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Chapter 1 

 

1. Introduction 

Nowadays, people are very familiarized with the concept of a Positioning System. The 

generalization of the GPS through the mobile devices has eased the spreading of this concept. 

However, GPS might not be the best option for certain academic or industrial applications. The 

reasons include its precision of several meters, a relatively noisy output, its not-internationally 

supported infrastructure, among others. Nevertheless, the GPS system is not the only one 

available when thinking about a solution to a localization system; in the last few decades, 

several lines of research have appeared in this field. Systems working with continuous and 

modulated waves, optical frequencies or sound waves are other options that, nowadays, are 

available or under study.  

Keeping this in mind, researchers of the Remote Sensing Laboratory (RS-Lab) have started the 

project of building their own Positioning System. It will have as much precision as a used-in-

clear-sky GPS but also will contribute to the state of art of this field. Along this document, there 

will be a detailed research about what it has been done in the matter, a description of the given 

constraints, a qualitative and mathematical analysis of the problem and a feasibility study. 

1.1 Motivation: SABRINA 2.0 

Among SAR (Synthetic Aperture Radar) systems, Bistatic Radars is a 20-year old field whose 

lines of research are continuously growing. This kind of systems presents new advantages due 

to its particular geometry and scattering mechanisms. Nevertheless, they also come with a set of 

new technological characteristics that need to be studied, like the synchronization issues 

provoked by the separation of the transmitter and receiver branches.  
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SABRINA (SAR Bistatic Receiver for INterferometric Applications), as in [1], is a radar receiver 

currently being developed in the RS-Lab at the Universitat Politècnica de Catalunya (UPC). This 

receiver uses missions of the European Space Agency (ESA), such as ERS-2 and ENVISAT, as 

transmitters of opportunity; it comprises an RF front-end and a digitalization stage 

implementing 4 channels in total and its purpose is the study of Bistatic-SAR systems. It will be 

used as an experimental platform to collect data on scattering phenomena, processing and 

hardware related aspects –particularly those related to synchronization [2] [3].  

Right now, it is used on ground pointing one of the antennae to the satellite (Direct Path) and 

the rest of them to the area of interest which will be called “Scene”. However, the future 

versions of SABRINA are intended to be placed onboard of an UAV (Unmanned Aerial Vehicle) 

that will have less directive antennae and will cover a wider Scene. This aerial prototype will 

eliminate the geometric limitations of the ground-based receiver.  

These new characteristics bring as many advantages as new challenges. The key factor is the 

stability of the platform because it is the main issue affecting the measurements taken in the air. 

The more we know about the exact position of the platform, the better the after-processing 

results. Therefore, a system capable of giving us that information will be required in order to 

proceed to SABRINA 2.0. 

1.2 Objectives 

The general objective concerning to this Master Thesis is: 

1. The theoretical design of a Positioning System that allows to determine the precise 

location of an UAV, whether it is a balloon or an airplane. 

In order to achieve it, the designed device will make use of at least 3 ground stations (Anchor 

nodes) and a phase synchronization system that will be described in Section 3.2. Several specific 

objectives have also been defined concerning the aforementioned elements: 

a. Evaluate the possibility of using transmitting or receiving anchor nodes. 

b. Design and analyze the structure of signal to be transmitted. 

c. Develop the required mathematical calculations and extend the notation to 3D when 

necessary. 

d. Study the behavior of the phase along the transmission path. 

e. Present a performance analysis based on the calculations and the possible error sources.  

f. Make a proposal of a real implementation. 
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Along the document, the existing algorithms and estimation methods used in localization 

problems will be presented. After the appropriate analysis, a solution will be proposed. Said 

solution will fulfill the constraints although further optimization might be required.  
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Chapter 2 

 

2. Background - State of the art 

Obviously, every time the words “positioning” and “system” are mentioned together, the first 

thought that comes to the mind is the GPS, but as it was said before, it is not the only answer. In 

the following lines a series of solutions given to the problem of location will be presented as 

well as the basics on this issue. In the very end of the chapter there will be a commercial recent 

example that covers some of the desired characteristics in the final version of the Positioning 

System.  

 

2.1 Elements in a Positioning System 

In a Positioning System the elements can be divided in two categories: 

 Physical Elements: those devices that make possible the implementation. 

 Schematic Elements: Procedures or additional tools necessary for the Physical Elements 

to work. 

Among the Physical Elements we have the Anchor nodes and User nodes. They are defined in 

plural because most of the time (depending on how many dimension the solution is wanted to 

be) you need more than 1 Anchor node and, besides, it is possible that your target might not be 

unique, e.g. cellphones inside a hexagonal network. When we talk about an Anchor or a User 

node, we are making reference to something as simple as a transmitter, a receiver or a 

combination of both. The difference is that Anchor nodes are static and its locations are known 

inside certain area/volume (again it depends on the dimensions of the problem); whereas User 

nodes are the targets whose positions are unknown and are, in principle, moving inside the 
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Scene. The utilization of certain device (transmitter, receiver or transceiver) depends on the 

implemented architecture and it is intimately bounded to the Schematic elements.  

The Schematic Elements are methods, procedures or any kind of reasoning applied to signals 

involved in the Positioning System. They include the information we extract from the signals 

and the processing that we apply to that information. Among the means used to extract 

information from the arriving signal we have “Angle Of Arrival” (AOA) or “Direction Finding” 

(DF) used mainly in direction-based systems, whereas when finding just the distance we have 

“Received Signal Strength” (RSS), carrier signal “Phase Of Arrival” (POA), “Time of Arrival” 

(TOA) and “Time Difference Of Arrival” (TDOA); “Frequency Difference of Arrival” (FDOA) 

and “Doppler Difference” (DD) [4]. Depending on the chosen method, the algorithm that will 

ultimately deliver the location will be different. This algorithm comprises the last stage of the 

Positioning System and becomes more complex as the measurements are less reliable. 

Next, the definition of some of the Schematic Elements will be extended due to the relevance 

that they represent.  

 

2.2 Estimation Methods 

2.2.1 RSS Estimation 

The Received Signal Strength method uses the Large-scale propagation model to predict the 

distance from the User node to the Anchor node. This model expresses the received power as: 

     ( ),   -    (  ),   -        .
 

  
/       (1) 

 

Where   ( ) is the measured received power in dBm,   (  ) is the received power at the close-

in reference distance   ,   is the exponent of attenuation of the channel which indicates at what 

rate the path loss increases; and finally,    is the unknown variable that represents the distance 

to be found.    is a random Gaussian variable that describes the shadowing effects.  

The model is simple but very sensitive to multipath and the fact that you need a reference map 

(the one containing the measurements to as many   ’s as the developer wants) makes it 

unpractical for certain situations. Besides, it depends on many of the characteristics of the 

channel [5], it is heavily affected by fast multipath fading and its precision is jeopardized as the 

User node moves away from the Anchor nodes.  
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2.2.2 TOA and TDOA Estimation 

TOA and TDOA techniques are based on time or phase measurements and mainly rely on the 

fact that the speed of an electromagnetic signal in air can be approximated to the one in free 

space. There are two types of TOA measurements: those that use a narrowband signal 

extracting its phase and those that use a wideband signal taking the time itself from it [6]. For 

the first one, since the time of arrival of a signal   is related to the phase through        , by 

measuring the phase of the incoming carrier with angular frequency    we can find the TOA of 

the signal. For the second one, we use a signal with a wider bandwidth (wideband or UWB). 

Said signal is chosen such that it satisfies the orthonormal relation: 

 
∫  ( )    (  )     ( )
 

 

 
(2) 

For instance, using a Pseudo-random Noise (PN) sequence (called Direct Sequence Spread 

Spectrum or DSSS) or a Chirp signal we can make optimal detections through match filtering or 

sliding correlators. Plus, the gain of the detection provides strength in front of interferences. 

Now, if it comes to evaluate the performance of one in front of the other, the narrowband 

option has a drawback. Due to its dependence on the phase, multipath channels are its natural 

enemy. In a multipath channel, the arriving signal has not the phase of the direct path channel, 

but the sum of the phase of every incoming scattered signal. In this order of ideas, the measured 

phase at the detector would be contaminated and hence not precise. It gets even worse due to 

the its periodic behavior. This is why wideband measurements are the most popular and 

studied.  

Even though TOA measurements are effective and highly accurate when using extremely short 

Ultra Wide Band (UWB) pulses, it has a single requirement that in some cases might become a 

problem: all transmitters and receivers in the system must be perfectly synchronized. Besides, 

the transmitted signal must also have a timestamp, so that the receiver can make calculations 

from it. These two characteristics of the TOA measurement system might not be a problem 

when deploying a huge infrastructure of satellites comprising atomic clocks and a very well 

structured signal but for more humble applications, e.g. in universities, it might be easier if all 

of that could be put away. It is in this scenario that TDOA shows up. TDOA, as its name states 

it, is based on the difference of times instead of the absolute time of arrival. This variation upon 

the regular TOA completely modifies the geometry of the problem, but it is still solvable and it 

will be explained later on. 
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2.2.3 AOA Estimation 

AOA Estimations (also called Direction Of Arrival or Direct Finding) is a rather different 

method because it uses an array of antennae to determine the direction of arrival of a signal. It is 

advantageous because of the few measurements needed, the absence of time synchronization 

and the high precision that can be achieved. However, in order to reach that level of usefulness, 

the structure of the array would need to be complicated (the more complicated, the better the 

results). Besides, since it depends on the antennae radiation patterns, it is sensitive to multipath, 

shadowing and distance to the measurement nodes.  

 

2.3 Algorithms 

After the estimation is done, it is necessary to implement the correct algorithm to extract the 

distance information. Among the available algorithms we can find: 

2.3.1 Trilateration Algorithm 

In this algorithm, the position of the User node (in 2D) is calculated from the TOA/RSS 

measurements to 3 Anchor nodes. The problem is simple: each measurement establishes a circle 

of possible solutions. When having 3 measurements, the ambiguity disappears. 

Anchor Nodes

User Node

1

2

3

R1

R2

R3

 

Figure 1. Trilateration situation 

 

The set of equation are expressed in (3) and the situation is better illustrated in Figure 1. It is 

important to have in mind that if the solution is wanted in 3D, the required theoretical 

measurements are 4.  
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  (     )  √(    )
  (    )

          (3) 

 

Once the 3 equations are stated, solving them should be an optimization task in order to 

minimize the error. A common cost function used in this type of algorithm is: 

      ( )  ∑   
   

 ( ) 
       (4) 

 

Where    reflects the reliability of the signal received at the node i and    ( ) is defined as: 

      ( )   (     )  √(    )
  (    )

    (5)  

2.3.2 Multilateration Algorithm 

Whereas Trilateration estimates distance from 3 Anchor nodes, Multilateration works 

calculating TDOA from multiple sources.  

