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a b s t r a c t

26This paper presents a numerical study of buoyancy-driven motion of single and multiple bubbles by
27means of the conservative level-set method. First, an extensive study of the hydrodynamics of single bub-
28bles rising in a quiescent liquid is performed, including its shape, terminal velocity, drag coefficients and
29wake patterns. These results are validated against experimental and numerical data well established in
30the scientific literature. Then, a further study on the interaction of two spherical and ellipsoidal bubbles
31is performed for different orientation angles. Finally, the interaction of multiple bubbles is explored in a
32periodic vertical channel. The results show that the conservative level-set approach can be used for accu-
33rate modelling of bubble dynamics. Moreover, it is demonstrated that the present method is numerically
34stable for a wide range of Morton and Reynolds numbers.
35� 2015 Published by Elsevier Inc.
36

37

38

39 1. Introduction

40 Bubbles play an important role in many natural and industrial
41 processes. Steam generators in nuclear plants, unit operations in
42 chemical engineering such as distillation, absorption, extraction,
43 heterogeneous catalysis and bubble reactors are only a few among
44 a multitude of applications that involve the motion of bubbles and
45 droplets (Mudde, 2005). These applications have motivated a large
46 number of numerical and experimental investigations of bubble
47 dynamics (see Tables 1 and 2). Despite those efforts, the current
48 understanding of such flows and their predictive models are far
49 from satisfactory, and many challenging problems still remain as
50 pointed out in recent reviews (Mudde, 2005; Tryggvason et al.,
51 2013).
52 The development of computers has promoted Direct Numerical
53 Simulation (DNS) of the Navier–Stokes equations as another means
54 of performing controlled experiments (Tryggvason et al., 2001,
55 2013), providing a good way to non-invasive measure of droplet
56 and bubble flows, although computationally demanding. As further
57 advantages, DNS allows us to control the size distribution of bub-
58 bles or droplets, their deformability, whether they coalesce or not,
59 and modify the flow conditions (Tryggvason et al., 2013). There
60 are multiple methods for DNS of bubbly flows, for instance: the

61front tracking (FT) method (Unverdi and Tryggvason, 1992;
62Tryggvason et al., 2001), level set (LS) methods (Osher and
63Sethian, 1988; Sussman et al., 1994; Olsson and Kreiss, 2005;
64Sheu et al., 2009; Balcázar et al., 2014), volume-of-fluid (VOF)
65methods (Hirt and Nichols, 1981; Van Sint Annaland et al., 2005),
66and hybrid VOF/LS methods (Sussman and Puckett, 2000). In these
67methods, two-phase flow is treated as a single flow with the density
68and viscosity varying smoothly across the moving interface which
69is captured in an Eulerian framework (VOF, LS, VOF/LS) or in a
70Lagrangian framework (FT). Although the idea behind these meth-
71ods is similar, their numerical implementation may differ greatly.
72In Front-tracking methods (Unverdi and Tryggvason, 1992;
73Tryggvason et al., 2001) a stationary Eulerian grid is used to solve
74the fluid flow, while the interface is tracked explicitly by a separate
75Lagrangian grid. This method is extremely accurate but also rather
76complex to implement due to the fact that dynamic re-meshing of
77the Lagrangian interface mesh is required (Deen et al., 2009). In
78VOF methods (Hirt and Nichols, 1981; Van Sint Annaland et al.,
792005), the interface is given implicitly by a color function, defined
80to be the fraction of volume within each cell of one of the fluids. In
81order to advect the VOF function, the interface needs to be recon-
82structed by using a geometric technique. An advantage of VOF
83method is the fact that accurate algorithms can be used to advect
84the interface, so that the mass can be conserved, while still main-
85taining a sharp representation of the interface. However a disad-
86vantage of the VOF method is the fact that it is difficult to
87compute accurate curvatures from the color function, because it
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88 presents a step discontinuity at the interface. In level-set (LS)
89 methods (Osher and Sethian, 1988; Sussman et al., 1994) the inter-
90 face is represented by the zero-contour of a smooth signed dis-
91 tance function. The evolution of this function in space and time
92 is governed by an advection equation, combined with a special
93 re-distancing algorithm. One of the advantage of level-set
94 approach is the fact that interface curvatures and normals can be
95 accurately computed. However, a disadvantage of this method is
96 that the discrete solution of transport equations is prone to numer-
97 ical error and it leads to loss or gain of mass. On the basis of the
98 aforementioned advantages and disadvantages of the VOF and LS
99 methods, it can be found that they are complementary, therefore

100 coupled VOF-LS approaches have been proposed in Sussman and
101 Puckett (2000), Wang et al. (2009) and Sun and Tao (2010). In these
102 methods interface properties are obtained through a level-set
103 method while mass conservation problems are avoided by using
104 the VOF method. Although these methods extracts the advantages

105of VOF and LS methods, they are more complicated than VOF or LS
106method. Recently, a conservative level-set method (CLS) has been
107introduced by Olsson and Kreiss (2005), where a regularized indi-
108cator function has been employed in place of the signed distance
109function. In addition, Balcázar et al. (2014, 2015) have generalized
110the CLS method to compute two-phase flows with surface tension
111effects in the framework of collocated unstructured meshes using a
112finite-volume approach. An advantage of CLS method is that mass
113conservation problem associated to standard formulations of
114level-set methods is greatly reduced. Additionally this approach
115benefits of automatic handling of topology changes and efficient
116parallelization with no additional cost.
117Some experimental and numerical studies on the
118buoyancy-driven motion of single and multiple bubbles have been
119summarized in Tables 1 and 2 respectively. To the best of the
120author’s knowledge there are not detailed computations of bubble
121dynamics using the conservative level-set (CLS) method (Olsson
122and Kreiss, 2005; Balcázar et al., 2014). Therefore, in order to con-
123tribute in the understanding of the implications introduced by the
124different frameworks used for interface capturing, this paper pre-
125sents an extensive validation and verification of the CLS method
126(Balcázar et al., 2014). In addition, due to the limited number of
127numerical studies on the interaction of multiple bubbles using
128interface capturing methods (VOF, LS, VOF/LS), this work presents
129detailed simulations of bubble interactions in the context of the
130CLS method. These numerical findings are compared with experi-
131mental and numerical results from the literature, some of them
132have been described in Tables 1 and 2. Thus, the objectives of this
133research are as follows: first to demonstrate the accuracy of the
134CLS method to predict bubble shapes, drag coefficients and wake
135patterns of single bubbles for various flow regimes; second, to
136investigate hydrodynamic interaction mechanisms of bubble pairs
137for different configuration angles; and, the third objective is to
138apply the CLS method to simulate the buoyancy-rising motion of
139a set of bubbles in a vertical channel.
140The present paper is organized as follows: The governing equa-
141tions employed in this study are given in Section 2. Section 3 is
142devoted to the description of the numerical method. Simulation
143results for single and multiple bubbles are presented in
144Section 4. Finally, concluding remarks are given in Section 5.

1452. Mathematical formulation

146The conservation of momentum and mass of two immiscible
147incompressible and Newtonian fluids is described by the
148Navier–Stokes equations defined on a spatial domain X with
149boundary @X:
150

@

@t
ðqkvkÞ þr � ðqkvkvkÞ ¼ r � Sk þ qkg in Xk ð1Þ

Sk ¼ �pkIþ lk rvk þ ðrvkÞT
� �

ð2Þ

r � vk ¼ 0 in Xk ð3Þ 152152

153Here, X ¼ X1 [X2 [ C; k ¼ f1;2g denote the subdomains associated
154with the two different fluid phases, C ¼ @X1 \ @X2 is the fluid inter-
155face, q and l denote the density and dynamic viscosity of the fluids,
156v is the velocity field, g is the gravity acceleration, p is the pressure,
157S is the stress tensor and I is the identity tensor. Assuming no mass
158transfer between the fluids yields a continuous velocity condition at
159the interface:
160

v1 ¼ v2 in C ð4Þ 162162

163The jump in normal stresses along the fluid interface is
164balanced by the surface tension. Neglecting the variations of the
165surface tension coefficient r gives the following boundary condi-
166tion for momentum conservation at the interface:

Table 2
Some numerical works that report simulations of single and multiple bubbles. FT
(front tracking), VOF (volume-of-fluid), CLSVOF (coupled level-set and
volume-of-fluid), BFT (boundary-fitted mesh), MP (moving particle semi-implicit),
LS (level-set), LB (lattice-Boltzmann).

