)

)|l|
exp

(
− r2

w2(z)

)
L|l|p

(
2r2

w2(z)

)
·

exp

(
jk

r2

2R(z)

)
exp(jlφ) exp [−j(2p+ |l|+ 1)ζ(z)]

(2.40)
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Figure 2.14: Laguerre Gaussian modes

where Llp are the generalized Laguerre polynomials (see Appendix E), the radial

index p ≥ 0 and the azimuthal index is l. CLGlp =
(

2
πl!p!

)1/2
min(l, p)!; w(z), R(z)

and ζ(z) are beam parameters defined above [6, 10].
LG modes have a Guoy phase similar to HG modes, (l + m + n)φ(z) = (l + m +

1) arctan z
zR

. They can also be expressed as the sum of HG modes of lower and
equal order, by the relation 2.41.

ULlmG(x, y, z) =
N∑
k=0

jkb(l,m, k)UHGN−k,k(x, y, z)

b(n,m, k) =

(
(N − k)!k!

2Nn!m!

)1/2 1

k!

dk

dtk
[(1− t)n(1 + t)m]|t=0 (2.41)

2.5.2 Matlab Software for cavity modes calculation

To have a better idea of what is happening inside he cavity when it changes the
length and which will be the best length chose for our nearly perfect confocal cavity
we developed a software (confocal.m see appendix F) which calculates the modes
that could be alive and where are situated in terms of frequency (figure 2.15), the
blue deltas corresponds to the even modes, taking mode LG00 as even, and the red
deltas corresponds to the odd modes, and it’s height is inversely proportional to the
sum of the mode number (l + p).
For more details in the mode distribution look at figure 2.16 where different q
modes are plotted in different colors to make it more understandable (Matlab code
in appendix G).

In our experiment we will need 2 beams, as we will see in section 2.5.3, for con-
trolling the cavity and for cooling and trapping inside. To ensure the best stability
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(a) TEM cavity modes frequency, centering TEM00 and a span of 18GHz (the FSR for the confocal)
for multiple cavity length (17.215mm − 25mm)
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(b) TEM cavity modes frequency, centering TEM00 and a span of 9GHz for multiple cavity length
(17.215mm − 25mm)

Figure 2.15: Laser modes cavity length dependance
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coupling of the cavity we have to ensure that there won’t be any interference be-
tween the modes alive inside. So, we should choose the shorter longitude for the
cavity taking into account the separation between the odd modes.
As we can see in picture 2.15(b), one of the best options is to choose a cavity length
of 19.19988mm ≈ 19.2mm due to the separation between the first LG00 and LG05

that is about 1Ghz (figure 2.17) then we will modulate it with an AOM to put it
closer enough for the sensitivity of the cavity (FWHM(19.2mm) ≈ 63, 254khz) to
try to situate both peaks inside the cavity mode. Also notice that if the cavity had
been perfectly confocal (the last figure in 2.15(b) or 2.15(a)) the odd modes are
situated between the even modes, them fall exactly halfway between them.
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Figure 2.17: Mode distribution for a cavity of length 19.2mm distinguishing even
and odd modes

2.5.3 Cooling and Trapping with feedback control. How many
modes will we use?

The aim of this project is trapping and cooling a dielectric particle inside a high
finesse cavity .
To manage to get this we have chosen self-trapping technique, it consist in using
two optical modes and combine them so that they provide trapping as well as the
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optomechanical coupling (see Appendix K for further information)[4, 17].

Then, to lock down the cavity we need to use two modes. One mode, that will
not be sensitive to the trap object, must have a 0 field component at the trapping
position, as we saw in section 2.5.2, we choose the mode LG05, because we need to
use the transmission through the cavity.
However, we will provably use PDH (Pound-Drever-Hall) technique (section 2.5.4.1),
so we shall need to modulate the field in frequency with an Acousto-Optic Modulator
(AOM) which changes the frequency of part of the beam and it’s angle. This mode
can’t be used to trap because it will be modulated in frequency, and because the
position of the object in the trap will modify the mode and thus effect the feedback.
We will need a second mode to trap and cool the object. For that we will use the
fundamental TEM00 mode, the gaussian beam seen in section 2.5.1 as is the same
as LG00 mode.

2.5.4 Feedback

To have a stable high finesse tuned cavity the most important part is having it
unvariable to any kind of perturbation in terms of length, so we must control any
kind of vibration due to the photons impact, the temperature, or even the air con-
ditioning.
From the intensity formula 2.38 for the fundamental mode we can find the general-
ized one for any LGlp as I(r, φ, z) = |u(r, φ, z)|2 and particularizing it for the mode
in which we are interested in (LG05) we get 2.42, figure 2.18.

ILG05 =
I0

1 + 4ρ
1−ρsin

2 4πL
λ

(2.42)

This gives us an idea of how crucial is the perfect alignment (Chapter 3.4) and
stabilization of the cavity and the necessity of a protocol for searching the intensity
peak in the cavity made by computer for resolving the maximum detuning to keep
more than half of the initial intensity coupled (Chapter 3.5).

So, to stabilize the cavity with the protocol of peak searching we need extra
information of what is happening inside the cavity ones it is trapping a particle.
This is gave by the mode LG05 as we saw in the previous sections, it is not sensitive
to the particle trapping but it helps us to have the cavity tuned and stabilized.
Hence we will us the intensity transmittance through the cavity to analyse the cavity
elongation end compensate it if it is necessary with the piezoelectric devices.
Under these conditions we opted to choose a fast stabilization control of the cavity
with a device called PID (Proportional Integrative Derivative), explained in section
3.5.2. To have a quick outlook of what the PID does we can imagine a system to fill
a deposit and needs to keep a certain level inside, this level is the setpoint. If that
system was empty and controlled by a PID it would fill up to the setpoint and will
close the filling tap, let’s imagine it is in the open air and it rains, then it perturbs
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Figure 2.18: Intensity of the mode LG05, FWHM ≈ 4.4 · 10−12

the system and fill the deposit more than the setpoint, then the same PID would
open the sink and let the water flow since it reaches again the level. So the PID,
will control the entrance and the exit of water to get an equilibrium on the setpoint.
In our experiment the PID plays a similar role, we use it for always having the higher
peak intensity transmission inside the cavity. The setpoint of our system should be
then, as we would see in Chapter 3.6, dynamic and keep the highest value reached
by the photodetector in transmission. Then the PID will compensate by the length
of a couple of piezoelectrics (one connected in the integrative part and the other
in the derivative) any shift in the signal of the cavity and always keep the highest
intensity value.

2.5.4.1 Pound-Drever Hall: PDH technique

The next step that this project must follow is to lock the laser frequency because we
can transmit the half of the initial intensity a wavelength band of 3.8 ·10−16 around
the laser frequency 1064nm, as can be seen on figure 2.19.

That’s why we should stabilize the Laser frequency. A small change in laser
frequency would produce a proportional change in the transmitted intensity. We
could then measure the transmitted intensity of the light and feed this signal back
to the laser to hold this intensity (and hence the laser frequency) constant. To
perform the suppression of the frequency fluctuations we will us a stabilizations
feedback technique called Pound-Drever Hall which is widely accepted as the best
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Figure 2.19: Intensity of the mode LG05 versus the wavelength shift, FWHM ≈
3.8 · 10−16

method of laser frequency stabilization.

The PDH laser frequency stabilization technique is essentially a frequency-
locking feedback loop. An incoming laser with a moderate amount of frequency
jitter is incident on a Fabry-Perot etalon, which serves as a frequency reference. The
reflected signal is proportional to the instantaneous frequency error, as measured
with respect to the etalon’s stable resonant frequency. This error signal is then
processed by analog electronics and fed back to an optical frequency shifter, which
adjusts the incoming laser frequency to eliminate the error.
The measurement is made using a form of nulled lock-in detection, which decouples
the frequency measurement from the laser’s intensity. An additional benefit of this
method is that the system is not limited by the response time of the Fabry-Perot
cavity. You can measure, and suppress, frequency fluctuations that occur faster
than the cavity can respond [18].
At the heart of the PDH system is our high-finesse Fabry-Perot cavity, also called
etalon. The FP resonant cavity is essentially a pair of highly reflective mirrors
mounted to a stable spacer. If a laser is normally incident on the etalon such that
the spacing between the two mirrors is an integer multiple of the laser wavelength,
the light will experience constructive interference as it bounces back and forth
inside the cavity. Under these conditions, the light intensity builds inside the cavity
to an equilibrium value, and a small portion of the signal escapes through each
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mirror.

The beam exiting the front of the cavity is π radians out of phase with the re-
flected beam, canceling the reflection. The power exiting the rear of the etalon is
equal to the incident power, and therefore the cavity appears transparent (Figure
2.11). Alternatively, if the laser is not at a resonant wavelength, the phase cancella-
tion will not occur, and the incoming light will be almost completely reflected [19].
The magnitude of the electric field of the incident beam can be written

Einc = E0e
jωt

and the reflected
Eref = E1e

jωt

where the relative phase between the two waves can be defined by letting E0 and
E1 complex. The reflection coefficient F (ωe) is the ratio of Eref and Einc, and for
a symmetric cavity without losses is given by equation 2.43

F (ωe) =
Eref
Einc

=
ρ(ej

ωe
FSR − 1)

1− ρ2ej
ωe
FSR

(2.43)

Where ωe is the difference in the frequencies of the incident laser ω and the cavity
resonance ω0 [18].

ωe = ω − ω0

0.999 0.9992 0.9994 0.9996 0.9998 1 1.0002 1.0004 1.0006 1.0008 1.001
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Frequency (normalized to FSR=7807095260.4167)

In
te

n
s
it
y
 |
F

(w
)|

2

Reflection coefficient for FP cavity, Resonance for 19.2mm

0.999 0.9992 0.9994 0.9996 0.9998 1 1.0002 1.0004 1.0006 1.0008 1.001

−150

−100

−50

0

50

100

150

Frequency (normalized to FSR=7807095260.4167)

P
h

a
s
e

 (
d

e
g

)

Figure 2.20: Magnitude and phase of the reflection coefficient for the cavity. The
discontinuity in phase is caused by the reflected power vanishing at resonance.

The beam that reflects from a Fabry–Perot cavity is actually the coherent sum
of two different beams: the promptly reflected beam, which bounces off the first
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mirror and never enters the cavity; and a leakage beam, which is the small part of
the standing wave inside the cavity that leaks back through the first mirror, which
is never perfectly reflecting. These two beams have the same frequency, and near
resonance (for our lossless, symmetric cavity) their intensities are almost the same
as well. Their relative phase, however, depends strongly on the frequency of the
laser beam.
If the cavity is resonating perfectly the laser’s frequency is exactly an integer multiple
of the cavity’s free spectral range, then the promptly reflected beam and the leakage
beam have the same amplitude and are exactly 180◦ out of phase. In this case the
two beams interfere destructively, and the total reflected beam vanishes.
If the cavity is not quite perfectly resonant, that is, the laser’s frequency is not
exactly an integer multiple of the free spectral range but close enough to build
up a standing wave, then the phase difference between the two beams will not be
exactly 180◦, and they will not completely cancel each other out. Some light gets
reflected off the cavity, and its phase tells you which side of resonance your laser is
on. Figure 2.20 shows a plot of the intensity and phase of the reflection coefficient
around resonance[18].

2.5.5 OSCAR Software (Matlab Cavity Simulation)

OSCAR (Optical Simulation Containing Ansys Results) is an optical FFT code
used to calculate steady state optical field circulating in Fabry-Perot cavities with
arbitrary mirror profiles developed by Dr. Jerome Degallaix. The code can integrate
non-spherical mirrors and any arbitrary input fields. Recent applications for OSCAR
have been: calculation of thermal lensing effect and calculation of diffraction loss
and cavity eigenmodes for mesa beams [20]. One great advantage of OSCAR is
the simplicity and flexibility of the code, everyone with only minimal knowledge of
Matlab can easily modify OSCAR code to suit specific purposes.

2.5.5.1 Simulations

We made some simulations modifying OSCAR for our cavity and purpose and
fitting it to the conditions specified on table 3.1.

The first interesting thing we did is to check the shape of the incident beam,
the circulating beam inside the cavity, the beam when is transmitted and reflected
for the modes that we will use, LG00 and LG05 (figures 2.24(a), 2.24(b) respectively).

It is also interesting to see whether interference effects appears when the input
of the cavity was both beams together, the LG00 for the trapping and LG05 for
the cavity stabilization. So we made another simulations where the input beam is
the addition of both modes of interest and we get figure 2.22. We can realize that
the travelling beam outside the cavity has a strange shape due to the destructive
superposition of both modes propagating, but inside the cavity the beam shape
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(a) Input, reflected, transmitted and circulating beam of an LG00 mode inside the cavity
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(b) Input, reflected, transmitted and circulating beam of an LG05 mode inside the cavity

Figure 2.21: Simulation of the input beam for modes LG00 and LG05 and it’s
propagation in our high-finesse cavity
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seems to be good and won’t disturb our trapping and cooling either the feedback
system. Another practical simulation to perform is calculate the circulating power
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Figure 2.22: Simulation of the input beam as the addition of LG00 and LG05.

in the cavity. The circulating power is the amount of energy that can be found inside
the cavity while the light is reflecting in both mirror per unit of time (reflections).
At the same time, we can also derive the diffraction loss due to the finite size of the
mirrors, figure 3.31.

We will now tilt the end mirror in the vertical direction by 1 microradian to
check the misalignment effect. To see the excitation of higher optical modes, we
will display the circulating power over one free spectral range (figure 2.24). In this
simulation we changed the reflectivity of the mirrors to 99.995% to reduce the time
of execution because if we set the correct reflectivity it would take more than 48

hours to conclude. The reduction of the reflectivity won’t make any change in the
conclusions of the graphic because it just will affect to the width of the pulse but
not the position, so we could realize where the higher order modes are and if we will
be able to resolve them, if we are able to do it with that reflectivity we will be more
capable with the right one.In figure 2.24(a) we can notice several peaks, the one
that is the most important is the highest, the fundamental LG00 mode. It is due
to the imperfect mode matching, it depends on the detunning of the cavity and the
mode of the input beam, in figure 2.24(b) we can see that the first and the highest
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(b) Input and circulating beam of LG05 mode
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(c) Input and circulating beam of the addition of LG00 and LG05 mode

Figure 2.23: Simulation of the circulating power in the different modes inside the
cavity and the decaying of the power along the reflections
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peak corresponds to the mode of excitation LG05 and the fundamental mode is the
next one from left to right.
As we will want to excite the cavity with both modes we simulate what will happen
if the input was an addition of LG00 and LG05 (figure 2.24(c)). We can notice that
there are not significant modes between the fundamental and the LG05 mode.
So we now have another data to ensure that both modes of excitation will not
interfere each other with the chosen cavity length. We can predict which will be the
behaviour inside the cavity when them are propagating inside. We can see also the
earlier chosen decisions and can also check if we would be able to switch the mode
frequency to couple it into the cavity mode distribution.
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Figure 2.24: Scanning of the cavity for a mirror tilting in vertical direction for
different input beams
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3.1 The Laser

The aim of this is experience is to trap and cool a certain particle [4], namely silica,
with a density ρ = 2201kgm−3 and a relative dielectric constant εr = 2.1. We take
spheres of radius 250nm, and rods with length equal to waist, width a = 50nm and
arc length L = 50nm [4].
This particle absorption is minimal at about 1064nm, so it is a good chance to get
a laser at 1064nm for trapping the particle. So, fixed the laser frequency, we now
should choose some other laser specifications in order to get the best option for
getting a good high finesse cavity.
In order to achieve cooling of levitated objects and obtain an efficient coupling in the
cavity, the laser needs to fulfill the following: the bandwidth of the laser has to be
smaller than the cavity finesse (figure 3.1(b)) and the noise (figure 3.1(c) & 3.1(d))
(in intensity) has to be minimum not to introduce an additional heating source.
The product most fits to our necessities is a commercial laser from Innolight, the
model Mephisto (figure 3.1(a)).
It is a neodymium-doped yttrium aluminum garnet (Nd : Y AG) high stable laser
able to deliver up to 2W of light power. It’s noise level is comparable to quantum
limit, so it’s a very low noise laser with noise eater systems.
This laser also has temperature control so we will be able to play with it and the
stability of the cavity if it is necessary when trying to get the highest peak value
inside.
Concerning to the bandwidth it is below 1kHz (figure 3.1(b)), comparing it with
the Finesse of the cavity (123188) we can conclude it is low enough to achieve the
trapping inside the cavity.