1

2

3R1

R2

1

R2 - R1

2

3R1 R3

R3 - R1

1

2

3

R2

R3

R3 – R2

1

 

Figure 2. Multilateration System Architecture. 

 

With the same information that TOA uses, TDOA extracts 3 differences of ranges (6). Because it 

works with differences, Multilateration leads to a hyperbolic system of equation. Each of the 

extracted differentials is supposed to be constant to fulfill the hyperbola’s principle. The benefit 

brought by this method is that timestamps can now be disregarded.    

      (     )           (6) 

From this set of range differences, the equation of a hyperbola can be built since the foci 

locations are already known: it is the Anchor nodes i and j. Solving the hyperbolic system is the 
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real challenge in this algorithm. Some authors have used the straight-forward hyperbolic lines 

of positions [7] [8] [9]; others, using extra anchor nodes, have defined conic axes [10]  and some 

others have tried to linearize deriving redundant and non-redundant, iterative and close-form 

procedures. But it is not the objective of this document to go deep in each one of them.  

2.3.3 Triangulation Algorithm 

Finally, the triangulation method uses the AOA Estimation (Figure 3) by intersecting N Anchor 

Nodes, as the desired solution is N-dimensional. Once again, the advantage in front of the 

previous ones is the absence of any synchronization but the drawbacks are, in the same way, 

inherited from the Estimation: fading, shadowing or physical limitations of the nodes that 

impede them to be optimal at large distances.  

Ω1 Ω2

 

Figure 3. Triangulation Situation 

 

 

It is true that Physical and Schematic Elements have certain relations. Once you start defining 

your system, it pretty much starts getting short of options. Nevertheless, in real systems it is 

more common to use combinations of the aforementioned Elements rather than sticking to just 

one. Besides, mixing estimations (hence algorithms) or even devices gives the system more 

means to extract the information which means that the accuracy will increase. The price to pay: 

of course, the complexity. But now that the background and the basics of a Positioning System 

have been settled, it is time to show some of the previous work in this area beginning with the 

Satellite-based systems, going through alternative electromagnetic solutions and finally 

showing a real commercial example in which complexity is the tip of the iceberg. 
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2.4 Examples of Positioning Systems 

2.4.1 Satellite-Based Positioning Systems 

2.4.1.1 GLONASS 

GLONASS (ГЛОбальная НАвигационная Спутниковая Система) is the Russian Global 

Navigation Satellite System (GNSS) that has been working since 1982. It is the most expensive 

program of the Russian Space Agency consuming one third of their budget in 2010. Its 

constellation nominally consists of 24 satellites but due to the short life design of those, the 

number has decayed to around 13 in 2008. The signal is Spread-Spectrum type and broadcasted 

in two bands referred as L1 and L2. The satellites broadcast two DSSS signals in the L1 band. 

Since the accuracy is intended to be for civilian purposes, the generated length is 511 and the 

chip-rate is 0.511MHz. The military uses the L2 carrier which has a chip rate 10 times larger. 

Concerning the ground control segment, it comprises 10 monitor stations located in Russia and 

some additional facilities that control the satellites. The user equipment is capable of providing 

the position referred to Earth Parameter System 1990 (PZ-90) in contrast to the ICAO’s 

(International Civil Aviation Organization’s) standards that require WGS-84 [11]. 

2.4.1.2 GALILEO  

GALILEO [12] [13] is defined by the ESA as the European Global Navigation Satellite System that 

will be fully operable by 2014. For several reasons, Europe has started to develop its own 

satellite-based navigation system whose accuracy and range of uses is intended to be higher 

and wider respectively than its current equals, the GPS and GLONASS Systems. Though new 

and innovative, GALILEO will be compatible with the current systems, which means that users 

will be able to use any kind of combinations of satellites from all 3 constellations (Figure 4).  

GALILEO will ensure a full operability under extreme conditions and, as an innovating feature, 

it will provide feedback to the users. The complete constellation will comprise 30 satellites: 27 

operating and 3 spares. These satellites will circle the Earth in a Medium Earth Orbit of 23.222 

Km height and 56 degrees of inclination with respect to the equatorial plane. This large angle 

will allow countries at latitudes up to 75 degrees north to have a very good coverage. In Europe, 

this was thought for Scandinavian countries such as Norway where the GPS service is very 

poor. The large number of satellites was planned so that the user could always see from 6 to 8 

satellites with a minimum probability of 90%. Besides, the orbits have been optimized in order 

to improve the coverage in cities where high buildings block the signal [14]. 
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From the point of view of Europe, its inhabitants will be offered a new set of opportunities and 

applications as well as less traffic, less pollution (due to efficient routing), safer transport and 

effective rescue operations. Besides, GALILEO will give Europe independence from other 

regions in the economic and political arena and also a raw estimated income of around 90 

billion euro before 2027, which is significantly higher than the building, operation and 

maintenance of the system itself. 

2.4.1.3 GPS 

GPS (Global Positioning System) is a satellite based system that can provide 3D location and 

time information to anyone with the appropriate receiver. It belongs to the United States and 

was originally built for military applications but it is currently being used for civilian purposes. 

It comprises 3 segments: Space, Control and User segment. The space segment is composed by 

24 – 32 satellites illustrated in Figure 4, although users need to have direct view to only three in 

order to retrieve their location information.  

 

Figure 4. GPS (Left) and Galileo (Right) Constellations. 

 

The –civilian- GPS signal is a CDMA 30-seconds low rate information modulated with a high 

rate PN sequence and broadcasted at two frequencies: 1.57142 GHz and 1.2276 GHz. The 

information is coded such that there is a differentiation between what civilians and military 

personnel can retrieve from it. Besides the rate at which military information is transmitted is 10 

times faster. Each satellite uses a different Gold code to encrypt its position and time (orbital 

information called ephemeris) meaning that the receiver must be aware of which satellite’s 

information it is collecting to make a correct decoding. Because the satellite sends time 

information, the method used by the receiver to deduce its location is the trilateration which can 

be done with an accuracy of a few meters. The few downsides of this System are the low TTFF 
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(Time To First Fix) for emergency services, the degrading of the signal upon blockage by 

buildings and the control that the United States have over it. These reasons pushed people to 

research and develop smaller (at a local magnitude) systems to locate their devices. 

2.4.2 Monotone-based System  

Wang [15] and his fellows studied about what it was to use a simple monotone to locate an 

object inside a network of anchor nodes using the Diophantine equations as shown in [16].  In 

order to find the distance, the authors built a system of equations with the information that is 

included in the phase of the signal when it propagates from the transmitter to the receiver. 

 

Figure 5. Phase Model in Wang's System 

 

Summarizing, they consider a simple system (like in Figure 5) with one transmitter and one 

receiver and send a monotone signal from one to the other. The signal can be expressed: 

        ( )    
  (             )   (7) 

 

After going from the transmitter to the receiver and considering the difference of frequency    

of the local oscillators, their initial phases (      and      ) and the phases introduced by each 

one of the devices (    and    ) and the path  ( )  
  

 
 , the base-banded signal at the receiver 

is: 

      ( )     ( )        
 ( )      (                     ( )    ) ( ) 

 

As we can see, there is valuable information about the distance, but it is contaminated with the 

rest of the added phases. So, what they do, is to take turns: they split the time in two slots, the 

first one dedicated to synchronize the transmitters and the second one to do the actual 

measurement, like in Figure 6. While in T1, two of the anchor nodes listen and the other one 

transmits. This allows the listening nodes to adjust their frequency using a Phase Locked Loop 

(PLL). Next, the listening nodes switch to transmit mode and send the output of their PLL to the 

remaining Anchor node. The latter computes a correction factor and retransmits it to the former 

nodes, completing the synchronization process. The procedure is done one listening node at the 

time. Now, in T2, the difference in the carrier frequency and the added phases are virtually 
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gone, having in the receiver (User Node) a measurement of the phase that is proportional to the 

difference of the distances from itself to the transmitting anchor nodes: 

     (   )        .
   

   
⁄ /    .

     

 
/ (      )  (9) 

 

 

Figure 6. Wang's System Timing Sequence 

 

2.4.3 Chirp-based System 

As an example of a Chirp-based system, it is presented the situation studied in [17]. In this case,  

the authors use Linear Frequency Modulated (LFM) Chirps to estimate the location of Radio 

Frequency Identifications (RFID) tags. Building an architecture as in Figure 7, they are able to 

retrieve the distance information from the frequency shift produced by the difference of paths 

that the signal travels when arriving to one or another Anchor Node. Just like in FM-CW radars, 

the transmitted chirp is de-ramped to obtain a monotone signal whose frequency is 

proportional to the aforementioned difference. First using TDOA and then scaling the 

frequency axis of the FFT to match the duration of the chirp, their method is based in a 

Multilateration algorithm that yields the following relationship: 

 

   
   (     )

⏞    
    

  
  

       

(10) 

 

In (10) can be seen that the proportionality constant depends on the chirp parameters    and 

  , duration and bandwidth respectively, which have to be chosen adequately not to jump 

more than 1 cycle in each measurement.  

In their case, the User Node is the transmitter, whereas the Anchor Nodes just listen. Since it 

was designed to work indoors, Anchor Nodes are basically Antenna Units whose separation, 

according to the paper, is around 20m. The advantages of this system is that they have 

completely avoided time synchronization by using a TDOA Estimation and the circuitry is quite 

simple leaving the digital part just by the end when the FFT is calculated.  
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The performance is very good. Probabilities of detection of more than 75% were presented in 

experimental tests run in cables as well as over the air. Obviously, using a cable as path worked 

better since multipath was avoided but the indoors environment just added some extra 

experience like watching interference from Bluetooth or Digital TV that work in the same band 

that they did.   

 

Figure 7. Chirp System Example Architecture. 

2.4.4 TRX Sentrix – Commercial Example 

TRX Sentrix is a commercial solution given by TRX Systems [18] that implements what a final 

state of a Positioning System should be: it takes measurements from accelerometers, 

gyroscopes, a compass, RF signals, an altimeter and a GPS receiver and mixes them to create a 

real-time very selective Location System.  

