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Abstract. Cracks propagating deep inside gravity dams can seriously affect their 
structural safety. Due to the potential catastrophic scenarios associated to the collapse 
of large concrete dams, it is a fundamental issue to realistically predict the eventual 
crack profiles and the ultimate structural resistance associated to the failure 
mechanisms. 

This work investigates tensile crack propagation in concrete gravity dams by using 
some new recently developed numerical techniques (crack-path field and strain injection 
techniques) [1-3] associated to a Rankine-type plasticity model. The work carefully 
addresses aspects related to mesh independence (mesh bias and stress locking), 
robustness, and computational cost, which are the main issues in material failure 
modeling. The numerical simulations presented in the paper show the advantages of the 
presented approach.  

 

1 INTRODUCTION 

Nowadays, structural safety of large dams remains a great concern due to the high potential 
risk associated to this kind of structures. A dam failure, followed by a sudden flood wave, can 
result in large life losses and in strong environmental and economic impacts as it was 
reported for several catastrophic failure cases [4, 5]. Historically, the main causes of 
significant dam failures are related to foundation defects (erosion, sliding on its rock 
foundation, etc.) [6-8]. Structural failures, when not directly caused by foundation 
movements, are less frequent but its importance should not be minimized in the design 
neither in the safety control of the dam. Due to the importance of these structures, it is a 
worldwide standard practice to monitor continually dams as a part of the safety control 
process [9], which supports afterwards the safety assessment and decision. On the other hand, 
quantifying realistically concrete dams safety factors is a complex engineering question that 
depends on a multiplicity of phenomena affecting the performance and resistance of the dam 
and its foundation.  

                                                 
† E.T.S. d’Enginyers de Camins, Canals i Ports, Technical University of Catalonia 
International Center for Numerical Methods in Engineering (CIMNE) 
Campus Nord UPC,  Edifici C-1, c/Jordi Girona 1-3, 08034 Barcelona, Spain. 



I. F. Dias, J. Oliver, J. V. Lemos and O. Lloberas-Valls 

  2  

In this work attention is focused in crack propagation through the dam body. Cracks 
progressing deep inside gravity dams can seriously affect its structural safety. Computational 
failure analysis can be an effective tool for predicting, realistically, the eventual crack profiles 
and the ultimate structural resistance, allowing improved estimation of the structural safety 
factor.  

The importance of computational methods for modeling concrete dams was soon 
recognized by some authors in the 1980s, which have used linear elastic fracture mechanics 
[10-14] to perform the first computational simulations of fracture in concrete dams. These 
authors argue that, due to the large scale of dams, the fracture process zone is small in front of 
the overall structure and therefore linear elastic fracture mechanics can be applicable with 
limited errors, since failure occurs in a brittle (or quasi-brittle) manner. On the other hand, 
other authors argue that, due the specific characteristics of dam concrete (that can have 
characteristic length up to 10 times greater than common concrete), the non-linear effects 
should not be neglected, even for large dams [15, 16].  

Apart from this theoretical and important question, in the 1990s, nonlinear fracture 
analysis starts becoming further used for fracture modeling of concrete dams, in the finite 
elements framework. Depending on the manner that the de-cohesion process at the crack 
interface is modeled, two major descriptions were used:  

1. In the cohesive (or discrete) approach [17] [18] the non-linear mechanical behavior is 
described by introducing a traction separation law (relating the traction vector and the 
vector of displacement jump) along the surface where the de-cohesive process occurs 
(typically coincident with the element sides). 

2. In the continuum approach [19, 20] the non-linear mechanical behavior at the 
interface is described by a standard stress-strain constitutive model equipped with 
softening such that strains tend naturally to concentrate in narrow bands (strain 
localization). Then the assumption consists in admitting that the displacement jump 
can be captured in a smeared manner throughout the localization band. The fact that 
this numerical phenomena can be observed by just introducing strain softening in a 
constitutive model (damage, plasticity, smeared cracked) made this approach widely 
used for modeling material failure. 

