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Abstract Sandy shorelines exposed to very oblique wave incidence can be unstable and develop
self-organized shoreline sand waves. Different types of models predict the formation of these sand waves
with an initially dominant alongshore wavelength in the range 1–10 km, which is quite common in nature.
Here we investigate the physical reasons for such wavelength selection with the use of a linear stability
model. The existence of a minimum wavelength for sand wave growth is explained by an interplay of three
physical effects: (a) largest relative (to the local shoreline) wave angle at the downdrift flank of the sand
wave, (b) wave energy concentration at the updrift flank due to less refractive energy dispersion, and (c)
wave energy concentration slightly downdrift of the crest due to refractive focusing. For small wavelengths,
effects (a) and (c) dominate and cause decay, while for larger wavelengths, effect (b) becomes dominant
and causes growth. However, the alongshore gradients in sediment transport decrease for increasing
wavelength, making the growth rate diminish. There is therefore a growth rate maximum giving a dominant
wavelength, LM. In contrast with previous studies, we show that LM scales with 𝜆0∕𝛽 (𝜆0 is the wavelength of
the offshore waves and 𝛽 is the mean shoreface slope, from shore to the wave base), an estimate of the order
of magnitude of the distance waves travel to undergo appreciable transformation. Our model investigations
show that the proportionality constant between LM and 𝜆0∕𝛽 is typically in the range 0.1–0.4, depending
mainly on the wave incidence angle.

1. Introduction

Shoreline sand waves are undulations of the shoreline that extend into the bathymetry up to depths of
O (10 m). Here we focus on sand waves that occur at length scales of O (1–10 km) and time scales of O
(1–10 yr), and which are not directly related to surf zone rhythmic bars (the latter occurring at length scales
of O (0.1–1 km) and time scales of O (1–10 days)). These shoreline sand waves are episodically or persis-
tently found along many sandy coasts [Bruun, 1954; Verhagen, 1989; Inman et al., 1992; Thevenot and Kraus,
1995; Gravens, 1999; Guillen et al., 1999; Stive et al., 2002; Ruessink and Jeuken, 2002; Davidson-Arnott and
van Heyningen, 2003; Medellín et al., 2008; Alves, 2009; Caballeria et al., 2011; Ryabchuk et al., 2011; Kaergaard
et al., 2012; Ribas et al., 2013]. They could be triggered by different physical mechanisms, including forc-
ing by offshore bathymetric anomalies or input of large quantities of sand from inlets and rivers [Thevenot
and Kraus, 1995], but they can also emerge from irregularities of an otherwise rectilinear coast in absence
of any evident forcing at their specific wavelength. The latter can occur if the wave climate is dominated
by high-angle waves (i.e., waves with a high incidence angle relative to the shore normal), which make a
rectilinear coast unstable [Ashton et al., 2001; Falqués and Calvete, 2005; Ashton and Murray, 2006a; van den
Berg et al., 2011, 2012; Kaergaard and Fredsoe, 2013]. We will refer to this phenomenon as high-angle wave
instability (HAWI from now on) and to the corresponding shoreline pattern as free or self-organized sand
waves. Examples of observed shoreline sand waves of small amplitude are shown in Table 1. The critical
water wave angle for instability is about 45◦ at the depth of closure, i.e., at the most offshore reach of the
shoreline-associated bathymetric perturbations [van den Berg et al., 2012].

Cuspate forelands and spits at larger length scales O (10–102 km) have also been reported in connection
with high-angle wave climates, in addition to shoreline sand waves [Ashton and Murray, 2006b; Ashton et al.,
2009; Alves, 2009; Ribas et al., 2013]. These large-scale features may coexist with sand waves (e.g., along the
coast of Namibia) [see Ribas et al., 2013] and may have evolved from shoreline sand waves by the nonlinear
processes described in Ashton et al. [2001] and Ashton and Murray [2006a], which are beyond the scope of
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Table 1. Wavelength of Self-Organized Shoreline Sand Wavesa Along
Several Coasts
Location Reference Wavelength (km)

Fire Island, U.S. East Coast Gravens [1999] 1–2
Dutch coast Ruessink and Jeuken [2002] 3.5–10
Santander Bay, Spain Medellín et al. [2008] 0.12–0.15
Catalan coast, Spain Caballeria et al. [2011] 1–1.5
Denmark East Coast Kaergaard et al. [2012] 5–6
SW African coast Ribas et al. [2013] 2–8

aOnly small-amplitude shoreline sand waves at the length scales of kilometers
are included.

the present paper (i.e., finite amplitude behavior). Here we focus on the initial stages of self-organized sand
wave formation.

The first modeling study on HAWI did not predict any most preferred wavelength [Ashton et al., 2001]. Fur-
thermore, there was no lower limit on the growing wavelengths. Falqués and Calvete [2005] showed that the
absence of wavelength selection occurred because the model of Ashton et al. [2001] did not take the curva-
ture of bathymetric contours into account. If this is accounted for into the wave transformation from deep
water up to breaking, there is a lower limit on the wavelength, Lc (called cutoff wavelength), below which
sand waves do not grow; therefore, an initially dominant wavelength LM emerges. This wavelength selection
was first obtained with linear stability models [Falqués and Calvete, 2005; Uguccioni et al., 2006] but it has
also been confirmed recently with nonlinear morphodynamic models [van den Berg et al., 2012; Kaergaard
and Fredsoe, 2013]. The value of LM depends on a number of factors such as the cross-shore profile of the
shoreface and the wave height, period and angle. Falqués and Calvete [2005] obtained a range LM ∼3–15 km
by examining mild surf zone bottom slopes in the range 0.005–0.02, whereas van den Berg et al. [2012]
obtained wavelengths about 2–5 km for a surf zone slope of 0.03. For steeper beaches, wavelengths in
the range 0.6–1.5 km may appear [Caballeria et al., 2011], and even shorter wavelengths of 100–200 m can
exceptionally occur in case of a very steep beach and very particular wave conditions [Medellín et al., 2009].
Thus, the wavelength selection for self-organized shoreline sand waves is a robust output of the models
provided that the curvature of the bathymetric contours is not ignored. Furthermore, this wavelength selec-
tion in the range 1–10 km is coherent with field observations of self-organized sand waves, as can be seen
in Table 1.