 

Figure 8. TRX Systems' Sentrix 
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As it takes measurements, it processes the data and classifies it such that those sensors not 

working properly or giving false alarms can be excluded from the analysis. With these 

characteristics, the system can work indoors and outdoors without any difficulty. It comprises a 

Tracking Unit that is held by the User. This unit senses every movement made by the holder 

and wirelessly sends the data to a Command Unit which consists in a screen and keyboard to 

process and visualize the results. Figure 8 shows the station and a screenshot while processing. 

Though not having a good detail due to how distant the results are in the screen, they consist in 

a series of identifiers for each user and a continuous track that shows its movements. For 

instance, because of the way it moved, the green-track identifier of the center is assumed to be 

going up in an elevator. More information and some demonstrations can be found in [19]. 
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Chapter 3 

 

3. System Design  

The possible options for a Positioning System have been presented in Chapter 2. Now, the 

actual situation of design will be explained. The different constraints will be analyzed and a 

mathematical support will be given in two different perspectives (algebraic and vectorial). In 

the summary of the chapter there will be the characteristics of the prototype design.  

 

3.1 Elements to define 

3.1.1 Design Constraints 

In the future, the SAR receiver is intended to be put onboard of an UAV because as it gains 

height, the steeper angle provides a better view of the scene. This new step in the 

implementation of SABRINA brings new issues to be considered. Even though SABRINA’s 

UAV is planned to be a zeppelin –more precisely a balloon-kite artifact shown in Figure 9, there 

are other projects that could benefit from a location system. For instance, in the RS-Lab there are 

also projects that fly onboard of model airplanes. Now, in front of an airplane, the balloon is a 

simplified case because of the ascending trajectory and the relative slow movement. This is true, 

of course, in good weather conditions; otherwise, sudden changes of direction might happen 

due to random changes in the wind. Because of this, if the design is done having in mind an 

airplane as the final UAV target, the most complex case would have been foreseen. 
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Figure 9. Helikite Picture showed in their website. 

 

A second constraint includes the use of phase measurements to refine the positioning. The 

distance information provided by the phase is vital when small changes want to be registered. 

However, the phase is a very problematic characteristic of a signal. Besides of being periodical, 

in local oscillators the phase is characterized as a random variable. It will be seen in section 

3.3.2.2.2 that phase measurements (and the effectiveness of the information that they provide) 

are very much affected by local oscillators. The Bistatic group counts with a Phase Synchronizer 

(PS) System that the Positioning System can use to control each oscillator’s phases. The PS 

system is composed by two units (that in principle are separated) and have a dedicated channel 

between them. It syncs the phase of the local oscillator of the Remote Unit with the one in the 

Central Unit. The synchronized phase is used in the Remote Unit to up-convert the Positioning 

Signal. In section 3.2 of this chapter, it will be explained how the phase synchronization works, 

the effects it has in the calculations and this constraint will be better understood. 

A third constraint in the system is the utilization of “single-function” nodes, meaning devices 

working as Transmitters or Receivers but not both at the same time. The main reason to embrace 

this implementation is the simplification of the hardware. This will allow the system to make a 

difference in front of the state of the art where almost every option includes a transceiver. 

Therefore, to simplify the hardware, the Positioning System will be designed to work under 

those conditions in both ends of the transmitter-receiver chain  
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Finally, since the system will be used on airplanes, it must be an outdoors system which means 

that the Anchor Nodes will be spread in a considerably large area. This is somehow possible 

thanks to the phase synchronization system, but the point is that, in contrast with the system 

presented in [17], Anchor Nodes will not be able to be just Antenna Units. 

Now it is time to start defining each one of the aspects of the system that will characterize the 

hardware: first of all the architecture (Tx-Anchor Nodes + Rx-User Nodes or viceversa), the 

signal to be used and finally, the sampling frequencies. 

3.1.2 System Architecture 

If a generalized architecture were to be drawn in this document, Figure 10 would be the best 

representation. It clearly shows Anchor Nodes as well as the User Node (singular in case of the 

system in question) without specifying the nature of them. Table 1 summarizes the 

advantages/disadvantages of each scheme.  

Flight Direction

Control Singals

RF Signals
Control Base

Scene

 

Figure 10. General System Architecture. 

 

Despite of the time synchronization needed between the Anchor Nodes, it seems that setting the 

User Node as a Receiver would be more practical. In addition, the Positioning System could use 

one of SABRINA’s channels to perform the down-conversion. So, from this moment on, this will 

be the architecture to be designed in this document. A comment about optimized topologies 

will be done after presenting the Error Theory in section 3.4.3.2.1 
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3.1.3 Estimation Technique and Transmitted Signal 

It was seen in [15] and [17] that there is not a unique type of signal when it comes to design a 

Positioning System. The GPS itself uses a tremendously complex structure in its signal which is 

comprehensible due to the system characteristics such as: the type of coding and ephemeris 

transmission, among others. Now, considering that the system will count with “single-function” 

devices, TOA is already discarded. RSS was said to be straight-forward though impractical 

when building it. TDOA, on the other hand, has been proved to be effective and fits in one of 

the constraints. But what kind of TDOA should be adopted? Multipath, again, impedes the use 

of narrow band signals. On the other hand, according to [17], PN sequences require high 

sampling rates as well as strong computation abilities and UWB are well fitted to work indoors 

but even in this situation, suffer from clock jitter and also require high sampling rates. So, the 

Positioning System should take the benefits of each one of the last 2 options and work in the 

middle ground. Using a chirp, it is obtained a signal with a bandwidth wide enough to achieve 

a good resolution and, at the same time, with the time precision that a decoded PN sequence 

can offer. 

 

  

It has already been designed and tested. It would have to be designed. 

On board Processing is possible. Post-processing is the only way to treat data. 

One receiver means one acquisition. The receiver hardware would have to be replicated. 

There has to be a way to control the Tx’s. No synchronization/control signal required. 

Data acquisition would be selective. There can be a continuous acquisition. 

Table 1. Contrast of the possible Schemes. 

 

3.1.4 Sampling Frequencies 

Just like in Bistatic Radars, where one of the ending platforms is a moving, the Positioning 

System will also have two kinds of sampling frequencies. Each one of the frequencies will be 

UAV 

Rx 

Tx1 
Tx2 

Tx3 
UAV 

Tx 

Rx1 
Rx2 

Rx3 
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associated to slow and fast changes in the transmitted signal including the ones provoked by 

the movement of the aerial platform. The sampling is, thereby, dependent on the dynamics of 

the elements in the system. It will be defined here as    for sampling the chirp and     
 

   
 for 

sampling the different transmissions of the chirp, being PRI the pulse repetition interval. 

However, due to the lack of feedback between the transmitter and receiver (given by the chosen 

architecture), the transmitters will not be able to adjust their PRF according to the UAV’s speed. 

This means that the design of this parameter will have to be done for the worst case: the top 

speed.  

 

3.2 Phase Synchronization Scheme 

 

LSBG USBGT. Line
fop  <y

fref/2 <q/2

/2

fref  <q

fdif  <a

CENTRAL UNIT

fdif ,fref   

fop   

fop  <fout

REMOTE UNIT

 

Figure 11. Simplified Phase Synchronization Scheme. 

 

Till now, the Phase Synchronization System has been referenced several times. It is not  part of 

the design of the Positioning System but it certainly plays a big role. First of all, phase 

synchronization” means that given a signal at               with phase  , it is desired to 

provide the exact same signal at a given distance (Remote Unit), i.e. the Remote Unit will have 

in its output       . This is not a straightforward problem due to phase shift provoked by the 

distance travelled by the signal. However, it has been developed a method in [20] that 

successfully achieves it and it will be explained below.  

First, two tones,        and        , are transmitted from the Central to the Remote Unit. At the 

Remote Unit, the tones will be received with an added phase       
   

    
  and       

   

    
 being 

r the length of the transmission line. Those phases are the result of the propagation through the 

transmission line. The two signals are mixed in an Upper Side Band Generator (USBG) so that 

the output phase is: 



Theoretical Study of an RF Positioning System Using Phase Synchronized Anchor Nodes. 22 

 

 

 

                    (11) 

The output signal           is retransmitted to the Central Unit. Therefore, when received, the 

phase will be                  , wherein     is the added phase degeneration due to 

the distance. This signal is, then, mixed down with        , divided by 2 and mixed up with 

    

 
 
 

 
. The resulting signal has frequency      and phase   

             

 
. The final step is to 

mix this last signal with the desired tone        in a Lower Side Band Generator (LSBG). This 

allows to conclude that   is: 

       
             

 
 (12) 

If this value is replaced in (11), the actual value of      can be found as shown in (13). 

        
             

 
 (13) 

In a non-dispersive transmission line,               . Which will lead to       . 

 

3.3 Design Calculations 

3.3.1 Signal Characteristics 

Before detailing the different techniques to find the distance, the signal to use must be 

characterized. The entire timing constraints will be presented in this subsection.  

3.3.1.1 Tx-Rx Chain 

The theoretical path that the signal has to cross is described in Figure 12. 

Chirp 
Generation

1
Mixer

Tx 
Additional 

Phase
Path

Rx 
Additional 

Phase

Chirp 
Matched 

Filter

Mixer

A/D 
&

 Processing

2 3

Rx L.O.Tx L.O.

4

 

Figure 12. Tx - Rx Chain. 

 

The transmitters’ Local Oscillators have a frequency    and an initial phase      . The receiver 

is supposed to have the exact same frequency due to hardware mounting. However, because of 

the phase noise and not-deterministic phase of the local oscillators:            . More about 

this source of error will be seen at subsection 3.3.2.2.2. It will also be assumed that       is the 
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same for all the transmitters because of the use of the Phase Synchronization System between 

them.  

The signal at point 1 (shown in Figure 12) is defined as: 

  ( )           
 
 | |  

      

 
 (14) 

which denotes a common chirp with chirp-rate    (in Hz/s). Equation (14) describes the ideal 

mathematical expression of a Chirp.  

 At point 2, the signal has been mixed with the local oscillator and gone through the entire 

transmitter. When the chirp is radiated it has the form: 

        ( )     
   (    

 
 ⁄    

     )    (  ) 

 

Being     the normalized phase (with respect to   ) added by the transmitter. This phase is the 

result of adding the initial phase of the chirp (which can be controlled at its generation in the 

Direct Digital Synthesizer or DDS), the initial phase of the transmitter (     ) and the phase 

introduced by transmitter chain.  

The signal will propagate a variable distance r to its destination: the UAV. Every time it is 

transmitted, it will experience a different change of phase. Measuring this phase will add 

information that can also be translated to the space domain. In this case, the retrieved 

information describes small variations in the movement of the UAV. The variations can be 

sampled as much as it is wanted by varying the PRF. This is the idea behind the slow time 

sampling frequency. The goal is not to allow a variation larger than half a wavelength in order 

to avoid ambiguities in the phase measurements. 