In both approaches fracture energy plays a fundamental role in order to make results 
physically meaningful (ensuring correct energy dissipation and overcoming the mesh size 
dependence). Despite the simplicity of these approaches the main flaw of these methods is the 
spurious dependence on the mesh alignment. This issue is critical for the reason that 
different meshes can deliver different results, in terms either of the crack trajectory or in 
terms of the dissipated energy. The main consequences of mesh dependence phenomena 
are well documented in the literature, and consist, essentially, in two types of undesirable 
behavior: 

• Mesh bias flaws: Refers to the spurious tendency of the crack to follow certain 
preferred direction related to the mesh alignment, i.e. the crack tends to propagate 
parallel to the element sides avoiding zigzagging. The main inconvenience of this 
dependence is that it can lead to unrealistic\unphysical failure mechanism with 
consequences also in the ultimate structural load carrying capacity, which may be 
over or under-estimated. 

• Stress locking flaws: Refers to the lack of ability of finite elements to capture 
strain localization, in a one-element-with localization band, without spurious 
stress transfer to the neighboring elements. The principal inconvenient of stress 
locking is the extra dissipation that occurs in elements outside the localization 
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band which results in a stiffer behavior that leads to an overestimation of the 
ultimate structural load carrying capacity, which is not on the safety side. 

The flaws of these “classical methods” have motivated large efforts from numerous 
authors for enhancing and developing new numerical methods to improve the failure analysis 
of general structures, e.g., [21-28]. However, so far, most of them have been assessed 
uniquely with academic benchmarks and few cases of real-life structures have been reported 
[29].  

This work investigates tensile crack propagation in concrete gravity dams by using some new 
recently developed numerical techniques (crack-path field and strain injection techniques) [1-
3] associated to a Rankine-type plasticity model. The considered methodology is 
implemented in the finite element framework using continuum constitutive models equipped 
with strain softening. It consists of a procedure to insert, in proper parts of the domain, 
specific strain fields (constant strain and discontinuous strain modes) that will enhance the 
performance of the underlying standard finite elements for capturing and propagating strain 
localization. The necessary data to inject the discontinuous displacement modes into the 
appropriated position inside the finite element is obtained by an auxiliary technique 
conceived to identify the crack path: the crack-path field technique. 

The methodology enjoys the benefits of the intra-elemental methods, E-FEM [30] or X-
FEM [22], for capturing complex propagating displacement discontinuities in coarse meshes, 
without resorting to global code invasive crack-path-tracking algorithms.  

2 STRAIN INJECTION TECHNIQUES 

Strain injection refers to a general numerical technique that consists in inserting, in 
selected parts of the domain and during different stages of the simulation, specific strain 
fields, that have the goal of enhancing the performance of classical finite elements. The key 
point of this technique is the split of the domain into two disjoint subdomains: the injection 
domain, injB , where the enhanced strain modes are injected and the remaining part of the body 

where no improvement is intended (see Figure 1). 
\

injB

B injB

 
Figure 1 Discretized domain of typical size h. 

Considering a finite element discretization and the domain split of Figure 1, the variational 
equation of the mechanical problem (equivalent to the virtual work principle) can be written 
as: 
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Where the work produced by the internal forces is computed by the sum of two terms. The 
first one, the standard term, corresponds to that part of the domain where no enhancement is 
done and, therefore, strains are computed directly from the symmetric gradient, s

∇ , of the 
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displacement field, u  (compatibility equation), as it is done in standard displacement based 
finite element formulations. The second term, the strain injection term, corresponds to the 
part of the domain where a specific strain field, ( )e

injεɺ , is injected in the constitutive equation 

( )Σ i  of those elements belonging to the injection domain, ( )inj tB . Here the strains are not 

computed from the compatibility equation, so, new equations defining the enhanced strain 
modes, ( )e

injεɺ , should be added to the system. 

REMARK: It is out of the scope of this paper to provide full mathematical details of the 
strain injection technique. However, in order to provide the readers a general insight about the 
basis of the methodology, the main ideas and basic motivation of the techniques are briefly 
presented. In [1] a rigorous presentation of the technique and its implementation details can 
be consulted by interested readers. More information can also be found in [2, 3]. 

3 STRAIN INJECTION FOR FAILURE ANALYSIS 

The domain split illustrated in Figure 1, and supported by equation (1), requires the 
definition of the strain injections modes, ( )e

injεɺ , and the injection domain, ( )inj tB . This definition 

should be oriented to address the specific features and challenges of the problem we are 
dealing with. In the context of material failure modeling, the injected strain modes have the 
goal of enhancing the performance of classical finite elements in capturing strain localization. 