Reference (year) Method System studied

Ryskin and Leal (1984) BFM Single bubbles
Van Sint Annaland et al. (2005) VOF Single bubbles

Coalescence of two bubbles
Hua et al. (2008) FT Single bubbles

Coalescence of two bubbles
Ohta et al. (2010) CLSVOF Single bubbles
Ohta and Sussman (2012) CLSVOF Single bubbles
Chen et al. (2011) MP Coalescence of two bubbles
Smolianski et al. (2008) LS Single bubbles

Multiple bubble interaction
Gupta and Kumar (2008) LB Single bubbles

Multiple bubble interaction
Cheng et al. (2010) LB Single bubbles

Coalescence of two bubbles
Multiple bubble interaction

Yu et al. (2011) LB Single bubbles
Interaction of two bubbles
Multiple bubble interaction

Liu and Valocchi (2012) LB Single bubbles
Chen et al. (1998) VOF Coalescence of two bubbles
Hasan and Zakaria (2011) VOF Coalescence of two bubbles
Legendre and Magnaudet (2003) BFM Interaction of two bubbles
Hallez and Legendre (2011) BFM Interaction of two bubbles
Pournader and Mortazavi (2013) FT Interaction of two drops
Chakraborty et al. (2013) CLSVOF Single bubbles

Coalescence of two bubbles
Bunner and Tryggvason (2002) FT Homogeneous bubbly flows
Bunner and Tryggvason (2003) FT Homogeneous bubbly flows
Esmaeeli and Tryggvason (2005) FT Homogeneous bubbly flows

Table 1
Some experimental works on the motion of single and multiple bubbles.

Reference (year) System studied

Hnat and Buckmaster (1976) Spherical cap and skirted bubbles
Clift et al. (1978) Bubbles and droplets
Bhaga and Weber (1981) Single bubbles

Coalescence of two bubbles
Duineveld (1998) Interaction and coalescence of two

bubbles
Sanada et al. (2009) Interaction and coalescence of two

bubbles
Takemura and Magnaudet

(2003)
Bubble–wall interactions

Stewart (1995) Rising motion of bubble swarms
Zenit et al. (2001) Suspension of bubbles in a vertical

channel
Martínez-Mercado et al. (2007) Mono-disperse bubbly flow

2 N. Balcázar et al. / International Journal of Heat and Fluid Flow xxx (2015) xxx–xxx

HFF 7847 No. of Pages 17, Model 5G

14 July 2015

Please cite this article in press as: Balcázar, N., et al. Level-set simulations of buoyancy-driven motion of single and multiple bubbles. Int. J. Heat Fluid Flow
(2015), http://dx.doi.org/10.1016/j.ijheatfluidflow.2015.07.004

http://dx.doi.org/10.1016/j.ijheatfluidflow.2015.07.004


167
ðS1 � S2Þ � n ¼ rjn in C ð5Þ169169

170 where n is the unit normal vector outward to @X1 and j is the inter-
171 face curvature. Eqs. (1)–(3) and Eqs. (4) and (5) can be combined
172 into a set of equations for a single fluid in X, with a singular source
173 term for the surface tension force at the interface C (Peskin, 1977;
174 Brackbill et al., 1992):
175

@

@t
ðqvÞþr�ðqvvÞ¼�rpþr�l rvþðrvÞT

� �
þðq�q0ÞgþrjndC

ð6Þ177177

178
r � v ¼ 0 ð7Þ180180

181 where v is the velocity vector, p is the pressure, g is the gravity
182 acceleration, dC is the Dirac delta function concentrated at the
183 interface, r is the constant surface tension coefficient, j is the
184 curvature of the interface, and n denotes the unit normal vector
185 on the interface. Since q and l are constant in each fluid with a
186 jump discontinuity at the interface, they can be defined as:
187

q ¼ q1H1 þ q2ð1� H1Þ l ¼ l1H1 þ l2ð1� H1Þ ð8Þ189189

190 Here the subscripts 1 and 2 denote fluid 1 and fluid 2, respectively,
191 while H1 is the Heaviside step function that is one at fluid 1 and
192 zero elsewhere. However, in order to avoid numerical instabilities
193 at the interface, a continuous treatment of physical properties is
194 adopted in present work, according to Eq. (17), introduced in the
195 context of the CLS method. Present simulations are performed on
196 a periodic domain, hence, an additional body force was added to
197 Eq. (6) to adjust the pressure gradient such that the flow rate of
198 the fluid phase is exactly zero (Yin and Koch, 2008). Following the
199 work of Bunner and Tryggvason (2002) and Yin and Koch (2008),
200 this force is equivalent to the pressure gradient generated by the
201 base of a flow container which prevents the gravitational force to
202 cause the acceleration of the entire flow field in the downward
203 vertical direction. Indeed, a force equal to the space-averaged
204 density times the gravitational acceleration, q0g where q0 ¼
205 ðVXÞ�1 R

X H1jt¼0q1 þ ð1� H1jt¼0Þq2ð ÞdV , is subtracted from the right
206 hand side of the momentum equation.
207 The two major challenges of simulating interfaces between dif-
208 ferent fluids are to maintain a sharp front and to compute the sur-
209 face tension accurately (Tryggvason et al., 2001). Regarding the
210 first issue, the CLS method implemented in Balcázar et al. (2014)
211 has been selected for interface capturing. In this method the inter-
212 face is implicitly represented by a regularized indicator function, /:
213

/ðx; tÞ ¼ 1
2

tanh
dðx; tÞ

2e

� �
þ 1

� �
ð9Þ

215215

216 where e is a parameter that sets the thickness of the profile. With
217 this profile the interface C is defined by the location of the
218 / ¼ 0:5 iso-surface, C ¼ fxj/ðx; tÞ ¼ 0:5g.
219 The CLS function / is advected by a vector field v which is given
220 by the solution of Eq. (6). The interface transport equation can be
221 written in conservative form provided the velocity field is solenoi-
222 dal, r � v ¼ 0, namely,
223

@/
@t
þr � /v ¼ 0 ð10Þ225225

226 Furthermore, an additional re-initialization equation is introduced
227 to keep the profile and thickness of the interface sharp and constant
228 (Olsson and Kreiss, 2005; Balcázar et al., 2014),
229

@/
@s
þr � /ð1� /Þn ¼ r � er/ ð11Þ231231

232 This equation is advanced in pseudo-time s, it consists of a com-
233 pressive term, /ð1� /Þnjs¼0, which forces the level-set function to
234 be compressed onto the interface along the normal vector n, and