Just before the mixing stage, at point 3, in the receiver the chirp is: 

   ( )    
   (    

 
 ⁄    

         )     (  ) 
 

In (  ),   is the wave number defined as the rate of    over the wavelength and     is the 

phase introduced by the receiver chain. Both     and     are variables that depend on the 

fabrication of the element as well as an initial value that they take once the element is powered. 

Notice that even though they can be random, they will not change along one flight meaning 

that their contribution can be seen as one more constant. This fact will be useful when extracting 

the information from the phase that is based on differences along time. 



Theoretical Study of an RF Positioning System Using Phase Synchronized Anchor Nodes. 24 

 

 

 

Next, the signal is mixed with the receiver local oscillator and filtered to keep the baseband 

part. At point 4, what enters in the processing block is: 

   ( )     
   (   ⁄    

         )         (
 
 ⁄    

 ) (17) 

where there is no trace of the local oscillator except for its phases (in the transmitter and 

receiver). As it can be seen, valuable information about the distance is kept in the phase of (17). 

However, the phase is periodic and no matter how long the signal travels, the value of r that can 

be retrieved from that phase will always be less or equal to one of the carrier’s wavelength. The 

solution to this issue will be discussed in sections 3.3.2.2.1 and 3.3.2.2.2. 

3.3.1.2 Transmission time delay 

Due to the fact that all the transmitters will broadcast the same chirp with the same parameters 

and with  the same carrier, the only way to differentiate one from the other in the receiver is by 

making a time shift between transmissions. This separation cannot be arbitrary; it should be 

adjusted according to the Scene dimensions and the Pulse Repetition Interval (PRI). For 

instance, if the Scene were to include the UPC and its surroundings, the approximate diameter 

of extension would be 2 Km (             ). Thus, the signal from one transmitter must be 

separated from the other one at least 
    

 
 seconds, where c is the speed of light. For c = 

299792458 m/s, the separation            . If this delay is not enough or a safer interval is 

required, the separation can be increased but it must be considered that there is an upper 

bound. Because there is a continuous emission of chirps, all the transmitted signals must fit 

inside one period of repetition. The equation that summarizes this situation, assuming a 

uniformly distributed emission of signals is: 

 
      
 

     
   

   
 (18) 

Where     is the number of Anchor transmitting nodes of the architecture, in the most simple 

case (2 dimensions),     would be 3.  

3.3.1.3 Chirp Compression 

As it can be seen in (17),    ( ) is composed by a constant phase term and the variable terms 

involved in the convolution. However, a corrected expression for   ( ) should include the delay 

presented in 3.3.1.2. So, equation (17) can be rewritten for transmitter i as: 

     ( )      
      

 
∏ (  (   )     )

      

     (  )
 
∏ (  )

      

 
(19) 
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In (19) it has clearly been expressed that the matched filter is the mirrored-in-time conjugated 

version of the original signal (the Chirp). Plus, the factor    is a constant that includes all the 

phases of  (17) that are not time dependent and finally, the rectangle pulse function  ∏( ) is 

included. The convolution is easily solved and the result is given in (20). 

   ( )     (|     |        )    *  ((      
      
 
)
 

 
      
 

 
)+  |     |         (20) 

 

where        is the duration of the rectangle pulse that envelopes the chirp. In other words, it is 

the total time of the chirp within the PRI.  

Figure 13 shows a graph of (20) with                         
  

 
    

    

  
           

and          . We can see that the compressed pulse is centered at       and has a 

amplitude that matches the rectangular pulse duration. This characteristic of the convolution 

will be handy if the path crossed by the Chirp reduces its peak power considerably. In those 

conditions, an additional convolution gain can be obtained by playing with this variable. 

 

 

Figure 13. Compressed Chirp Expression. 

 

 

Concerning the resolution, it is well known the expression at the -3dB level: 

          
 

  
  (21) 

that in radar is (generally) divided by the so famous factor 2 given by the round trip. In the 

Positioning System, where the signal is radiated just once, the achievable resolution is the 

double and depends only on the bandwidth. Further validations in this topic will be done in 

section 3.5. 
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3.3.1.4 Signal Broadcast Structure 

Along this chapter, there have been progressively introduced the various constraints and 

elements which are necessary to design a Positioning System. Now, it is time to define the way 

the Chirp will be transmitted, i.e. having characterized the external elements, the design can 

proceed to the chirp parameters. The situation has been depicted in Figure 14. 

. . .

Tchirp

PRI

N samples

 

Figure 14. Time Structure of intervals for baseband Chirps. 

 

The variable        is actually the one mentioned in previous calculations and can be calculated 

from the desired bandwidth and the chirp rate as: 

        
  

  
 (22) 

However, inside this time, there should be   samples at a sampling frequency    that should 

fulfill Nyquist, meaning that        . So, the previous variable        can also be expressed 

as: 

        
 

  
 (23) 

By combining (22) and (23), given some of those parameters, the rest can be calculated. For 

instance, given the desired   ,    and the sampling frequency, the number of samples in the 

chirp would be: 

   
     
  

 (24) 

In (24), N will take exactly that value for the strictly fulfilled Nyquist. In any other case, it will 

be multiple of it. Now, for the PRI, the expression is simple and justified in 3.1.4: 
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 ⁄

    
 (25) 

where   is the wavelength defined as     ,   denotes the spatial sampling (fraction of the 

wavelength that is sampled) and      is the speed of the UAV. The condition that must be 

fulfilled in order to make a correct spatial sampling and, because of that, q  is usually taken as 2.  

Notice that the PRI can be expressed as: 

              (26) 

 When implementing all of this variables, the ones concerning to the samples might need a little 

of extra attention. Depending on the processing, it might be better to take blocks of samples 

having lengths of powers of 2 (improving FFT calculations in the hardware). But as it was said, 

it completely depends on the way the samples are processed. For instance, taking the case in 

which the block to process contains samples for the entire PRI time, then the following 

expression should also be taken into account when designing: 

      ⟦     ⟧   (27) 

In (27)     represents the length of the entire block to process and it is being equaled to the 

power of 2 that is immediately greater than  . Any other choice of block of processing will lead 

to a different additional constraint.  

3.3.2 Retrieving the Distance Information 

3.3.2.1 Time Analysis (TDOA) 

Although TDOA is a time-difference-based method, real implementations digitize and work 

with samples. Hence, instead of finding a difference in time, it is found a difference between 

samples. This difference can also be taken to distance through the sampling frequency and the 

speed of light. 

The differences are referenced to the first incoming signal that should correspond to the first 

transmitter. Each time that any of the other signals propagates, it is delayed twice: first by its 

Anchor node (time delay introduced in 3.3.1.2) and then by the distance of propagation itself. 

The delay in samples for the latter can be expressed as: 

        
  
 

 (28) 

where the sub-index k denotes transmitter k,    is the sampling frequency and c is the speed of 

light and    is the delay given in meters. 
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Under these conditions, the TDOA Estimation between peaks i and j is: 

                [(   )       ]  ,(   )       - (29) 

     (   )    (       )  (   )    (     )       (30) 

      (     )  ((   )      )       (31) 

where    is the TDOA measured in samples and     is its translation into meters. 

 

Figure 15. General Hyperbola. 

 

At this point, half of the way is still missing to cover. Once the difference of paths is retrieved, 

solving the hyperbolic derived system is what makes each method unique.  

3.3.2.1.1 Hyperbola vs. Hyperboloid 

In the upcoming calculations, there will be developments about the geometry of the problem. 

The calculations should be done in 3 dimensions (     ) because the final solution should 

resolve the positioning in this context. However, it is going to be shown that working in 2 

dimensions or 3 dimensions is equivalent. The introduction of the third dimension is just a 

matter of adding the third variable. But it will be shown that this variable will ultimately have 

the same behavior as one of the other two. The demonstration is rather graphical: 

Considering the hyperbola in Figure 15, 2 axes of symmetry can be discerned: one along the axis 

X’ and one along the axis Y’. X’ and Y’ are rotated versions of X and Y, but this operation is 

transparent to the analysis. To generate a hyperboloid of revolution one of those two axes must 

be used. In the case of using the axis Y as axis of rotation, a “one sheet” hyperboloid (Figure 17 - 

Left) will be created. Its formula (32) describes how the third variable varies in the same way as 

the x coordinate does. 
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   (32) 

This is logical since rotating around Y means projecting the YX behavior onto the YZ plane. 

And because of this projection, it can be concluded that       . 

On the other hand, rotating around the X axis will derive: 

 
  

  
 
  

  
 
  

  
   (33) 

And the projection justification can be equally applied. In this case the projection happens onto 

the plane XZ which means that      . This kind of hyperboloids has two sheets as shown in 

Figure 17 (Right). 

Going back to the Positioning System, the model that best fits is the two sheets hyperboloid. It 

can be seen in the one sheet hyperboloid that along with the hyperbola, the foci are also 

rotating. In the Positioning System situation, the foci are the Anchor nodes whose positions are 

fix and known (Figure 16). Thus, the use of an extra dimension in the calculations would load 

them with unnecessary information. Besides, the computational time would also be increased. 

Now, it is known that any change in the X coordinate, will equivalently occur in the Z 

coordinate. This is the reason why the following calculations have been done in 2D, to simplify 

the notation, although the simulations have been performed in the 3D situation. 

 

F1

F2

X

Y

Z

(h,k,l)

X’

Y’

 

Figure 16. Hyperboloid  revolution axes and coplanar cut 
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Figure 17. One Sheet (Left) and Two Sheets (Right) hyperboloids 

3.3.2.1.2 Straightforward Solution 

 If the data were to be processed after making the acquisition, here is a valid option: with the 

difference of ranges, the equations of the hyperbolae can be reconstructed because the location 

of the foci (the transmitters) are known. It is known, by general knowledge, the shape of the 

hyperbola (shown in Figure 15) and its canonical equation: 

 
  

  
 
  

  
   (34) 

where   is the semi-major axis length and   is the semi-minor axis length. It is also known that, 

in every hyperbola, the difference (35) is constant and equals   .  