3.1 Strain injection modes 

In previous work of the authors [1], two strain fields were proposed to be injected in 
quadrilateral elements: the constant strain mode (CSM) and the discontinuous displacement 
mode (DDM). 

3.1.1 The Constant Strain Mode (CSM)  

The constant strain mode consists of assuming the strains constant within the quadrilateral 
finite element: 

   
( )

( ) ( ) ( ) ( )
e

e e s h e
injinj CSM t⇒ = = ∀ ⊂ε ε uɺ ɺ ɺ B B∇     (2) 

In equation (2), the notation 
( )

( )
e
⋅ stands for the spatial average of ( )⋅  on the element ( )e .  

The main goal of this injection is to provide extra flexibility to those finite elements that 
are amenable to develop discontinuities, therefore enhancing their propagation capabilities 
and avoid mesh bias dependences. 

We would like to remark that, for the used quadrilateral elements, the proposed constant 
strain mode injection is equivalent to performing reduced integration of the standard 
displacement-based finite element formulation at the injected elements. The key difference 
between both methodologies is that the CSM is only used in very few elements (those 
belonging to the injection domain – typically the part of the body where the fracture is being 
processed) while reduced integration techniques are applied in the entire domain. 

3.1.2 The Discontinuous-Displacement Mode (DDM)  

The Discontinuous-Displacement Mode consists of enriching the element kinematics with 
the strong discontinuity kinematics [30]  (summarized at Box 1) such that the mechanical 
behavior of the crack can be perfectly captured inside the finite element without spurious 
stress transfer to the neighboring elements (stress locking phenomena). 

 



I. F. Dias, J. Oliver, J. V. Lemos and O. Lloberas-Valls 

  5  

Strong discontinuity kinematics: 
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Box 1 Summary of the strong discontinuity kinematics (see [21]).

 Inspired in the strong discontinuity kinematics, an element-wise constant discontinuous-
displacement mode was proposed: 

� � � �
( ) ( ) ( ) ( )( ) ( ) ,( ) ( ) ( )ˆ ( ) ( ) ( )
e e e ee e k eS h h S e S e

injinj DDM tϕ δ= =∇ − ∇ ⊗ + ⊗ ∀ ∈nε ε u u u
ɺɺ ɺ ɺ ɺ B B

S
  (3) 

3.2 Injection domains 

After defining the strain modes to inject, the subsequent questions to be posed are where 
and when these strain modes should be injected in order to effectively improve the 
performance of classical finite elements for capturing strain localization. The answer to these 
questions is given by selecting proper injection domains. In the context of material failure 
modeling it is intuitively reasonable that the proposed strain modes should be injected in that 
part of the body where the fracture is being processed. By this reason the definition of the 
injection domains ( )inj tB  is grounded on consistent mechanical criteria, such as the 

discontinuous bifurcation analysis that qualifies a stress/strain state as compatible with the 
onset of a discontinuous displacement field. 

The injection domain, injB , is that part of the domain where several strain mode injections 

can be performed (it has common conditions for all possible injections). In the preceding 
section two strain modes were proposed: the CSM and the DDM. Therefore two sub-domains 
of injB  ( locB  and disB ) where these strain modes are respectively injected must be defined, such 

that: ( ) ( ) ( )inj loc dist t t= ∪B B B : 

• the injection domain, ( )inj tB , contains all the bifurcated elements which are in 

loading condition at the current time t . 

• the discontinuity domain, ( )dis tB , contains all the elements that have bifurcated and, 
in addiction, are effectively developing a strain localization process. Notice that not 
all the bifurcated elements develop cracks; some of the elements initially bifurcated 
unload elastically in subsequent time steps. In order to successfully determine this 
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domain, the discontinuity path should be identified in advance. In the context of the 
strain injection techniques this is done by the Crack-Path Field technique. 

• the localization domain ( )loc tB  includes all the in-loading bifurcated elements 
(belonging therefore to the injection domain) which do not verify, yet, the 
conditions for belonging to the discontinuity domain, i.e.: ( ) ( ) \ ( )loc inj dist t t=B B B . 