235of a diffusion term r � er/ that ensure the profile remains of char-
236acteristic thickness e.
237Implementing surface tension in a numerical scheme involves
238two issues: the curvature j needs to be determined and the result-
239ing pressure jump must be applied appropriately to the fluids. The
240aforementioned problems can be conveniently addressed through
241the CSF method (Brackbill et al., 1992). Thus, the singular term,
242rjndC, is converted to a volume force as follows,
243

rjndC ¼ rjð/Þr/ ð12Þ 245245

246where jð/Þ and n are given by
247

n ¼ r/
kr/k ð13Þ

jð/Þ ¼ �r � n ð14Þ 249249

250To obtain a cell averaged value, the curvature is integrated over
251each finite volume XP:
252

jP ¼ �
1

VP

Z
XP

r � ndV ð15Þ
254254

255Applying the Gauss theorem yields
256

jP ¼ �
1

VP

Z
SP

n � dA ð16Þ
258258

259Here r/ is calculated by using the least-squares method (Kothe
260et al., 1996; Balcázar et al., 2014), A is the area vector, VP is the vol-
261ume and SP is the surface of XP . The reader is referred to Balcázar et
262al. (2014) for further details on the application of the least squares
263method for gradient evaluation. In addition, the fluid properties are
264regularized by employing the level-set function,
265

q ¼ q1/þ q2ð1� /Þ l ¼ l1/þ l2ð1� /Þ ð17Þ 267267

2683. Numerical method

269Following the work of Balcázar et al. (2014), the Navier–Stokes
270and level-set equations have been discretized on a collocated
271unstructured grid arrangement by means of the finite-volume
272method. In order to avoid unphysical oscillations at the discontinu-
273ities, a TVD Superbee limiter is used to discretize the convective
274term of interface advection Eq. (10); while compressive term of
275re-initialization Eq. (11) is discretized by CD scheme. Regarding
276the momentum Eq. (6) a central difference (CD) scheme is used
277to discretize the convective term unless otherwise stated.
278Diffusive fluxes at the faces are approximated by CD scheme. A
279distance-weighted linear interpolation is used to find the face val-
280ues of physical properties and interface normals, while gradients
281are computed at cell centroids by using the least-squares method.
282The velocity–pressure coupling has been solved by means of a
283classical fractional step projection method (Chorin, 1968). Thus,
284momentum Eq. (6) is decomposed into two steps:
285

qv� � qvn

Dt
¼ �3

2
AhðqvnÞ þ 1

2
Ahðqvn�1Þ þ DhðvnÞ þ qgþ rjrhð/Þ

ð18Þ 287287

288and
289

vnþ1 ¼ v� � Dt
q
rhðpnþ1Þ ð19Þ

291291

292where rh represents the gradient operator, DhðvÞ ¼ rh

293otl rhv þrT
hv

� �
is the diffusion operator, and AhðqvÞ ¼rh � ðqvvÞ

294is the convective operator. The resulting velocity v� from Eq. (18),
295which does not satisfy the continuity Eq. (7), is corrected by
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296 Eq. (19). Substituting Eq. (18) into the continuity Eq. (7) yields a
297 Poisson equation for pressure,
298

rh �
1
q
rhðpnþ1Þ

� �
¼ 1

Dt
rh � v�ð Þ ð20Þ300300

301 Poisson Eq. (20) discretization leads to a linear system, which is
302 solved by using a preconditioned conjugate gradient method. In
303 order to avoid pressure–velocity decoupling when the pressure pro-
304 jection is made on collocated meshes (Rhie and Chow, 1983; Felten
305 and Lund, 2006), a cell face velocity vf is defined so that rh � v ¼ 0
306 (see Eq. (7)) in each control volume. Namely in discretized form:
307

vf ¼
X

q2fP;Fg

1
2

vnþ1
q þ Dt

qð/n
qÞ
ðrhpnþ1Þq

 !
� Dt

qf
ðrhpnþ1Þf ð21Þ

309309

310 where P and F are denoting the adjacent cell nodes to the face f. The
311 reader is referred to Balcázar et al. (2014) for technical details of
312 Eq. (21). This velocity is used to advect the level-set function and
313 momentum in Eqs. (10) and (18) respectively.
314 For the temporal discretization, explicit Adams–Bashforth
315 scheme is used for the momentum Eq. (18), while for the corrector
316 Eq. (19) an explicit first-order scheme has been used. Advection
317 Eq. (10) and Re-initialization Eq. (11) are integrated in time with
318 a 3-step third-order accurate TVD Runge–Kutta method. Solving
319 Eq. (11) to steady-state results in a smooth transition of / at the
320 interface that depends of the diffusion coefficient e. In this work,
321 numerical simulations were performed by setting e ¼ 0:5h where
322 h ¼ ðVPÞ1=3 is the characteristic size of the grid cell XP . Therefore,
323 e is chosen to be as small as possible in order to keep a sharp rep-
324 resentation of the interface, while numerical stability of Eq. (11) is
325 not affected. In present simulations one iteration per physical time
326 step of re-initialization Eq. (11) was sufficient to keep the profile of
327 the level-set function.
328 The time increment Dt, which is limited by the CFL conditions
329 and the stability condition for the capillary force, is given by:
330

Dt ¼ 0:1min
h
jvj ;

qh2

l
;

h
jgj

� �1=2

; h3=2 q1 þ q2

4pr

� �1=2
 !

ð22Þ
332332

333 The global algorithm for solving the equations can be summa-
334 rized as follows:

335 1. Calculate Dt by Eq. (22).
336 2. Solve level-set advection Eq. (10).
337 3. Solve re-initialization Eq. (11) for steady state of the conserva-
338 tive level-set function /.
339 4. Calculate v and p by the fractional-step method:
340 Calculate the predicted velocity by Eq. (18).
341 Solve Eq. (20) for pressure.
342 Calculate the corrected velocity by Eq. (19).343

344 5. Calculate vf by Eq. (21).
345 6. Repeat steps 1–5 until the desired time-level.
346

347 The described two-phase flow solver was implemented in an
348 in-house code called TermoFluids (Lehmkuhl et al., 2007), which
349 is a C++ code designed for direct numerical simulation and large
350 eddy simulation of turbulent flows (Trias and Lehmkuhl, 2011).
351 The reader is referred to Balcázar et al. (2014) for technical details
352 of the spatial and temporal discretizations of the Navier–Stokes
353 and level-set equations on collocated unstructured grids.

354 4. Results and discussion

355 4.1. Buoyancy-driven motion of a single bubble

356 In order to verify and to validate the accuracy of the CLS
357 method, this section is devoted to investigate the

358buoyancy-driven motion of a single bubble. The bubble shape
359and its rise velocity, which is correlated to the drag coefficient, is
360a complex function of the hydrodynamics, viscous and interfacial
361forces. The experiments of Clift et al. (1978) and Bhaga and
362Weber (1981), and others provide a fairly detailed picture of the
363motion of bubbles and drops through a quiescent viscous liquid.
364The relevant physical quantities in their experiments are:

365qg ;ql;lg ;ll;r; d; g;UT , where d ¼ ð6V=pÞ1=3 is the spherical volume
366equivalent diameter of the bubble, and UT is the rise velocity.
367Nondimensionalization results in the next parameters:
368

M � gl4
l Dq

q2
l r3

Eo � gd2Dq
r

Re � qlUT d
ll

gq �
ql

qg
gl �

ll

lg

ð23Þ 370370

371where gq and gl are respectively the density and viscosity ratio; M

372is the Morton number, Dq ¼ ql � qg , specifies the density difference
373between the fluid phases; Eo is the Eötvös number, and Re is the
374Reynolds number. For given fluids, the Eötvös number is a charac-
375teristic of the bubble size and the Morton number is a parameter
376representing the viscosity of the liquid. For the sake of simplicity,
377we also introduce the following non-dimensional time, t� ¼ t

ffiffiffiffiffiffiffiffi
g=d

p
.

378The computational setup is schematically indicated in Fig. 1. In
379the initial state, the spherical bubble is located on the symmetry
380axis of the cylinder. The numerical simulations were performed
381on a cylindrical domain of ðDX;HXÞ ¼ ð8d;12dÞ where DX is the
382cylinder diameter and HX is the cylinder height (see Fig. 1), under
383periodic boundary conditions between the top and bottom bound-
384aries, and Neumann boundary condition at the side wall. Moreover,
385with the intend of saving computational resources such as compu-
386tational time and occupation of memory, the present simulations
387were computed on a non uniform hexahedral mesh, as show in
388Fig. 1b. The mesh was generated by a constant step extrusion of
389a two-dimensional unstructured grid along the symmetry axis of
390the cylinder, being the step size HX=Nplanes, where Nplanes is the num-
391ber of planes in which the vertical axis is divided (see Fig. 1b and c).
392The mesh was concentrated around the symmetry axis of the
393domain, where a uniform grid size (hmin) was fixed, to maximize
394resolution of the bubble. The mesh size grows exponentially to
395the border, where it reaches a maximum size of hmax � 10hmin

396(see Fig. 1b). Grid refinement and domain size studies were per-
397formed, for the condition Eo ¼ 116;M ¼ 41:1;gq ¼ 100 and

398gl ¼ 100. Fig. 2a shows the variation in Re as a function of dimen-
399sionless time t� and Table 3 shows the value of the computed ter-
400minal Reynolds number and the relative error. As the grid size is
401reduced, the relative difference of Re between successive meshes
402becomes small (see Fig. 3).
403Fig. 2b and Table 4 display results obtained on different domain
404sizes. A decrease in cylinder diameter reduces the bubble rise veloc-
405ity (Re), while the shape of the bubble remains almost unchanged.
406These observations are confirmed by empirical and numerical find-
407ings reported by Harmathy (1960), Mukundakrishnan et al. (2007),
408Hua et al. (2008) and Van Sint Annaland et al. (2005). Therefore, a
409domain size ðDX;HXÞ ¼ ð8d;12dÞ and cell size h ¼ d=30 were chosen
410as the standard conditions for numerical tests unless otherwise sta-
411ted (see Fig. 1 for a detailed description).