      ̅̅ ̅̅ ̅     ̅̅ ̅̅ ̅     (35) 

Plus, the distance between foci is   ‖  ⃗⃗  ⃗  ⃗⃗  ⃗‖     where         . Since the foci locations 

are known,   is given. And since   is found with (31),   can be deduced from (35). Which means 

that   can be calculated. Consequently, the hyperbola with the origin as its center and semi-

major axis parallel to the abscises can be written as: 

 
   

  
 

   

     
   (36) 

Now let the set of points (         ) be defined as: 

   ,(         )  
     

  

  
 

     
 

     
  - (37) 

  represents the hyperbola such as it is in Figure 15. That hyperbola must be shifted to its real 

center and rotated according to the locations of the transmitters that generated it. The center 

(   ) is the middle point between transmitters:  

 (   )  
 

 
(  ⃗⃗  ⃗    ⃗⃗  ⃗) (38) 

And finally the rotation angle is: 
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) (39) 

So the final expression, in matrix notation for the real hyperbola is:     

 0
     
     

1  0
        
         

1 .0
    
    

1  0
 
 
1/ (40) 

Once the three hyperbolae are defined (from the three differences of ranges), a specialized 

software for Mathematics can be used to solve the system of equations.  

3.3.2.1.3 Matrix of Differences 

Another possible solution, feasible in real time (though it depends on the processor power), is 

the definition of a Matrix of Differences; differences from every point to each transmitter. The 

algorithm creates a 3-dimensional Matrix  . Each position has the (   ) coordinate of that point 

inside the Scene. The resolution of the matrix cannot be higher than the sampling (for obvious 

reasons), but depending on the spatial sampling, the resolution can be jeopardized to gain in 

processing time.  Then, it is calculated the distance from each element of the matrix to each 

Anchor Node. Assuming   Anchor nodes, the result will be   Matrix of Distances.  

      ‖0
   
   
1  [

    
    

]‖ 
                       

                           
 (41) 

Next, one of the Anchor nodes must be fixed (e.g. the first one) and it will be calculated the 

difference of every other matrix of distance to the fixed Anchor’s Matrix of distance. There will 

have been created     Matrix of differences. The only step left is to find the point(s) whose 

difference of distances match with the measured TDOA (translated to distance difference).  

    (          )                      (42) 

where      is a matrix with the replicated TDOA measurements to match the size of     .  

However, since the Matrix is not continuous, the solution will be an interval: an area if in 2D 

and a volume if working in 3D. In Figure 18 (left), it can be seen the two branches of the 

hyperbolae for a random position when the desired resolution was 0.001 units. To the right, the 

interval of solutions is showed. Its width is 2 times the resolution which can be checked in 

Figure 19 (right) where the specific case of an user in (       )  has been chosen. Notice the 

precision under ideal conditions.  
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Figure 18. Estimated location using the Matrix of differences (Left); Detail showing the interval of 

ambiguity (Right). 

 

 

Figure 19. Particular example when the measured TDOA is 0. 

 

For the previous methods, though calling just one as “straightforward”, truth to be told, both of 

them qualify. Now a series of more elaborated algorithms will be presented. For example, what 

it is commonly found in the literature is a getaway to the non-linear characteristic of the 

hyperbolic system. Among these linearization techniques it can be found iterative methods or 

non-iterative ones. 

The non-iterative methods start by defining the TDOA measurement as: 

       (     )                 (43) 

which is the difference in range from the User node to the i-th Anchor node and first Anchor 

node. Each one of these ranges are defined: 

    √(      )
  (      )

 
 (44) 

Where, as usual, (          )  are the coordinates of the i-th Anchor node and (   ) are the 

unknown coordinates of the user node. Squaring in both sides of (44) will lead to: 

   
  (      )

  (      )
 
 (45) 
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And finally subtracting (45) evaluated at           from itself in     the linearization is 

done as it is shown in equation (46). 

 (         )  (         )  
 

 
.(    

      
 )  (    

      
 )    

    
 / (46) 

Equation (46) has the form         wher   (         )     ,   (         )      and 

  is the constant right side of the equation. In order to include the transmitter ID,   will be 

denoted as    . 

3.3.2.1.4 Direct Method 

The Direct Method uses the Matrix system of equations given for all possible values of  . The 

system can be expressed in the form      where   [
      
      

] ,     0
 
 1        [

   
   
]. In the 

case of three Anchor Nodes the solutions are: 

  ̂  
             
             

    ̂  
             
             

 (47) 

3.3.2.1.5 Least-Square Method 

Same as in 3.3.2.1.4, but now using the Least-Square Method, the estimated position would be: 

 [
 ̂
 ̂
]  (   )      (48) 

3.3.2.1.6 Chan’s Method 

Chan’s Method, presented in [21], achieves an optimal performance when solving (46). His 

method provides an asymptotically efficient estimator (meeting the Cramer-Rao Lower Bound 

or CRLB). It has a higher noise threshold and a computational advantage in front of Taylor 

Series Expansion (explained in subsection 3.3.2.1.7) eliminating the convergence problem. The 

solution, again for 3 Anchor nodes is given by (49) where        
      

         . 

 [
 ̂
 ̂
]      {[

   
   

]         [
   
       
   
       

]} (49) 

 

Now, the iterative methods are based on Taylor Series Expansion. 

3.3.2.1.7 Taylor Series Expansion Method 

Taylor Series Expansion (TSE) Method [22] is an iterative method that begins with an initial 

guess. Said guess must fulfill the close-to-the-solution condition in order to converge. The 

method starts by redefining equation (43) combining it with eq. (44): 
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   (   )  √(  (   )   )
 
 (  (   )   )

 
 √(      )

  (      )
 
              (50) 

Now, it is defined a time  ̂  being the TOA of Anchor node i such that: 

  ̂(   )    ( ̂     ̂ )              (51) 

Allowing then that   (   ) can also be written as: 

   (   )   ̂(   )    (   )   (52) 

where  (   )   is the distance difference estimation error with Covariance Matrix R.  

As it was said, the method starts with an initial guess (     ) such that         and 

       . Expanding (50) in Taylor Series until its second degree would result in: 

                     ̂(   )    (   )                  (53) 

where 

 

       (     ) 

     
   
  
(     )  

       

 ̂ 
 
  (   )    

 ̂   
 

     
   
  
(     )  

       

 ̂ 
 
  (   )    

 ̂   
 

 ̂  √(       )
  (       )

 
 

(54) 

It can be seen that equation (53) can be re written in its matrix form: 

        (55) 

Using the weighted Least square estimator, the unknown   can be calculated: 

   ,      -         (56) 

where  

    [

    
    

    
    

  
            

]    [
   
  
]    

[
 
 
 
 
 ̂        

 ̂        
 

 ̂          ]
 
 
 
 

        [

    
    
 
    

]   (57) 

 

The procedure is repeated assuming as initial guess the updated values of x and y. The 

iterations end when   and    are small enough. The method is very precise but, in time, very 

dependent on the first guess. In practice, it is not difficult to provide this first guess unless a 

real-time implementation is wanted.  Besides, calculating the Least Square in each iteration 

adds a significant computational load. 
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3.3.2.1.8 Steepest Descent Method 

When there is no hint about the location of the first guess, the Taylor Series Expansion is 

exposed to a non-convergence situation. The Steepest Descent Method [22] offers a procedure 

that is rather computationally simple and fast convergent for the initial iteration. The algorithm 

begins rewriting equation (52) as: 

  (   )    (   )   ̂(   )    (   )                 (58) 

and defining a module function: 

  (   )  ∑ ,  (   )-
 

     

   

 (59) 

When the module function reaches its minimum value, the position will have been found.  In 

other words, solving the equation (53) is the same as minimizing (59). The minimum value for 

(59) is the tangent value of it with the XY plane. Once the first guess (     ) is chosen, Vector 

Analysis Theory says that following the opposite direction to the gradient will lead to the 

minimum. 

The gradient of (59) is defined as: 

  (   )  [
  

  
 
  

  
]
 

   ∑

{
 

 
  (   )  

[
 
 
 
 

  
  (   )

 

  
  (   )]

 
 
 

}
 

      

   

 0
   
   

1 (60) 

The opposite direction to this vector is the steepest descent direction. Evaluating (60) in the 

initial guess will generate vector    ,      - . The objective of the method is, therefore, 

finding a step   to approach to the final solution. The updating equations are: 

 
         
         

 (61) 

And the final expression to the step is: 

   

[
 
 
 
 ∑ [   (   

   
  

    
   
  
)]

     
   

∑ *(   
   
  

    
   
  
)
 

+
     
   ]

 
 
 
 

(     )

 
(62) 

Notice that in (60) the updating is done by subtracting. This is because the algorithm follows the 

direction of    . 

As it was mentioned, the method has a fast convergence behavior when the first guess is far 

from the true solution [22]. However, when getting closer, the variations tend to be slow. 



Theoretical Study of an RF Positioning System Using Phase Synchronized Anchor Nodes. 36 

 

 

 

Aiming to optimize the process, a combined use of the last two methods is proposed: a Hybrid 

Optimizing Algorithm (HOA). The Steepest Method would be very useful when making the 

first guess. It will allow it to go very close to the true solution. As the estimated distance 

approaches its true value, the algorithm should switch to the Taylor Series Expansion which is 

proved to have high accuracy and robustness. This section ends by presenting a Flux Chart with 

the steps to follow in the HOA: 

Begin

Input (x0 , y0)

Compute partial 
derivates of ji

Compute Gradient 
Vector

Compute step 
l

Update 
coordinates

¿F ≈ 0?
No

1

1

Compute the 
estimated range 

difference 

Compute the 
remaining 

parameters

Obtain d from 
Weighted Least 

Square

END

¿d ≈ 0?

Output (x , y)

No

 

Figure 20. Flux Diagram for HOA implementation. 

 

The ideal situation would be to implement the HOA but the Steepest Descent Method has a 

disadvantage: non convergence due to local minima. If the localization is done on board, a 

simple straight method like the one presented in 3.3.2.1.3 would be the best solution due to the 

inherent discretized process. However, if the localization is done in the post-processing, the 

initial guess can be introduced “more accurately” guaranteeing TSE convergence. In this 

situaiton, the Steepest Descent Method would be useless. Further tests with real data have to be 

done in order to validate each option. 
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3.3.2.2 Phase Analysis 

3.3.2.2.1 Phase Ambiguity Equation 

In theory, the phase should vary linearly with distance having the wavenumber as 

proportionality constant. What it really happens is the situation presented in Figure 22: a phase 

wrapping. 

 

Figure 21. Unwrapped vs. Wrapped phase. 