All the injection domains can evolve very quickly over time. In fact, part of the elements 
that initially bifurcate, tend in a subsequent stage to unload elastically leaving, therefore, the 
injection domain, while others, crossed by the discontinuity, remain developing strain 
localization until being crossed by the discontinuity. In Figure 2, a typical load process is 
depicted.  

loc

inj\ inj\ inj\

loc

dis dis
=inj

=inj

B B

B B

B

B B B B

BB

B

 
Figure 2 Evolution of the injection domains for three typical stages of loading. 

3.3 Summary 

With the definition of the strain modes and the respective injection domains in hand, equation 
(1) can be specified as follows:  
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where the strain modes to inject, ( )e
CSMεɺ  and ( )e

DDMεɺ , are defined by means of expression (2) and 
(3) respectively. Equation (4) summarizes how the internal forces work is computed at each 
injection domain of Figure 2. 

4 REPRESENTATIVE NUMERICAL SIMULATION: A GRAVITY DAM MODEL 

Carpinteri et al. [31] have tested experimentally scale-down models of a gravity dam. The 
models have a horizontal notch on the upstream side and the experimental test was driven by 
controlling the crack mouth opening at that notch. Figure 3 illustrates the experiment setup, 
including the model dimensions, the position of the notch and the equivalent hydraulic loads. 
The finite element mesh and mechanical properties used in the numerical model are also 
shown in this figure. 
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Figure 3 Dam model; finite element mesh; mechanical properties used in the numerical model, being yσ  the 

yielding stress, E  the Young’s modulus,v  the Poisson’s ratio and fG  the fracture energy. 

In the numerical simulations, the loading process was performed by applying, in a first 
stage, the self-weight loads and, in a second stage, the hydraulic loads. The second stage is 
carried out through a step by step Newton-Raphson scheme in which the crack mouth 
displacement at the notch is controlled by using arc-length techniques. 

The material behavior was simulated by using a Rankine-type plasticity [2, 3, 32] model 
that allows modeling fracture opening in mode I. By reasons of robustness, that is a very 
important issue when modeling material failure, an IMPLEX scheme [33] for the integration 
of the constitutive equation was used. 

In Figure 4 quantitative responses for three different options are depicted in terms of the 
force–CMOD (Crack-Mouth-Opening Displacement) curves. The “strain injection” curve was 
obtained by using the strain injection techniques described in this work, while the 
“experimental” and “cohesive model curves” were obtained by Carpinteri et al, being the 
former experimentally measured and the later numerically computed by using a cohesive 
crack model supported in an automatic remeshing processes, at each crack grow step, so that 
the crack lies in the finite element mesh sides. 

It can be observed an excellent agreement between both numerical solutions. The obvious 
advantage of the strain injection technique is that no remeshing process is needed. Relatively, 
to the comparison with the experimental solution, it is noticed some level of discrepancy in 
terms of the post peak behavior, which is more dissipative for the experimental case. That 
might be attributed to some issues of the experimental set-up that are missed in the numerical 
modeling. 

 

σy E ν Gf
[MPa] [GPa] [N/m]

3.6 35.7 0,1 184
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Figure 4 Force displacement curves: hydraulic load versus Crack Mouth Opening Displacement (CMOD). 

In terms of crack propagation patterns, Figure 5 shows a good agreement between the 
experimental and the numerical results obtained with the strain injection techniques. Finally, 
Figure 6 shows the deformed configuration and the crack path at the final stage of loading. 

 
Figure 5 Crack trajectories. The numerical solution crack pattern is plotted in terms of the equivalent plastic 

deformation. The experimental trajectories have been added to the figure through the white lines corresponding 
to both sides of the experimental 3d model. 

 
Figure 6 a) Deformed configuration; b) Crack path. Results obtained by the strain injection techniques at the 

final step of the computations. 

Experimental 

Numerical 
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4.1 Mesh dependency analysis 

When modeling material failure, mesh dependence is a critical issue since different 
meshes can deliver different results, in terms either of the crack trajectory or in terms of 
the dissipated energy. 

In order to access if the results obtained by using the injection techniques are mesh 
independent, comparative analysis were carried out by using two different meshes: one 
structured and another unstructured (Figure 7). Additionally, the obtained results are also 
compared with the ones coming from standard displacement-based (irreducible) formulations, 
which are known to suffer from mesh dependence. 

       
Figure 7 Finite element meshes; a) structured mesh, b) unstructured mesh. 