3.1. The Laser 35

(a) Mephisto Laser spectral linewidth (b) Mephisto Laser spectral linewidth

(c) Mephisto Laser relative intensity noise (d) Mephisto Laser frequency noise

Figure 3.1: The Mephisto used laser specifications
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3.2 Mirrors

Since the early 1990s, the best mirrors available for the near infrared have a
transmission and loss of less than a few ppm (part per million) [21]. It should be
realized that there is a trade-off between low loss (L), and high reflectivity (ρ). The
reason is that high reflectivity is reached by placing a large number of dielectric
layers on a super-polished substrate. With each new layer small imperfections
or contaminations might be added, causing absorption and scattering losses to
increase with the number of layers. For strong coupling, only a high reflectivity is
important. However, absorption and scatter losses in the mirror can dramatically
reduce the number of detected photons, thereby imparting the detection efficiency
significantly.
Ultra-high reflectivity mirrors are not only difficult to be made, it is also nontrivial
to measure their properties or check their specifications [13]. An ordinary trans-
mission (τ) and reflection measurement can establish, but cannot measure losses
of a few ppm, and hence, fails to measure L + τ = 1 − ρ with a useful accuracy.
Therefore, it is the best to set up a cavity to measure the properties of the mirrors.
The mirrors we will use are custom multilayer mirrors to get a reflectivity
ρ = 99.9974498% at 1064nm (Figure 3.3), that is the wavelength we are working
with as seen on section 3.1.

The radius of curvature of the mirrors is 25mm in order to get a (smaller)
perfect confocal cavity, as seen on previous chapters (Chapter 2). So, the length
of the cavity can, in principle, be measured directly a micrometer caliber, but
this is difficult for short cavities. It can be determined more accurately from the
FSR (Free Spectral Range). More elegant is to map out the distance between the
transversal modes and calculate the length from the measured frequency ratio and
the known mirror curvature R [21]. This method has the advantage that it does
not depend on an absolute frequency calibration.

Handling ultra-high reflectivity mirrors requires severe precautions. They must
be kept in a clean environment at all times, as the smallest dust particle can
ruin their performance. A clean-air flow box is the minimum equipment required.
Another issue to consider is birefringence caused by strain. Shrinking glue or
clamping the mirrors too firmly in their mounts can cause strain on the mirror
substrate that can be large enough to cause birefringence in the coating, resulting
in a cavity with non-degenerate polarization eigenmodes [22].

The mirrors should also remain clean during the experiment. Consequently,
directing a high intensity atomic beam onto a mirror surface is probably not a good
idea. With all these precautions, however, a high-finesse cavity can be a reliable
part of the experiment.

The mirrors we are using for this experience were customized so, as seen on
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2.4, the theoretical Finesse for the laser at 1064nm was the highest achievable, up
to the order of 105 (123188.479135) as can be seen in figure 3.2, where has been
calculated the Finesse for each wavelength using the mirror transmissivity given by
the supplier (Figure 3.3).
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Figure 3.2: Finesse calculated with mirror reflection coefficient between 1010nm
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Figure 3.3: Mirrors transmission characteristic τ(λ)% in curved surface
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3.3 The Set-up

Before implementing the system on the lab we put in practice all the theoretical
concepts explained since now to know better the behaviour of the cavity depending
on the length, so I developed a Matlab code (see Appendix H) and plotted the
results in table 3.1 just to have the parameters all in mind.
All those parameters let us to have a better idea of the changes that the cavity
and the beam inside could suffer. As we will see in this chapter, there are some
important parameters to keep in mind, as the length of the cavity and the beam
waist (figure 3.4).

Table 3.1: Cavity parameters (see Appendix H for the Matlab code)

Cavity Parameters
Cavity Length (cm)

17.25 19.2 25

FSR (GHz)= c
2nL 8.69565 7.79220 6.00000

Finesse= π
√
ρ

1−ρ 123188.18 123188.18 123188.18

FWHM (kHz)= FSR
Finesse 70.58819 63.25435 48.70585

Q= λ0

∆λ 32424.18 36184.78 46992.51

w0 (µm) =
√

Dλ
2πn 54.04 57.09 65.06

zR (cm) =
πnw2

0

λ0
8.625 9.625 12.5

θ (rad) = λ0

πnwo
0.0125 0.0118 0.0104

r (µm) = 2r2

w2
0

38.21733 40.37209 46.00826

Mode number q = d 2L
λ e 32424 36184 46992

λq (nm) = qλ 1064.026 1064.006 1064.010

λq−1 (nm) = (q − 1)λ 1063.993 1063.976 1063.988

λq+1 (nm) = (q + 1)λ 1064.0594 1064.0355 1064.0335

∆λ (pm) = λq − λq−1 32.815 29.404 22.641

Photon lifetime τp (µs) = 1
2πFWHM 2.254 2.516 3.267
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Figure 3.4: Beam waist inside the cavity varying with the cavity length

3.3.1 First Mounting

The very first mount that we tried to do was a perfect confocal cavity of 25cm

separation between mirrors and the laser beam perpendicular to the first mirror as
can be seen in the scheme in figure 3.5.

This mount was quickly discarded due to the big problems of alignment of

Figure 3.5: Scheme of the first mount, perfect confocal cavity with 2 mirrors and a
laser @1064nm

the beam that it presents, but was a good beginning for familiarizing with the
sensitivity of the screws on the mirror mounts and the transmission through the
cavity.

After that we quickly decided to mount another evolved design (Figure 3.6). We
used two mirrors for the alignment of the beam, we want to incise perpendicularly to
the mirror face with the laser beam for the best alignment of it and perfect flatness.
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To be capable of obtaining that, with the second mirror (counting from the laser)
we should try to point to the center of the cavity, then with the first mirror we try to
make it perfectly perpendicular, if it is not possible to get with the screw we move
the second mirror and we try again with the first. We had to repeat this process up
to we are mostly sure that it is perfectly flat and perpendicular with the mirrors of
the cavity, the whole method for aligning the beam with the cavity is explained in
section 3.4.1.

Figure 3.6: Scheme of the first mount, perfect confocal cavity with 4 mirrors and a
laser @1064nm

In a first instance, this aligning method seemed to be good for having a nice
mode inside for trapping and good transmissivity for the feedback but the align-
ment of the laser was very difficult due to the fact that the human eye cannot see
the IR beam without an IR-visor or a fluorescence plate and the transmissivity of
the cavity mirrors was really tiny. At the entrance of the cavity we measured about
100mW and we just had some signal and a lot of noise at the output although
we could see the variation of the signal if we move the mirrors and try to find the
maximum, but it wasn’t enough.
To solve that we decided to use a second laser at 980nm thing that will allow us to
have a better transmissivity through the cavity, about 99.95% (can be interpolated
from figure 3.3). This would allow us to detect better with a photodetector the
signal at the output of the cavity and have more power at the input. After the
correct alignment of the cavity and the beam (Section 3.4.1) we measured an input
in the front mirror of 100mV and at the output of 80mV with the 980nm laser so
it seemed we could consider it a good alignment (figure 3.7). Now we should try to
overlay both lasers to follow the same trajectory and have a good alignment of the
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laser beam @1064 and a good propagating mode inside the cavity with that laser
which is the one that is interesting for this experiment. To overlap the to lasers we
used a beamsplitter and some pinholes and rails for checking the real overlaying of
the two beams.
After that, we checked the transmissivity of the cavity with the 1064nm laser, and
with few adjustments on the cavity screws we managed to see some high transmis-
sivity. We input the cavity with 60µW and we have an output of about 40µW .

Figure 3.7: Scheme of the first mount with the second laser @980nm for a better
alignment

After checking that the mount could work we decided to glue one of the piezos,
the fast one (figure 3.8), as it is described in the first method of section 3.4.2, to
check if the developed software (Chapter 3.6) was able to find a peak scanning the
cavity in its whole range (about 8µm).

Figure 3.8: Scheme of the first mount with the fast piezoelectric device installed to
find a peak in the cavity

To manage to scan all the piezo range we must liberalize the mirror from its
mount unscrewing the Allen screw seen on picture 3.9. This allows us to scan the
cavity but as soon as we unattach the mirror the stability broke down and it was
very difficult to realign everything. The stability of the holder was very poor so any
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kind of noise makes the cavity unstable. Therefore, we conclude it was not a good
design at all so we decided to modify it and make a new one (Section 3.3.2).
In figure 3.10 real images of the first mount can be seen.

Figure 3.9: Way to unattach the mirror from the mirror mount



3.3. The Set-up 43

(a) General laser part view (b) General detection part view

(c) The whole system (d) The cavity aligned

(e) Top view of the whole system

Figure 3.10: First mount
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3.3.2 Second Mounting

The second mount was easier to perform having the experience of the first one and
knowing the crucial points in which we must pay more attention.
As can be seen on figure 3.11, the 980nm laser, that will be used for the first
alignment approach, is adjusted to be in normal incidence in the cavity by mirrors
4 and 5 for having a perfect flat beam as seen in previous sections.

Figure 3.11: Sketch of the second mount

Once everything is aligned and both beams perfectly overlaped we maximize
the cavity transmittance for the 1064nm laser detecting the highest value on a
photodetector sensor at the end of the cavity. Having all nearly perfect aligned the
piezoelectric devices must be glued to the mirrors in order to scan the cavity and
having the good alignment.
This time we decided to glue the piezo using another method, the second method
explained in section 3.4.2. With that method we avoid the big vibrations of the
previous structure and, as we must align the cavity with it attached it would be
more efficient for the scanning.
We realign everything with both piezos glued (Figure 3.12) and we checked with
the LabView software that there were some varying signal once scanning the cavity.

To manage to couple the most of light of the laser inside the cavity and to get
a good mode inside, a proper beam size must be selected at the input. As we know
from table 3.1 the waist size is in the middle of the cavity and it is the minimum
size of the beam, so if we adjust the beam size to match the waist we will be sure
to couple all the light inside, so we tried to simulate the desired size at the input of
the mirror with a lens.
To produce the focusing we used a plano-convex lens with a focal of f = 250mm as
we can see in the next figures and equations. In Figure 3.13 we can see the value
calculated for the collimated laser beam at the output of the laser. In figure 3.14
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Figure 3.12: Sketch of the second mount with both piezos attached to the mirrors
of the cavity

NA = sinα = 0, 14

fcollimator = 19mm

2 ·Radius = 2f ·NA = 5.3mm

Figure 3.13: Calculation at laser collimator for the laser radius beam
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is explained why we didn’t use a telescope and just a lens as it is showed. If we
would have used a telescope it should have been very big, about 1 m, and it wasn’t
possible for our set-up. Then we decided to use a 250mm plano-convex lens to try
to simulate the waist size and focus the beam on the back of the first mirror to try
to match the actual cavity mode size, and typical numerical aperture of the cavity
mode. We should not forget that the cavity is almost confocal, so the beam is
focusing in the cavity, we want to have a similar focusing with the lenses to match
the mode.

w0 = 57.09µm

wZR =
√

2w0 = 80.74µm

Radius
wZR

= 65.64← Huge telescope

tanα =
(
√

2− 1)w0
2

Lengthcavity
2

≈ 1.25 · 10−3

α ≈ tanα

NA = sinα ≈ α = Radius
f ⇒

f = 800.57 ·Radius

Figure 3.14: Cavity telescope for the beam size adaptation

To know the diameter of the incident beam we applied the fact that when it
was in the right position the transmission would be the highest. Having aligned all,
the final working system is the one showed in figure 3.15.

Figure 3.15: Sketch of the second mount with both piezos attached to the mirrors
of the cavity and using a lens to focalize the beam radius in the cavity
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Looking at figure 3.16 we can appreciate the particularities of the second mount
working. In figure 3.16(c) one can note that the size of both piezos are different.
That is because the fast piezo, that is the largest has the smallest range, about
0.5µm and the slow piezo, that can enlarge more, about 5µm is shorter than the
fast piezo.
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(a) Cavity view (b) Aligned mirrors view

(c) Front aligned mirrors (d) Top aligned mirrors

(e) Lasers and detection part (f) Telescope part and beams overlaying

(g) General overview of the system

Figure 3.16: Second working mount
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3.4 Alignment of the cavity

One of the most difficult parts on this project is aiming the perfect cavity alignment.
Proper alignment between an input laser beam and an optical cavity means exactly
this: that the laser beam couples completely to the fundamental (longitudinal)
spatial mode of the cavity and not at all to the higher-order (off-axis) spatial modes.
We show that a transverse displacement and mismatch of waist size of the input
beam with respect to the cavity axis and waist size give rise to in phase coupling
to, respectively, the first- and second higher-order transverse modes of the cavity.
These in phase coupling coefficients have been previously obtained by Rudiger [23]
in the context of suppressing laser beam fluctuation. On the other hand, angular
misalignments and waist translations couple to these modes in quadrature phase.
By imposing onto a resonant nominally aligned input beam sidebands at the
appropriate frequencies, one can measure these in phase and in quadrature compo-
nents. In this way, the alignment and mode-matching errors are obtained directly
and in real time, so our scheme can be part of a closed-loop system designed to
maintain alignment. (the term alignment is indistinguishable to the mean angular
orientation and transverse displacement of the input beam and sometimes to mean
mode-matching where there is no ambiguity). Furthermore, we show that changes
between the cavity optical axis and a given reference point can be distinguished
from changes between the laser beam path and that same reference. Therefore,
both the cavity optical axis and the laser beam path can be maintained with respect
to a single chosen reference. Because the technique requires the laser frequency
to be at a cavity resonant frequency, this scheme finds its niche most naturally
in applications where the laser frequency is already to be maintained on a cavity
resonance. Examples are cavity stabilized lasers, gravitational wave Fabry-Perot
interferometers, and passive ring laser gyroscopes.
For purposes of our discussion we will consider the alignment of a two-mirrored
optical cavity having spherical mirrors. The conclusions are easily generalized to
cavities having more complex geometries, such as ring cavities employing elliptical
focusing elements [24].

The optical axis of a two-mirrored cavity is the line which intersects the center
of curvatures of the two spherical mirrors of radius R1 and R2 as in figure 3.17. (R1

and R2 are both positive as drawn in the figure 3.17. R1, for example, would be
negative of the center of curvature if mirror 1 was to the left of mirror 1).

Associated with every stable optical cavity is a set of spatial eigenmodes which
form a complete set. Physically, these eigenmodes describe electric field distribu-
tions which can propagate back and forth between the mirrors along the cavity axis
with minimum diffraction losses and without the distribution changing shape. A
general input beam can be expanded and expressed as a linear combination of these
eigenmodes. The expressions describing the eigenmodes throughout all space are
rather messy. However, one can choose to expand the input beam anywhere along
the cavity optical axis, and, therefore, we choose the point called the waist where the



3.4. Alignment of the cavity 50

Figure 3.17: Optical axis of a two-mirrored cavity is the line which intersects the
centers of curvature of the two mirrors

expressions assume their simplest form: at the waist the characteristic transverse
dimension of the field is smallest, and the radius of curvature of the wave front is
infinite [25]. For a two-mirrored cavity there are six parameters which describe the
input beam alignment and mode matching:

• two rotations

• two transverse translations (alignment)

• the waist axial position

• size (mode matching)

all measured at or from the cavity waist (which may actually be external to the
cavity). With respect to the plane transverse to the optical axis, we will find it
convenient to use a Cartesian coordinate system when dealing with the translations
and rotations of the input beam and to use a polar coordinate system when dealing
with waist size and waist position. We will consider the former first.
We discuss the transverse displacement and rotations in only one dimension, the x
dimension, because the y dimension will have identical expressions. In one dimen-
sion, the normalized spatial eigenmodes are Hermite-Gaussian;
The two lowest orders are of interest to us:

U0(x) =

(
2

πw2
0

)1/4

e−
(
x/w0

)2
(3.1a)

U1(x) =
2x

w0

(
2

πw2
0

)1/4

e−
(
x/w0

)2
(3.1b)

Where w0 is called the waist size. For two-mirrored cavity of mirror spacing,

w4
o =

(
λ

π

)2d(R1 − d)(R2 − d)(R1 +R2 − d)

(R1 +R2 − 2d)2
(3.2)
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U0 describes the fundamental mode, and U1 is the first off-axis mode. We begin
with the assumption that the input beam Ψ(x) is Gaussian and aligned, so that
Ψ(x) = AU0(x) and then see what happens as it is misaligned. If we translate the
input beam a small amount δx, as in Figure 3.18(a),Ψ(x) becomes:

Ψ(x) = AU0(x− δx) = A

(
2

πw2
0

)1/4

e
−(x−δx)2

w2
0 (3.3)

The exponential can be expanded and if δx/w0 � 1, terms of second order and
higher in that fraction can be dissmissed:

Ψ(x) ≈ A
(

2x

πw2
0

)1/4(
1 + 2δx

x

w2
0

)
e
−(x)2

w2
0 (3.4)

Or
Ψ(x) ≈ A

[
U0(x) +

δx
w0
U1(x)

]
(3.5)

(a) transverse displacement in the x direction (b) tilt trough an angle δx

(c) waist size mismatch (d) axial waist displacement

Figure 3.18: Possible misalignments of the input axis with respect to the cavity axis.
Equivalent to (a) and (b) are transverse displacements and tilts in the y dimension.