 

There are two possible solutions to this situation:  

- If the measurements are not done in the proper way, then different samples will 

correspond to cycles that are actually separated more than half a wavelength. If this is 

the case, it will be necessary to implement an additional process in order to calculate 

the number of cycles that have passed before the measurement. In [23] there is a 

method that calculates distance over various cycles of measurements. The only problem 

is the additional hardware and the additional time required to make the calculation.  
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Figure 22. Spatial step when measuring the phase. 
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- If additional measurements want to be avoided, a correct sampling should be done. In 

the case of the distance, the carrier is the one carrying this information. The sampling 

should be as precise as the user wants, but carrier frequencies are too high to be 

oversampled. Because of that, the strict half-wavelength sampling is recommended. 

This is why in (25) q is usually taken as 2. 

3.3.2.2.2 Relation between phase and distance 

Phase is always a tricky parameter to treat. In the previous section it was stated that the 

periodicity of the phase forces the measurements to be done in pairs, meaning that no absolute 

distance will be extracted from it but a differential one. In this order of ideas, equation (20) can 

be rewritten using information from (17): 

   ( )  (|     |        )    *  ((      
      
 
)
 

 
      
 

 
)+      (       )     (63) 

Extracting the phase in (63) will result in:  

  ,  ( )-    (       )     (64) 

In (64) we can distinguish, first of all, the variable of interest   , but also, the two extra phases 

introduced by the circuitry in the transmitter and receiver. Particularizing in the receiver,     

also includes the non-controlled phase of its local oscillator. According to [24], the phase of an 

oscillator can be modeled like: 

             ( )     (65) 

where    is its nominal frequency,    is a constant arbitrary phase and  ( ) is a time-dependent 

phase error. When down-converting, every mismatch between the incoming phase and the 

receiver local oscillator phase will appear in    . Thus, a realistic definition for     would be: 

     
 

  
(        ( )) (66) 

Where  ( ) can be modeled as the sum of a zero-mean stationary process    ( ) and a non-

stationary process    ( ). The former is a colored random process that can be described by up 

to 5 frequencies components. The latter is characterized by its variance       
  (    )

    
 | |, 

where    
  is a constant that depends on the particular situation. The high frequency 

components of    ( ) behave as thermal phase noise whereas low frequency components seem 

to modify the apparent phase history. On the other hand,    ( ) introduces a linear drift in the 

phase that justifies the fact that the cumulative phase error has no bounds. 
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If all of these imperfections are taken into account, the receiver will seriously be affecting the 

desired distance data. However, under certain conditions, these terms might be neglected and 

the distance term would come out clean. Said conditions include assuming that the variation 

(sample to sample) of these parameters is not large enough. Therefore, if measured in time 

instants   and    for the same transmiter, the phases introduced by the Transmitters/Receivers 

will be supposed constant which means that difference in phase will lead to:  

      (     )       (67) 

If the spatial sampling was correctly done, then (     )  
  

 
.  

By means of measuring this phase, small changes in distance can be obtained. Even though it is 

not a method to retrieve absolute distance to the source, it provides a very precise tracking of 

vibrations due to the small wavelength on which measurements are done. 

3.4 Error theory  

Just like in every other system, once the theory and technique have been established, the error 

should be analyzed. For this Positioning System, specifically, there will be several types of error 

to consider including hardware malfunctioning and software limitations. 

3.4.1 Systematic Errors 

Systematic Errors are those characterized by introducing biases in the measurements. They can 

appear in hardware (if a calibration is not done properly) or in software (when making 

estimations). They can be constant or related to the value of the measurement. And they are 

usually solved by performing a good calibration.  

The Positioning System fits in every characteristic of the Systematic Errors. A common example 

of Systematic Errors is a drift, which happens to have the system in question. As discussed in 

3.3.2.2.2, the phase of a Local Oscillator is a combination of a stationary and non-stationary 

component. The non-stationary component introduces a drift over time that can be considered 

as a systematic error. Through the use of the Phase Synchronization System, this error might be 

mitigated.  

Another example is the location of the Anchor nodes. Small deviation to their theoretical 

positions will introduce a bias in all the measurements. This error can be eliminated in the post-

processing by the developer himself but not onboard because of the lack of feedback between 

the UAV and the anchor nodes. 
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3.4.2 Multipath on MIMO channels 

Multipath is the phenomenon wherein one signal propagates, from its source, through different 

paths. Multipath is a problem affecting several bands of the spectrum and it has a different 

effect depending on the application. For instance, whereas in TV it can be seen as ghosting 

(duplicate images) in radar it can make disappear a target.  

Multipath represents a serious problem for any system working with the phase. Receiving the 

transmitted signal from many directions and having them summed coherently, completely 

spoils the measurement. In [25], the radiocommunication channel using an airplane is analyzed. 

The characterization can be extended to any small UAV and the measurements are done with 

varying the configuration of the antennae. After trying different combinations for the antennae  

of the UAV and ground base, they conclude that, even though the Multipath affected the 

measurements, it can be alleviated by using more directive antennae on the ground. This might 

become a limitation if implemented in the Positioning System.  

If the Positioning System uses a single chirp per PRI the multipath issue can be solved by taking 

advantage of the narrow main lobe of the compressed signal. This means that only if the 

difference between the main and alternate paths is less than the resolution of the chirp, the 

measurement would be spoiled. However, since the Positioning System will be used outdoors, 

this is a very unlikely situation. 

3.4.3 Accuracy of TDOA 

The accuracy of this method can also be assessed mathematically, but first, it is necessary a 

redefinition of the situation. This time the positions will be written in matrix notation (based on 

the one appearing in [26]) which will ease further calculations. The localization problem is 

considered in the vector space    where D is the dimension (2 or 3). The Anchor nodes are 

located at positions        
 , being          , and the User node position will be denoted 

 (   )       The distance from the User node to any Anchor node i is, as its equivalent in (44): 

    ‖     ‖   (68) 

The distance difference to Anchor nodes i and j from the User node will be           . And 

thus, the measured TDOA can be expressed as: 

     
 

 
         (69) 
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being c the speed of light and     the noise of the measurement. If the system comprises     

Anchor nodes, there are 
 

 
    (     ) possible combinations to make TDOA measurements. 

However, just       of them will be linearly independent. In order to find these independent 

measurements, one of the Anchor nodes must be fixed. Without loss of generality, let     be 

assumed to be left fixed. Then, the vectors. 

   0
   
 
1     0

   
 
1    0

   
 
1  (70) 

can be defined as the ones containing the TDOA information, which can be expressed as: 

   
 

 
    (71) 

The method would estimate the locations R given         and  . 

3.4.3.1 Variance 

Given that the variance of TOA measurements is [27]: 

     
  

  

         
  (72) 

and having that a TDOA measurement can be seen as the subtraction of two TOA 

measurements, the variance of TDOA can be easily calculated as: 

      
        

  
  

       
  (73) 

This means that range errors in a AWGN channel can be modeled as normally distributed with 

mean 0 and variance   
  [28].  

3.4.3.2 Cramer-Rao Lower Bound 

The Cramer-Rao Lower Bound is the minimum value taken by the covariance matrix   of 

unbiased estimators. Since this matrix depends on the estimator, the literature offers several 

possibilities to calculate it. For instance, if using the Gauss-Markov (weighted) estimator, the 

matrix can be expressed as [21]: 

    ,
  

  
∫

   ( ) 

   ( )  ( ( )  )
 [  ( ( )  )  ( )

     ( )
       ( )

   ( )  ]  
 

 

-

  

 (74) 

where 0 to  is the frequency band processed and T is the observation time.  ( ) is the signal 

power spectrum and  ( )      *  ( )   ( )     ( )+ is the noise power spectral matrix. 

  ( ) is the lower     by     partition of the matrix  ( ) and 1 is the unitary vector with 

the same size of   ( ).  
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However, for a wide range of applications, it is more common to use the Maximum Likelihood 

(ML) estimator known to be asymptotically Gaussian. Even more, in several studies, it is often 

assumed that the covariance matrix is a diagonal matrix    where I is the identity matrix. Under 

this condition, the probability density function of   is: 

  .   /  
 

(  )
     
 √   ( )

  
 
 
.  

 
 
 /
 
   .  

 
 
 /  

(75) 

Now, the Cramer-Rao LB is given by     where: 

    ,0   ( .   /)1 0   ( .   /)1
 

-  (76) 

Both [21] and [26] show the calculations to find the final expression of the CRLB. However, in 

[26] the procedure is more implementation-oriented. Because of that, according to it: 

        (      )   (77) 

with  

        0    1 (78) 

           (79) 

         
     

‖     ‖
 

(80) 

where obviously    has unitary magnitude and points from the User to the Anchor node.   is a 

  (     ) matrix that depends on the transmitter’s positions. 

Once defined the CRLB, some authors use it both as a characterizer of the system and 

optimization parameter. For instance, in [29], it is defined the Position Error Bound (PEB) as: 

     √  (    ) (81) 

From it, they derive the Geometric Dilution of Position (GDOP) as: 

            (82) 

Assuming, as it was said before, a diagonal covariance matrix   . If (82) is expressed in terms of 

G, it is actually seen that there is a resemblance with the equivalent equation for the GPS. The 

meaning of this is that, at least qualitatively, TDOA’s performance can be compared to the 

TOA’s one.  
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3.4.3.2.1 Optimized Topology 

Concerning the Optimization, given that the CRLB characterizes the system depending on the 

Anchor nodes, in [30] it has been proposed a method to find their optimal locations. The 

method consists in minimizing the trace of CRLB. In other words, by minimizing the PEB, the 

optimal locations of the Anchor nodes will be calculated. The solution of this problem leads to 

the so called Platonic Solids. They are solids that are defined as “regular” because all their faces 

are congruent and, at each vertex, the same number of faces meets. Figure 23 shows the only 

existing 5 platonic solids where each vertex is an Anchor node. Notice that the minimization 

does not have solution when the number of Anchor nodes is different from the number of 

vertex of the polygons shown in Figure 23.  

In general, whether it is in 2D or 3D, the optimum positioning of the Anchor nodes is the most 

symmetric possible one. In two dimensions the topology will tend to a circle, whereas in 3D it 

will try to resemble a sphere. Actually, when no solution is found in 3D, in [30] it is 

recommended the use of Spherical Codes. In this type of codes, the goal is to find the largest 

minimum distance between the transmitters. 

 

Figure 23. From left to right: Tetrahedron, Cube, Octahedron, Dodecahedron, Icosahedron 

 

 

3.5 Validation and results 

To end this chapter, some of the concepts that have been presented will be simulated, hence, 

validated. It will be shown a design with the equations from 3.3, the solution of a TDOA 

measurement with TSE, a 2D simulator showing quantization errors a real case where the 

optimization of the topology was conducted. 

