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We present a first-principles study of the energy and elastic properties of solid helium at pressures
below the range in which is energetically stable. We find that the limit of mechanical stability
in hcp 4He is Ps = −33.82 bar, which lies significantly below the spinodal pressure found in the
liquid phase (i.e., −9.6 bar). Furthermore, we show that the pressure variation of the transverse
and longitudinal sound velocities close to Ps do not follow a power law of the form ∝ (P − Ps)

γ , in
contrast to what is observed on the fluid.
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I. INTRODUCTION

In the last two decades, extensive theoretical and ex-
perimental works have focused on the study of liquid he-
lium at negative pressures and ultra-low temperatures.1,2

The equation of state of this material has been mea-
sured very accurately within the density range in which
is stable, and extrapolated to the region of negative pres-
sures.3,4 On the theoretical side, quantum Monte Carlo
methods have allowed for precise and explicit simula-
tion of metastable liquid helium, producing results which
are in remarkable good agreement with experiments.5 A
quantity of central interest in all these studies is the spin-
odal point Ps, i.e., the pressure at which the bulk modu-
lus, B, and sound velocity go to zero and thus the liquid
becomes unstable against long wavelength density fluc-
tuations. In liquid 4He Ps amounts to −9.6 bar, while in
liquid 3He to −3.2 bar.
Analogous studies performed in solid helium are al-

most non-existent in the literature.6,7 At T = 0 K solid
helium becomes stable at pressures larger than ∼ 25 bar
thus certainly the realm of negative pressures lies well
below such a threshold. Nevertheless, analysis of the me-
chanical instability limit in helium crystals turns out to
be a topic of fundamental interest. In contrast to liquids,
solids can sustain shear stresses and because of this or-
dinary fact the definition of the spinodal density in crys-
tals differs significantly from the one given above. In the
particular case of solid 4He, previous attempts at deter-
mining Ps have been, to the best of our knowledge, only
tentative.6,7

The energy of a crystal under a homogeneous elastic
deformation is

E(V, η) = E0(V ) +
1

2
V
∑

ij

Cijηiηj , (1)

where {Cij} are the elastic constants and {ηi} a general
strain deformation (both expressed in Voigt notation).
The specific symmetry of a crystal determines the num-
ber of independent elastic constants which are different
from zero. In the case of hexagonal crystals (e.g., hcp
4He) these are five: C11, C12, C13, C33 and C44. The con-

ditions for mechanical stability in a crystal follow from
the requirement that upon a general strain deformation
the change in the total energy must be positive. It can
be shown that in hcp crystals subjected to an external
pressure P , these conditions readily are8,9

C44 − P > 0 [C1]

C11 − C12 − 2P > 0 [C2]

(C33 − P ) (C11 + C12)− 2 (C13 + P )
2

> 0 [C3] . (2)

The spinodal pressure, or limit of mechanical stability, in
a crystal then is identified with the point at which any
of the three conditions above is not fulfilled. We must
note that the bulk modulus of an hexagonal crystal can
be expressed as10

B = −V
dP

dV
=

C33 (C11 + C12)− 2C2
13

C11 + C12 + 2C33 − 4C13

, (3)

thus the conditions at which the bulk modulus (and
sound velocities) vanishes in general must not coincide
with the corresponding limit of mechanical stability. This
reasoning is in fact different from the usual Ps analysis
performed in liquids.

In this article we present a computational study of
the energetic and elastic properties in solid 4He at pres-
sures below ∼ 25 bar, based on the diffusion Monte Carlo
method. Our first-principles calculations allow us to de-
termine with rigor and precision the limit of mechani-
cal stability in this material, which we estimate to be
Ps = −33.82 bar (that is, much larger in absolute value
than the one found in the fluid). Moreover, we show that,
in contrast to liquid helium, the pressure variation of the
sound velocities near Ps do not follow a power law of the
form ∝ (P − Ps)