The physical reasons for the existence of a dominant wavelength at the initial development of HAWI have
only been recently explored. As a preliminary step, Falqués and Calvete [2005] made some computations
for very short sand waves and showed that in that case there was a strong increase of wave refraction at
the lee of the sand wave, bringing the maximum in wave energy from updrift to downdrift of the crest. As
a result the short sand waves decay, and there is a lower limit for the emerging wavelengths (minimum
wavelength) [Falqués et al., 2011]. van den Berg et al. [2012] recently showed that there is a shift from the
dominance of wave energy focusing at the crest for small wavelengths to the dominance of wave energy
spreading for large wavelengths. This leads to an alongshore transport pattern that shifts from diffusion to
growth of the shoreline undulations when increasing their wavelength. At the same time, the gradients in
alongshore transport decrease for increasing wavelength, leading to decreasing growth rates. This explains
the existence of a wavelength of maximum growth (dominant wavelength) [van den Berg et al., 2012].

The first aim of the present contribution is to further quantify the physical mechanism that explains the
existence of a dominant wavelength for the initial development of HAWI, and thereby, a wavelength selec-
tion for self-organized shoreline sand waves. The second aim is to find out how the wavelength depends on
the bathymetric and wave conditions. The computations of Falqués and Calvete [2005] and Uguccioni et al.
[2006] suggested that the wavelength scales with the width of the surf zone, Xb, with a large factor ranging
from 50 to 200. However, this is intriguing since the water wave transformations that control the sediment
transport rate in the models occur before breaking. Furthermore, the large ratio between the wavelength
and Xb suggests that Xb does not control the physical processes that are responsible for the wavelength
selection. A more probable dependence seems to exist between the wavelength and the shoreface slope
(suggested by both computations and observations). Thus, there is a need for a systematic exploration of
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Figure 1. Sketch of a sinusoidal sand wave, where the wave crest (C), the adjacent updrift and downdrift inflection points
(uI and dI) and embayments (uE and dE), and the location of the maximum in sediment transport rate (y=yQ) are shown.
The situation where the gradients in Q cause growth and downdrift translation of the sand wave is represented. The
coordinate system used and the different angles of the model equations are also shown.

the parametric trends of the dominant wavelength and also of its sensitivity to other parameters like wave
height, period, and angle.

The linear stability model developed by Falqués and Calvete [2005] is used in the present study. In section 2,
the governing equations and the methodology are presented. The behavior of the gradients in alongshore
sediment transport as a function of the wavelength is investigated in section 3 in order to quantify the
physical processes that are responsible for the wavelength selection. In section 4 an exploration is done
to unravel the main parametric trends of the dominant wavelength. A discussion and the conclusions are
presented in section 5.

2. Extended One-Line Shoreline Model
2.1. Governing Equations
The model used in this study is called 1-D morfo, and it was first presented in Falqués and Calvete [2005].
The model equations were described in detail in that paper and here we only explain their most important
characteristics. A Cartesian reference frame is used, where y runs along the mean shoreline orientation, x
runs seaward in the cross-shore direction, and z is directed upward (Figure 1). Since we are interested in
coastal morphodynamics at large length and time scales under oblique wave incidence, we use the so-called
one-line modeling approach where the changes in coastline position are simply caused by the gradients in
the alongshore transport rate Q according to

D̄
𝜕xs

𝜕t
= −𝜕Q

𝜕y
. (1)

The shoreface bathymetry is given by z = zb(x, y, t) and the position of the shoreline is x = xs(y, t) where t
is time. The porosity factor is included in Q for simplicity and D̄ is the average active water depth. The lat-
ter quantity is of the order of the depth of closure, and it is computed by assuming sediment conservation
in the cross-shore profile [Falqués and Calvete, 2005], i.e., any sediment deficit or excess on a cross-shore
section induces a displacement of the shoreline.

The computation of the total transport rate Q (m3/s) is commonly done with an empirical approach based
on Hb and 𝛼b, i.e., the (root-mean-square) wave height and the angle of the wave fronts with respect to the
local shoreline orientation at breaking. Here we apply the widely used CERC formula [Komar, 1998],

Q = 𝜇H5∕2
b sin(2𝛼b) , (2)

where 𝜇 is an empirical constant typically in the range 0.15–0.2 m1∕2 s−1 [Falqués and Calvete, 2005]. This
constant is proportional to the parameter K1 of the original CERC formula and the value we use, 𝜇 = 0.15,
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corresponds to K1 =0.55 (in case of using the values 𝜌=103 kg/m3 and 𝜌s =2.65 103 kg/m3 for the water and
sediment densities, p= 0.4 for the sediment porosity, and 𝛾b = 0.5 for the breaking index). Also, 𝛼b = 𝜃b − 𝜙,
where 𝜃b is the angle of the wave fronts at breaking and 𝜙 = tan−1(𝜕xs∕𝜕y) is the angle of the shoreline,
both measured clockwise from the y axis (Figure 1). Other empirical expressions for Q are expected to give
qualitatively similar results [Ashton and Murray, 2006b].

For a rectilinear coastline with parallel depth contours and in absence of alongshore gradients in deep
water wave conditions, Hb and 𝛼b are alongshore uniform so that there are no gradients in Q and the shore-
line position is constant in time. If we introduce an undulation to the coastline, gradients arise in 𝜙, which
causes gradients in Q. According to equation (1) the new shoreline is no longer static. The changes in the
shoreline position are linked to changes in the shoreface bathymetry that in turn cause changes in Hb and
𝜃b due to wave refraction. This feedback effect is the essential process behind HAWI [Ashton et al., 2001]
and it is ignored by the traditional one-line shoreline approach, which always predicts a diffusive behavior
and therefore a stable shoreline [Pelnard-Considère, 1956]. Thus, Hb and 𝜃b cannot be considered constant
along the coast but they must be computed from the offshore wave characteristics as a function of the
changing bathymetry.