Thus we see that a small transverse displacement of the input beam gives rise
to a coupling of the first off-axis mode of the cavity.
What happens when the input beam is tilted with respect to the cavity axis? When
viewed along the direction of travel, the input beam is a traveling wave whose phase
along its axis of travel z′ is given by kz′ − ωt, where k is the wave number and ω is
the angular frequency of the input beam. In general, the wave-front curvature along
the axis of travel is spherical so that the off-axis phase is different from the on-axis
phase. At the waist, however, the curvature is infinite so that the phase is constant
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along a transverse plane. We will assume here that the input beam waist matches
the cavity waist; then suppose that the input beam is rotated about the cavity waist
through a small angle a as shown in Figure 3.18(b). As we project the magnitude
of the input beam onto the cavity transverse plane, we see in next equation that it
is no different from the input to first order in δx:

| Ψ(x) |=| Ψ(x′) | (cosαx)−1 ≈| Ψ(x′) | (1 + α2
x +O(x)) (3.6)

Where O(x) are higher order terms.

Table 3.2: Coupling due to Possible Misalignments of an Input Beam with Respect
to the Cavity Fundamental Mode for a Two-Mirrored Cavity
Degree of Coupling
freedom Parameter coefficient Mode Phase (rad) Frequency

Transverse
position

δµ δµ/ω0 U1(µ) 0 v0

Angular
tilt (radius)

δµ δµ
πωo
λ U1(µ) π

2 v0

Waist

size
ω′0

ω′0
ω0
− 1 V1(r) 0 2v0

Waist axial
position

b λb
2πω2

0
V1(r) π

2 2v0

where µ is x or y and:

V1(r) =

√
2

π

1

ω0

(
1− 2r2

ω2
0

)
e
−r2

ω2o (3.7)

However, the phase of the wave now varies along x:

Ψx =

(
2π

λ

)
x sinαx ≈

(
2π

λ

)
xαx (3.8)

Or
Ψ[x] ≈ AU0(x)ej

2παxx
λ (3.9)

The exponential may be expanded, and only the lowest order terms are kept
when2παxx

λ � 1. Physically this limit says that the tilt angle is smaller than the
far-field angle of the beam. Expanding Ψ(x)

Ψ[x] ≈ AU0(x)

(
1 +

2παxx

λ
+O(x)

)
(3.10)

Or
Ψ[x] ≈ A

[
U0(x) + jπ

αxx0

λ
U1(x)

]
(3.11)
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In words, a tilt couples into the first off-axis mode as does a transverse displacement
but with π

2 phase shift.
As mentioned above, to calculate coupling due to small mode-mismatching, it is
more convenient to work in polar coordinates. The eigenmodes of the cavity are
given by the generalized Laguerre polynomials Lpl weighted by a Gaussian. p and
l are the radial and angular mode numbers, respectively. We are interested here
in the modes with no angular dependence and so set l = 0. At the waist the two
lowest-order radial modes are:

V0(r) =

√
π

2

1

w0
e
−r2

w2
0 (3.12a)

V1(r) =

√
π

2

1

w0

(
1− 2r2

w0

)
e
−r2

w2
0 (3.12b)

Where r is the radial coordinate and the waist is w0.
This time suppose that the input beam is aligned and almost mode-matched except
that the beam waist size is different from the cavity waist size by a small fraction ε
as in Figure 3.18(c) (w′0 = w0(1− ε)). Now

Ψ(r) = A

√
π

2

1

w0
(1 + ε)e

−r2

w2
0

(1+ε)2

(3.13)

Expanding the exponential and retaining terms to first order in ε

Ψ(r) ≈ A[V0(r) + εV1(r)] (3.14)

Thus a small size mismatching excites a fraction ε of the first higher-order radial
mode.
The last case to be treated is the one in which the beam size is correctly matched,
but the position of the waist is not (Figure 3.18(d). This means that at the cavity
waist the input beam has a finite radius of curvature. To describe what happens
when the input waist is displaced a distance b along the cavity axis z from the cavity
waist, one needs the expressions for the eigenmodes in a slightly more general form,
describing how the modes evolve along the axis. Neglecting a common phase factor
the two lowest-order modes are[23]:
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(3.15b)

R is the radius of curvature of the wave front which varies along the cavity axis:

R(z) = z

[
1+

(
π
w2
o

λz

)2]
(3.16)
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The spot size w of the eigenmodes also varies along the cavity axis:

w2(z) = w2

[
1+

(
π
λz

πw2
o

)2]
(3.17)

The distance z along the cavity axis is measured from the cavity waist. At a short
distance b from the waist so that κ ≡

[
λb
πw2

0

]
� 1, the curvature becomes R(b) = κ−2.

And, to first order in κ, the spot size is essentially that of the waist w2(b) ≈ w2
o .

Therefore, the axially translated input beam at the cavity waist looks like

Ψ(r, b) = A

√
π
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1

w

(
1− 2r2
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e
−r2

w2
0

(1−jκ)
(3.18)

Expanding an exponential one final time gives the expression for the translated
beam in terms of the eigenmodes:

Ψ(r, z) = A

(
V0 + j

λb

2πw2
0

V1

)
(3.19)

One last time, we see that an axial displacement of the input waist with respect to
the cavity waist causes a coupling to the first higher-order radial eigenmode, this
time in quadrature with the fundamental mode.
The results obtained so far are summarized in table 3.2. We conclude that any small
misalignments cause a coupling into one of the lowest-order modes with a phase de-
pendent upon the type of misalignment.
In general, the various spatial modes will have nondegenerate resonant frequencies.
The frequency differences are characterized by a frequency v0. The difference fre-
quency between the fundamental mode (TEM00q) and an associated higher-order
mode (TEMmnq) or (TEMpiq) are given by

δv = κv0 (3.20)

where for a two-mirrored cavity of length d

v0 =
c

2πd
arccos

√(
1− d

R1

)(
1− d

R2

)
(3.21)

For TEMmnq modes κ = m+n and for TEMplq modes κ = 2p+ 1. The frequencies
associated with the various misalignments are included in the table. The point
to note is that misalignments cause a coupling to modes having δv = v0, and
mismatching couples to a mode having δv = 2v0.
Obviously, a misalignment can occur not only by changing the input beam direction
and so forth but also by changing the orientation or position of the cavity mirrors.
The positions are usually fixed, but the orientations are often subject to drift. In
general, a mirror tilt through an angle θ will cause a transverse displacement as well
as a rotation of the optical axis, thereby giving rise to a linear combination of the
phase and quadrature components of the first off-axis mode. Conversely, for each
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dimension, a proper linear combination of tilts from the two mirrors will give rise
to a pure transverse displacement and a pure rotation of the optical axis. Call the
mirror tilts θ1 and θ2.
Recall that the optical axis is given by the line joining the centers of curvature of the
mirrors. The distances t1 and t2 of the waist from the mirrors as shown in Figure
3.19 are given by equation 3.22.

Figure 3.19: Definition of waist distances t1 and t2

t1 =
d(R2 − d)

R1 +R2 − 2d
(3.22a)

t2 =
d(R1 − d)

R1 +R2 − 2d
(3.22b)

Geometrical considerations show that the optical axis executes a pure transverse
displacement when

θ2 =
R1

R2
θ1 (3.23a)

giving
a = R1 sin θ1 (3.23b)

and a pure rotation about the waist when

sin θ2 =

(
1− t2

R2

)
(

1− t1
R1

) sin θ1 (3.23c)

giving

sinα =
sin θ

1− t1
R1

(3.23d)
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In the above expressions R1 and R2 are positive if the centers of curvatures are as
drawn in Figure 3.19; t1 and t2 are also positive as shown. Positive θ is counter-
clockwise.
As an example, considering a cavity composed of one flat and one curved mirror, a
tilt of the flat mirror causes a pure rotation, a tilt of the curved mirror induces a
pure displacement. Knowledge of the induced couplings caused by mirror tilts can
be useful when the tilts are servo controlled [24].
To sum up, we have shown that misadjustments in the input beam alignment and
mode matching give rise to off-axis mode couplings with a well-defined phase and
amplitude. By imposing sidebands at the appropriate frequencies on a resonant
beam of light, one can measure these couplings and thereby control the alignment
and matching of the input beam with respect to the fundamental mode.

3.4.1 Alignment protocol on the lab

To have a perfect alignment in the lab we have to be very strict with the protocol
followed to align. First the beam in the set-up and then the cavity. In our case
we established a protocol for the alignment of the beam and a similar one for the
cavity.
The first thing we must do before aligning the beam and making it flat we must
collimate the beam and ensure we have a good parallel beam. To do that we used
a collimator, just a lens of f = 19mm, and to check the correct position we used a
shear-plate interferometer (figure 3.20).
The check the protocol followed for the beam flatness we just used a rail and a 50µm

pinhole mounted on the mirror mount and moving it in the rail axis we could see if
it passes through the pinhole in each position or not.
After having decided the scheme we began to use pinholes (3.22), to take advantage
on the trigonometrical fact that two points define a straight line and collimated
coherent light in free space propagates in a straight line.

The general protocol followed is, first of all just have the lastlast és més
aclarador pinhole, so the one on the cavity mount, and try to point to the center
moving the first mirror, the second step is with the second mirror try to point to
the second pinhole from the cavity and then just repeating the first and the second
step since we have it perfectly flat, thing that we can check, as we said before, by
moving the pinhole along the rail in which is mounted on.
The next step, once we are sure it is all perfect flat is to put the back mirror of
the cavity to ensure we are pointing in the center and to put it perpendicular to
the beam. For that we look at the back reflection in a far point, for example at
the pinhole in front of the laser. Moving the three screws of the mirror mount
we can have movement on x, y, and x + y axis, so adjusting them we can have a
perfect perpendicular reflection having the feeling of how we are moving the beam
reflection in the laser pinhole (follow diagram in figure 3.21).
Now we can ensure we have a perfect flat beam passing through and back all the
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Figure 3.20: Shear plate image of a collimated beam

aligned pinholes at a far distance. At that point we are able to introduce the
second mirror of the cavity by unmounting the pinhole on the rail and mounting
the mirror. With the second mirror we proceed as the first one, we block the
transmission in the middle of the cavity for not having parasite reflections and tries
to align the back reflection of the mirror in the pinhole next to the laser.

Having followed this protocol we must be in a very close perfectly aligned cavity,
for that we just have to check the transmission of the whole cavity. Remember
that the transmissivity of each mirror is about 0.003% of the signal. Thus, out of
resonance, with an input of 1W and 0.003% transmission we must detect about
9µW . That means that if we are able to detect at least one order of magnitude
below the laser power input we could say we are nearly resonance (see appendix
A) and we just have to adjust the cavity length for having the resonance modes
superposed with the laser mode distribution.

3.4.2 Piezo Glueing, two methods

To achieve the right movements on the cavity in the z direction we, as we have seen,
we will use a piezoelectric device. This device must be perfectly glued perpendicular
to the cavity mirrors, to do that we developed two techniques, the first one wasn’t
stable enough and the second worked perfectly.
The first technique was using a rail parallel to the cavity with an arm at the height
of the mirror with a small piece in the extremity attached to the piezo, this protocol
allows to move the piezo towards the mirror and glue it perfectly perpendicular as
can be seen on figures 3.23.
One crucial part of the experiment is the stability of vibrating elements. This mount
was too susceptible to vibrations and we must give it up and look for another method
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Figure 3.21: Flow Diagram for the perfect alignment

for having it glued flat and perpendicular.

The second technique we developed was using a tube of the size of the mirror
mount and try to glue both parts of the piezo with this cylindrical tube as can be
seen on figure 3.24.
The piece that have to be attached to the mirror mount is situated on the back
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(a) First mount pinholes distribution

(b) Second mount pinholes distribution

Figure 3.22: Alignment pinholes for the protocol followed
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(a) Glueing method approach mounted on the
rail

(b) Glueing method approach close view

(c) Glueing method approach in a front view (d) Piezoelectric glued

Figure 3.23: Alignment pinholes for the protocol followed
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Figure 3.24: Piezo gluing with the tube to try to get it perpendicular

part of the tube and then the piezo is glued centered on it, after that we just need
to glue the mirror to the piezo in the correct way. The result can be seen on figure
3.25.

3.4.3 Piezoelectric

A piezo electric device is a device that can give a voltage changing it’s length and
viceversa. In our case we are using a couple of single crystal piezoelectrics. One
faster than the other and obviously one with a bigger range than the other, the
fastest the shortest.

3.4.3.1 Fast

It can change it’s length at a speed higher than 1GHz that is enough for our
FPGA, which will control the voltage for it and can update the analog output up to
200kHz. The maximum range of elongation is 0.5µm having a sensitivity of 0.1mV

in a scale from −100V to 100V so we can calculate the real step we can achieve as
0.5µm

200V
0.1mV

= 0.25pm.

With this piezo we can have a variation in the cavity length of about 0.25pm each
time which will allow us to tune it in a perfect resonance mode if we are detunned
0.5µm maximum.
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Figure 3.25: Piezos mounted on the cavity aligned

3.4.3.2 Slow

To have a better control of the cavity length and if with the first piezo is not enough
we put a second piezoelectric device but with different characteristics.
This time we decided to use a maximum elongation piezo of 5µm at 100MHz

updating rate thing that won’t interfere in the speed of the FPGA. The sensitivity

of this piezo is 1mV in the same scale so the step we can achieve is
5µm
200V
1mV

= 25pm
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3.5 LabView

The LabView software developed for the FPGA is the core of this project so it is the
one in charge to control the length of the cavity through the piezoelectric sensor,
seen on Chapter 3.4, when the trapping is done inside.
The tool developed looks at the transmission of the cavity and tries to get the
maximum peak of transmission. At this point, the cavity is assumed to be nicely
aligned and the trapping is taking place.

3.5.1 Protocol of peak searching

To find the peak of transmission through the cavity a searching protocol was
developed (Figure 3.26). This protocol finds the highest peak in a range of cavity
length and tries to stabilize the mode inside the cavity. The whole process of
searching and stabilization has been spread in three steps.
The first step tries to localize the maximum of the cavity transmission controlling
the slow piezo, or the Laser temperature in default. The software control the FPGA
output and it scans the cavity in a range specified on the interface until it reaches
the threshold defined or the top value defined on the range.
On the second step the protocol specifies a voltage rollback on the slow piezo to
scan the whole range with the fast piezo and have a more sensitive alignment and
stabilization, then, if the threshold is not reached, the slow piezo is increased one
step and so until it reaches the threshold or the previous slow piezo, value that will
mean that the peak has been lost and we have to go back to the first step to re-find
the peak.
In case that in the second step the second threshold is reached the third step runs.
The third step is fully integrated on the FPGA and the core of this step is a PID,
the functionality of which we will see in the next section.
If the searching protocol gets into this step it will mean that the cavity is stabilized
and a mode is trapped inside and this step will compensate with both piezo sensors.

3.5.2 PID (Proportional Integrative Derivative)

A PID (proportional-integral-derivative) controller it’s a feedback loop mechanism
that calculates the deviation or error between a mean measured value and the
value expected for the application of a correction in the process adjustment. The
PID algorithm of calculation it’s made in three different parameters: Proportional,
Integrative and Derivative, as shown in Figure J.15.
The Proportional value determines the actual error reaction and depends on the
present error.
The Integrative generates a proportional correction to the error integrative, so it
depends on the accumulation of past errors; this ensures that applying enough
control effort the following error is reduced to zero.
The Derivative determines the time reaction in which the error is produced, so it
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Figure 3.26: Flow Diagram for peak search

tries to predict the future errors based on current rate of change.
The weighted sum of these three actions is used to adjust the process via a control el-
ement such as the position of a valve or, in our case, the length of a piezoelectric[26].

In the absence of knowledge of the underlying process, a PID controller is
the best controller [27]. By tuning the three parameters in the PID controller
algorithm, the controller can provide control action designed for specific process
requirements. The response of the controller can be described in terms of the
responsiveness of the controller to an error, the degree to which the controller
overshoots the setpoint and the degree of system oscillation. Note that the use of
the PID algorithm for control does not guarantee optimal control of the system or
system stability.