Figure 8 compares results obtained with the two finite element formulations (strain 
injection techniques and irreducible formulation) for both meshes shown in Figure 7. 
Since the Rankine constitutive model is the same for both formulations, the differences 
shown in Figure 8 can be only attributed to the performance of the finite element 
formulation. 

In fact, the results obtained with the irreducible formulation show a considerably stiffer 
behavior in terms of the post-peak response that can be related to spurious extra energy 
dissipation due to stress locking defects. This issue has also consequences in the peak load 
which is miss-predicted for the irreducible formulation when using the unstructured mesh. 
Although, for this specific example, the differences in terms of the peak load are not too large 
(less than 10%), we would like to remark that the results obtained with the irreducible 
formulation are not in the safety side, since the structure can fail due to lower hydraulic load, 
as it is predicted by the strain injection techniques. 
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Figure 8 Finite element meshes; a) structured mesh, b) unstructured mesh. 

It is also remarkable that results obtained by strain injection technique, for both meshes, 
are near the same. This can be appreciated either by the overlapping curves of Figure 8 or by 
the near coincident crack trajectories of Figure 9.  

The results shown in Figure 8 and Figure 9 by the strain injection techniques are 
strong indicators of their independence relatively to the finite element mesh. 

a)                                                            b)                                                 

     
              c)  

 
Figure 9 Crack patterns plotted in terms of the equivalent plastic strain. Results obtained by using the strain 

injection techniques. a) Unstructured; b) Structured mesh; c) overlap of results obtained with both meshes. 

Relatively to the results obtained by the irreducible formulation, Figure 10 shows 
different results in terms of the crack patterns. This issue is related to the mesh bias 
dependence since the crack pattern obtained for the structured mesh seems to be clearly 
influenced by horizontal mesh directions.  
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a)                                                           b)                                                 

    
    c) 

 
Figure 10 Crack pattern plotted in terms of the equivalent plastic deformation. Results obtained by using the 

strain injection techniques. a) Unstructured; b) Structured mesh; c) overlap of results obtained with both meshes. 

5 CONCLUSIONS 

In this work the potential of the recently proposed strain injection techniques, so far with 
applications limited to some academic benchmarks, has been explored for studying crack 
propagation in gravity concrete dams. 

The results show clearly, the improvements obtained by using the new methodology in 
terms of mesh independence, either avoiding mesh bias or stress locking effects. This 
spurious undesirable behavior can lead to unrealistic failure mechanisms or to the 
overestimation of the ultimate structural load carrying capacity. In the numerical simulation, 
the displacement based classical formulation delivers results overestimating the structural 
resistance in about 10%, which is not on the safety side. 

The new methodology has several advantages that the authors would like to remark: 

• Mesh independence. 
• Low computational cost – the explored approach captures the crack inside the finite 

element, which means that coarse meshes can be used when compared with the finer 
meshes required by other methodologies (nonlocal [25, 26], phase field [23], etc.) that 
use several elements across the band for modeling the crack. Moreover, all the 
additional degrees of freedom (related to the enhanced strain modes) are condensed 
out at the element level. The final result is a methodology that keeps the 
computational cost at the level of the standard displacement-based finite element 
formulations. 

• Noninvasive numerical implementation - The strain-injection technique in 
combination with the crack-path-field technique, avoids the code invasive global 
crack tracking algorithms, usually used in association with other intra-elemental 
approaches (E-FEM [21] or X-FEM [22]), with no apparent cost in terms of 
robustness. This issue is a strong advantage, since the implementation tasks in a non-
linear finite element code, affects, essentially, the element level. 

• Generality – in the sense that the method affects exclusively the finite element 
formulation, this meaning that it can be used, in principle, with any continuum 
constitutive model equipped with strain softening. 
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The strain injection techniques are, due to these important properties that address the main 
issues of material failure modeling (mesh independence, computational cost, robustness), a 
methodology particularly efficient for modeling tensile crack propagation in concrete dams. 
Moreover, the results obtained in this paper show that the method is ready for being used in 
practice, allowing improved estimation of the structural safety factor and helping in the 
security control of those gravity concrete dams which might be particularly vulnerable for 
crack propagation.  

The ongoing extension of the presented methodology to 3D cases will open the application 
field to large arch dams. 
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