Given that the bathymetry is not a dynamic unknown of equation (1), the link between the shoreline and
the bathymetry is done in a parametric way

zb(x, y, t) = −D(x, y, t) = −D0(x) + D0(xs(y, t)) f (x − xs(y, t)) . (3)

The unperturbed water depth is D0(x) with D0(0) = 0 so that the unperturbed shoreline is located at x = 0.
The function f (x) gives the cross-shore shape of the bathymetric perturbation, and it satisfies f (x=0)=1 and
f (x > xc)=0, where xc is the location of the depth of closure, Dc. The complete expression of f (x) is specified
in section 2.3. Notice that we assume that the bathymetry reacts instantaneously to shoreline changes and
also that the offshore extent of the perturbation is finite and fixed in time.

Since we are interested in the basic parametric trends regarding the optimum wavelength of sand waves, we
consider a simple description of water wave transformation including only the basic processes of refraction
and shoaling. We consider the optical approximation for monochromatic water waves with wavelength 𝜆0,
height H0 and angle 𝜃0 in deep water, where the wave period T is used to compute 𝜆0 = gT 2∕(2π). Effects
in wave forcing such as spreading of the wave direction and changes of wave properties with time are not
accounted for. The transformation up to breaking is described with the dispersion relation,

𝜔2 = gk tanh(kD) , (4)

the wave number irrotationality,

𝜕

𝜕x
(k sin 𝜃) = 𝜕

𝜕y
(−k cos 𝜃) , (5)

and the energy conservation equation (up to breaking),

𝜕

𝜕x
(−cgH2 cos 𝜃) + 𝜕

𝜕y
(cgH2 sin 𝜃) = 0 . (6)

Here, 𝜔=
√

2πg∕𝜆0 is the radian frequency, k is the wave number module, g is the gravity acceleration, 𝜃 is
the angle of the wave crests measured clockwise from the y axis, and cg is the group celerity.

The shoreline equation (1) and the sediment transport formula (2), which are linked to the bathymetry
through equation (3), together with the wave transformation equations (4)–(6), constitute a complete set of
equations that can be used to determine the unknowns xs(y, t),D(x, y, t), k(x, y, t), 𝜃(x, y, t), and H(x, y, t). In
the context of the present study, the integration domain for the wave transformation equations is the region
where x ≥ xb(y, t), with xb being the breaking line. The latter is defined by H(xb, y, t) = 𝛾bD(xb, y, t), where a
default value 𝛾b = 0.6 is used. Thereby, only the offshore wave conditions are needed,

k(∞, y, t) = 2π∕𝜆0 , 𝜃(∞, y, t) = 𝜃0 , H(∞, y, t) = H0 . (7)
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Figure 2. Default Dean-type profile with some of its parameters, defined in section 2.3.2. The two different slopes used
in this study are also included: the shoreline slope, 𝛽s, and the mean shoreface slope (averaged from shore to the wave
base), 𝛽 .

2.2. Methodology
Linear stability analysis is a powerful tool to explore the initial tendency of the morphodynamic system to
develop sand waves due to HAWI. Since the details of this methodology were given in Falqués and Calvete
[2005], we only outline the main aspects. Once the equilibrium reference state corresponding to a rectilinear
shoreline has been computed, we assume a sinusoidal shoreline undulation,

xs(y, t) = a e𝜎t+iKy + c.c. , (8)

where A = 2a is the cross-shore amplitude and L = 2π∕K is the wavelength of the shoreline sand wave. The
corresponding bathymetry follows from the linearization of equation (3) for a → 0,

D(x, y, t) = D0(x) − 𝛽s f (x) xs(y, t) , (9)

where 𝛽s is the slope of the bottom profile at the shoreline. The shape function f (x) is specified in section 2.3.
Once the perturbed bathymetry is defined, the wave transformation equations (4)–(6) are linearized for
a → 0 and the perturbed wave height and angle at breaking are obtained (this is not straightforward)
[see Falqués and Calvete, 2005]. This allows for the computation of the linearized sediment transport rate
(equation (2)). Finally, inserting equation (8) into equation (1) and linearizing leads to the computation of the
complex growth rate, 𝜎 = 𝜎r + i𝜎i for each wavelength L. Perturbations with 𝜎r > 0 will grow in time and the
wavelength LM for which 𝜎r is maximum corresponds to the fastest growing sand wave, which is expected
to be the dominant wavelength in nature in the initial stages of sand wave formation. The imaginary part
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Figure 3. Typical modeled instability curve, with
the real growth rate 𝜎r as a function of the wave-
length L (solid line), for the Dean-type bathymetry
and the parameter values of section 3 (Table 2).
The dashed line represents the diffusional behavior,
where 𝜎r ∝L−2.

gives the alongshore propagation celerity of the sand
waves, according to V = −𝜎i∕K . It must be kept in mind
that this analysis only gives the initial tendency of the
system to develop free sand waves of a certain wave-
length L. Consistency between the linear stability analysis
and nonlinear modeling is therefore desirable. The main
results of the present analysis compare well with the
nonlinear modeling by van den Berg et al. [2012].

2.3. Model Setup
It is necessary to prescribe a bathymetric profile for
the unperturbed situation and the cross-shore shape
of the bathymetric perturbation. We apply two differ-
ent shoreface bathymetries, which are specified in the
following subsections.
2.3.1. Idealized Shoreface Bathymetry: Planar Profile
A planar shoreface, with constant slope 𝛽 , provides the
most simple bathymetric profile in the model,

D0(x) = 𝛽x . (10)
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Table 2. Default Model Setup in the Runs of the Different Sections

Section Profile Dc H0(m) 𝜃0(◦) T(s) 𝛾b

3 Dean type 10 1.0 60 6 0.6
4.1 Planar 100 1.0 60 6 0.6
4.2 Dean type 10 1.0 60 6 0.6

Regarding the bathymetric perturba-
tion, the most simple option is to assume
that when the shoreline shifts offshore or
onshore, the whole profile shifts accord-
ingly, preserving its shape up to the
depth of closure, Dc. This means that
the shape function in equation (9) is of
the form

f (x) =
{

1 if x < xc

0 if x ≥ xc
, (11)

where D0(xc) = Dc. Notice that the perturbed profile has a small jump at x = xc but, as long as Dc is large
enough in comparison with 𝜆0, its effect on wave transformation is not significant. The default values we
use for this bathymetry are 𝛽m = 0.03 and Dc = 100 m.
2.3.2. Realistic Shoreface Bathymetry: Dean-Type Profile
A more realistic shoreface profile is a Dean-type profile [Komar, 1998] of the form