γ
with γ = 1/3.11

The organization of this article is as follows. In the
next section, we provide the details of our computational
method and calculations. In Sec. III, we present our re-
sults and comment on them. Finally, we summarize our
main findings in Sec. IV.
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II. COMPUTATIONAL DETAILS

In DMC the time-dependent Schrödinger equation of
a N -particle system is solved stochastically by simulat-
ing the time evolution of the Green’s function propagator

e−
i

~
Ĥt in imaginary time τ ≡ it

~
. In the τ → ∞ limit,

sets of configurations (walkers) {Ri ≡ r1, . . . , rN} ren-
der the probability distribution function Ψ0Ψ, where Ψ0

is the true ground-state wave function and Ψ a guid-
ing wave function used for importance sampling. Within
DMC, virtually exact results (i.e., subjected to statistical
uncertainties only) can be obtained for the ground-state
energy and related quantities.12,13

We are interested in studying the ground-state of hcp
4He, which we assume to be governed by the Hamiltonian

H = − ~
2

2mHe

∑N
i=1 ∇

2
i +

∑N
i<j VHe−He(rij) where mHe is

the mass of a 4He atom and VHe−He the semi-empirical
pairwise potential due to Aziz.14 It is worth noticing that
the Aziz potential provides an excellent description of the
He-He interactions at low pressure.15,16

The guiding wave function that we use in this study,
ΨSNJ, reproduces both the crystal ordering and Bose-
Einstein symmetry. This model wave function was intro-
duced in Ref. [17] and reads

ΨSNJ(r1, . . . , rN ) =
N
∏

i<j

f(rij)
N
∏

J=1

(

N
∑

i=1

g(riJ )

)

, (4)

where the index in the second product runs over the lat-
tice position vectors. In previous works we have demon-
strated that ΨSNJ provides an excellent description of the
ground-state properties of bulk hcp 4He17 and quantum
solid films.18–20 Here, we adopt the correlation functions
in Eq. (4) of the McMillan, f(r) = exp

[

−1/2 (b/r)5
]

,

and Gaussian, g(r) = exp
[

−1/2 (ar2)
]

, forms, and op-
timize the corresponding parameters with variational
Monte Carlo.
The technical parameters in our calculations were set

in order to ensure convergence of the total energy per
particle to less than 0.02 K/atom. The value of the
mean population of walkers was 500 and the length of
the imaginary time-step (∆τ) 5 · 10−4 K−1 . We used
large simulation boxes containing 200 atoms in all the
cases. Statistics were accumulated over 105 DMC steps
performed after system equilibration, and the approxi-

mation used for the short-time Green’s function e−Ĥτ is
exact up to third order in τ .21,22

The computational strategy that we followed for cal-
culation of the elastic constants {Cij} is the same than
explained in works [10,23,24], thus we address the inter-
ested reader to them.

III. RESULTS AND DISCUSSION

In Fig. 1, we show the calculated energy in solid helium
expressed as a function of volume (solid symbols). We
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FIG. 1: (Top:) Calculated energy per particle expressed as a
function of volume. The solid line represents a polynomial fit
to our results (see text). Results obtained in the liquid phase
(from work [5]) are shown for comparison. (Bottom:) Calcu-
lated bulk modulus expressed as a function of volume. The
region in which B vanishes is augmentated on the inset.

fitted our results to the polynomial curve

E(V ) = E0 + b

[(

V0

V

)

− 1

]2

+ c

[(

V0

V

)

− 1

]3

, (5)

and found as best parameters E0 = −5.978(5) K, V0 =
36.90(5) Å3, b = 34.38(5) K, and c = 7.86(5) K. In com-
parison to the analogous energy curve calculated in liquid
helium (see Fig. 1),5 E(V ) displays larger slopes, which
translates into larger negative pressures, at volumes close
to equilibrium (i.e., V0). In the same figure, we enclose
the bulk modulus, B(V ) = V d2E/dV 2, that is calcu-
lated directly from E(V ) (solid line). The symbols which
appear therein correspond to estimations obtained with
Eq.(3), thereby excellent consistency between our energy
and Cij calculations is demonstrated. We find that the

bulk modulus of helium vanishes at VB = 53.00 Å3 and
PB = −34.06 bar. In what follows, we present our anal-
ysis of the elastic properties and mechanical stability in
solid 4He and clarify whether VB and PB are meaningful
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FIG. 2: Calculated elastic constants expressed as a function
of volume. The solid lines are power-law fits to our results
(solid symbols).

physical quantities.