3.5.1 Design Equations 

The equations from section 3.3 are the key factor of the whole system. In those equations, the 

developer can completely modify the parameters of the chirp and, therefore, the results. For the 
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simulation, the equations were written in MATLAB code. The topology was assumed square 

around the origin and the User node will be standing at this point. After the parameters had 

been set, the program starts the simulation of an RF channel plus the detection stage in the 

receiver. The channel is such that it introduces the respective time delay and an additional path 

phase. The error is introduced when measuring the TDOA instead of applying it to the signal. 

In the end, the algorithm saves the distance difference (estimated and true value) in a variable 

to its further study. 

First, some measurements without noise will be done in order to demonstrate the following 

tendencies: 

a) If everything is kept constant except the bandwidth, TDOA errors should be smaller as 

the bandwidth increases. Figure 24a shows the results for a span of 40 MHz starting at 

10MHz. The sampling frequency was kept at the Nyquist limit. 

 

b) Now, the same experiment as in a) is done but varying   . As the sampling is refined, 

the error should decrease because it is caused by the sampling other than a random 

variable. Figure 24b-c show the variation of the magnitude of the error vs. the 

bandwidth for           and         respectively. 

When going from        subsampling to     , the difference is almost imperceptible. 

However, when evaluating for 3 times the bandwidth, there is a noticeable 

improvement. These irregular variations suggest a nonlinear relation between the 

sampling frequency and error magnitude, encouraging the next experiment. However, 

notice that the relation proposed in a) is still kept. 

 

c) Now, in the next test, the sampling frequency is varied keeping the rest of the 

parameters constant. Figure 25 shows the results when the sampling frequency has 

been spanned from 0.5 times the bandwidth to 3 times. Obviously, the subsampling 

was expected to provoke errors of considerable magnitudes. However, what this 

particular experiment wanted to assess was how steep was the variation. After 

obtaining results, the magnitude scale had to be readjusted to dB because the dynamic 

margin was in the order of 103. 

 

 



Theoretical Study of an RF Positioning System Using Phase Synchronized Anchor Nodes. 45 

 

 

 

 
Figure 24. Error magnitude variations vs. Bw and sampling frequency. (a) is the one at the top and (c) the 

one at the bottom. 
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Figure 25. Magnitude of the Error vs. Variation of Sampling frequency 

 

Now it is time to introduce some noise. The simulation parameters are summarized in Table 2. 

The given parameters are listed in the left side and, in the right side, the calculated ones with 

the equations presented in section 3.3.1. 

Design Parameter Given Value  Design Variable Calculated Value 

vUAV 40 m/s PRI 351.47 s 

fc 5.331 GHz  dTx min 6.67 s 

c 299792458 m/s  dTx = dTx max 87.86 s 

Bw 40 MHz  fs 80 MHz 

Kr 589209599151.061 Hz/s  Tchirp 27.155 s 

Table 2. Design Parameters and Variables. 

 

The noise will be simulated as a sampling error, as it was mentioned before. The standard 

deviation of the noise will be    sample. This will allow us to evaluate the resolution of the 

chirp. However, because the simulation does not assess the -3dB level of the compressed signal, 

the resolution will be given by the null-null resolution:  

    
 

  
  (83) 

After simulating for 1000 iterations, the cumulative probability density function is given by 

Figure 26. Here, moving the User node would only cause a shift in the horizontal axis. 

However, varying the noise standard deviation or the parameters that control the resolution, 

like the bandwidth, will result in an horizontal scaling of the graph. 
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Figure 26. fdp of TDOA Measurements, each color representing a range difference. 

 

To demonstrate that there is always a small error in the sampling, the same 1000 iterations were 

repeated 10 times. The mean of the fdp had a slight variation. Such variation is the sampling 

discretization error strengthened by the noise action. Figure 27 shows the results.  

 

Figure 27. 10 iterations of the fdp of TDOA Measurements. 

 

 

  

Figure 28. Measured Distance Differences (Left). Sample Difference in meters (Right). 
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Concerning the range resolution, in the right side of Figure 28 there is a zoom of the measured 

difference of distances. The variation from one measurement to the next is always 0 or 2 

samples (1 sample around the mean). In the case of 2 samples, illustrated in the such Figure, the 

difference is:       (      )           
 

  
         .  

3.5.2 Taylor Series Expansion (TSE) 

As mentioned in the end of section 3.3.2.1.8, the robustness and precision of TSE is enough 

when post-processing the data. There is no need of complicating the algorithm if the first guess 

can be introduced manually. Therefore, in this section, an example of TSE will be reviewed in a 

3D scenario. The goal of the simulation is to estimate the position of an airplane when taking 

off. The trajectory (Figure 29) has been modeled as parabolic in the X-Y plane assuming that the 

plane is steering sideways; whereas in the Z direction, it has been described as a first-order 

system simulating that the UAV gains height progressively. The maximum established height is 

300 m, making it as similar to a model airplane as possible. The noise has been introduced when 

measuring the TDOA, this time, with a variance of 0.01 meters. 

 

Figure 29. UAV Nominal Trajectory. 

 

As it can be seen in Figure 29, there are 4 anchor nodes (as red squares) that have been disposed 

in a non-symmetrical topology that surrounds the UAV trajectory. The difference of TDOA 

between each transmitter and Tx1 is depicted in Figure 30 with a different color.  
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Figure 30. Noisy Measurements of TDOA 

 

From these differences, the TSE method was applied and the results are shown in Figure 31. The 

initial position of the UAV is (       ) and the initial guess (         ).  

 

Figure 31. Estimated Trajectory vs. Nominal Trajectory 

 

 
Figure 32. Detail of the first 10 positions of the trajectory (Estimated vs. Real). 
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Notice in Figure 32 that not all the estimations fit in the true values, especially when the 

trajectory is starting.  

 

Figure 33. Error in 3D (Top left). XY plane cut (Top Right). XZ plane cut (Bottom Right). Error Magnitude 

Evolution (Bottom Left). 

 

In Figure 33 there is a complete description of the error. In the top left corner there is plot of the 

3-dimensional error in the estimations. If all the estimations coincide with the real value, this 

plot would be a single point at the origin. In right side of the figure, the horizontal (upper side) 

and vertical (down side) cuts are presented in order to have a better appreciation of the 

magnitude. The X and Y estimations were cornered in a 9mm x 13mm square. It is important to 

recall that the standard deviation of the movement was set to 10 mm. And finally, towards the 

bottom left there is an evolution of the magnitude of the error where the first sample has been 

excluded. The error of the first sample is the largest one due to the lack of precision of the first 

guess. The error of the first iteration is the one appearing in the figure aside as a separated point 

of almost 3 meters height. It makes the rest of the samples look as almost collinear. That is why 

it was removed from the bottom left figure. 

3.5.3 Quantization error 

Before the equations included the PRI and vUAV parameters, there was a simulator developed in 

Simulink that helped to understand the importance of a correct spatial sampling. The simulator 

did not reach the third dimension due to limitations in Simulink. However, from its very early 

stages, was a valuable tool for the understanding of the basic concepts in Positioning systems 

and TDOA analysis.  
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The simulator is the one shown in Figure 35. It comprised the Simulink model, the GUI and its 

matlab code. The Simulink model emulated 3 transmitters sending its corresponding signals 

through an Additive White Gaussian Noise (AWGN) channel and the reception of them. The 

positions of the peaks of compressed signals were sent to Matlab’s workspace in order to be 

processed. In the first versions of the software, the algorithm that solved the hyperbolic system 

was the Matrix of differences. Actually, Figure 18 was taken from it. However, this last version 

was using the Straight-forward Method explained in 3.3.2.1.2.  

The Quantization problem consisted in the behavior shown in the close-up of Figure 35. The 

simulator was not capable of distinguishing between groups of points whose difference of 

ranges had the same integer part. When performing the quantization in the receiver, several 

samples got the same assignment of range difference (See the orange lines). Why did they fall in 

points along the hyperbola and not in the same point? Because the estimations were made 

starting from the last estimated point. So, there was always a displacement, but not in the right 

direction.  

3.5.4 Real Implementation Example 

In [31], the optimization of a TDOA system topology has been conducted. To do so, they use the 

Circular Error Probability (CEP) defined as         √.
  

 
/
 
 .

  

 
/
 
, where    and    are the 

eigenvalues of the covariance matrix. The authors affirm that this parameter is better than the 

covariance matrix to characterize the performance of a TDOA system because it provides a 

single value. Since it depends on the eigenvalues of the covariance matrix, it can be inferred that 

the lower the CEP, the better the performance. Keeping this in mind, Figure 34-left shows the 

results of implementing a random topology (in Figure 34-center) vs. an optimized topology (in 

Figure 34-right). It had been mentioned that optimal topologies tend to be symmetrical and in 

this case, notice that the optimal solution is arranged inside a circle. 

   

Figure 34. CEP comparison: optimal vs. original (left). Original topology (center). Optimized topology 

(Right). 
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3.6 Summary   

It will be designed a Positioning System comprising the following characteristics: 

- The system will have at least 3 Anchor Transmitting nodes following the architecture 

explained in subsection 3.1.2. 

- Its objective will be the localization of a single receiver (User node).  

- The system will be designed under the assumption that the User node is a model 

airplane whose top speed is roughly 40 m/s.  

- All the transmitters will count with a phase synchronization system for their local 

oscillators.  

- The signal to broadcast will be a chirp whose expression can be seen in eq. (14). It will 

be emitted with a time delay, from transmitter to transmitter, to avoid overlapping in 

the receiver. Said delay has boundaries stated in equation (18). 

- The Pulse Repetition Frequency will also be carefully designed such that a correct 

spatial sampling can be applied. 

- The method to retrieve the distance information will be TDOA Estimation. A range 

difference will be derived from the measured sample difference. 

- Solving the hyperbolic system will preferably be done with a HOA. If a real time 

implementation is wanted, the method is subject to change in order to reduce the 

computational load. 

- Phase analysis of the stored signal will allow studying the small variations of the UAV. 

This information will be used for movement correction when processing of the SAR 

data. 

- It was studied that the phase of the oscillator is a random process. If this phase becomes 

a strong error source, an additional phase treatment should be done. A possible 

solution will be presented in section 4.3.1. 
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Chapter 4 

 

4. Implementation  

4.1 SABRINA 2.0 

RF Front-end

Digitizers
Control and 
data storage 

Block

RF Front-end

..

..

..