D0(x) = B
(
(x + d)2∕3 − d2∕3

)
, (12)

where d introduces a small shift to avoid an infinite slope at the shoreline [Falqués and Calvete, 2005]
(Figure 2). The constants d and B are chosen by prescribing the shoreline slope, 𝛽s, and the water depth, D1,
at a certain offshore distance, x1,

2
3

Bd−1∕3 = 𝛽s , B
(
(x1 + d)2∕3 − d2∕3

)
= D1 . (13)

For the perturbed bathymetry, we use an exponential-type shape function that tends to zero at the position
of the depth of closure, x=xc,

f (x) = e−x∕b − e−xc∕b

1 − e−xc∕b
. (14)

The b parameter is the e-folding length of the exponential decay. However, if b is comparable or larger than
xc, f (x) decays in a linear way (approximately) between 0 and xc. The default values used for this bathymetry
are 𝛽s = 0.03, x1 = xc = 700 m, and D1 = Dc = 10 m. In addition to the shoreline slope, 𝛽s, the mean
shoreface slope 𝛽 will be used. We define it as the averaged slope from shore to the wave base, i.e., the
location where D = 𝜆0∕2, and it depends both on the bathymetry and the waves. Notice that in case of
planar profile, 𝛽 = 𝛽s. Figure 2 shows the default Dean-type profile with the two slopes used in this study.
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Figure 4. Alongshore location of the maximum of Q (yQ), of Hb (yH), and of 𝛼b (y𝛼 ) as a function of the wavelength, L
for (a) unstable conditions, 𝜃0 = 60◦ and (b) stable conditions, 𝜃0 = 30◦ . The y axis increases to the left following the
coordinate system of the model, y∕L = 0 corresponds to the sand wave crest, and the region between dI and uI of
Figure 1 is plotted. The model setup and parameter values are those of section 3 (Table 2).
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3. Why a Wavelength Selection?

The existence of a wavelength selection
for modeled self-organized shoreline
sand waves of small amplitude can
be illustrated with an instability curve
(growth rate, 𝜎r , as a function of wave-
length, L), like the one shown in Figure 3.
It can be seen that there is a lower limit
in the wavelengths (minimum or cutoff
wavelength, L = Lc), below which sand
waves decay. For L> Lc sand waves grow,
and they reach a maximum growth rate
for L == LM. For L > LM the growth rate
decreases and 𝜎r tends asymptotically to
0 for L → ∞. In the example shown in
Figure 3, Lc = 1.8 km and LM = 2.5 km.
In this section we try to understand the
physical mechanisms leading to this
behavior. For the model simulations
of this section, the Dean-type profile
defined in section 2.3.2 has been used
with a bathymetric perturbation given by
b=500 m and xc =700 m (Dc =10 m). The
offshore wave conditions are H0 = 1 m,
𝜃0 = 60◦ and T = 6 s at a water depth of
10 m (Table 2).

3.1. Growth Rates for Long
Sand Waves
In the limit of very long sand waves, the
alongshore distance over which the ori-
entation of the bathymetric contours
changes significantly tends to be much

larger than the characteristic distance over which onshore wave transformation takes place. In this situa-
tion, the bathymetric contours can be assumed rectilinear and parallel, and the simplified analysis of Ashton
et al. [2001] is valid. In such an approach, the equation governing small-amplitude sand waves is a diffu-
sion equation whose diffusivity is negative in the unstable case [Murray and Ashton, 2003; Falqués, 2003;
Ashton and Murray, 2006a]. Therefore, for long sand waves the sand wave growth rate should follow a
diffusive scaling and tend to zero as L−2. Figure 3 shows that this is indeed the case in the present analysis,
since the growth rate computed with the model (solid line) collapses to the L−2 fit (dashed line) for large
wavelengths. In contrast, Figure 3 also shows that for intermediate to short sand waves there is a dramatic
difference: for the diffusion equation [Murray and Ashton, 2003; Falqués, 2003] the growth rates increase
without bound for L → 0, while in the present analysis they reach a maximum (L = LM) and then decrease to
negative values for L < Lc. The next two sections are devoted to understanding this difference.

3.2. Growth Rates for Short to Intermediate Sand Waves
3.2.1. Alongshore Gradients in Q
To get insight into the existence of both Lc and LM we first analyze the gradients in Q caused by a
small-amplitude sinusoidal sand wave with wavelength L superimposed on an otherwise rectilinear coast-
line (see a sketch in Figure 1). The crest of the sand wave is located at point C (y = 0), the updrift and
downdrift embayments are at uE (y = −L∕2) and dE (y = L∕2), respectively, and the corresponding updrift
and downdrift inflection points are at uI (y = −L∕4) and dI (y = L∕4). Both the perturbation in the shoreline
orientation and the perturbation in the wavefield induced by the perturbed bathymetry creates along-
shore gradients in the sediment transport rate Q. Since the sand wave amplitude is small, the alongshore
distribution of Q consists of an average plus a small sinusoidal perturbation of the same wavelength, L.
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Figure 6. Relative importance of the gradients of Hb and
the gradients of 𝛼b on the gradients of Q, as a function
of the wavelength, L. The ratio R = DHΔHb∕D𝛼Δ𝛼b is
plotted, where DH and D𝛼 are the coefficients in equation
(15), and ΔHb and Δ𝛼b are the maximum alongshore
variations of Hb and 𝛼b , respectively. Both the case of
unstable (𝜃0 = 60◦ , solid line) and stable (𝜃0 = 30◦ ,
dashed line) conditions are represented. A small sand
wave of amplitude A = 33 m has been assumed. The
model setup and parameter values are those of section 3
(Table 2).

If a maximum in Q is located at uI (and the minimum
at dI), the minimum (negative value) in 𝜕Q∕𝜕y is at
C, whereas maxima in 𝜕Q∕𝜕y occur at uE and dE.
According to the sediment conservation equation
(1), this leads to maximum accretion at C and maxi-
mum erosion at uE and dE, so that the sand wave will
grow without translating. If a maximum in Q occurs
between uI and C (situation represented in Figure 1),
the minimum in 𝜕Q∕𝜕y shifts downdrift, in between
C and dI, so that the sand wave will grow and trans-
late downdrift. Thus, the position of the maximum in
Q with respect to uE, uI, C, dI, and dE determines the
growth/decay and translation of the sand wave. Appli-
cations of this simple analysis can be found in Falqués
and Calvete [2005], List and Ashton [2007], and van den
Berg et al. [2012].