Some applications may require using only one or two actions to provide the
appropriate system control. This is achieved by setting the other parameters to
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zero. A PID controller will be called a PI, PD, P or I controller in the absence
of the respective control actions. PI controllers are fairly common, since derivative
action is sensitive to measurement noise, whereas the absence of an integral term
may prevent the system from reaching its target value due to the control action.

Figure 3.27: Block diagram of a PID controller

3.5.3 FPGA (Field-programmable Gate Array)

FPGAs are programmable digital logic chips. What that means is that you can
program them to do almost any digital function.
The NI LabView FPGA Module extends LabView graphical development to field-
programmable gate arrays (FPGAs) on NI Reconfigurable I/O (RIO) hardware.
LabView is distinctly suited for FPGA programming because it clearly represents
parallelism and data flow. With the LabView FPGA Module, we can create cus-
tom measurement and control hardware without low-level hardware description lan-
guage. We can use this custom hardware for unique timing and triggering routines,
ultrahigh-speed control, interfacing to digital protocols, digital signal processing
(DSP), RF and communications, and many other applications requiring high-speed
hardware reliability and tight determinism.
It also helps to program a FPGA with a LabView block diagram (Figure J.9). Under
the hood, the module uses code generation techniques to synthesize the graphical
development environment to FPGA hardware. This block diagram approach to
FPGA is well-suited for an intuitive depiction of the inherent parallelism that FP-
GAs provide.
The FPGA we used for this experiment is NI-7831R card (figure 3.28) with a
chip VERTEX-II (see appendix I) which gives an update at the analog output
of 200k · Samples/s and it is specific for real time applications with a resolution
of 16bits in 8 different channels and a minimum voltage range of ±10V thing that
means that we will need a High Voltage amplifier for the piezoelectric supply.
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Figure 3.28: RIO 78xx R FPGA and block diagram
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3.6 The control program

As seen on Chapter 3.4 and explained the protocols on Chapter 3.5 the control of the
stabilization of the high-finesse cavity is made by a LabView software implemented
part in the computer and part in an FPGA due to the necessity of a very real time
control application of the part on the FPGA.

3.6.1 Host

The first part of the software, as explained before, is executed in the computer.
This part tries to apply the peak searching protocol (Chapter 3.5) at least since a
high peak is reached and the cavity stabilized. After that, the PID control turns on
and the FPGA runs for itself and shows the evolution and monitors the outputs.

Firstly we should do in the program (figure J.2) is to declare and initialize all
the variables and the controls that will be used. After that, and if the START
button is pressed, we make the connection with the FPGA module and set the
variable go_Ramp = False which is in charge of turning the fast piezo ramp on
and off. Then we set the initial voltage (Ramp1 (V ) Start) and calculate the
range in which we will work (Range = Ramp1 (V ) End−Ramp1 (V ) Start). One
important aspect to notice is the fact of having to multiply each variable by 3276,
this is the factor of conversion from bits to voltage used in that FPGA (figure J.3).

Then, we begin ramping with the slow piezo in order to find a first peak
intensity inside the cavity of V thresholt 1 (V ). But, first of all, we set the fast
piezo output (Connector0/AO1 = 0) to ground value to avoid interferences with
the slow piezo. We go on ramping up with the slow piezo until the threshold is
reached or we are out of range, thing than mean that we cannot tune the cavity with
that parameters and we must change the threshold or the ramping range (figure J.4).

After that, we set the new threshold (V thresholt 2 (V )), that logically should
be higher than the previous one, and we set the fast ramping speed to protect
the piezo and to ensure that is capable to follow the variations. Then we set
go_Ramp = True to give to the FPGA the order for the new ramping for the fast
piezo (figure J.5).
The fast piezo ramping is performed by the FPGA reading a FIFO (First Input
First Output) queue that is set in the computer. The FIFO is filled with the
desired column of an array of 3 columns and 65520 rows, this allow us to perform
a scan from −10V to 10V step by step and viceversa. We can choose the column
just looking in which step are we and its divisibility by 2, it is important not
having a discontinuity in the signal generation so we must send continuous output
wave from 0V to 10V (just the first time), form 10V to −10V and from −10V

to 10V continuously. Once the FIFO is full we send a signal to the FPGA
(new_ramp = True) that makes the FIFO ramping at the same time that the
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computer is filling the FIFO with the new values to be ready for the next step on
the ramp.
We can’t forget that the fast piezo will make a fine search of the highest point of
the peak and we have to begin its searching in the previous slow piezo value, for
that case we set a roll back temperature value (roll_back_tp) that will decrease
the slow piezo (less than the half of fast piezo range) and then we scan the whole
fast piezo, in case that we don’t find anything we increase the slow piezo and repeat
the process for the peak fine searching. In case that we decrease the value below
the first threshold we go to the first step and begin searching the peak again with
the slow piezo.
If we get the second threshold (V thresholt 2 (V )) means that we found a
tuned cavity length and we are ready to stabilize it with the PID so we put
the go_PID = True and let the FPGA to control the process of vibration
compensation for itself (figure J.6).

Now, that the cavity should be tuned and stabilized by the FPGA, in the host
we monitorize the PID output of the FPGA (figure J.7). This process continues
indefinitely since the STOP button is pressed, then the host program puts the slow
and the fast piezo values to 0V decreasing them slowly to avoid any damage to the
devices (figure J.8).

In figure J.1 we can see the optimum parameters for the physically cavity that
we built and can be appreciated the three steps of the program, in the first column
we have the slow piezo control and the peak search, in the second one we have the
fast piezo and the accurate fine peak detection and in the third one we can see the
PID process. A part of that, in the left of the layout we can see the controls for the
setup.

3.6.2 Target card

The core of the real application, the PID, is stored in the target, the FPGA, for its
numerous advantages seen on previous chapters.

The FPGA is programmed, in a first instance, to put the output signal from
the host program, as we can see in figure J.10, if there is no necessity to ramp
(go_Ramp = True) with the fast piezo (figure J.11).

After that, when the host reaches the first threshold and it’s time to ramp with
the fast piezo, the value of go_Ramp is set to True and then it’s time to set the
ramping speed (figure J.12) and begin reading the FIFO filled with the values for
the ramp and putting them on the output for the fast piezo (Conector0/AO1) up
to the threshold 2 (V threshold) is reached (figure J.13).

When the second threshold is reached, the PID (figure J.15) must follow the
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Figure 3.29: The Host layout and the standard set up
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setpoint to make the cavity stable. To make that we must set the PID parameters,
we can do it from the host layout, there are several methods to choose the best ones
as we saw in previous chapters.
The control of the fast piezo, the one capable to follow the cavity variations, is
directly the output of the PID but the slow piezo, which have to compensate the
big misadjustments is the mean value of the PID output, which stores the data and
calculates the mean of a normal distribution (figure J.14).
The layout of the FPGA can be seen in figure J.9 but it’s not used in the program
because everything can be controlled from the host program layout.

Figure 3.30: The FPGA layout
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3.7 Results. Working stable cavity locked

After a lot of time understanding what is happening inside the cavity, developing
the cavity control software, mounting and aligning the cavity we managed to get it
working.

(a) Initializing the peak searching, scan of the
slow piezo

(b) Found the peak we make a fine scan with
the fast piezo

(c) If the fast piezo is lost, we go back and
re-scan with the slow piezo

(d) The fast scan is performed again up to find
the peak

(e) PID is trying to follow the cavity stability
with both piezos

Figure 3.31: The different parts of the software working on the final working cavity

In this first instance, we input the cavity with the monomode laser @1064nm,
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as we switched off the 980nm laser, with a power of 1mW at the front mirror, so
we could expect a signal of around 10 − 100µW . We get 35.62µW when we were
not using the software, that mean that we are in nearly perfect alignment. Having
this, was decided to turn on the software to find the highest peak through the
protocol developed and making it stable with the PID control.
As we can see in figure 3.31(a) and as we saw in chapter 3.5, the first thing is
making a big scan with the slow piezo to find the highest peak it can resolve. Once
found it at about 0.101648V and having the threshold at 0.1V it began to fine scan
with the fast piezo (figure 3.31(b)) to detect the peak better but in this case we
were not lucky, as can be seen, and we detected below the previous value so we went
back to scan with the slow piezo (figure 3.31(c)). It rolled back a little to make a
bigger scan and found again the peak, thing that made the fast piezo protocol to
scan again as can be seen on figure 3.31(d), this time we detected 0.103175V . Now
the fast piezo managed to detect a highest peak, thing that means for us that this
is tuned and we must get it stable to that point.
At that point, the PID has to control the cavity stability and compensate any kind
of vibration to try to follow the setpoint value (0.12V ) (figure 3.31(e)). We can
notice that it is very stable and compensates the vibrations as we expected. Now
we tried to measured the power at the output but we were not able due to we use
the transmission as the feedback signal so if we interfere the beam the feedback
would be damaged, but looking at the evolution of the beam we can estimate about
50µW at the exit of the cavity.

With this we can say that we have developed a stable high finesse cavity and the
control to manage to get it tuned and in a future try to trap and cool a big particle
with it.



Chapter 4

Conclusions

Optical trapping is a technique that uses light to trap an object and manipulate
it in a three dimensional way. This project develops a procedure to build a
high-finesse cavity for trapping a particle and cooling it down to the ground state.
This cavity must be stabilized to minimize the effect of mechanical noise and avoid
associated misalignment. In this work, we designed and implemented a cavity that
fulfils these requirements.

We first described several theoretical concepts. Based on these concepts,
we have demonstrated that a high-finesse cavity controlled in real time by an
electronic device can be built. Our study shows that building the cavity and
its alignment is crucial for the proper development of the experiment. This is a
very difficult task that could take long time if it is not properly initiated. The
showed results are just the first part of the study, it is aim of another project
to achieve the second mode matching for the trapping. We succesfully man-
aged to develop the high-finesse cavity stabilized with an FPGA. This project will
continue to test general concepts of Quantum Mechanics with mesoscopic objects [4].

After this first part, this project have two more steps. Since now we have
developed a controlled cavity in the air with the fundamental mode for the control
then we need to couple a second mode for the trapping. When all that is achieved
we should build the cavity in a Wolfmet piece (see appendix K) to ensure the
perfect non-vibration and no length variation with the temperature. Then we just
need to place our built cavity in this piece and see if we are able to trap and cool a
small bead. The last step in this project would be introducing all this device inside
a ultra high-vacuum (UHV) chamber to ensure that there will only be the wanted
small particle in order to trap it and cool it.

The result would improve our current understanding of quantum effects in
large molecules and if it is fully developed, as the author of the original paper, Dr.
Oriol Romero-Isart et al. said, the work will "experimentally address fundamental
questions, such as the role of life in quantum mechanics,and differences between
many-world and Copenhagen interpretations". Perhaps.
However, if succesfull, people might object that viruses are not truly alive, but
that is a philosophical rather than a naturalistic argument. Such viruses have
genes and are capable of reproduction, a skill they lose if they are damaged. The
reason for choosing a virus is its small size. Actual superposition (as opposed
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to the cat-in-a-box sort) is easiest with small objects, for which there are fewer
pathways along which the superposition can break down. In the view of Dr. Cirac
and Dr. Romero-Isart, a virus is just a particularly large molecule, so such existing
techniques should work on it. And if the experiment works on a virus, they hope to
move on to something that is indisputably alive, a tardigrade (100µm – 1.5mm),
commonly known as waterbears or moss piglets. In this work we have presented
results that uncover the possibility for further investigation. An extension of this
work could be to observe quantum effects such as the creation of superposition
states with nano-dielectric materials to achieve the superposition state of a virus. It
is expected that this will be achieved once the Wolfmet cavity has been sufficiently
developed and integrated with an ultra-vacuum camera. Eventually, it will then be
possible to cool the system to its quantum mechanical ground state.

Figure 4.1: Tardigare (Hypsibius dujardini)



Appendix A

Cavity theory

A.1 High finesse opical cavity

As seen on [10] we can achieve F =
π
√
ρ

1− ρ
taking care which is the reflected portion

of energy E0r and the transmitted portion E0t, where r and t are the amplitude
coefficients of reflection and transmission with values ranging from 0 to 1, Figure
A.1.

Figure A.1: Transmitted and reflected beams in a reflecting surface

In that context, we build now a Fabry-Perot resonator adding another mirror.
We can notice in figure A.2, that the beam arrives at the first surface, where part
of the beam is reflected and the remaining part is transmitted. This transmitted
beam is reflected and transmitted again when it reaches the second surface. This
can continue indefinitely.
Let us consider the extra path length that the reflected ray from the second surface
undergoes in order to return to the wavefront location indicated by the dashed line
of Figure A.2, exactly in phase with the next cycle of the original ray such that the
two rays might add together in phase.
From the figure it can be seen that the extra path length (a+ b) of the reflected ray
when it returns to this wavefront location is 2d cos θ.

a =
d

cos θ

b = a cos 2θ

⇒ a+ b =
d

cos θ
(1 + 2 cos2 θ − 1) = 2d cos θ (A.1)

Because we are considering an electromagnetic plane wave of the form e−jkz,
where z represents the path of the wave, we can describe the exponential portion of
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Figure A.2: Transmitted and reflected beams in a Fabry-Perot resonator

this wave as ejΦ, since the exponent of an imaginary exponential function is simply
a phase factor. Because the 2d cos θ is just the additional path length z that the
reflected wave travels to return to the same wavefront location, we can express the
phase factor as:

kz = φ = 2kd cos θ =
4π

λ
d cos θ (A.2)

We can now sum up the total transmitted wavefront as

Et = E0t
2 + E0t

2r2ejφ + E0t
2r4e2jφ + · · · = E0t

2
∞∑
n=0

r2nejnφ =
E0t

2

1− r2ejφ
(A.3)

Since the transmitted intensity It is expressed as It =| Et |2, we have

It =| Et |2=
|E0|2|t|4

|1− r2ejφ|
= I0

|t|4

|1− r2ejφ|
(A.4)

If we define R =| r |2 as the reflectivity associated and T =| t |2 the transmission
we can write

It = I0
T 2

|1−Rejφ|2
= · · · = I0

T 2

(1−R)2

1

1 + F ′ sin2 π
2

(A.5)

where
F ′ =

4R

(1−R)2

If we assume that R + T = 1 then the ratio of the transmitted intensity to the
incident intensity can be written as

It
I0

=
1

1 + F ′ sin2 φ
2

(A.6)

The function sin φ
2 has maximum on nπ, n = 0, 1, 2 . . . , and minimum on (2n+

1)π2 . Each of the peaks of that function is identical in shape. Thus we can obtain the
FWHM considering the width of the peak for n = 0. For larger values of R(> 0.6)
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we can approximate sin φ
2 by φ

2 . The value of φ at which the function then reduces
to half its maximum value will be referred to as φ′.

Then φ′ can be set as

1 = F ′
(
φ′

2

)2

(A.7)

So, it leads to

φ′ =
2√
F ′

(A.8)

The FWHM is just twice this value:

FWHM = 2φ′ =
4√
F ′

(A.9)

Since the separation between the peak values of the function is ∆φ = 2π, we
can obtain an expression for the Finesse F for the ratio of the separation between
peaks (FSR) to the FWHM as follows:

F =
∆φ

FWHM
=

2π
4√
F ′

=
π
√
F ′

2
=
π

2

2
√
R

1−R
=

π
√
R

1−R
(A.10)

Where R is referred to mirror reflectivity ρ supposing the same reflectivity for
both mirrors.



Appendix B

Laser Specifications

SCIENTIFIC LASERS

www.innolight.de

MEPHISTO / MEPHISTO S · PRODUCT LINE
Ultra-stable single-frequency cw laser  ·  low noise  ·  1064 nm  ·  1319 nm  ·  up to 2 W 

SPECIFICATIONS

MEPHISTO MEPHISTO S Unit

Laser power @ 1064 nm 500 1) - 3), 1000 1) - 2), 2000 1) - 2) 200 1) - 3), 500 1) - 3) mW

Laser power @ 1319 nm 200 1) - 2),  500 1) - 2),  800 1) - 2) not available mW

Laser control electronics Analog, stand-alone (best stability) Digital, PC required (good stability)

Options: 1) NE (Noise Eater); 2) FC (fiber coupling); 3) ETR (Extended Tuning Range)

Other laser materials and wavelengths on request.

InnoLight follows a policy of continuous improvement of its products. Specifications are subject to change without notice.