4124.1.1. Terminal velocity and shape
413Fig. 4 shows some representative examples of bubble regimes,
414in which numerical results are compared against experiments
415reported by Bhaga and Weber (1981). Generally, small bubbles,
416which have low Eötvös number (Eo < 1) tend to maintain the
417spherical shape, no matter how large the Reynolds number.
418Similarly, for low Reynolds number (Re < 1), the bubbles will also
419tend to be spherical, no matter how large the Eötvös number
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420 (Bhaga and Weber, 1981). On the other hand, beyond the previ-
421 ously described regimes, the final bubble shape is given by the rel-
422 ative strength of the flow forces and the surface tension force,
423 which are given by Re and Eo, respectively. Thus, for intermediate
424 Reynolds and Eötvös numbers (1 < Re < 100 and 1 < Eo < 100),
425 various bubble shapes have been found in experimental investiga-
426 tions: oblate ellipsoid, disk-like, oblate ellipsoidal cap, skirt bubble,
427 and spherical-cap (Clift et al., 1978; Bhaga and Weber, 1981). In
428 spite of the difference in shapes, the bubbles rise steadily in a vis-
429 cous liquid (high M) along a rectilinear path. Indeed, the present

430numerical predictions compare fairly well with the experimental
431findings of Bhaga and Weber (1981), as shown in Fig. 4.
432Regarding the terminal Reynolds number (see Table 5 and Fig. 4),
433the maximum error occurred at creeping flow regime with the
434lowest terminal Reynolds. Similar observations were reported by
435Hua et al. (2008) using the front-tracking method (see Table 5).
436In addition, local velocity vectors, pressure field and vorticity
437vectors calculated by using the CLS method are shown in Fig. 1,
438these results correspond to ellipsoidal and skirted bubbles.
439Regarding the pressure distribution on the bubble surface, there
440is a maximum pressure on the top of the bubble, while a minimum
441pressure is localized on the bottom. The velocity vectors have a
442maximum magnitude around the symmetric axis of the bubbles.
443Moreover, it is observed that vorticity vectors takes a maximum
444magnitude around regions with maximum curvature, which corre-
445sponds to equator line for ellipsoidal bubbles, and the base of the
446skirted bubbles.
447Fig. 5a demonstrates the influence of Morton number on the
448bubble motion at a fixed Eo ¼ 116. The Morton number varies from
4495:51 to 848. It is observed that the instantaneous Reynolds number

Fig. 1. Computational system for single bubble simulations. (a) Sketch of initial condition and boundary conditions. (b) Mesh structure. (c) Mesh configuration.

Fig. 2. Grid and domain convergence for condition Eo ¼ 116;M ¼ 41:1;gq ¼ 100 and gl ¼ 100. (a) Grid refinement convergence, DX ¼ 8d and HX ¼ 12d. (b) Domain size
convergence, h ¼ d=30 and HX ¼ 8d.

Table 3
Influence of the grid size (h) on the Reynolds number, Eo ¼ 116;M ¼ 41:1;gq ¼ 100
and gl ¼ 100. Experimental reference Re ¼ 7:16 (Bhaga and Weber, 1981). Mesh
configuration and domain are shown in Fig. 1.

Mesh Cell size ðDX ;HXÞ Re Relative error (er) (%)

M1 h ¼ d=20 ð8d;12dÞ 6:75 5:71
M2 h ¼ d=25 ð8d;12dÞ 6:84 4:47
M3 h ¼ d=30 ð8d;12dÞ 6:94 3:03
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450 evolves to steady state for all Morton numbers, however, the
451 Morton number has different effects on the time evolution of the
452 bubble velocity. At large M the Reynolds number quickly increases
453 to a constant value, whereas at low M the Reynolds number first

454increases to a maximum value and then decreases until steady
455state value. Moreover, as the Morton number increases the over-
456shoot on Re is more pronounced, indicating that the bubble motion
457has a tendency to reduce their stability.
458An important aspect to get accurate simulations is the mass
459conservation of the bubble phase. The mass gain or loss may affect
460the shape of the interface and also the dynamics of the problem.
461Fig. 5b shows the satisfaction of this requirement by illustrative

462simulations for Eo ¼ 116;1 < M < 103;gq ¼ 100;gl ¼ 100 and
463h ¼ d=30. As the bubble is rising in the liquid, the instantaneous
464mass is calculated and compared with the initial mass. The mass
465error is then calculated by the expression Dm ¼ ðmðtÞ �mð0ÞÞ=

Fig. 4. Velocity vectors (left column), pressure (central column) and vorticity vectors (right column), on the bubble surface. (a) Eo ¼ 116;M ¼ 41:1;gq ¼ 100;gl ¼ 100
(ellipsoidal bubble). (b) Eo ¼ 116;M ¼ 41:1;gq ¼ 100;gl ¼ 100 (skirted bubble). In these figures, w 2 fjjvjj;p;X ¼ r� vg respectively.

Fig. 3. Comparison of terminal bubble shape and Reynolds number observed in experiments reported by Bhaga and Weber (1981), and the CLS method with mesh resolution
h ¼ d=30. The error in the Reynolds number is calculated by er ¼ jReexp � RenumjRe�1

exp . All numerical experiments were carried out using gq ¼ 100;gl ¼ 100.

Table 4
Influence of the domain size (DX) on the Reynolds number, Eo ¼ 116;M ¼ 41:1;gq ¼
100 and gl ¼ 100. Experimental reference Re ¼ 7:16 (Bhaga and Weber, 1981). Mesh
configuration and domain are shown in Fig. 1.

Mesh Cell size ðDX;HXÞ Re Relative error (er) (%)

M4 h ¼ d=30 ð4d;12dÞ 6:44 10.01
M5 h ¼ d=30 ð6d;12dÞ 6:78 5.30
M3 h ¼ d=30 ð8d;12dÞ 6:94 3.03
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466 mð0Þ where mðtÞ ¼
R

/dV . From Fig. 5b, it is demonstrated that the
467 instantaneous mass of the bubble is conserved fairly well.