The position of the maximum in Q, yQ, as a function
of L is shown in Figure 4a for unstable conditions. For
very small L, the maximum is located downdrift of
the crest so that the sand wave decays and migrates
downdrift. As L increases, yQ moves updrift and for
L = 1.75 km it shifts updrift of the crest. This means
that the sand wave will grow, consistent with Figure 3.

For larger L, yQ moves further updrift at a decreasing rate and, for L ≥ 10 km, it seems to stay somewhat
downdrift of the updrift inflection point (uI), yQ ≃−0.19L.
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Figure 7. Perturbations in the wave height for very oblique wave incidence, H′(x, y), from deep water up to breaking, for
(a) L= 2 km (unstable wavelength), and for (b) L= 1 km (stable wavelength). The minimum value of the x axis (x = 64 m)
corresponds to the mean breaking line. The sand wave shape is indicated by a brown line (crest at y = 0). A small sand
wave of amplitude A=33 m has been assumed. The model setup and parameter values are those of section 3 (Table 2).
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setup and parameter values are those of section 3 (Table 2).

Let us now look to the physical processes behind
the behavior of yQ. According to equation (2),
Q is proportional to H5∕2

b and sin(2𝛼b). Thus,
yQ is related to the position of the maxima in
Hb (y = yH) and 𝛼b (y = y𝛼) within −L∕2 ≤

y ≤ L∕2, which are also plotted as a function
of L in Figure 4 (left). As can be seen, the max-
imum in Q is always located between these
maxima, yH < yQ < y𝛼 . Since 𝛼b = 𝜃b − 𝜙

and 𝜃b is relatively small, y𝛼 is always located
near the position of the minimum in 𝜙, which
is exactly at the inflection point dI (y = 0.25L).
Thus y𝛼 remains somewhat updrift of dI with
small changes that depend on 𝜃b. Figure 5a
shows a sketch that illustrates this process. In
contrast, the position of the maximum in Hb

moves updrift from yH = 0.07L for L = 0.5 km
to yH = −0.21L for L = 10 km. This means
that for very short sand waves the maximum in

wave height is located slightly downdrift of the crest, while for long sand waves it is located near the uI
inflection point.

The location yQ reacts to the locations y𝛼 and yH depending on L (Figure 4a). For small wavelengths
(L = 0.5 km) yQ is closer to y𝛼 than to yH. In contrast, for increasing L, yQ follows the updrift shift of yH

and moves closer to yH. In other words, for small L the maximum in Q is controlled by the maximum in 𝛼,
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Figure 9. Sand wave dominant wavelength, LM , as a func-
tion of the inverse of the shoreface slope, 𝛽−1, for the
idealized planar bathymetry, several values of the offshore
wave conditions and the default values of section 4.1 for
the other parameters (Table 2). The symbols correspond to
model runs and the solid lines are linear fits.

whereas for large L it is controlled by the maximum
in H. This behavior can be understood by com-
puting the relative importance of the alongshore
variations in Hb and 𝛼b. According to equation (2)
small perturbations H′

b and 𝛼′
b will cause a small

perturbation in Q of the form

Q′ = 𝜇H5∕2
b

(
5
2

(sin 2𝛼b)
Hb

H′
b

+2 (cos 2𝛼b)𝛼′
b

)
= DHH′

b + D𝛼𝛼
′
b . (15)

where DH and D𝛼 are the corresponding terms
in the middle of the equation. Then, the relative
importance of the variations in Hb and 𝛼b can be
estimated with the ratio R=DHΔHb∕D𝛼Δ𝛼b, where
ΔHb and Δ𝛼b are the maximum alongshore varia-
tions of Hb and 𝛼b, respectively. Despite equation
(15) is valid in the limit of sand waves of infinitesi-
mal amplitude, in order to estimate the quantities
ΔHb and Δ𝛼b we have computed the wave propa-
gation (H′ and 𝛼′) over the undulating bathymetry
linked to a shoreline sand wave with a wavelength
L and a finite cross-shore amplitude A. To make
this compatible with the theoretically infinitesimal
amplitude, the value chosen for A is small (A = 33
m) so that it verifies A << L. The ratio R is repre-
sented as a function of L in Figure 6. For small L,
both terms are comparable (i.e., gradients in Hb

and 𝛼b play a similar role), whereas for moderate to
large L, DHΔHb ≫D𝛼Δ𝛼b (i.e., the gradients in Q are
controlled by the gradients in Hb).
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Figure 10. (a) Sand wave dominant wavelength, LM , as a function of the wavelength of the offshore water waves, 𝜆0. (b)
Ratio 𝛽LM∕𝜆0 as a function of the wave period, T . The idealized planar bathymetry, several values of the wave angle, 𝜃0,
and the default values of section 4.1 for the other parameters (Table 2) have been used for both plots.

It is interesting to compare the positions of the maxima yH and y𝛼 under very oblique wave incidence (i.e.,
the results for unstable conditions discussed above) with the positions for low-wave incidence angle (e.g.,
𝜃0 = 30◦) where sand waves do not grow for any L (stable conditions). As can be seen in Figure 4b, for
low-wave incidence angle, even though yH has a similar behavior when L increases (shifting from downdrift
of C to almost uI), yQ always remains downdrift of C, following y𝛼 , which causes decay of the sand waves.
Thus, in contrast with the high incidence angle case, the maximum in Q is now dominated by the maximum
in 𝛼b for any L. Accordingly, for low-wave incidence angle the gradients in Hb and 𝛼b play a similar role (R ≃ 1)
for all the values of L, as shown in Figure 6. This confirms the physics of the instability mechanism that was
suggested in previous studies [e.g., Ashton and Murray, 2006a; Falqués et al., 2011; van den Berg et al., 2012]:
for low-wave incidence angles the gradients in Q are dominated by the gradients in 𝛼b, leading to stability
for any L (as sketched in Figure 5a), while for high angles they are dominated by the gradients in Hb, leading
to instability for a certain range of L.