MEPHISTO MEPHISTO S

APPLICATIONS

•  Laser-based metrology (precision laser interferometry,  
spectroscopy, fiber optic sensing, LIDAR applications)

•  Injection locking and seeding of high power lasers  
(e.g. gravitational wave detection)

• Optical length and frequency standards

•  Quantum optics (optical trapping, optical lattice, squeezing)
•  Nonlinear optics pump source (SHG, DFG, OPO)
•  Optical heterodyning and coherent communication
•  General scientific research

GENERAL FEATURES

• True single-frequency operation using reliable nonplanar 
ring oscillator (NPRO) technology

•  All solid-state, diode-pumped system with monolithic cavity 
for ultra-stable emission

•  Narrow linewidth, extremely long coherence length

•  Active intensity noise reduction (Noise Eater)
•  Turnkey systems
•  Low noise control electronics
 – Frequency and power modulation inputs
 – Safety circuitry (soft start, interlock, temperature guard)
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Figure B.1: Laser Dimensions
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FREQUENCY NOISE 5)TUNING ETR GEOMETRYTUNING STANDARD GEOMETRY

ThE ART oF SoLID-STATE LASERS

InnoLight – Innovative Laser und Systemtechnik GmbH
Garbsener Landstrasse 10  ·  30419 Hannover  ·  Germany
Phone: +49 511 760 727-0  ·  Fax: +49 511 760 727-99
E-mail: sales@innolight.de  ·  Web: www.innolight.de

MEPHISTO / MEPHISTO S · PRODUCT LINE
Ultra-stable single-frequency cw laser  ·  low noise  ·  1064 nm  ·  1319 nm  ·  up to 2 W 

OPTIONS AND ACCESSORIES

Options Accessories

Noise Eater Injection seeding electronics 6)

Extended Tuning Range (ETR) Phase locked loop electronics 6)

Fiber coupling

6) Details in separate Laser Accessories data sheet.

SPECIFICATIONS @ 1064 nm

MEPHISTO MEPHISTO S Unit

Operational mode Continuous wave Continuous wave

Spatial mode TEM00 (M 2 < 1.1) TEM00 (M 2 < 1.1)

Beam roundness < 1.1 < 1.1

Thermal tuning coefficient -3 -3 GHz/K

Thermal tuning range 30 30 GHz

Thermal response bandwidth ~= 1 ~= 1 Hz

PZT tuning coefficient ~= 1 ~= 1 MHz/V

PZT tuning range ±100 ±100 MHz

PZT response bandwith 100 100 kHz

Emission spectrum Single-frequency Single-frequency

Spectral linewidth (over 100 ms) ~= 1 kHz range kHz

Coherence length > 1 > 1 km

Frequency stability 4) ~= 1 ~= 10 MHz/min

Relative intensity noise (RIN), f > 10 kHz < -100 < -90 dB/Hz

RIN with Noise Eater (NE) option, f > 10 kHz < -140 < -120 dB/Hz

Intensity noise without NE, 10 Hz to 2 MHz < 0.1 < 0.5 % rms

Intensity noise with NE, 10 Hz to 2 MHz < 0.03 < 0.2 % rms

Waist location (inside laser head) ~= 105 ~= 95 mm

Laser head size, w · h · d 150 · 113 · 200 121 · 97 · 175 mm

Laser head weight 3.9 2.6 kg
4) Measured Allan deviation at constant room temperature.  
5) Only for Mephisto product line.

RELATIVE INTENSITY NOISE 5)

SPECTRAL LINEWIDTH 5)

Figure B.2: Laser Specifications



Appendix C

Mirrors Specifications

Figure C.1: The curved part of the mirror transmissivity (0.000025502@1064nm)

Figure C.2: The flat part of the mirror transmissivity (0.00010845@1064nm)



Appendix D

Hermite Polynomials

In mathematics, the Hermite polynomials are a classical orthogonal polynomial
sequence that arise in probability, such as the Edgeworth series; in combinatorics,
as an example of an Appell sequence, obeying the umbral calculus; in numerical
analysis as Gaussian quadrature; and in physics, where they give rise to the
eigenstates of the quantum harmonic oscillator. They are also used in systems
theory in connection with nonlinear operations on Gaussian noise. They are named
after Charles Hermite (1864) although they were studied earlier by Laplace (1810)
and Chebyshev (1859).

There are two different standard ways of normalizing Hermite polynomials:

• Hen(x) = (−1)nex
2/2 dn

dxn e
−x2/2

(the "probabilistic’ Hermite polynomials"), and

• Hn(x) = (−1)nex
2 dn

dxn e
−x2 = ex

2/2

(
x− d

dx

)n
e−x

2/2 (the "physicists’ Hermite

polynomials").

These two definitions are not exactly equivalent; either is a re-scaling of the other,
to with

Hn(x) = 2n/2Hen(
√

2x), Hen(x) = 2−
n
2Hn

(
x√
2

)
. (D.1)

These are Hermite polynomial sequences of different variances.
The notation He and H is that used in [31]. The polynomials Hen are sometimes
denoted by Hn, especially in probability theory, because

1√
2π
e−x

2/2

is the probability density function for the normal distribution with expected value 0

and standard deviation 1. The first six (probabilistic’) Hermite polynomials Hen(x).
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The first eleven probabilistic’ Hermite polynomials are:

He0(x) = 1

He1(x) = x

He2(x) = x2 − 1

He3(x) = x3 − 3x

He4(x) = x4 − 6x2 + 3

He5(x) = x5 − 10x3 + 15x

He6(x) = x6 − 15x4 + 45x2 − 15

He7(x) = x7 − 21x5 + 105x3 − 105x

He8(x) = x8 − 28x6 + 210x4 − 420x2 + 105

He9(x) = x9 − 36x7 + 378x5 − 1260x3 + 945x

He10(x) = x10 − 45x8 + 630x6 − 3150x4 + 4725x2 − 945

(D.2)

and the first eleven physicists’ Hermite polynomials are:

Figure D.1: Probabilistic’ Hermite Polynomials
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H0(x) = 1

H1(x) = 2x

H2(x) = 4x2 − 2

H3(x) = 8x3 − 12x

H4(x) = 16x4 − 48x2 + 12

H5(x) = 32x5 − 160x3 + 120x

H6(x) = 64x6 − 480x4 + 720x2 − 120

H7(x) = 128x7 − 1344x5 + 3360x3 − 1680x

H8(x) = 256x8 − 3584x6 + 13440x4 − 13440x2 + 1680

H9(x) = 512x9 − 9216x7 + 48384x5 − 80640x3 + 30240x

H10(x) = 1024x10 − 23040x8 + 161280x6 − 403200x4 + 302400x2 − 30240

(D.3)

Figure D.2: Physiscists” Hermite Polynomials

The sequence of Hermite polynomials also satisfies the recursion:

Hen+1(x) = xHen(x)−He ′n(x).(probabilist)

Hn+1(x) = 2xHn(x)−H ′n(x).(physicist)

The Hermite polynomials constitute an Appell sequence, i.e., they are a polynomial
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sequence satisfying the identity

He ′n(x) = nHen−1(x), (probabilist)

H ′n(x) = 2nHn−1(x), (physicist)

or equivalently,

Hen(x+ y) =
∑n

k=0

(
n
k

)
xn−kHek(y)(probabilist)

Hn(x+ y) =
∑n

k=0

(
n
k

)
Hk(x)(2y)(n−k) = 2−

n
2 ·
∑n

k=0

(
n
k

)
Hn−k

(
x
√

2
)
Hk

(
y
√

2
)
.(physicist)

(the equivalence of these last two identities may not be obvious, but its proof is a
routine exercise).

It follows that the Hermite polynomials also satisfy the recurrence relation

Hen+1(x) = xHen(x)− nHen−1(x), (probabilist)

Hn+1(x) = 2xHn(x)− 2nHn−1(x).(physicist)

These last relations, together with the initial polynomials H0(x) and H1(x), can be
used in practice to compute the polynomials quickly.

Turán’s inequalities are

Hen(x)2 −Hen−1(x)Hen+1(x) = (n− 1)! ·
n−1∑
i=0

2n−i

i!
Hei(x)2 > 0.

Moreover, the following multiplication theorem holds:

Hn(γx) =

bn/2c∑
i=0

γn−2i(γ2 − 1)i
(
n

2i

)
(2i)!

i!
Hn−2i(x).



Appendix E

Laguerre Polynomials

In mathematics, the Laguerre polynomials, named after Edmond Laguerre (1834 –
1886), are solutions of Laguerre’s equation:

x y′′ + (1− x) y′ + n y = 0

which is a second-order linear differential equation. This equation has nonsingular
solutions only if n is a non-negative integer. The associated Laguerre polynomials
(also named Sonin polynomials after Nikolay Yakovlevich Sonin in some older books)
are solutions of

x y′′ + (α+ 1− x) y′ + n y = 0

The Laguerre polynomials are also used for Gaussian quadrature to numerically
compute integrals of the form ∫ ∞

0
f(x)e−x dx.

These polynomials, usually denoted L0, L1, ..., are a polynomial sequence which
may be defined by the Rodrigues formula

Ln(x) =
ex

n!

dn

dxn
(
e−xxn

)
.

They are orthonormal to each other with respect to the inner product given by

〈f, g〉 =

∫ ∞
0

f(x)g(x)e−x dx.

The sequence of Laguerre polynomials is a Sheffer sequence.
The rook polynomials in combinatorics are more or less the same as Laguerre

polynomials, up to elementary changes of variables.
The Laguerre polynomials arise in quantum mechanics, in the radial part of the

solution of the Schrödinger equation for a one-electron atom.
Physicists often use a definition for the Laguerre polynomials that is larger, by

a factor of n!, than the definition used here. (Furthermore, various physicist use
somewhat different definitions of the so-called associated Laguerre polynomials, for
instance in [Modern Quantum mechanics by J.J. Sakurai] the definition is different
than the one found below. A comparison of notations can be found in [Introductory
quantum mechanics by R.L. Liboff].) We can also define the Laguerre polynomials
recursively, defining the first two polynomials as

L0(x) = 1L1(x) = 1− x
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and then using the following recurrence relation for any k ≥ 1:

Lk+1(x) =
1

k + 1
((2k + 1− x)Lk(x)− kLk−1(x)) .

Figure E.1: Laguerre Polynomials
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Mode Decision, the Matlab code

function [ind,F,center]=confocal(lambda,l,r,Wshift,nmax,mmax,step,type,x_axe)

%%%%%%%%%%%%%%%%%help confocal%%%%%%%%%%%%%%%%%%%%%%%%%%
% Confocal: Calculates What happens in a confocal Laser Cavity in terms of
% modes depending on the length of the cavity.
%
% [ind,F,center]=confocal(lambda,l,r,Wshift,nmax,mmax,step,type,x_axe)
%
% Input Values:
% lambda: laser freq (m)
% l: cavity length (m) / can be a matrix in user defined cavity mode.
% r: mirror radius (m)
% Wshift: 2*Wshift is the whole x axe, it determines the range of
% frequency we take respect the center=(q*pi*c/L+c*acos(1-L/r)/L)/(2*pi)
% n,m: mode nm-th
% step: cavity length step size
% type: type of confocal cavity
% % ’c’: perfect confocal cavity
% % ’s’: shorter cavity
% % ’l’: longer cavity
% % ’u’: user custom L matrix
%
% x_axe: which scale should x_axe have
% % ’f’: Frequency
% % ’l’: Lambda
% % ’q’: Mode number [not available]
%
% Output Values:
% ind: Matrix of indexes where the condition of (center-Wshift) is
% accomplished
% F: Matrix of the F=(Q*pi*c/L+c*((n-1)+(m-1)+1)*acos(1-L/r)/L)/(2*pi) for
% each length
% F_o: odd modes
% F_e: even modes
% center: the centered value mode
%



88

% Examples:
% [ind,F,center]=confocal(1064e-9,25e-3,25e-3,6e9,10,10,0.5e-3,’s’,’l’)
% [ind,F,center]=confocal(1064e-9,19.2e-3,25e-3,2e9,10,10,0.2e-3,’u’,’f’);
%
% L=[17.215,17.235,17.265,17.28,17.285,
% 17.315,17.335,17.5,19.2,19.225,19.25,
% 19.255,19.485,19.5,19.505,19.53];
%
%
%Eduard Benasques (eduard.benasques@icfo.es)
%PNO Group
%ICFO - The Institute of Photonic Sciences
%Mediterranean Technology Park
%Av Canal Olimpic s/n
%08860 Castelldefels (Barcelona), Spain
%www.icfo.es
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
c=3e8; %m/s
q=ceil(2*l/lambda);
%Wshift=6.5e9;
FSR=c./(2.*l);
j=1;
ind=[];
F_e=[];
F_o=[];
F=[];
clf;
switch type

case ’c’ %perfect confocal cavity
L=l;
%calculate the mode number
q=ceil(2*L/lambda);
%calculate the center
center=(q*pi*c/L+c*acos(1-L/r)/L)/(2*pi);
%Build the F matrix and the ind matrix
for qq=-10:10
Q=q+qq;
for n=1:nmax+1
for m=1:mmax+1
temp=(Q*pi*c/L+c*((n-1)+(m-1)+1)*acos(1-L/r)/L)/(2*pi);
%Separate odd modes from even modes
if (mod(m+n,2)==0)
F_e(((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1))+1)=temp;
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else
F_o(((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1))+1)=temp;
end
%The whole Matrix (odd&even)
F((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1)=temp;
%Normalization matrix
Norm((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1)=(m-1)+(n-1);
if (temp>=(center-Wshift) && temp<=(center+Wshift))
%calc index where the condition for each length
ind(j)=(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1;
j=j+1;
F_e((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1));
F_o((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)-1);
F((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1);
end
end
end
end

%Normalization of Kronecker Delta
kr = 1./(1+Norm);
figure(1);
hold on;
title(’Perfect Confocal’)
switch x_axe
case ’f’ %Frequency
stem((F_e(ind)-center),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem((F_o(ind)-center),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem((F(ind)-center),kr(ind),’MarkerSize’,4,’Color’,’k’)
axis([-Wshift*1.1 Wshift*1.1 0 1.1])
title({’Frequency centered’,[’Lenght= ’,
num2str(L*1000),’mm’]})
case ’l’ %Lambdas
stem(c./F_e(ind),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem(c./F_o(ind),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(c./F(ind),kr(ind),’MarkerSize’,4,’Color’,’y’)
%axis([0 1 0 1.1])
axis ’auto x’
title({’Wavelength’,[’Lenght= ’,num2str(L*1000),’mm’]})
%case ’q’ %Mode number
%stem(F_o(ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’b’)
%stem(F_e(ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’r’)
%%stem(F(ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’y’)
%%axis([0 1 0 1.1])
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%axis ’auto x’
%title({’Mode number’,[’Lenght= ’,num2str(L*1000),’mm’]})
end
title([’Lenght= ’,num2str(L*1000),’mm’])
hold off;

case ’s’ %shorter cavity
L=[.85*l:step:l*1.1]; %matrix for the cavity range
%for each length we do the same as in case 1
for i=1:length(L)
j=1;
q=ceil(2*L(i)/lambda);
center=(q*pi*c/L(i)+c*acos(1-L(i)/r)/L(i))/(2*pi);
ind=[];
for qq=-10:10
Q=q+qq;
for n=1:nmax+1
for m=1:mmax+1
temp=(Q*pi*c./L(i)+c*((n-1)+(m-1)+1)*
acos(1-L(i)./r)./L(i))/(2*pi);
%Separate odd modes from even modes
if (mod(m+n,2)==0)
F_e(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*
(nmax+1))+1)=temp;
else
F_o(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*
(nmax+1))+1)=temp;
end
%The whole Matrix (odd&even)
F(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1))=
temp;
%Normalization Matrix
Norm((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1)=
(m-1)+(n-1);
if (temp>=(center-Wshift) && temp<=(center+Wshift))
%calc index where the condition for each length
ind(j)=(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1;
j=j+1;
F_e(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1));
F_o(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)-1);
F(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1);
end
end
end
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end

kr = 1./(1+Norm);
figure(1);
subplot(ceil(sqrt(length(L))),ceil(length(L)/ceil(sqrt(length(L)))),i);%mode freq.
hold on;
switch x_axe
case ’f’ %Frequency
stem((F_e(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem((F_o(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem((F(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’k’)
axis([-Wshift*1.1 Wshift*1.1 0 1.1])
title({’Frequency centered’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
case ’l’ %Lambdas
stem(c./F_e(i,ind),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem(c./F_o(i,ind),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(c./F(i,ind),kr(ind),’MarkerSize’,4,’Color’,’y’)
axis([0 1 0 1.1])
axis ’auto x’
title({’Wavelength’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
%case ’q’ %Mode number
%stem(F_o(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’b’)
%stem(F_e(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(F(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’y’)
%axis([0 1 0 1.1])
%axis ’auto x’
%title({’Mode number’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
end
hold off;
end