468 4.1.2. Drag coefficient and comparison with empirical correlation
469 Now, the accuracy of the CLS method is examined by compar-
470 ison of the drag coefficient with experimental correlations and the-
471 oretical predictions. The drag coefficient (CD) can be obtained from
472 a simulation where a bubble is released in an initially quiescent
473 liquid. Thus, from a steady state balance in the vertical direction,
474 CD can be computed from the terminal rise velocity UT :
475

CD ¼
4ðql � qgÞjjgjjd

3qlU
2
T

ð24Þ
477477

478

479 Bhaga and Weber (1981) proposed an experimental correlation
480 between CD and Re for fluids with Morton number M > 4� 10�3:
481

CD ¼ ð2:67Þ0:9 þ ð16=ReÞ0:9
� �1=0:9

M > 4� 10�3 ð25Þ483483

484 The numerical results are also compared against theoretical
485 predictions of Joseph (2003), which was derived based on the the-
486 ory of viscous potential flow. The drag coefficient is given as:
487

CD ¼ 0:445 6þ 32
Re

� �
ð26Þ

489489

490 Hadamard (1911) and Rybczynski (1911) generalize the Stokes
491 result for the viscous drag force on a solid sphere, to fluid particles
492 of arbitrary and finite internal viscosity. From integration of pres-
493 sure and shear stress on the fluid particle surface, they infer the
494 drag coefficient at very low Re:
495

CD ¼
8
Re

2þ 3g�1
l

1þ g�1
l

Re� 1 ð27Þ
497497

498For the sake of comparison, a set of numerical simulations were
499carried out to calculate CD from Eq. (24). Fig. 6b shows the terminal
500Reynolds number as a function of dimensionless time, with

501Eo ¼ 10;10�3
6 M 6 102;gq ¼ 100 and gl ¼ 100; whereas, Fig. 6a

502shows the drag coefficient as a function of the Reynolds number.
503As M decreases, the bubble deformation increases and the spheri-
504cal bubble approximation (see Eq. (27)) is valid for only high M, as
505one would indeed expect; moreover, numerical predictions of CD

506are in good agreement with Eqs. (25) and (26). In addition, the flow
507number (F) and the velocity number (V) defined as:
508

F ¼ g
d8q5

l

rl4
l

 !1=3

ð28Þ

V ¼ Ut
d2q2

l

rll

 !1=3

ð29Þ
510510

511are evaluated from the numerical results given in Fig. 6 and Table 5
512for Eo ¼ 10 and Eo ¼ 116 respectively. These results are compared
513to the following correlations reported by Rodrigue (2001):
514

V ¼ F

12 1þ 0:049F3=4
� � ð30Þ

V ¼ F

12 1þ 0:0185Fð Þ3=4 ð31Þ
516516

517From Fig. 7 it is observed that numerical predictions are in good
518agreement with the correlations given by Eqs. (30) and (31).

5194.1.3. Effect of density ratio
520To further investigate the effect of density ratio on the terminal
521velocity (Ut) and bubble shape, we simulate a bubble rising under

522buoyancy for Eo ¼ 39:4;M ¼ 0:065;gl ¼ 6:37� 103 and

523gq ¼ f10;100;714g. Physical properties were chosen so that exper-
524imental data reported by Hnat and Buckmaster (1976) are equiva-
525lent to dimensionless parameters used in this section. Since the
526experiment was done in a large container with negligible wall
527effects, we use a very large computational domain with
528ðDX;HXÞ ¼ ð8d;16dÞ, which corresponds to the mesh M6 in
529Fig. 1c. Fig. 8a shows the rise velocity and terminal bubble shapes
530as a function of the density ratio, whereas Fig. 8b shows the time
531evolution of bubble sphericity. It can be seen that the bubble
532shapes are not affected by density ratio, as shown in Fig. 8a and
533b. The rise velocity is sensitive to gq, indeed, a lower density ratio
534provides a lower value of terminal velocity UT , such that the bubble
535will reach smaller distances in the same period of time. In addition,
536the sensitivity of rise velocity to density ratio is drastically reduced
537if gq P 100 (see Fig. 8a). Table 6 shows the relative error on the

(a) (b)

Fig. 5. (a) Influence of Morton number (M) on terminal Reynolds number (Re). Re is plotted against non-dimensional time (t�), h ¼ d=30; Eo ¼ 116;gq ¼ 100;gl ¼ 100. (b)
Mass conservation of bubble phase, Eo ¼ 116;M ¼ 266;Dm ¼ mðtÞ�mð0Þ

mð0Þ where mðtÞ ¼
R

X /ðx; tÞdV .

Table 5
A comparison of our computational results against experimental results of Bhaga and
Weber (1981) and numerical results reported by Hua et al. (2008) using the front-
tracking method. Mesh configuration is shown in Fig. 1.

Eo M Re Mesh

Bhaga and Weber
(1981)

Hua et al.
(2008)

Present

116 848 2:47 2:317 2.29 M3

116 266 3:57 3:621 3.54 M3

116 41:1 7:16 7:0 6.94 M3

116 5:51 13:3 13:17 12.86 M3

116 131 20:4 19:88 19.38 M3

32:3 8:2� 10�4 55:3 52:96 51.57 M3

243 266 7:77 8:397 7.68 M3

339 43:1 18:3 17:91 17.46 M7
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538 terminal rise velocity. It can be observed that as the density ratio
539 increases, the relative error is reduced (see Table 7).

540 4.1.4. Effect of viscosity ratio
541 The effect of viscosity ratio is evaluated by comparing the
542 terminal velocity and shape for Eo ¼ 39:4;M ¼ 0:065;

543 gl ¼ f10;100;6:37� 103g and gq ¼ 100. As in the above test cases,
544 the mesh M6 is used to perform the present simulations (see
545 Fig. 1c). From Fig. 9a, it is noted that as the value of viscosity ratio
546 is increased, terminal velocity tends to collapse into a single curve.
547 Effect of gl on terminal shape is presented in Fig. 9b. In addition, it
548 is found that the effect of viscosity ratio on bubble shape is

549stronger than on bubble velocity, however, the variation of bubble
550rising velocity is less than 1% when the viscosity ratio changes
551from 100 to 6:67� 103. The aforementioned results are in agree-
552ment with numerical findings reported by Hua et al. (2008).

5534.1.5. Wake patterns
554The influence of bubble shape on the flow pattern of the wake
555has been also investigated. In the experiment of Bhaga and
556Weber (1981) hydrogen bubble tracers were used to get the flow
557visualization, whereas shadow-graph and Schlieren techniques
558were employed by Hnat and Buckmaster (1976) to study the wake
559structure of spherical cap bubbles. Fig. 10a shows the terminal
560bubble wake for the case Eo ¼ 39:4;M ¼ 0:065;gq ¼ 714;

561gl ¼ 6670. The closed toroidal wake and bubble shape predicted
562by the CLS method are in close agreement with the experimental
563findings of Hnat and Buckmaster (1976), furthermore, a compar-
564ison of the present results with numerical simulations reported
565by Ryskin and Leal (1984), Yue et al. (2007) and Gueyffier et al.
566(1999) are presented in Fig. 10a, which confirm the accuracy of
567the present simulations. Fig. 10b and c shows results obtained in

(a) (b)

Fig. 8. The effect of density ratio (gq) on bubble dynamics at Eo ¼ 39:4;M ¼ 0:065;gl ¼ 6:67� 103 and gq ¼ f10;100;714g. (a) Terminal shapes and dimensionless rise
velocity (v � eyg�1=2d1=2) versus dimensionless time. (b) Sphericity (pd2

=
R

X jr/jdV) versus dimensionless time.

Fig. 6. (a) Comparison of numerical prediction of drag coefficient CD as a function of the Reynolds number Re, against Eqs. (25) and (27). (b) Instantaneous Reynolds number
as a function of the dimensionless time t� . Physical conditions are given by Eo ¼ 10;gq ¼ 100;gl ¼ 100;10�3

6 M 6 103 (low viscosity values).

F

V

100 101 102 103

10-1

100

101

Rodrigue (2001), Eq. 22
Rodrigue (2001), Eq. 23
Eo=10
Eo=116

Fig. 7. Velocity number (V) as a function of the flow number (F). Correlations are
taken from Rodrigue (2001).

Table 6
Effect of density ratio on terminal velocity. Here, U�T ¼ UT d�1=2g�1=2 and
er ¼ jUT � UT;expjU�1

T ;exp . The reference solution UT;exp ¼ 0:215 m=s (U�T;exp ¼ 0:6226)
was obtained experimentally by Hnat and Buckmaster (1976) at Eo ¼ 39:4;
M ¼ 0:065;gq ¼ 714 and gl ¼ 6:67� 103.

gq gl Eo M U�T (CLS method) er (%) Mesh

10 6:67� 103 39:4 0:065 0:5833 6:31 M6

100 6:67� 103 39:4 0:065 0:6098 2:06 M6

714 6:67� 103 39:4 0:065 0:6118 1:73 M6
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568 the present work and also numerical and experimental wakes
569 reported on Hua et al. (2008) and Bhaga and Weber (1981)
570 respectively. These cases correspond to dimensionless parameters
571 Eo ¼ 116;M ¼ 0:065;gq ¼ 100;gl ¼ 100 (Fig. 10b), and

572 Eo ¼ 292;M ¼ 26:7;gq ¼ 100;gl ¼ 100 (Fig. 10b and c).
573 Secondary wake recirculations were observed for the aforemen-
574 tioned cases (see Fig. 10b and c), which could explain the bright
575 zones (caused by refraction effects (Bhaga and Weber, 1981)) just
576 behind the bubble rim at the experimental images reported by
577 Bhaga and Weber (1981); moreover, the present results performed
578 by the CLS method are confirmed by numerical predictions
579 reported by Hua et al. (2008) using the front-tracking method.