It should be remarked that the present discussion excludes the case of normal or nearly normal wave inci-
dence and a very steep nearshore slope. Under these latter conditions, Idier et al. [2011] showed that the
maximum in relative wave angle y𝛼 can be updrift of the crest due to a very strong refraction process, and
this creates convergence of sediment flux at the crest. This mechanism can lead to a different shoreline
instability with a smaller length scale (O (0.1–1 km)) that could explain the formation of megacusps.
3.2.2. Alongshore Gradients in Wave Height
It is now clear that the existence of both Lc and LM rely on how the gradients in Q depend on L and that for
unstable conditions they are dominated by the alongshore gradients in Hb(y). To close our investigation
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Figure 11. Sand wave dominant wavelength, LM , as a func-
tion of the offshore water wave wavelength, 𝜆0, for Dc = 30
m. The idealized planar bathymetry, several values of the
wave angle, 𝜃0, and the default values of section 4.1 for the
other parameters (Table 2) have been used.

let us finally look into the physical reasons for the
differences in the gradients in Hb(y) for stable and
unstable wavelengths. Figure 7 shows the pertur-
bations in the wave height H′(x, y) for the cases
L=2 km (unstable) and L=1 km (stable). The small
sand wave of amplitude A = 33 m has been again
assumed. For very short sand waves the maximum
in H′

b is located slightly downdrift of C. In contrast,
for larger wavelengths the maximum in H′

b shifts
updrift of the crest, between uI and C. The position
of the maximum in wave energy is governed by
the competition between two opposite effects. On
the one hand, the refractive wave crest stretching
causes an energy dispersion that is more intense
when the wave ray bending is stronger (i.e., this
effect is maximum at dI and minimum at uI, as
sketched in Figure 5b). This process explains why
the maximum in H′

b is shifted toward uI for
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Figure 12. Influence of the surf zone width, Xb , on the
sand wave wavelength, LM . All the computations are
for 𝜆0 = 50 m. Series 1 (circles): changing Xb with con-
stant 𝛽 = 0.03 and variable H0 = 0.5, 1, 1.5, 2 m. Series
2 (asterisks): changing 𝛽 = 0.01, 0.02, 0.03, 0.04 and
H0 = 0.5, 1.13, 1.79, 2.47 m, so that each pair of 𝛽 and
H0 gives a constant Xb = 77 m. The idealized planar
bathymetry and the default values of section 4.1 for the
other parameters (Table 2) have been used.

unstable conditions, and thereby it is the main cause
for the occurrence of HAWI [Ashton and Murray,
2006a; Falqués et al., 2011; van den Berg et al., 2012].
On the other hand, wave refraction also focuses wave
energy near the crests, bringing the maximum in H′

b
near C (exactly at C for normal wave incidence and
somewhat downdrift for oblique wave incidence, as
sketched in Figure 5c).

The obtained behavior of the alongshore maximum in
H′

b suggests that the wave-focusing effect is dominant
for very short sand waves, whereas the wave energy
dispersion effect plays a stronger role for intermediate
to long sand waves. In order to quantify this, we have
estimated the relative importance of both effects as a
function of L (Figure 8). For oblique wave incidence on
an undulating coastline both effects are mixed, and it
is not easy to isolate them. To make this estimate, we
have then considered two situations: (a) normal wave
incidence on the undulating shoreline with a given
L (where there is wave focusing but not the energy
spreading of the oblique incidence case) and (b) rec-
tilinear coastline with oblique wave incidence (where

there is no focusing at all). To estimate the intensity of the wave-focusing effect we compute the difference
between Hb at the crests and at the embayments, ΔHfoc = Hb(y = 0) − Hb(y = L∕2) for situation a). The
intensity of the wave energy dispersion effect can be estimated by comparing Hb at the updrift flank of a
crest with Hb at the downdrift flank. For this, we first evaluate the average sand wave slope, between dI and
C, �̄�=2A∕(L∕2)=4A∕L (again, a small sand wave of amplitude A=33 m has been assumed). Then, the wave
height at the updrift flank, Hbu, is computed assuming rectilinear coast (situation b)) and an offshore wave
angle 𝜃0−�̄�. Similarly, the wave height at the downdrift flank, Hbd , is computed by assuming rectilinear coast
and an offshore wave angle 𝜃0 + �̄�. Finally, the difference in wave height between the updrift and the down-
drift flanks, ΔHdis = Hbu − Hbd , gives a measure of the intensity of the energy dispersion effect. As shown in
Figure 8, the ratio ΔHdis∕ΔHfoc is nearly 1 for small L and increases up to about 10 for L = 10 km. Thus, both
effects are comparable for small L (∼0.5 km), but the wave energy dispersion effect becomes dominant as L
increases. The reason is that both ΔHdis and ΔHfoc decrease for increasing L but ΔHfoc decreases much faster.
Notice that the wave energy focusing is totally neglected in the simple approach of Ashton et al. [2001],
where the curvature of the coastline was ignored, and this is the reason that there was not a wavelength
selection in that model.

4. Basic Parametric Trends of the Dominant Wavelength
4.1. Idealized Shoreface Bathymetry: Planar Profile
After revealing the physical reasons for the existence of a dominant wavelength in model-predicted
self-organized sand waves, the following step is to find out the basic length scale that controls the value of
such wavelength. In order to do so, we investigate the essential parametric trends of the dominant wave-
length and, as a first step, we avoid introducing length scales that are not essential to HAWI development
and that could mask the fundamental dependences. Therefore, we consider the idealized planar bathymetry
defined in section 2.3.1. An important parameter is the depth of closure, Dc, whose order of magnitude in
nature is O (10m). However, we have found that using values in the realistic range introduces a length scale
that interferes with other important length scales of the problem. In order to avoid this effect an unrealis-
tically large depth of closure, Dc = 100 m, is used as default value in the present section, and the effect of
using smaller values is investigated later on.

The sensitivity analysis is done in terms of the shoreface slope, 𝛽 , and the offshore wave height, angle, and
period (H0, 𝜃0, and T), and the influence of the breaking index (𝛾b) is also investigated. The default values
of the water wave parameters are the same as in section 3 (Table 2). Consistently with Falqués and Calvete
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Figure 13. (a) Sand wave dominant wavelength, LM , as a function of the wavelength of the offshore water waves, 𝜆0. (b)
Ratio 𝛽LM∕𝜆0 as a function of the wave period, T . The Dean-type bathymetry, several values of the wave angle, 𝜃0, and
the default values of section 4.2 for the other parameters (Table 2) have been used for both plots.