case ’l’ %larger cavity
L=[.85*l:step:1.5*l]; %matrix for the cavity range
%the same as case 2 but in larger cavity.
for i=1:length(L)
ind=[];
j=1;
q=ceil(2*L(i)/lambda);
center=(q*pi*c/L(i)+c*acos(1-L(i)/r)/L(i))/(2*pi);
for qq=-10:10
Q=q+qq;
for n=1:nmax+1
for m=1:mmax+1
temp=(Q*pi*c./L(i)+c*((n-1)+(m-1)+1)*acos(-(1-L(i)./r))./L(i))/(2*pi);
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%Separate odd modes from even modes
if (mod(m+n,2)==0)
F_e(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1))+1)=temp;
else
F_o(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1))+1)=temp;
end
%The whole Matrix (odd&even)
F(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1))=temp;
%Normalization Matrix
Norm((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1)=(m-1)+(n-1);
if (temp>=(center-Wshift) && temp<=(center+Wshift))
%calc index where the condition for each length
ind(j)=(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1;
j=j+1;
F_e(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1));
F_o(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)-1);
F(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1);
end
end
end
end

kr = 1./(1+Norm);
figure(1);
subplot(ceil(sqrt(length(L))),ceil(length(L)/ceil(sqrt(length(L)))),i);
hold on;
switch x_axe
case ’f’ %Frequency
stem((F_e(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem((F_o(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem((F(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’k’)
axis([-Wshift*1.1 Wshift*1.1 0 1.1])
title({’Frequency centered’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
case ’l’ %Lambdas
stem(c./F_e(i,ind),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem(c./F_o(i,ind),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(c./F(i,ind),kr(ind),’MarkerSize’,4,’Color’,’y’)
axis([0 1 0 1.1])
axis ’auto x’
title({’Wavelength’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
%case ’q’ %Mode number
%stem(F_e(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’b’)
%stem(F_o(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(F(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’y’)
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%axis([0 1 0 1.1])
%axis ’auto x’
%title({’Mode number’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
end
hold off;

end

case ’u’ %user L matrix defined cavity
L=l; %matrix for the cavity range
%for each length we do the same as in case 1
for i=1:length(L)
j=1;
q=ceil(2*L(i)/lambda);
center=(q*pi*c/L(i)+c*acos(1-L(i)/r)/L(i))/(2*pi);
ind=[];
for qq=-10:10
Q=q+qq;
for n=1:nmax+1
for m=1:mmax+1
temp=(Q*pi*c./L(i)+c*((n-1)+(m-1)+1)*acos(1-L(i)./r)./L(i))/(2*pi);
%Separate odd modes from even modes
if (mod(m+n,2)==0)
F_e(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1))+1)=temp;
else
F_o(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1))+1)=temp;
end
%The whole Matrix (odd&even)
F(i,((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1))=temp;
%Normalization Matrix
Norm((n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1)=(m-1)+(n-1);
if (temp>=(center-Wshift) && temp<=(center+Wshift))
%calc index where the condition for each length
ind(j)=(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1;
j=j+1;
F_e(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1));
F_o(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)-1);
F(i,(n-1)*(mmax+1)+m-1+(qq+10)*(mmax+1)*(nmax+1)+1);
end
end
end
end

kr = 1./(1+Norm);
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figure(1);
subplot(ceil(sqrt(length(L))),ceil(length(L)/ceil(sqrt(length(L)))),i);%mode freq.
hold on;
switch x_axe
case ’f’ %Frequency
stem((F_e(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem((F_o(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem((F(i,ind)-center),kr(ind),’MarkerSize’,4,’Color’,’k’)
axis([-Wshift*1.1 Wshift*1.1 0 1.1])
title({’Frequency centered’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
case ’l’ %Lambdas
stem(c./F_e(i,ind),kr(ind),’MarkerSize’,4,’Color’,’b’)
stem(c./F_o(i,ind),kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(c./F(i,ind),kr(ind),’MarkerSize’,4,’Color’,’y’)
axis([0 1 0 1.1])
axis ’auto x’
title({’Wavelength’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
%case ’q’ %Mode number
%stem(F_o(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’b’)
%stem(F_e(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’r’)
%stem(F(i,ind).*2*l/c,kr(ind),’MarkerSize’,4,’Color’,’y’)
%axis([0 1 0 1.1])
%axis ’auto x’
%title({’Mode number’,[’Lenght= ’,num2str(L(i)*1000),’mm’]})
end
hold off;
end
end
end



Appendix G

Mode decision with q number
distinction

clc;
clear all;
close all;

c=3e8;

n=0;
m=5;

nm=0:(n+m);

l=19.2e-3;
lambda=1064e-9;

q=ceil((2*l/lambda))+(-2:2);

s=size(q);
for i=1:s(2)
w(i,:)=((q(i)+(nm+1).*acos(((1-l/25e-3)))./pi).*(pi*c/(l)))./(2*pi);
end
dw=w-((q(3)+acos(((1-l/25e-3)))./pi).*(pi*3e8/l))./(2*pi);

hold on;
stem (dw(1,:),1./(nm+1),’Color’,’b’);
stem (dw(2,:),1./(nm+1),’Color’,’r’);
stem (dw(3,:),1./(nm+1),’Color’,’g’);
stem (dw(4,:),1./(nm+1),’Color’,’k’);
stem (dw(5,:),1./(nm+1),’Color’,’c’);
leg=legend(’q-2’,’q-1’,’q’,’q+1’,’q+2’);
t=title({’Mode distribution’,[ ’FSR=’,num2str((w(2,1)-w(1,1))*1e-9),’GHz’]
,[’Length= ’,num2str(l*1e3),’mm’]})
x=xlabel(’Frequency detuning (Hz))’)
set(t,’FontSize’,20);
set(leg,’FontSize’,14);
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set(x,’FontSize’,14);
FSR=w(2,1)-w(1,1)
LG05_LG00_distance=w(2,6)-w(4,1)



Appendix H

Cavity & Beam parameters , the
Matlab code

clc;clear all;close all;
format long g

%% Laser & cavity characteristics
lmda=1064e-9;
c=3e8;
n=1;

length_ini=19.2e-3;
length_fin=25.5e-3;
number_of_curves=3;

length=[length_ini:(length_fin-length_ini)/(number_of_curves-1):length_fin]’;

length=1e-3.*[17.25;19.25;25]

ref_IM=.999974498;
ref_EM=ref_IM;

RofC_IM=25e-3;
RofC_EM=RofC_IM;

%% FSR
FSR=c./(2.*n.*length)

%% Finesse
Finesse=pi.*sqrt(ref_IM)./(1-ref_IM)

%% waist
w_0=sqrt(length.*lmda./(2*pi))

%% Rayleight Distance and divergence
z_R=pi.*n.*w_0.^2./(lmda)
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theta=2.*lmda./(pi*n.*w_0)

r=w_0.*1./sqrt(2)

%% longitudinal modes
q=floor(2.*length./lmda)

lmda_q=2.*length./q
lmda_qp1=2.*length./(q+1)
lmda_ql1=2.*length./(q-1)

delta_lmda=abs(lmda_q-lmda_qp1)

%% Quality Factor
Q=lmda./delta_lmda

%% FWHM bandwidth
FWHM=FSR./Finesse

%% photon lifetime
tau_p=1./(2*pi*FWHM)

%% waist size and radius of curvature

for j=1:size(w_0)
Z(j,:)=-length(j):length(j)/1000:length(j);
w(j,:)=w_0(j).*sqrt(1+(lmda.*Z(j,:)./(pi.*w_0(j).^2)).^2);
R(j,:)=Z(j,:).*sqrt(1+((pi.*w_0(j).^2)./lmda.*Z(j,:)).^2);

end

%% Plot results
hold on;
plot(Z’,w’./2);
plot(Z’,-w’./2);
[Max,i]=max(max(w));
M=Max/2;

line([length length],[-M M])
line([-length -length], [-M M])
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[m,i]=min(min(w));

line([Z(:,i) Z(:,i)],[-M M],’color’, ’black’)

hleg1=legend(num2str(length));
t=title(’Waist of the beam along the caivty’);
set(t,’FontSize’,16);
xlabel(’cavity length (m)’)
ylabel(’waist size(z)’)



Appendix I

FPGA NI PXI-7831R
Specifications

These are the specifications of the FPGA used [34].
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Appendix J

LabView Program

Contents
J.1 The Host . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
J.2 The target . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

J.1 The Host

Figure J.1: The Host layout and the standard set up



J.1. The Host 107

Figure J.2: Initializing all the variables and controls



J.1. The Host 108

Figure J.3: Initializing and setting up the voltage and range for ramping



J.1. The Host 109

Figure J.4: The First Ramp to achieve the threshold 1 with the slow piezo, fast
piezo = 0



J.1. The Host 110

Figure J.5: Threshold 1 achieved, Setting up the second ramp (fast piezo) speed
and turn the flag to begin the fast piezo ramps



J.1. The Host 111

Figure J.6: Ramping from −10V to 10V the fast and increasing the slow each time
to search the highest peak with a roll back temperature



J.1. The Host 112

Figure J.7: Setting up the PID stored in the FPGA and visualization the PID



J.1. The Host 113

Figure J.8: Decrease slowly the voltage up to 0 to avoid damaging the piezoelectric
devices



J.2. The target 114

J.2 The target

Figure J.9: The FPGA layout



J.2. The target 115

Figure J.10: Passing through the Host values to the outputs Fast and Slow



J.2. The target 116

Figure J.11: It waits with the slow value up to a new fast ramp is set



J.2. The target 117

Figure J.12: set the ramping speed for the fast piezoelectric



J.2. The target 118

Figure J.13: Reads the FIFO values for the fast ramping output up to the threshold
2



J.2. The target 119

Figure J.14: Entering the PID and monitoring



J.2. The target 120

Figure J.15: PID description for the stabilitzation of the cavity



Appendix K

The original paper

This paper [4] is the real motivation to design and build this cavity and it’s control.
This project is a small part of a big very ambitious project "Towards Quantum
Superposition of Living Organisms" .

The next steps to follow after this project and the working cavity is stable and
can trap something inside is building a one-piece case for the cavity of Wolfmet,
Tungsten, Nickel and Iron alloy to avoid any kind of deformation that the temper-
ature or the vibrations could create, it has an expansion coefficient of 410−6m/K.
Once created we had established a protocol to glue the cavity we have built exactly as
it is in the new case directly and avoid the maximum deformations from it’s original.

Once the new cavity is built it time to test if it is able to be tuned and become
stable in a high peak in a correct mode. After that, the last step is to try that cavity
in a ultra-vacuum chamber to ensure to trap and cool only the particle we want.
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Abstract. The most striking feature of quantum mechanics is the existence
of superposition states, where an object appears to be in different situations
at the same time. The existence of such states has been previously tested
with small objects, such as atoms, ions, electrons and photons (Zoller et al
2005 Eur. Phys. J. D 36 203–28), and even with molecules (Arndt et al 1999
Nature 401 680–2). More recently, it has been shown that it is possible to
create superpositions of collections of photons (Deléglise et al 2008 Nature
455 510–14), atoms (Hammerer et al 2008 arXiv:0807.3358) or Cooper pairs
(Friedman et al 2000 Nature 406 43–6). Very recent progress in optomechanical
systems may soon allow us to create superpositions of even larger objects,
such as micro-sized mirrors or cantilevers (Marshall et al 2003 Phys. Rev. Lett.
91 130401; Kippenberg and Vahala 2008 Science 321 1172–6; Marquardt and
Girvin 2009 Physics 2 40; Favero and Karrai 2009 Nature Photon. 3 201–5), and
thus to test quantum mechanical phenomena at larger scales. Here we propose a
method to cool down and create quantum superpositions of the motion of sub-
wavelength, arbitrarily shaped dielectric objects trapped inside a high-finesse
cavity at a very low pressure. Our method is ideally suited for the smallest
living organisms, such as viruses, which survive under low-vacuum pressures
(Rothschild and Mancinelli 2001 Nature 406 1092–101) and optically behave
as dielectric objects (Ashkin and Dziedzic 1987 Science 235 1517–20). This
opens up the possibility of testing the quantum nature of living organisms by

4 Author to whom any correspondence should be addressed.

New Journal of Physics 12 (2010) 033015
1367-2630/10/033015+16$30.00 © IOP Publishing Ltd and Deutsche Physikalische Gesellschaft



123

2

creating quantum superposition states in very much the same spirit as the original
Schrödinger’s cat ‘gedanken’ paradigm (Schrödinger 1935 Naturwissenschaften
23 807–12, 823–8, 844–9). We anticipate that our paper will be a starting point
for experimentally addressing fundamental questions, such as the role of life and
consciousness in quantum mechanics.

The ultimate goal of quantum optomechanics is to push the motion of macroscopic objects
towards the quantum limit, and it is a subject of interest in both fundamental and applied
science [4]–[6]. The typical experimental set-up consists of an optical cavity whose resonance
frequency depends on the displacement of some mechanical oscillator. The mechanical motion
shifts the resonance frequency and, consequently, the radiation pressure exerted into the
mechanical object. The overall effect yields the optomechanical coupling, which should enable
us to cool down to the ground state the mechanical motion [9]–[11]. We are currently witnessing
an experimental race to reach the ground state using different set-ups, such as nano- or
microcantilevers [12], membranes [13], or vibrating microtoroids [14]. It is expected that the
achievement of the ground state will open up the possibility to perform fundamental and applied
experiments involving quantum phenomena with these macroscopic objects, as pioneered by the
works [3], [15]–[17].

In this paper, we propose dielectric objects levitating inside the cavity as new quantum
optomechanical systems. The fact that these are not attached to other mechanical objects avoids
the main source of heating, which is present in other optomechanical systems, and thus, should
facilitate the achievement of ground state cooling. Once this is achieved, we propose to create
quantum superpositions of the center-of-mass motional state of the object by sending a light
pulse to the cavity, which is simultaneously pumped with a strong field. One of the main
features of this proposal is that it applies to a wide variety of new objects and, in particular,
to certain living organisms. Therefore, our proposal paves the path for the experimental test of
the superposition principle with living creatures.

We consider an object with mass M , volume V and relative dielectric constant εr 6= 1,
which may be non-homogeneous. The object is trapped inside a cavity, either by an external trap,
provided, for instance, by optical tweezers [18] (figure 1(a)), or by self-trapping using two cavity
modes (see appendix D for details). The trap is harmonic, so that the center-of-mass effectively
decouples from any relative degree of freedom. Along the cavity axis, this requires the size
of the object to be smaller than the optical wavelength that is used for trapping and cooling.
The center-of-mass displacement, z, is then quantized as ẑ = zm(b̂† + b̂), where b̂† (b̂) are
creation (annihilation) phonon operators, and zm = (h̄/2Mωt)

1/2 is the ground state size, with
ωt the trap frequency. The resonance frequency of the optical cavity ω0

c is modified by the
presence of the dielectric object inside the cavity. A crucial relation is the frequency dependence
on the position of the dielectric object, which can be estimated using perturbation theory
(see appendix A). This position dependence gives rise to the typical quantum optomechanical
coupling,

Ĥ OM = h̄g(b̂† + b̂)(â† + â). (1)

Here, â† (â) are the operators that create (annihilate) a resonant photon in the cavity.
The quantum optomechanical coupling g can be written as g =

√
nphg0, where nph is the
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Figure 1. Quantum optomechanics with dielectric objects trapped inside a high-
finesse optical cavity. (a) A dielectric sphere is trapped by optical tweezers inside
a high-finesse optical cavity. The confinement of the center-of-mass motion
along the z-axis is harmonic with frequency ωt. The driving field generates
a radiation pressure able to cool down the mechanical motion to the ground
state. (b) Experimental set-up for the trapping and cooling of dielectric spheres
using two lasers, one for the driving and one for the trapping. (c) The center-
of-mass motion of a dielectric rod can also be trapped and cooled. In this case
we assume self-trapping achieved by using two laser modes, see appendix D.
(d) The rotational motion of a dielectric rod can also be cooled by generating a
standing wave in the azimuthal angle. This can be achieved by superimposing
two counterrotating Laguerre–Gauss (LG) modes.

number of photons inside the cavity and g0 = zmξ0 (ξ0 comes from the resonance frequency
dependence on the position, see appendix E). The enhancement of g0 by a factor of

√
nph has

been used experimentally to achieve the strong coupling regime in recent experiments with
cantilevers [10, 19, 20]. Finally, the total Hamiltonian also includes the mechanical and radiation
energy terms as well as the driving of the cavity. See appendix B for details of these terms as
well as the derivation of equation (1).