580 4.1.6. Effect of convective schemes
581 Further simulations have been performed in order to study the
582 influence of the convective scheme used to discretize Eq. (6) on the
583 rising velocity and bubble shapes. Fig. 11 shows numerical results

584 for Eo ¼ 39:4;M ¼ 0:065, gq ¼ 714;gl ¼ 6:67� 103 and using the
585 mesh M6 (see Fig. 1c) which corresponds to h ¼ d=30. The reader
586 is referred to Balcázar et al. (2014) for technical details on the
587 application of flux limiters to discretize the convective term of
588 momentum equation on unstructured grids. Following the work
589 of Balcázar et al. (2014), the finite-volume discretization of the
590 convective term on momentum equation is based on the use of flux
591 limiters, LðhÞ, given by
592

LðhÞ�

1 Central difference limiter ðCDÞ
maxf0;minf2h;1g;minf2;hgg TVD Superbee limiter
hþjhj
1þjhj TVD Van-Leer limiter

0 First-order upwind limiter

8>>><
>>>:

ð32Þ594594

595 where h is a monitor variable defined as the upwind ratio of consec-
596 utive gradients of the velocity components. Regarding the numeri-
597 cal results, Fig. 11a illustrates the effect of flux limiters on the
598 rising velocity. A close-up on the time t � 0:8 shows that the
599 upwind limiter underestimates the overshoot on the rising velocity,

600while the other flux limiters lead to similar results. Fig. 11b and c
601shows that sphericity and shape of the bubbles are in close agree-
602ment, independently of the flux limiter used, however it is noted
603a slight deviation when an upwind limiter is used in comparison
604with the other ones (see Table 8). Regarding the rising velocity,
605the deviation of numerical results from experimental results, er ,
606was found to be slightly minor with the CD limiter, as shown in
607Table 8.
608Thus, the calculated drag coefficients, bubble shapes, Reynolds
609number and wake structure are consistent with the existing corre-
610lations and experimental data reported in the literature. These
611various comparisons serve to validate the accuracy and versatility
612of the CLS method.

6134.2. Hydrodynamic interaction of bubble pairs

614In this section, the CLS method is used to explore the complex
615interaction of two spherical and ellipsoidal bubbles for a wide
616range of flow conditions and different geometrical configurations.
617Fig. 12 shows the computational system and mesh distribution.
618Current simulations are performed in a rectangular domain with
619periodic boundary conditions in the vertical direction, y, and
620Neumann boundary conditions at lateral boundaries. The distance
621between the bubble centroids and the lateral walls was set to be
622larger than 4 bubble diameters in order to minimize the confine-
623ment effect (see Table 4). From Fig. 12b the domain is divided in
6242:9� 106 hexahedral volumes, which is equivalent to 30 control
625volumes per bubble diameter (cv=d). Numerical experiments were
626carried out under conditions of different Eo and M numbers. In
627addition, the interaction between a pair of bubbles is influenced
628by their center-to-center separation distance, s, and their configu-
629ration angle, h, as shown in Fig. 12a. As initial condition, the bub-
630bles are at rest and a spherical shape is assumed. Regarding the
631discretization of the convective term of momentum Eq. (6), a CD
632scheme is used for cases with low Reynolds number, which include
633interactions of spherical bubbles (Eo ¼ 0:36;M 6 5� 10�8).
634Moreover, a TVD scheme (Van-Leer flux limiter) is used in order
635to avoid numerical instabilities at cases with high Reynolds
636number, which include interactions of ellipsoidal bubbles
637(Eo ¼ 4;M ¼ 1� 10�9) and spherical bubbles with M ¼ 1� 10�8.

6384.2.1. Spherical bubbles
639According to empirical findings of Takemura and Magnaudet
640(2003) and Sanada et al. (2009), and numerical studies of
641Legendre and Magnaudet (2003), when two spherical bubbles rise
642side by side, a horizontal force is induced and it causes either
643repulsion or attraction between the bubbles, as result of the com-
644petition between vortical and irrotational interaction mechanisms.

Table 7
Effect of viscosity ratio on terminal velocity. Here, U�T ¼ UT d�1=2g�1=2 and
er ¼ jUT � UT ;expjU�1

T;exp . The reference solution UT ;exp ¼ 0:215 m=s (U�T ;exp ¼ 0:6226)
was obtained experimentally by Hnat and Buckmaster (1976) at Eo ¼ 39:4;
M ¼ 0:065;gq ¼ 714 and gl ¼ 6:67� 103.

gq gl Eo M U�T (CLS method) er (%) Mesh

100 10 39:4 0:065 0:5699 8:46 M6

100 100 39:4 0:065 0:6038 3:02 M6

100 6:67� 103 39:4 0:065 0:6118 2:06 M6

(a) (b)

Fig. 9. The effect of viscosity ratio (gq) on bubble dynamics at Eo ¼ 39:4;M ¼ 0:065;gl ¼ f10;100;6:67� 103g and gq ¼ 100. (a) Terminal shapes and dimensionless rise
velocity (v � eyg�1=2d1=2) versus dimensionless time. (b) Sphericity (pd2

=
R

X jr/jdV) versus dimensionless time.
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645 Thus, the lateral force changes sign for a certain critical Reynolds
646 number (Rec). For instance, Legendre and Magnaudet (2003)
647 numerically studied the motion of a pair of spherical rising bubbles
648 aligned horizontally by using DNS and predicted that Rec � 30 if
649 the horizontal distance between the bubbles is s ¼ 1:5d and
650 h ¼ 0, a value confirmed by the experimental results of Takemura
651 and Magnaudet (2003).
652 Following previous results, a set of numerical experiments were

653 performed for Eo ¼ 0:34;4:8� 10�6
6 M 6 1� 10�8, gq ¼ 100;

654 gl ¼ 100; s ¼ 1:5d and h ¼ 0. From Fig. 13a, in simulations where
655 Re K 32 the bubbles separate from each other. On the other hand,
656 for cases with Re J 32 the bubbles approach each other (see
657 Fig. 16). Such behavior has been explained by Legendre and
658 Magnaudet (2003) in terms of the vorticity: when Re is large
659 enough for the vorticity to remain confined in a boundary layer

660whose thickness is small compared to the distance between the
661two bubbles, the interaction is dominated by the irrotational
662mechanism, consequently, the transverse force is then attractive.
663However, when viscous effects are dominant, the vorticity spreads
664out about each bubble until it is canceled in the gap by the vorticity
665existing around the other bubble, resulting in a repulsive trans-
666verse force for small values of Re. The numerical prediction of
667the transitional Reynolds number (Rec � 32) given by the CLS
668method, is in excellent agreement with numerical and experimen-
669tal results previously published (Legendre and Magnaudet, 2003;
670Yu et al., 2011; Bonometti and Magnaudet, 2007; Sanada et al.,
6712009; Takemura and Magnaudet, 2003).
672The effect of the initial configuration angle on the hydrody-
673namic interaction between two spherical bubbles is studied for
674s ¼ 1:5d;0	 6 h 6 90	, Eo ¼ 0:34;M ¼ 1� 10�8 (or Re ¼ 61:1 for

(a)

(b)

(c)