Fig. 2 shows how the calculated elastic constants in
solid helium change as a function of volume. As it is
appreciated therein, all five Cij decrease with increas-
ing volume. In particular, C12 and C13 become zero at
V = 48.32 (P = −32.80 bar) and 44.95 Å3 (−29.47 bar)
respectively. We performed power-law fits to our Cij(V )
results in order to render continuous elastic constant
functions. By doing this, we were able to represent the
three conditions of mechanical stability in hcp helium
[see Eq.(2)] as a function of volume. These results are
enclosed in Fig. 3 and it is observed there that condi-
tion 3 in Eq.(2) [C3], is violated at Vs = 50.81 Å3 and
Ps = −33.82 bar. Thus, we identify the (Vs, Ps) point
with the limit of mechanical stability in solid 4He. These
conditions are not coincident with the (VB , PB) state at
which the bulk modulus vanishes, as in fact was already
expected from Eqs.(2)-(3).

Sound velocities in solids can be either longitudinal or
tranverse and depend on the direction of propagation. In
crystals with hexagonal symmetry two main propagation
modes are identified, one along the c-axis and the other
contained in the basal plane. The relationships between
the elastic constants and sound velocities in hcp crystals
are10

vL = (C33/ρ)
1/2

vT1 = vT2 = (C44/ρ)
1/2

(6)
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FIG. 3: Conditions of mechanical stability [see Eq.(2)] ex-
pressed as a function of volume. The region in which condi-
tion 3 is not accomplished is augmentated on the inset.

along the c-axis, and

vL = (C11/ρ)
1/2

vT1 = (C11 − C12/2ρ)
1/2

vT2 = (C44/ρ)
1/2

(7)

in the basal plane. In Fig. 4, we plot the six sound veloc-
ities calculated in solid helium as a function of pressure
(some of them are coincident) together with an appro-
priate average of them, vD.10 We observe that none of
the sound velocities vanishes at the spinodal pressure Ps

(marked in red in the figure), as it was already expected
from Eqs.(2)-(6)-(7). Neither any sound velocity becomes
zero at PB , the pressure at which the bulk modulus van-
ishes. These results indeed are totally different from the
usual conclusions drawn on the mechanical stability of
liquids.
Recently, it has been suggested that the variation of

the sound velocities near the spinodal density in solid
4He could follow a power law of the form ∝ (P − Ps)

γ

where γ = 1/3, in analogy to what is observed on the liq-
uid.6,7 However, in light of the results enclosed in Fig. 4
such an hypotheses can not be valid since none of the
sound velocities becomes zero at Ps. Furthermore, we

performed fits of the form vL,T (P ) = a + b (P − Ps)
β
to

our results and found that parameter β was never equal
to 1/3 and depended on the considered velocity. There-
fore, we must conclude that the propagation of sound
waves in helium crystals at the verge of mechanical in-
stability differs radically from that in liquid helium under
similar conditions.
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FIG. 4: Calculated sound velocities along the c-axis and in the
basal plane [see Eqs.(6)-(7)] expressed as a function of pres-
sure. The region in which the crystal becomes mechanically
unstable is filled with red color.

IV. CONCLUSIONS

We have presented a rigorous and precise computa-
tional study of the energy and elastic properties of solid
helium at conditions in which is metastable. We have de-
termined the limit of mechanical stability in this crystal,
i.e., Ps = −33.82 bar, and the variation of the sound ve-
locities at pressures close to it. Overall, we demonstrate
that solid and liquid helium behave radically different in
the vicinity of their spinodal points.
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