Besides the coherent dynamics given by the total Hamiltonian, there exists also a
dissipative part provided by the losses of photons inside the cavity, parametrized by the
decaying rate κ , and the heating to the motion of the dielectric object. Remarkably, our
objects are trapped without linking the object to other mechanical pieces, and hence thermal
transfer does not contribute to the mechanical damping γ . This fact constitutes a distinctive
feature of our proposal, possibly yielding extremely high mechanical quality factors. We have
investigated in detail the most important sources of decoherence (see appendix F). Firstly,
heating due to coupling with other modes, which have very high frequencies, is negligible
when having a quadratic potential. Secondly, the maximum pressure required for ground state
cooling is ∼ 10−6 torr, which actually corresponds to the typical one used in optomechanical
experiments [13]. The mechanical quality factor of our objects under this pressure is ∼ 109,
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and it can be even increased in a higher vacuum. Thirdly, blackbody radiation does not yield a
loss of coherence due to ‘which-path’ information at room temperature and even much higher
temperatures [1, 21]. Fourthly, light scattering decreases the finesse of the cavity and produces
heat. This sets an upper bound for the size of the objects in the current set-up to be smaller than
the optical wavelength. Fifthly, the bulk temperature of the object remains close to the room
temperature for sufficiently transparent objects at the optical wavelength, a fact that prevents its
damage.

The rotational cooling of cylindrical objects, such as rods (see figure 1(c)), can also be
considered. In this case, two counter-rotating LG modes can be employed to create a standing
wave in the azimuthal angle φ, as illustrated in figure 1(d). The optomechanical coupling
is then given by g0 = (h̄/2Iωt)ξ0, where I is the moment of inertia. Using two modes, one
can self-trap both the rotational and the center-of-mass translational motion, and cool either
degree of freedom by slightly varying the configuration of the two modes (see appendix E for
further details). Both degrees of motion can be simultaneously cooled if the trapping is provided
externally (see [22] for a proposal to cool the rotational motion of a mirror and [23] for a recent
optomechanical experiment that uses a non-levitating nanorod).

Regarding the feasibility of our scheme, we require the good cavity regime ωt > κ in order
to accomplish ground state cooling [9]–[11]. Moreover, the strong coupling regime g & κ, γ
is also required for quantum states generation. Both regimes can be attained with realistic
experimental parameters using dielectric spheres and rods. In particular, if one considers fused
silica spheres of radius 250 nm in a cavity with finesse 105 and length 4 mm, one can obtain
g ∼ κ ≈ 2π × 180 kHz, and ωt ≈ 2π × 350 kHz. See appendix H for further details.

We tackle now the intriguing possibility to observe quantum phenomena with macroscopic
objects. Notably, the optomechanical coupling equation (1) is of the same nature as the typical
light–matter interface Hamiltonian in atomic ensembles [2]. Hence, the same techniques can be
applied to generate entanglement between Gaussian states of different dielectric objects.

A more challenging step is the preparation of non-Gaussian states, such as the paradigmatic
quantum superposition state

|9〉 =
1

√
2
(|0〉 + |1〉) . (2)

Here |0〉 (|1〉) is the ground state (first excited state) of the quantum harmonic oscillator. In
the following, we sketch a protocol to create the state equation (2) —see appendix C for
further details. The pivotal idea is to impinge the cavity with a single-photon state, as a
result of parametric down conversion followed by a detection of a single photon [24]. When
impinging into the cavity, part of the field will be reflected and part transmitted [25]. In the
presence of the red-detuned laser, the coupling equation (1) swaps the state of light inside the
cavity to the mechanical motional state, yielding the entangled state |E〉ab ∼ |0̃〉a|1〉b + |1̃〉a|0〉b.
Here a (b) stands for the reflected cavity field (mechanical motion) system, and |0̃(1̃)〉a is a
displaced vacuum (one photon) light state in the output mode of the cavity. The protocol ends
by performing a balanced homodyne measurement and by switching off the driving field. The
motional state collapses into the superposition state |9〉 = c0|0〉 + c1|1〉, where the coefficients
c0(1) depend on the measurement result. See figure 2 for the experimental set-up and the results
derived in appendix C. This state can be detected by either transferring it back to a new
driving field and then performing tomography on the output field, or by monitoring the quantum
mechanical oscillation caused by the harmonic trap. Moreover, the amplitude of the oscillation
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Figure 2. Protocol to prepare quantum superposition states. (a) Experimental
set-up for implementing the protocol to prepare the quantum superposition state
equation (2). In the figure PDC stands for parametric down conversion and DM
for dichroic mirror. A blue photon is converted into two red photons in the PDC.
One is detected and the other impinges onto the cavity. If it is reflected, the
one photon pulse on top of the driving field goes back through the PDC (which
is transparent) and is then reflected downwards toward the homodyne detector
by the DM. (b) Mean number of phonons 〈b̂†

I b̂I〉 imprinted to the mechanical
oscillator by sending a one-photon pulse to the cavity, see appendix C for details.
A Gaussian pulse of width σ = 5.6 κ is used. The red solid line corresponds
to the strong coupling regime g = κ , whereas the blue dashed one corresponds
to the weak coupling g/κ = 1/4. In the strong coupling regime, the balanced
homodyne measurement should be performed around the time where the mean
number of phonons is maximum. This results in the preparation of the quantum
superposition state equation (2).

can be amplified by driving a blue-detuned field tuned to the upper motional sideband (see
appendix C).

A possible extension of the protocol is to impinge the cavity with other non-Gaussian states,
such as the NOON state or the Schrödinger’s cat state |α〉 + | −α〉 [26], where |α〉 is a coherent
state with phase α, in order to create other quantum superposition states. Furthermore, one can
change the laser intensity dynamically to obtain a perfect transmission and avoid the balanced-
homodyne measurement; any quantum state of light could be directly mapped to the mechanical
system by the time-dependent interaction. Alternatively, one can tune the laser intensity to the
upper motional sideband, so that a two-mode squeezing interaction is obtained in the cavity.
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Figure 3. Quantum superposition of living organisms. Illustration of the protocol
to create quantum superposition states applied to living organisms, such as
viruses, trapped in a high-finesse optical cavity by optical tweezers.

In the bad-cavity limit (relaxing the strong coupling condition) one can use the entanglement
between the output mode and the mechanical system to teleport non-Gaussian states (Oriol
Romero-Isart et al, manuscript in preparation).

In the following, we analyze the possibility of performing the proposed experiment with
living organisms. The viability of this perspective is supported by the following: (i) living
microorganisms behave as dielectric objects, as shown in optical manipulation experiments
in liquids [8]; (ii) some microogranisms exhibit very high resistance to extreme conditions
and, in particular, to the vacuum required in quantum optomechanical experiments [7]; (iii)
the size of some of the smallest living organisms, such as spores and viruses, is comparable
to the laser wavelength, as required in the theoretical framework presented in this work; and
(iv) some of them present a transparency window (which prevents the damage caused by the
laser’s heating) and still have a sufficiently high refractive index. As an example, common
influenza viruses, with a size of ∼ 100 nm, can be stored for several weeks in vacuum down
to 10−4 torr [27]. In higher vacuum, up to 10−6 torr, a good viability can be foreseen for
optomechanics experiments. Due to their structure (e.g. lipid bilayer, nucleocapsid protein and
DNA), viruses present a transparency window at the optical wavelength which yields relatively
low bulk temperatures [28]. Note that self-trapping or alternative trapping methods, such as
magnetic traps, could be used in order to employ lower laser powers. The tobacco mosaic virus
(TMV) also presents very good resistance to high vacuum [7], and has a rod-like appearance of
50 nm width and almost 1µm length. Therefore, it constitutes the perfect living candidate for
rotational cooling, see figure 1(d).

In conclusion, we have presented results that open up the possibility of observing genuine
quantum effects, such as the creation of quantum superposition states, with nano-dielectric
objects and, in particular, with living organisms such as viruses, see figure 3. This entails the
possibility of testing quantum mechanics, not only with macroscopic objects but also with living
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organisms. A direction to be explored is extension to objects larger than the wavelength (Oriol
Romero-Isart et al in preparation). This would permit us to bring larger and more complex living
organisms to the quantum realm, for instance, the Tardigrade, which have a size ranging from
100µm to 1.5 mm [29] and is known to survive for several days in open space [30]. We expect
the proposed experiments to be a first step in addressing fundamental questions experimentally,
such as the role of life and consciousness in quantum mechanics, and perhaps even implications
for our interpretations of quantum mechanics [31].
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Appendix A. Resonance frequency dependence on mechanical position

Here we show how to estimate the frequency dependence on the mechanical coordinates of
arbitrarily shaped dielectric objects. Note that the resonance frequency ω0

c , and the optical mode
ϕ0(Er) of the cavity without the dielectric object, are known solutions of the Helmholtz equation.
The presence of the dielectric object, which is small compared to the cavity length, can be
considered as a tiny perturbation on the whole dielectric present inside the cavity and, thus,
a perturbation theory can be used to estimate the resonance frequency

ωc(q)≈ ω0
c

(
1 −

∫
V (q)(εr − 1) |ϕ0(Er)|

2 dEr

2
∫

|ϕ0(Er)|
2 dEr

)
. (A.1)

Here εr is the relative dielectric constant of the object and V (q) is its volume at coordinates q.
The integral in the numerator, which is performed through the volume of the object placed at
coordinates q , yields the frequency dependence on q.

Appendix B. Total Hamiltonian in quantum optomechanics

The total Hamiltonian in quantum optomechanics can be typically written as

Ĥ t = Ĥ m + Ĥ OC + Ĥ drive. (B.1)

The term Hm corresponds to the mechanical energy of the degree of motion q̂ = qm(b̂† + b̂),
which is assumed to be harmonically trapped. Therefore, Ĥ m = h̄ωtb̂†b̂, where ωt is the trapping
frequency. The driving of the cavity field, with a laser at frequency ωL and strength E , related
to the laser power P by |E | =

√
2Pκ/h̄ωL, is given by

Ĥ drive = ih̄
(
Ee−iωLt â†

− E?eiωLt â
)
. (B.2)

New Journal of Physics 12 (2010) 033015 (http://www.njp.org/)



129

8

The last term corresponds to the radiation energy of the field inside the cavity Ĥ OC =

h̄ωc(q̂)â†â, where â† (â) are the creation (annihilation) cavity photon operators. When the
equilibrium position, in the presence of the classical radiation pressure is at q = 0, is fixed at the
maximum slope of the standing wave inside the cavity, a linear dependence ωc(q̂)= ωc + ξ0q̂ is
obtained, where ωc = ω0

c + δ. The shift δ is caused by the equilibrium position of the dielectric
object. See appendix E for the specific quantities considering spheres and rods. Finally, it is
convenient to perform a shift to the operators â = α + â′ and b̂ = β + b̂′ (the prime sign will be
omitted hereafter), where |α| =

√
nph is the square root of the number of cavity photons, and β ≈

−qmξ0|α|
2/ωt. This transformation leaves invariant the dissipative part of the master equation

(see [9] for further details), and transforms the total Hamiltonian into Ĥ
′

t = Ĥ m + Ĥ r + Ĥ OM,
where Ĥ r = h̄ωcâ†â, and

Ĥ OM = h̄|α|qmξ0(b̂
† + b̂)(â† + â). (B.3)

Note that one obtains that the optomechanical coupling is g = |α|g0, with g0 = qmξ0. Note that
the large term |α|, which is typically of the order of 104, compensates for the small ground state
size qm .

Appendix C. Protocol to create quantum superposition states

Let us derive here the protocol to create quantum superposition phononic states of the type
equation (2). We use the quantum Langevin equations and the input–output formalism. After
going to the rotating frame with the laser frequency ωL, which is detuned to the resonance
frequency by 1= ωc −ωL, displacing the photonic and phononic operators â = α + â′, b̂ =

β + b̂′ (we will omit the prime sign hereafter), choosing α ≈ E/(i1+ κ) and β ≈ g0|α|
2/ωt,

so that the constant terms cancel, and neglecting subdominant terms, one obtains the quantum
Langevin equation for the total Hamiltonian Ĥ

′

t

ȧ = − (i1+ κ) â − ig(b̂† + b̂)+
√

2κ âin(t)e
iωLt , (C.1)

ḃ = − (iωt + γ ) b̂ − ig(â† + â)+
√

2γ b̂in(t). (C.2)

Note that one has the enhanced optomechanical coupling g = |α|g0. In the interaction picture,
i.e. âI = âei1t and b̂I = b̂eiωtt , if one chooses 1= ωt (red-sideband) and performs the rotating-
wave-approximation (valid for ωt � g), then one derives the final equations

ȧI = −κ âI − igb̂I +
√

2κ âin(t)e
i(ωL+1)t , (C.3)

ḃI = −γ b̂I − igâI +
√

2γ b̂in(t)e
iωtt . (C.4)

Next, we consider that the input for the photonic state is a light pulse with Gaussian shape
centered at the resonance frequency ωc, that is,

|ψ〉 =

∫
dωφ(ω)â†

in(ω, L)|�〉, (C.5)

where â†
in(ω, L) (âin(ω, L)) are creation (annihilation) photonic operators out of the cavity at

a distance L and with frequency ω, and φ(ω)∝ exp[−(ω−ωc)
2/σ 2]. Then, by recalling that

âin(t, L)= âin(t + L)= −
∫

dωe−iωt âin(ω, L)/
√

2π (c = 1), one has that 〈ψ |âin(t)|ψ〉 = 0 and
〈ψ |â†

in(t)âin(t ′)|ψ〉 = φ̃?(t − L)φ̃(t ′
− L) (where φ̃(t) is the Fourier transform of φ(ω)). Solving
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the differential equations and obtaining b̂†
I (t), one can compute 〈b̂I(t)〉 (which is trivially zero

since 〈âin(t)〉 = 〈b̂in(t)〉 = 0) and 〈b̂†
I (t)b̂I(t)〉. The quantity 〈b̂†

I (t)b̂I(t)〉 is plotted in figure 2(b),
for g/κ = 1 and g/κ = 1/4, with σ = 5.6 κ , γ ∼ 0, and L = 5/κ . One can choose the width of
the pulse so that half of the one-photon pulse enters the cavity. Therefore, at some particular
time t? the entangled state

|E〉ab ∼
1

√
2
(|0̃〉a|1〉b + |1̃〉a|0〉b) (C.6)

is prepared. Here, |0̃〉a (|1̃〉a) is the displaced vacuum (displaced one photon) state of
the light system corresponding to the output field. This state yields 〈b̂I(t?)〉 = 0 and
〈b̂†

I (t
?)b̂I(t?)〉 = 1/2, as obtained in figure 2(b). The protocol finishes by performing the

balanced homodyne measurement of the quadrature X̂L(t)= (A†(t)+ A(t)) at time t?. Here
A(t)=

∫ t
0 ϕ(x, t)âout(x, t) is the output mode of the cavity we are interested in, where ϕ(x, t)

can be computed. If one obtains the value xL, the superposition state

|9〉b =
1

√
2
(c0|0〉b + c1|1〉b) (C.7)

is prepared, where c0(1) = 〈xL|1̃(0̃)〉a. At the same time of the measurement, the driving field is
switched off.

Note that the distinguishability of the two orthogonal displaced states |0̃〉 ± |1̃〉 is exactly
the same as for the non-displaced ones |0〉 ± |1〉. However, the displacement of the output mode
is of the order of |α| in the regime κ ∼ g. This value, which is ∼ 104 with the parameters
proposed here, poses a challenge to the current precision of balanced homodyne detectors. This
experimental challenge can be overcome by using alternative protocols (Oriol Romero-Isart
et al, manuscript in preparation). For instance, one can use a perfect transmission protocol
that consists in using a time modulation of the optomechanical coupling g(t), which can be
implemented by varying the driving intensity, to perfectly transmit a particular light state inside
the cavity. Then, the beam-splitter interaction, given by the red-detuned driving field, perfectly
transmits the input light state sent on top of the driving field to the mechanical system. A key
feature of this protocol is that the balanced homodyne measurement is not required.