Fig. 10. Comparisons of experimental and numerical results previously published against present results (CLS method) for the wake pattern. (a)
Eo ¼ 39:4;M ¼ 0:065;gq ¼ 714;gl ¼ 6:67� 103. Reference results are reported in Hnat and Buckmaster (1976), Ryskin and Leal (1984), Yue et al. (2007) and Gueyffier
et al. (1999). (b) Eo ¼ 116;M ¼ 0:962;gq ¼ 100;gl ¼ 100. Reference results are reported in Bhaga and Weber (1981) and Hua et al. (2008). (c)
Eo ¼ 292;M ¼ 26:7;gq ¼ 100;gl ¼ 100. Reference results are reported in Bhaga and Weber (1981) and Hua et al. (2008). The meshes used in present simulations are M6

(a), M3 (b) and M7 (c). See Fig. 1c for mesh description.
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675 the corresponding single bubble). The evolution of s� ¼ 2s=d and h
676 are reported in Fig. 14 versus dimensionless time t� for different
677 initial orientation angles h0. Fig. 14b shows a decrease of the con-
678 figuration angle as it evolves in time, which indicates a torque

679action on the bubbles that tends to align them side-by-side. The
680plot of the dimensionless distance (see Fig. 14a) indicates that
681the two bubbles being attracted for 0	 6 h 6 hc but repelled for
682hc 6 h 6 90	, where hc is the angle of transition. From Fig. 14a,
683hc is between 30� and 45�, which is in good agreement with the
684value hc � 37� reported by Hallez and Legendre (2011).
685Regarding topology changes of interfaces for cases with attractive
686forces between the bubbles, these are consistent with numerical
687simulations reported by Yu et al. (2011) and Bonometti and
688Magnaudet (2007).

6894.2.2. Ellipsoidal bubbles
690In this section we study the interaction of two bubbles on ellip-

691soidal regime with Eo ¼ 4;M ¼ 1� 10�9, gq ¼ 100;gl ¼ 100;
692s ¼ 1:5d;0�< hjt¼0 < 90�. Fig. 17 shows the variation of shape and
693position for different initial configuration angles. For hjt¼0 ¼ 0�,

(a) (b)

(c)

Fig. 11. Effect of the convective scheme used to discretize the momentum equation (see Eq. (6)). Here, Eo ¼ 39:4;M ¼ 0:065;gq ¼ 714;gl ¼ 6:67� 103. (a) Effect on the rise
velocity. (b) Effect on the sphericity (bubble shape). (c) Qualitative comparison of terminal bubble shape.

Table 8
Effect of flux limiters used to discretize the momentum equation on terminal rising
velocity. Here, UT is the terminal rise velocity (vc � ey at t� ¼ 20) and
er ¼ jUT � UT ;expjU�1

T;exp is the error in the computed velocity. The reference solution
UT;exp ¼ 0:215 m=s (UT ;expðgdÞ�1=2 ¼ 0:6226) was obtained experimentally by Hnat and
Buckmaster (1976) for Eo ¼ 39:4;M ¼ 0:065;gq ¼ 714 and gl ¼ 6:67� 103.

Flux limiter UT ðgdÞ�1=2 er (%) Sphericity Mesh

CD 0:6109 1:88 0:7818 M6

Superbee 0:6105 1:94 0:7802 M6

Van-Leer 0:6104 1:96 0:7805 M6

Upwind 0:6105 1:94 0:7890 M6

(a) (b)

Fig. 12. Computational framework for simulating the interaction of a pair of bubbles. (a) Sketch of the initial configuration. (b) Mesh configuration. The domain is divided in
2:9� 106 hexahedral volumes, which is equivalent to 30 cv/d.
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694 the trajectory and shape of bubbles are symmetric about y–z plane.
695 For cases with hjt¼0 ¼ 0� and hjt¼0 ¼ 15�, the bubbles separate each
696 other until t� � 0:8, where s starts to decrease up to t� � 1:7. From
697 this time a repulsion force acts between the bubbles and s contin-
698 ues to increase faster, as shown in Fig. 15a. For hjt¼0 J 30�, the
699 dynamic evolution of s is the opposite than previous cases (see
700 Fig. 15a), and attractive forces were observed, which lead to coales-
701 cence of small bubbles to form a larger one (see Fig. 17c).
702 Fig. 15b shows the time evolution of h for different initial orien-
703 tation angles. For hjt¼0 J 30� bubbles tend to align with vertical

704axis before to start the coalescence process. Indeed, the impact
705angle increases as hjt¼0 is larger. For hjt¼0 ¼ 15�, the orientation
706angle tends to align with the side-by-side configuration (see
707Fig. 15b). From previous findings, it is argued that deformation of
708bubbles has a strong effect on its interaction. In fact, the vorticity
709is larger for ellipsoidal bubbles than for spherical bubbles, since
710the vorticity generated at the interface is proportional to the curva-
711ture (Batchelor, 1967; Bunner and Tryggvason, 2003).
712Fig. 18 shows the coalescence of two ellipsoidal bubbles rising
713in oblique alignment (h ¼ 30�). The pressure on the bubble surface

(a) (b)

Fig. 13. Interaction of a pair of bubbles rising side-by-side, Eo ¼ 0:36;gq ¼ 100;gl ¼ 100;4:8� 10�6 < M < 1� 10�8; sjt¼0 ¼ 1:5d; h ¼ 0. (a) Evolution of the dimensionless
distance s� ¼ 2s=d between the centers of the bubbles at different vertical positions. (b) Terminal Reynolds number of a single spherical bubble for the corresponding cases in
(a).

(a) (b)

Fig. 14. Evolution of the dimensionless distance between the centroids of the bubbles versus dimensionless vertical position. Bubbles rise in spherical shape regime,
Eo ¼ 0:34;M ¼ 1� 10�8;gq ¼ 100;gl ¼ 100.

(a) (b)

Fig. 15. Evolution of the dimensionless distance between the centroids of the bubbles versus dimensionless vertical position. Bubbles rise in ellipsoidal shape regime,
Eo ¼ 4:0;M ¼ 1� 10�9;gq ¼ 100;gl ¼ 100.
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714 and velocity vectors on the plane x–y at z ¼ 0 of the domain are
715 also presented for different times t� ¼ f4:4;5:0;6:0g. The shape of
716 the larger bubble is different compared with spherical regime,
717 thereby indicating that the coalescence dynamics is a function of
718 the Eötvös number. In this regime, the wake behind the upper bub-
719 ble creates an artificial lift force for the downstream bubble, which
720 gradually moves in the wake of the leading bubble, moreover, a

721horizontal component of velocity is generated, which produces
722an alignment effect of bubbles (see Fig. 18, t� ¼ 4:4). When the
723two bubbles are close to collide, a considerable asymmetrical
724deformation was observed, followed by the formation of a neck
725or meniscus between the bubbles (see Fig. 18, t� ¼ 5:0). Finally,
726two bubbles coalesce to form a big bubble at t� ¼ 6:0 (see
727Fig. 18), which continues rising in wobbling regime. These

Fig. 16. Snapshots of the bubble position released in staggered configuration with Eo ¼ 0:34 (spherical regime), gq ¼ 100;gl ¼ 100. The Dt� between shots is 1:25. The
indicated Re number is defined based on the rise velocity of an isolated bubble under the same conditions.

Fig. 17. Snapshots of the bubble position released in a staggered configuration with Eo ¼ 4 (ellipsoidal regime), M ¼ 1� 10�9;gq ¼ 100;gl ¼ 100. The Dt� between shots is
1:25. According to the Grace diagram (Clift et al., 1978), the Reynolds number corresponds to Re � 700, based on the rise velocity of an isolated bubble under the conditions
mentioned above.
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728 topology changes are consistent with numerical simulations
729 reported by Yu et al. (2011) using an adaptive Lattice-Boltzmann
730 method.