[2005], it is found that if 𝜃0 is large enough and T is small enough, the growth rates are positive for a certain
range of sand wave wavelengths, L (an example can be seen in Figure 3).

The sand wave dominant wavelength (LM), is inversely proportional to the slope (𝛽), as shown in Figure 9
for different offshore wave conditions. The corresponding linear fits show high correlation coefficients, R2 >

0.999. Given a value of 𝛽 , 𝜃0, and H0, LM is roughly proportional to the water wavelength, 𝜆0 (Figure 10a). The
relationship is linear for moderate angles (50◦ < 𝜃0 ≤ 70◦) and deviates from linearity for large 𝜆0 in case of
very large angles (𝜃0 > 70◦). Thus, taking also into account the proportionality between LM and 𝛽 , the ratio
𝛽LM∕𝜆0 remains relatively constant for each wave angle. This quantity is in the range 2–2.5 for moderate
angles and rises up to about 5 for very large angles, as shown in Figure 10b.

The relationship between LM and 𝜆0 also depends on Dc. If smaller values are considered for the latter, the
former relationship deviates gradually from linearity when T increases and this is more pronounced for large
𝜃0. Figure 11 shows that relationship for Dc = 30 m, and it can be seen that linearity only holds up to 𝜆0 ≃ 60
m, i.e., up to 𝜆0∕2 ≃ Dc. The reason could be that short water waves (𝜆0∕2 < Dc) only feel the perturbed
depth contours, whereas long water waves (𝜆0∕2>Dc) waves feel both the perturbed and the unperturbed
bathymetry.

An interesting issue is the dependence of LM on the width of the surf zone (Xb) since previous studies had
suggested that LM is roughly proportional to Xb [Falqués and Calvete, 2005; Uguccioni et al., 2006]. Two
series of experiments are carried out. In the first one, we change the wave height, H0 (= 0.5, 1, 1.5, and 2 m),
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Figure 14. Relationship between LM and 𝜆0 for the
Dean-type bathymetry, several values of the wave height,
H0, and the default values of section 4.2 for the other
parameters (Table 2).

and we keep 𝜆0 and 𝛽 constant at 50 m and 0.03,
respectively. In this way, Xb varies from 25.5 to 85 m
but LM hardly changes (Figure 12). In the second
series, we change both H0 (= 0.5, 1.13, 1.79, and
2.47 m) and 𝛽 (= 0.01, 0.02, 0.03, and 0.04) in order to
keep Xb fixed at 77 m. The water wavelength is again
𝜆0 = 50 m. In this situation, LM changes from 2.55 km
to 11.18 km. This demonstrates that, in contrast with
the earlier suggestions, LM does not depend on Xb.
Those earlier assumptions were likely based on the
fact that for a constant H0, an increase in Xb can be
obtained by a decrease in 𝛽 , which does cause an
increase in LM.

Finally, there is little influence of the breaking
index, 𝛾b, on the sand wave wavelength. This is
found by comparing the results for 𝛾b = 0.4, 0.6
and 0.8. Similarly, wave height has no influ-
ence on LM for this idealized planar bathymetry.
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4.2. Realistic Shoreface Bathymetry:
Dean-Type Profile
In order to investigate to what extent the behav-
ior of real shoreface bathymetries deviates from the
basic trends found in section 4.1, we now consider
the more realistic Dean-type bathymetry defined
in section 2.3.2, with b = 15 km and xc = 700 m
(Dc = 10 m). A large value of b has been chosen so
that the bathymetric perturbation decays in a linear
way from shore to the depth of closure. The depen-
dence of LM on the slope is explored by keeping the
shape of the profile fixed. Thus, when the shoreline
slope, 𝛽s, is increased or decreased, D1 is varied in
the same proportion. If LM is then plotted against the
mean shoreface slope 𝛽 (averaged from shore to the
wave base), for the same wave conditions used in
Figure 9, all the lines are also approximately straight

(not shown). Again, the two quantities show a clear linear correlation, with R2 >0.99.

Figure 13a shows that the relationship between LM and 𝜆0 is more complex than in the previous section.
This is probably due to the fact that for Dc = 10 m the waves feel both the perturbed and the unperturbed
bathymetric contours (see section 4.1) for all the investigated wavelengths, 𝜆0 ≥ 20 m, and the proportion
of each type of bathymetry they feel depends on their wavelength. For moderate angles, 𝜃0 ≃ 50 − 65◦, LM

increases with 𝜆0, although not linearly. By increasing 𝜃0 the lines LM − 𝜆0 show a more complex behavior.
In spite of this complexity, the 𝛽LM∕𝜆0 ratio as a function of the wave period, T , has a quite regular behavior
as shown in Figure 13b, where all the lines corresponding to different angles almost collapse in a single one.
This average line decreases with increasing wave period, but for typical wave periods in the range 6–12 s,
𝛽LM∕𝜆0 is quite constant, in the range 0.1–0.4. For very short periods T = 4–5 s it increases and reaches up
to 1.8.

The relationship between LM and the width of the surf zone, Xb, is examined by repeating the same two
series of experiments as in section 4.1 (not shown). Again, when Xb varies keeping 𝛽 and 𝜆0 constant, LM

hardly changes. And when Xb is kept constant (and also 𝜆0) but 𝛽 varies, LM changes significantly. The influ-
ence of the wave height is negligible for 𝜆0 up to 30 m. However, in contrast with the planar bathymetry, H0

has now some influence on LM for larger 𝜆0 (Figure 14). Again, this can be probably explained by the ratio
between Dc and the depth at the wave base, 𝜆0∕2, controlling how much of the perturbed bathymetry is
felt by the waves before breaking (for the planar bathymetry, Dc = 100 m). Similarly, there is almost no influ-
ence of 𝛾b on LM for relatively short water waves but for wave periods above T ≃6 s, LM tends to decrease for
increasing 𝛾b (Figure 15).