C.1. Detection by amplification of the oscillation

Let us assume that the state (|0〉 + |1〉)/
√

2 has been prepared in the mechanical system. The
mean value of the position, in a harmonic trap, will oscillate with a frequency ωt and amplitude
proportional to the ground state size qm . A coherent state would also oscillate with the same
frequency. In order to distinguish both states, one could measure the fluctuations of the position,
which for the superposition state will oscillate on time, whereas it will remain constant for the
coherent state. This signal could be detected more easily by amplifying it by driving the cavity
with a blue-detuned laser. One can find that the mean value of the position 〈q̂(t)〉 under the
influence of the two-mode squeezing interaction is given by

〈q̂(t)〉 = qmµ(t) cos(ωtt), (C.8)

where µ(t)= e−κt/2(cosh(χ t)+ κsinh(χ t)/2χ), with χ =
√

g2 + κ2/4 being a function that
increases exponentially with t and therefore amplifies the oscillation.
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Appendix D. Self-trapping using two modes

Self-trapping consists in using two optical modes â1(2) and combining them so that they provide
trapping as well as optomechanical coupling (in [32], this configuration is also discussed in the
context of optomechanics with cold atoms). The initial Hamiltonian in this case would be

Ĥ =
p̂2

q

2m
+ h̄ωc,1(q)â

†
1 â1 + h̄ωc,2(q)â

†
2 â2 + HL. (D.1)

In the displaced frame, â1(2) = α1(2) + â′

1(2) (we omit the primer hereafter), where |α1(2)| is the
square root of the number of photons for the mode 1(2). Then, by expanding the resonance
frequency up to the second order around q = 0, i.e. ωc,1(2)(q)= ωc,1(2) +ω′

c,1(2)q +ω′′
c,1(2)q2/2,

fixing the key condition |α1|
2ω′

c,1 = −|α2|
2ω′

c,2, and neglecting subdominant terms, one obtains
the Hamiltonian

Ĥ =
p̂2

q

2m
+

mω2
t

2
q̂2 + h̄

2∑
i=1

[
(ξi â

†
i q̂ + H.c.)+ωc,i â

†
i âi

]
+ Ĥ L. (D.2)

We have defined ωt = [h̄(ω′′
c,1|α1|

2 +ω′′
c,2|α2|

2)/m]1/2 and ξi = ω′

iαi . Thus, provided that
ω′′

c,1|α1|
2 +ω′′

c,2|α2|
2 > 0, one has the desired self-trapping and optomechanical coupling with

the help of the two modes.

Appendix E. Optomechanical coupling and trapping

We compute here the optomechanical coupling for the sphere, assuming external trapping,
and for the rod using self-trapping. In the latter, we derive two configurations required for
cooling either the center-of-mass translational motion or the rotational motion. We will use
the resonance frequency dependence estimated in equation (A.1).

E.1. Dielectric sphere

Let us consider the case of having a dielectric sphere of volume V and relative dielectric
constant εr, and a TEM 00 mode in the cavity. Then, the dependence of the resonance frequency
on the center-of-mass position Er = (x, y, z), which can be estimated using equation (A.1), is
given by

ωc(Er)

ω0
c

≈ 1 −
V (εr − 1)

[
W 2

− 2(x2 + y2)
]

cos2(ω0
c z/c)

πW 4d
. (E.1)

Here W is the waist of the laser at the center of the cavity and d the cavity length. We consider
a confocal cavity, W =

√
λd/2π . The object is assumed to be placed close to the center of the

cavity and it is assumed that the radius of the sphere is smaller than the laser waist.
We suppose external trapping at x0 = y0 = 0 and z0 = cπ/4ω0

c , with frequency ωt, see
equation (E.3). Then, the optomechanical coupling is given by g0 =

√
h̄/2ρVωtξ0, where

ξ0 = ∂zωc(Er)|0 can be computed using equation (E.1) and reads

ξ0 =
(ω0

c)
2(εr − 1)V

cdπW 2
. (E.2)

The shifted frequency is ωc = ωc(Er0)= ω0
c + δ, with δ = −Vω0

c(εr − 1)/2dπW 2.
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Figure E.1. The model used as a rod in order to simplify the calculations.

The external trapping can be achieved by optical tweezers. For spheres of radius R, mass
M and relative dielectric constant εr, one can obtain, in the Rayleigh regime, that the trapping
frequency is given by [18]

ω2
t =

6

ρc

(
εr − 1

εr + 2

)
I0

W 2
0

, (E.3)

where W0 is the laser waist and I0 the field intensity.

E.2. Dielectric rod

When considering a rod, in order to simplify the calculation, we model it as two opposed
‘pieces of cake’ of width a, arc L and radius R, see figure E.1. Note that this corresponds
to a small section of the waist of the laser, since we will take R = W/2. The volume of the rod
is V = RLa, and its momentum of inertia I = RL M/4π , where M is its mass. In the case of
having a counterrotating LG modes 10 and −10, the frequency dependence on the rotational
angle φ and center-of-mass z position (see figures 1(c) and (d) in the present paper) is given by

ωc,1(φ, z)

ω0
c

= 1 −
V (εr − 1)C1 cos2

[
ω0

c z/c
]

cos2 [φ]

πW 2d
, (E.4)

with C1 = 2
(
2
√

e − 3
)
/
√

e. In case of having a superposition of the LG modes 20 and −20,
one obtains the similar result

ωc,2(φ, z)

ω0
c

= 1 −
V (εr − 1)C2 cos2

[
ω0

c z/c
]

cos2 [2φ]

πW 2d
, (E.5)

with C2 =
(
8
√

e − 13
)
/2

√
e. The rod is assumed to be placed close to the center of the cavity

and it is assumed that its width a is much smaller than the cavity length.
We propose the self-trapping configuration (see appendix D) in order to trap both center-of-

mass translation and rotation, using, as before, the superposition of LG modes 10 and −10 for
mode-1, and the superposition 20 and −20 for mode-2.

In case of aiming at cooling the translational motion, the equilibrium position is obtained
at φ0 = 0 and z0 = cπ/8ω0

c , by translating mode-1 a distance z0 = cπ/4ω0
c with respect to
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mode-2. Then, using equations (E.4) and (E.5), one can compute the z-optomechanical coupling
gz

0 =
√

h̄/2ρVωt,zξ
z
0 , with ξ z

0 = ∂zωc,1(φ, z)|0, which reads

ξ z
0 = −

(ω0
c)

2C1(εr − 1)V

c
√

2dπW 2
. (E.6)

One also has that gφ0 = 0. The trapping frequency for the translation along the z-axis,
ωt,z, and for the rotation, ωt,φ, can be computed using ∂2

zzωc,1(2)(φ, z)|0 and ∂2
φφωc,1(2)

(φ, z)|0. The shifted frequency is ωc,1(2) = ωc,1(2)(φ0, z0)= ω0
c + δ1(2), with δ1(2) = −Vω0

c
(εr − 1)C1(2)cos2(π/8)/dπW 2.

In case of cooling the rotational motion, the equilibrium position is obtained at φ0 = 7π/12
and z0 = 0 by rotating mode-1 an angle π/4 with respect to mode-2. Then, one can compute the
φ-optomechanical coupling gφ0 =

√
h̄/2Iωt,φξ

φ

0 = ∂φωc,1(φ, z)|0, which reads

ξ
φ

0 = −
ω0

cC1

√
3(εr − 1)V

2dπW 2
. (E.7)

Also, gz
0 = 0. The trapping frequencies can be computed as in the translational motion coupling,

but at the equilibrium position used for rotational cooling. The shifted frequency is in this case
ωc,1(2) = ωc,1(2)(φ0, z0)= ω0

c + δ1(2), with δ1(2) = −3Vω0
c(εr − 1)C1(2)/4dπW 2.

Finally, let us mention that by a trapping provided externally, for instance, by means of
optical tweezers, one could place the rod at the maximum slope of both the translational and
azimuthal standing waves. Then, one would obtain gφ0 6= 0 and gz

0 6= 0 at the same time, and
hence, one could cool both degrees of freedom simultaneously provided that the trapping is
tight enough.

Appendix F. Heating and decoherence due to gas pressure

F.1. Heating rate and mechanical damping

Let us analyze here the heating and damping of the mechanical motion of the center-of-mass
of a dielectric sphere due to the impact of air molecules inside the vacuum chamber. The air
molecules of mass m have mean velocity v̄ =

√
3KbT/m, where T is the temperature of the

chamber, assumed to be at room temperature, and Kb is the Boltzmann constant. The pressure
inside the vacuum chamber is P , and the dielectric sphere has mass M and radius R and is
harmonically trapped with frequency ωt.

One can, hence, consider the Harmonic oscillator with additive white noise:

z̈ + 2γ ż +ω2
t z = ξ(t). (F.1)

The stochastic force ξ(t) describes the impact of air molecules. For white noise, one has
that 〈ξ(t)ξ(t ′)〉 = 2M2 Dδ(t − t ′)= 4KbT Mγ δ(t − t ′) (thus D = 2KbT γ /M), where in the last
equation we have used the fluctuation dissipation theorem. The variance of the position can
be computed solving the differential stochastic equation and supposing that ω� γ (always
fulfilled in our levitating spheres), one obtains

〈[z(t)− 〈z(t)〉]2
〉 ≈

D

2γω2

{
1 − e−2γ t

}
. (F.2)

By considering the equipartition principle, the variance allows us to compute the increase of
energy by taking 1E(t)= Mω2

〈[z(t)− 〈z(t)〉]2
〉. Hence one can compute the time t? required
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to increment one quantum h̄ω of energy in the quantum harmonic oscillator. This time should
be larger than the inverse of the laser cooling rate 0, which is defined as the time required to
decrease one quantum of energy. The time t? is given by solving 1E(t?)= h̄ω and reads

t? = −
1

2γ
log

(
1 −

h̄ω

KbT

)
≈

h̄ω

KbT 2γ
, (F.3)

where we have used h̄ω� KbT . Then the condition for ground state cooling is given by

t?0 =
0h̄ω

KbT 2γ
� 1. (F.4)

We determine now an expression for γ that will depend on the properties of the gas surrounding
the harmonic oscillator. We will derive it through kinetic theory. Assume that our sphere is
moving with velocity v. At the reference frame where the sphere has velocity equal to zero, one
can compute the decrease of momentum of the sphere by the balance of momenta, given by the
impact of one third of the particles colliding from behind with a velocity v̄− v , minus those
colliding in front with velocity v + v̄. This can be written as

1p

1t
= (v̄− v)πR2 ρ

3 m
2 m(v̄− v)− (v̄ + v)πR2 ρ

3 m
2 m(v̄ + v) (F.5)

= −
4πR2ρv̄

3M
2Mv = −γ 2Mv, (F.6)

Using that the pressure of the gas is related to the density by ρ = 3P/v̄2, one obtains that

γ =
4πR2 P

M v̄
. (F.7)

Thus, inserting the value of gamma in equation (F.4), one finds an upper bound for the pressure
required inside the vacuum chamber

P �
3M0h̄ω

8 mv̄πR2
∼ 0× 10−12 torr Hz−1. (F.8)

We have used the spheres described in appendix H, and the fact that the mass of molecules of air
is m ∼ 28.6 u and T = 300 K. Recalling that the typical cooling rate is of the order of hundreds
of kHz [9]–[11], one obtains the typical pressures of order 10−6 torr used in experiments. With
this pressure we have a damping of the order of mHz, which leads to extremely good mechanical
quality factors of the order of 109.

F.2. Decoherence of the superposition state

The same process of heating due to collisions of air molecules causes decoherence of a
superposition state. Following [33], the relevant quantity is the localization rate

3=
3 mv̄P

h̄2 πR2, (F.9)

where we take the effective cross section as πR2. This describes the decoherence ρ(x, x ′, t)=

ρ(x, x ′, 0) exp[−3t (x − x ′)2] due to scattering of air molecules. In the case of having the
superposition state |0〉 + |1〉 of the harmonic oscillator, the decoherence rate would be then given
by 0dec =3z2

m , where zm =
√

h̄/2Mωt is the ground state size. Recall that the heating rate is
0+ = 1/t? = KbT 2γ /h̄ωt, where γ = 4πR2 P/M v̄. Hence, using the expression of γ , one has
that 0dec/0+ ≈ 1, as it was to be expected for our harmonic oscillator.
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Appendix G. Bulk temperature

In order to estimate the bulk temperature of the dielectric object attained after being heated by
the lasers, we assume that it behaves as a blackbody. Then, the steady state of the dielectric
objects fulfills that the power absorbed

Pabs =
ωL

2
|E |

2
=[α], (G.1)

where ωL is the laser frequency, E the electric field, and α the polarizability, equals the power
dissipated Prad through blackbody radiation

Prad = Aeσ
[
T 4

− T 4
env

]
, (G.2)

where A is the area of the object, e the emissivity (≈ 1), σ the Stefan–Boltzmann constant, Tenv

the temperature of the vacuum chamber, and T the bulk temperature. Thus, from Pabs = Prad

one obtains the bulk temperature T . For a sphere of radius R trapped by optical tweezers, this
corresponds to

T 4
= I0

4π 3 R

eσλ

3ε2

(ε1 + 2)2 + ε2
2

+ T 4
env, (G.3)

where P is the laser power and εr = ε1 + iε2 the complex relative dielectric constant. Note that
only here we have assumed εr to be complex, since ε2 is generally very small for the objects we
consider.

Appendix H. Experimental parameters for strong coupling and ground state cooling of
dielectric spheres and rods

We consider a confocal cavity of length d = 4 mm, with a resonant laser at λ= 1064 nm, which
gives a waist at the center of the cavity of W =

√
λd/2π ≈ 26.0µm. If we assume a high-finesse

optical cavity with F = 105, then the decaying rate is κ = cπ/2Fd = 2π × 188 kHz. The
presence of the sphere scatters photons out of the cavity and produces heat. A rough estimation,
assuming that the total cross section is given by πR2, sets an upper bound F = πW 2/πR2 & 105

for the radius of spheres of ∼ 80 nm. A more rigorous calculation, using Mie theory, sets up
the upper bound to ∼ 250 nm (see Oriol Romero-Isarf et al in preparation where the effect of
scattering of photons is studied in detail).

The dielectric objects are considered to be made of fused silica, with a density ρ =

2201 kg m−3 and relative dielectric constant εr = 2.1. We take spheres of radius 250 nm, and
rods with length equal to the waist W , width a = 50 nm and arc length L = 50 nm.

Using a laser of 1064 nm, and a ratio I0/W 2
0 = 2 Wµm−4, one has that the trapping

frequency of the center-of-mass translation for the dielectric sphere provided by the optical
tweezers is ωt = 2π × 351 kHz (see equation (E.3)). Hence, κ/ωt ∼ 0.53 places us well in
the good cavity regime required for ground state cooling. On the other hand, the enhanced
optomechanical coupling, with laser powers of 0.5 mW, gives g = 2π × 182 kHz, which also
places us in the strong coupling regime g & κ, γ .

Regarding the dielectric rod, for the translational motion cooling scheme, we achieve
trapping frequencies of ωt,z = 2π × 552 kHz and ωt,φ = 2π × 848 kHz, and optomechanical
coupling of gz = 2π × 243 kHz. For the rotational cooling, one has trapping frequencies
ωt,z = 2π × 492 kHz, ωt,φ = 2π × 503 kHz, and optomechanical coupling gφ = 2π × 276 kHz.
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We assumed driving powers for mode-1 of 4 mW. In both cases, one gets the good cavity and
strong coupling regimes.

Optical grade fused silica presents very low absorption at 1064 nm, with ε1 = 2.1 and
ε2 = 2.5 × 10−10. In these experimental conditions, the bulk temperature achieved for the
dielectric spheres is estimated to be just around four degrees above the room temperature when
using the optical tweezers.
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Trapping and cooling inside a high finnesse laser cavity

Abstract: The main objective of this thesis is to developed a high finesse cavity
and control it in order to get it stable to any kind of perturbation due to the laser
beam impacts or temperature changes or outside noise that can affect to it.
To achieve this goal, we designed a nearly perfect confocal cavity perfectly aligned
with a piezo on each mirror to have a good control of the cavity length and then we
developed a LabView software to control an FPGA in charge of controlling it with
a PID method just reading the transmission.
First, we should choose the system to developed and study which modes will we use
and the length of the cavity to match the modes inside but maintaining it stable.
The second thing to do is mount it in the laboratory and be sensitive to the mount
and any misalignment, so perfect alignment is necessary for that.
Finally, we have to check all the work done by turning on the aligned system and
controlling it with the developed software. When everything is achieved the cavity
will be stable.
All this research work has been implemented with high sensitive optical material
and LabView software with an FPGA card of National Instruments at ICFO.
Keywords: High finesse cavity, Laser resonance, Fabry-Perot interferometer,
Schrodinger Virus, Trapping and Cooling.
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