731 4.3. Multiple bubble interaction

732 The bubbly flow is not a fully developed flow regime because
733 given enough time, the bubbles may collide each other, and their
734 agglomeration could lead to form large bubbles or the so-called
735 slug flow. Moreover, in most industrial applications, the bubble
736 flow rate is high and the flow is often referred to as churn flow,
737 where the coalescence and break-up is strong. In general, the
738 hydrodynamic of bubbly flow is still far to be understood, indeed,
739 one major problem is the lack of proper experimental techniques

740to probe the bubbles (Mudde, 2005). However, for some systems,
741DNS can help us to understand the complex bubble interactions
742on bubbly flows. For instance, Tryggvason et al. (2013) have
743employed a front-tracking/finite-volume method to conduct DNS
744of bubbly flows with nearly spherical and ellipsoidal bubbles rising
745in a vertical channel with upward and downward flows and char-
746acterized the void fraction distribution and the velocity profile.
747Bunner and Tryggvason (2002), Bunner and Tryggvason (2003)
748and Esmaeeli and Tryggvason (2005) characterized the rise veloc-
749ity, microstructure and velocity fluctuations on swarms of spheri-
750cal and ellipsoidal bubbles using the front-tracking method.
751Smolianski et al. (2008) carried out two-dimensional simulations
752of the dynamics of a small group of bubbles using the level-set
753method. Liu and Valocchi (2012) and Cheng et al. (2010) have
754employed the Lattice-Boltzmann method to investigate the inter-
755actions of multiple bubbles rising in a vertical channel. In experi-
756mental studies, the coalescence can be prevented by the addition
757of salt to the liquid (Martínez-Mercado et al., 2007; Zenit et al.,
7582001), moreover, some numerical methods such as
759Front-Tracking introduced by Unverdi and Tryggvason (1992)
760and Tryggvason et al. (2001) have the ability to avoid the merging
761of interfaces by using a separate mesh for each bubble. In present
762simulations there is no such restriction and the bubble coalescence
763will be permitted.
764Fig. 19 shows the computational domain, which is defined as a
765vertical cylinder bounded by a rigid wall, with gravity acting in the
766�y-direction. The size of the domain is ðDX � HXÞ ¼ ð6:6d� 13:3dÞ,
767where d is the initial bubble diameter, DX is the cylinder diameter
768and HX is the cylinder height. Imposed boundary conditions are
769non-slip at the rigid wall and periodic on the streamwise (y-direc-
770tion), as shown in Fig. 19a. In this way bubbles go out of the
771domain on the top side, and they come back in the domain again
772from the opposite side. The mesh was generated by a constant step
773extrusion of a two dimensional unstructured grid along the
774y-direction, which leads to a mesh conformed by 13� 106 hexahe-
775dral volumes, as is illustrated in Fig. 19b. Therefore, the equivalent
776bubble diameter, d, is resolved by 30 mesh cells. An array of thirty
777spherical bubbles is initially placed in the periodic column follow-
778ing a random pattern, with 1:5d defined as the minimum separa-
779tion distance between two bubbles or bubble–wall (see Fig. 19a).
780This corresponds to a dilute bubbly flow, with an overall volumet-
781ric fraction of a ¼ 3:45%. Non-dimensional parameters are fixed to

782Eo ¼ 2:5;M ¼ 5:9� 10�4;gq ¼ 10;gl ¼ 10, which corresponds to
783nearly spherical bubbles (Clift et al., 1978).

Fig. 18. Velocity field on the plane x–y at z ¼ 0, and pressure field on the bubble surface for Eo ¼ 4, M ¼ 1� 10�9;gq ¼ 100;gl ¼ 100; h ¼ 30�. Here w 2 fp; jjvjjg.

(a) (b)

Fig. 19. Computational setup for simulation of multiple bubbles rising in a periodic
vertical duct. (a) Initial condition (free bubble array) and Boundary conditions. (b)
Mesh configuration (hexahedral cells).
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784 Fig. 20 shows an instantaneous snapshot of bubbly flow at the
785 dimensionless time t� ¼ 12, with t� ¼ tðg=dÞ1=2. Fig. 20a illustrates
786 the periodic behavior of the bubbles, where contours of vertical
787 velocity (v � ey) are plotted on the plane x–y at z ¼ 0, and pressure
788 distribution is represented on the bubble surface. Fig. 20b shows
789 the vorticity contours, X � ez, on the plane x–y at z ¼ 0, generated
790 by the bubbles and the wall. The simulation was performed from
791 t� ¼ 0 to t� ¼ 46, and it was stopped before the coalescence of all
792 bubbles. Fig. 21a and b illustrates the time evolution of the average
793 vertical velocity of the bubbles and its interfacial area respectively,
794 indeed, a steady state behavior has not been achieved for the case
795 reported in this section. In order to approximate the maximum
796 flow length scale, the trajectory of the bubble swarm centroid
797 rðtÞ, has been calculated as follows:

798

rcðtÞ ¼ rcð0Þ þ
Z t

0
vcðtÞdt ð33Þ

800800

801with vcðtÞ defined as the averaged velocity of the bubbles in the
802cylindrical domain X,
803

vcðtÞ ¼
1

VX

Z
X

vðx; tÞ/dV ð34Þ
805805

806Therefore, the maximum length scale in vertical direction (y-axis)
807corresponds to 4 periodic domains, as is illustrated in Fig. 21c.
808Fig. 22 shows the evolution of bubbly flow, including velocity
809field on the plane x–y at z ¼ 0 and bubble distribution, for different
810times t� ¼ f12;24;38;46g. At the early stage, bubbles move
811upward through a basically stagnant liquid, and the rise trajectory
812of the bubbles hardly deviates from a straight line. Bubbles rise due
813to the buoyancy force and each bubble forms its own wake, which
814affects the motion of the nearby bubbles. As the time advances,
815trailing bubbles are attracted by the wake of the leading bubbles
816and coalescence processes are observed. This in turn, influences
817the bubble size distribution, interfacial area and bubble induced
818liquid flow, as shown in Fig. 22. The strong wake interaction pro-
819motes bubble agglomeration and the collision between them
820increases the coalescence of small bubbles to form larger ones.
821Moreover, Fig. 22 shows a major bubble concentration around
822the symmetry axis of the channel, whereas the bubbles do not col-
823lide with the wall. Hydrodynamics and gravity start to interact on
824global scales, and specific patterns are identified in the liquid circu-
825lation: the liquid flows up in the center of the circular duct and
826down close to the wall, as shown in Fig. 22. In present simulations,
827the cluster of bubbles form a chimney, which can be clearly seen in
828Fig. 22. This type of cluster formation is known to be the basic
829foundation for the transition from bubbly to slug flow. The trend
830for the bubbles to move to the center of the domain is consistent
831with simulation results reported by Cheng et al. (2010) and Yu et
832al. (2011).

(a) (b)

Fig. 20. Bubble swarm in nearly spherical shape regime at t� ¼ 12; Eo ¼ 2:25;M ¼ 5:9� 10�4;gq ¼ 10;gl ¼ 10. (a) Contours of vertical velocity on the plane x–y at z ¼ 0, and
pressure distribution on the bubble surface. (b) Vorticity X � ez on the plane x–y at z ¼ 0.

Fig. 21. (a) Time evolution of Reynolds number defined as
ReðtÞ ¼ q1dl�1

1

R
X /ðx; tÞv � ey dV . (b) Time evolution of interfacial area defined as

AreaðtÞ ¼
R

X jjr/ðx; tÞjjdV=
R

X jjr/ðx;0ÞjjdV . (c) Trajectory of the bubble swarm
centroid.
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833 5. Conclusions

834 In the present work, a conservative level-set method has been
835 used to study the buoyancy-driven motion of single and multiple
836 bubbles on a one-directional periodic domain. The numerical
837 method offers a high degree of accuracy in the prediction of termi-
838 nal Reynolds numbers, drag coefficients, wake patterns and bubble
839 shapes for a wide range of Eo and M numbers. Moreover, the
840 numerical predictions of the CLS method agree fairly well with
841 experimental and numerical results from the literature.
842 Numerical results for the interaction of two spherical and ellip-
843 soidal bubbles are consistent with previous simulations performed
844 by other numerical methodologies. For the conditions selected in
845 this paper (s ¼ 1:5d;0	 6 h 6 90	), both repulsive and attractive
846 interactions were observed, which are a function of the Reynolds
847 number and the initial configuration angle. The performed simula-
848 tion with multiple bubbles in a vertical channel shows that bubbles
849 tend to form groups, which move through the center of the
850 channel.
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