Frequency 
Reference

Acquisition System
Direct Path & 

Positioning Signal

Scattered Signals

 

Figure 36. Simplified scheme of SABRINA 

 

SABRINA 2.0 is a SAR Receiver capable of down-converting C-band an X-band signals. Said 

signals will be received by a set of antennae: 6 in total at its final stage. In addition, there will be 

non-directive antennae dedicated to the direct path (pointing to the satellite) and the 

positioning signals. These radiating elements must be chosen under the weight constraint. That 

is why the positioning antennae have been thought to be patches.  

Whether it is the SAR data or the positioning data, the signal will be down-converted by the 

appropriate RF Front-end. The signal, now in video band, is digitized by high speed A/D 

converters and stored in a bank of memories for its post-processing. The receiver counts with a 

frequency reference that provides the adequate signal depending on the band or down-

conversion. A more detailed scheme can be seen in Figure 37. 
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Bisatic data is always stored for further processing. On the other hand, localization data is a 

work in progress. Firstly, it will be stored in a separate location and used as a motion 

compensation tool in the image processing. However, the ultimate goal of this data is to be used 

in real time to drive the platform through the best trajectory (meaning the closest possible to the 

wanted one). 

Right now SABRINA’s digitalization stage is being managed by a PXI that samples the data at 

40MS/s and 12 bits. This leads to a throughput of 480·n Mbits/s where n is the number of 

channels being acquired. In addition, the PXI is being tested to be triggered by a 

synchronization system composed by a 12-bit ADC plus a Virtex IV Evaluation Board. Such 

system detects the presence of useful data to activate the recording.  

In SABRINA 2.0 the digitalization scheme will consist in a single board (seen in Figure 38) that 

comprises 3 levels of processing: the top level will have four 14-bit A/D Converters working at 

250MHz [32] allowing a future improvement of at least 6 times. The middle level contains a 

Virtex V SX-95 FPGA [33] joint to a 2GB DDR2 SRAM (working up to 250 MHz). The board 

counts with two onboard clocks of 50 MHz and 125 MHz which can also be replaced by an 

external clock plugged through the Sundance Local Bus connector.  

 

Figure 38. Top view of the SMT-941 + SMT351T + SMT111 Board 

 

Finally, the bottom level is the SMT111 [34] in charge of the communication link to the PC 

through an USB connection and the provided software by the manufacturer. Inside this 3-level 

board all the aforementioned processing will be taking place: the digitalization of bistatic and 

location data, the separate storage of each one of them, the future TOA analysis to a real time 
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implementation and the PRF synchronization with the direct path. All of this possible because 

of the high speed of the digitizers and the vast memory block available combined with the 

efficiency of a triggered acquisition. 

 

4.2 Positioning System: Feasibility 

4.2.1 Memory: Number of Bits 

According to (25), if one fourth of wavelength precision is wanted (and this is already an 

oversampling situation) with an airplane flying at 40 m/s top, the      would be at most:  

     
 
 ⁄

    
 

 

   
 (84) 

 

Figure 39. DDR2 Memory Bank connections. 

 

For an X-band carrier (worst case) like         ,              . If the application does not 

require real time processing, the positioning data to store is the Sample Difference Of Arrival 

(SDOA) of the signals. Since the maximum difference of arrival is given by (18), the maximum 

value of the SDOA is: 

                     
   

   
    

     

 
                       (85) 

where it has been supposed that there are 3 Anchor nodes and the A/D converters are working 

at their nominal speed. 
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This maximum SDOA is a number that can be stored in a 16-bit word leaving still a spare gap   

before reaching the limit of this bit length.  

4.2.2 Memory: Recording Time 

The bank of memories available in the SMT351-T has the structure shown in Figure 39 

containing 2GBx16-bit total memory space. Right now, SABRINA’s acquisition system would 

occupy the whole bank of memory. However, with an optimized system, using a PRF 

synchronization technique for data detection, the current data load can be reduced to its 10% 

capacity in some cases. Even assuming a gain of just 50%, 1GB of memory would be free to use 

for the Positioning System allowing one million SDOA to be stored. If the samples are taken at 

its maximum    , up to 57 hours of recording are achieved: 

             
(    ) 

      
          (86) 

4.2.3 Processing Time 

Concerning the time available for processing, the calculations should be done with the slowest 

clock available: in cycles of 50 MHz. Running the FPGA at this speed the maximum     can be 

translated into around 24270 clock edges. Given the period of the clock (20 ns) and a supposed 

Chirp Length of 2500 samples, the     would be more than enough to acquire the SAR and 

positioning data. Besides, Hardware Description Language allows concurrent processing, i.e. 

the storage, PRF synchronization and SDOA extraction can be done simultaneously without 

jeopardizing the efficiency of the board. This low duty cycle opens the possibility of performing 

a real time processing. Further tests must be done to validate this assumption. 

 

4.3 Position System: Receiver Corrections 

4.3.1 Oscillator Phase Correction 

In equation (65), the phase of an oscillator is completely described. It was mentioned the 

randomness of its components and the way to characterize them. If the phase of the receiver’s 

Local Oscillator (LO) significantly differs from the transmitter’s one, the phase measurement 

will be spoiled. As a countermeasure, a system capable of compensating the phase drift must be 

implemented. For instance, the receiver’s LO might be synchronized using the same tool used 

to synchronize the Anchor nodes’ phases. The idea would be to establish a wireless link 
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between one of the Anchor nodes and the User nodes, so that the phase of said Anchor node’s 

LO appears on-board the UAV. This would imply that the User node is close enough to the 

Anchor node in order to receive the synchronization tones. The problem is that the Phase 

Synchronization System needs a dedicated channel between Central and Remote Unit. Because 

of that, a continuous synchronization would be rather difficult because just one of the Anchor 

nodes will be hosting the Central Unit. The implications include high variations in the power 

level, which is something that the current version of the PS System is not prepared to handle. 

The system will need to be tested and some elements will have to be added. However, in the 

end it will allow to have a scenario where all the devices will be referenced to the same 

Oscillator. 

4.3.2 Matched Filter Correction 

When match-filtering two signals that have been generated in two separate DDS, a small error 

is generated in the creation of the filter whether it is in time, frequency or phase. A 

synchronization error will always appear in one of these parameters. The correction is 

straightforward: a replica of the signal to be filtered will be stored and kept in a ROM for the 

receiver. In this way, supposing that the filtering is made in the frequency domain, the 

coefficients can be saved in the internal memory of the processor. When having an incoming 

signal, the coefficients will be accessed and the filtering will always be done in the exact same 

way. 

 

4.4 Further Improvements 

4.4.1 Data Fusion Techniques 

TDOA Estimation combined with HOA distance resolution can achieve great precision along 

time. The more time wasted in the iterations, the more precise the solution is. Besides, some 

techniques, like Taylor Series Expansion (TSE), is subject to diverge if the initial guess is not 

close enough to the true solution. This kind of non-desired characteristics encourages new 

methods to be developed. Sometimes, instead of inventing a new procedure, it is better to 

combine the existing ones. In this order of ideas, the Positioning System can be complemented 

with information coming from external sensors: altimeters, accelerometers, gyroscopes, GPS.  
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Figure 40. MLX90360 degrees of freedom. 

 

For instance, instead of using the Steepest Descent Method, a GPS might be used to provide the 

initial guess for the TSE. The accuracy of a GPS, being a few meters, will be enough for the TSE 

to converge. Another possibility, might be the use of chips (such as the MLX90360) to 

compensate the phase measurements. The MLX90360 [35] is a Tri-axis Sensor Chip (Shown in 

Figure 40) capable of measuring vibrations in 10 degrees of freedom. It provides analog and 

PWM outputs that are fully programmable and it can be bought for less than 10€. 

Data Fusion Techniques also affect the statistics of the estimation. The idea is to combine 

hardware, estimation methods and resolution algorithms in order to achieve a higher accuracy 

in the estimated position. 

4.4.2 Kalman Filter 

As a last comment, it is reasonable to consider in the span of future possibilities the inclusion of 

a Kalman Filter. Kalmar Filtering performs an estimation of the estate of a discrete-time 

controlled process governed by linear stochastic differential equations. It is mostly used when 

several data sources are combined. In the case of the Positioning System, deploying what was 

presented in 4.4.1 would lead to a situation with redundant data, each one with its own 

statistics. The use of Kalman Filter has been proved to work providing a very accurate estimate 

of the unknown variable, in this case the position. It is not the purpose of this document to go 

deep into this matter because there will not be a validation method. However, due to its 

effectiveness in the estimation, a Kalman Filtering idea was worth mentioning. 
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Chapter 5 

 

5. Conclusions  

 

The background research and design of a Positioning System has been presented in this Thesis. 

The system was analyzed from every point of view: hardware and software. And keeping in 

mind the given constraints, a possible solution was given. The system has a peculiarity: the 

Phase Synchronizer. All the examples in literature are always dealing with problems of 

synchronization or characterization because Anchor and User nodes do not have a common 

reference. Even between Anchor nodes, there is not a natural connection binding them. There is 

usually a dedicated slot of time (if any) in which the pairing of the signals is done. Seen from 

that point of view, the Positioning System proposed in this document would be innovating. 

And even if nowadays a GPS receiver can be comparable in terms of accuracy, the scientific 

value is worth the study.  

In terms of hardware, there is still much to do. None of the Anchor nodes is finished and one of 

the future lines of work suggests a redesign that allows a wireless capability. This idea was born 

when analyzing the phase errors in the oscillators. Phase errors of this kind are relevant because 

they spoil all the effort done in the transmitter to uniform the phase.  However, once they are 

overcome, the achievable precision will describe the UAV’s trajectory with a remarkable detail. 

How much? It would depend on the carrier but, since it is in the order of GHz, it can be 

expected a resolution of less than 0.1 m.  

In terms of software, there is not very much to do without a set of real data. After searching in 

the state of the art, the algorithms might be divided in two groups: iterative and non-iterative. 

Non iterative are effective, but a lot of processing power is needed.  Iterative algorithms have 
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the advantage of being susceptible to real implementation despite of not improving the 

required power. However, their downside is the processing time. So, before naming one of 

them as “final choice”, they need to be tested because of their main drawback: the initial guess 

convergence. In this document, the Steepest Descent method was explained and even though it 

is presumably good, a situation with several local minima might seriously affect the 

measurement. 

Summarizing, it can be seen that every time that one option appears, a challenge to overcome 

appears with it. Until the prototype is built and tested, any conclusion won’t be more than a 

speculation except the fact that the system is feasible. The design awaits, therefore, for its 

implementation and optimization.  
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