5. Discussion
5.1. Scaling Law for the Dominant Wavelength
The main conclusion from the numerical experiments of section 4 is that the HAWI dominant wavelength,
LM, scales with the water wavelength, 𝜆0, and is inversely proportional to the mean shoreface slope, 𝛽 ,
according to

LM = c(𝜃0, 𝜆0,H0)
𝜆0

𝛽
(16)

where the factor c is typically in the range 0.1–0.4 and up to 1.8 for very short periods (using the more
realistic Dean-type bathymetry).

In order to interpret this scaling law of the dominant wavelength, we have performed a scaling of the model
equations. We know that the existence of a dominant wavelength of the sand waves is related with the
gradients of the wave energy along the undulating shoreline (section 3). In other words, the wavelength
selection is controlled by some properties of wave refraction and shoaling over sinusoidal depth con-
tours. Thus, to get insight into the origin of such alongshore length scale it is convenient to scale the wave
transformation equations (4)–(6), disregarding the morphodynamic equations (1) and (2).
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Given the undisturbed bathymetric profile, D0(x), we define the horizontal cross-shore length scale, Lx , and
the mean shoreface slope, 𝛽 , averaged from shore to the wave base (Figure 2), by

D0(Lx) = 𝜆0 , 𝛽 =
𝜆0

Lx
. (17)

It is assumed that seaward of the surf zone D0(x) is a monotonically increasing function. Since the wave base
is typically defined by D0 ≃ 𝜆0∕2, Lx gives roughly an indication of the order of magnitude of the distance
that the waves need to travel in order to undergo appreciable transformation. We also introduce a horizontal
alongshore length scale, Ly , which will be specified later. The scaling is then defined by

x = Lx x̂ , y = Lyŷ , D = 𝜆0D̂ , k = 𝜆−1
0 k̂ , H = 𝜆0Ĥ , (18)

where the hat indicates nondimensional quantities. Notice that according to equations (17) and (18), D̂0(1)=
1, no matter the values of 𝜆0 and 𝛽 . Applying the scaling to the water wave equations (4)–(6) gives

2π = k̂ tanh(k̂D̂) , (19)

Ly

Lx

𝜕

𝜕x̂
(k̂ sin 𝜃) = 𝜕

𝜕ŷ
(−k̂ cos 𝜃) , (20)

Ly

Lx

𝜕

𝜕x̂
(−ĉgĤ

2
cos 𝜃) + 𝜕

𝜕ŷ
(ĉgĤ

2
sin 𝜃) = 0 . (21)

The integration domain becomes x̂ ≥ x̂b(ŷ, t) such that Ĥ(x̂b, ŷ, t)= 𝛾bD̂(x̂b, ŷ, t), and the boundary conditions
are

k̂(∞, ŷ, t) = 2π , 𝜃(∞, ŷ, t) = 𝜃0 , Ĥ(∞, ŷ, t) =
H0

𝜆0
. (22)

The original form of the water wave equations (4)–(6) and the boundary conditions (equation (7)) is met
if one chooses Ly = Lx . This means that any combination of the parameters that keep 𝜃0, H0∕𝜆0, and 𝛾b

invariant will give the same nondimensional solution provided that Ly =Lx . Therefore, according to equation
(17), the natural alongshore length scale is

Ly =
𝜆0

𝛽
, (23)

which is consistent with the scaling law for the dominant wavelength LM that we have found with the model
(equation (16)). It is important to note that multiplying the depth profile D0(x) by a constant changes 𝛽 , and
hence Lx and Ly , but it does not change the form of the solution for the wave field.

This scaling explains why for open ocean beaches LM is so large (Table 1). For 𝜆0 ∼ 100 m and 𝛽 ∼ 0.002,
the scale Ly is 50 km, while for 𝜆0 ∼ 20 m and 𝛽 ∼ 0.01 it is 2 km, i.e., much larger than the width of the surf
zone. Applying equation (16) for a realistic shoreface profile with the appropriate values of c, one obtains
wavelengths in the range 1–10 km.

5.2. Model Limitations
The objectives of this study were to unravel the physical reasons for the existence of a model-predicted
wavelength selection and to find out the main parametric trends of the dominant wavelength. In order to
get insight into the fundamental processes, we have used a simple approach: one-line shoreline modeling
and geometric optics approximation for wave refraction and shoaling. An important improvement would
be to study sand wave formation under a wave field including wave spreading, i.e., with a distribution of
wave angles and periods. For this, a more sophisticated wave model, like a spectral model, should be used.
The limitations of the one-line modeling approach do not seem to be essential since the present results on
wavelength selection are qualitatively similar to those obtained by using a nonlinear quasi 2-D model [see
van den Berg et al., 2012]. Moreover, the preliminary results of List and Ashton [2007] suggest that computing
Q with the CERC formula, as we have done, or from a fully 2-D hydrodynamically based model (Delft3D)
gives qualitatively similar results.
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Finally, we should mention that the present study has been based on the existence of a single maximum in
the instability curve. However, for a marginal region in the parameter space, such as for very high angle (e.g.,
𝜃0 ≳70◦) and for some combinations of bathymetric profile and wave period, the instability curve can show a
more complex behavior, with secondary maxima for relatively short wavelengths (L∼1 km, not shown). This
behavior was also found by Uguccioni et al. [2006], and it was interpreted as a result of wave rays crossing
several bathymetric undulations and this only occurs when the wavelength of the sand waves is small, the
wave obliquity is very high or the wave period is very short.

5.3. How Can Model Predictions be Tested?
The present study has been entirely set up at the modeling level to understand how the processes involved
in HAWI can lead to an initially most preferred wavelength for shoreline sand waves. In order to validate the
model results with experimental data two aspects of the study could be explored: (i) the scaling prediction
of equation (16) and (ii) the identified essential physical processes.

It is important to realize that equation (16) only gives a basic scaling and not a precise prediction of the
wavelength. This is because the model computations have been done only for two very simple bathymet-
ric profiles, which are alongshore uniform, and for a limited range of wave conditions. Furthermore, the
model is based on linear stability analysis so that it refers to the initial tendency of sand waves to grow while
the wavelength of finite amplitude sand waves in the field can deviate substantially from the one given
by equation (16). The best scenario for such comparison would be coasts that are at the brink of instabil-
ity. For instance, larger-scale features developed under high-angle waves tend to reorientate the updrift
coast to be at the threshold for instability [Ashton et al., 2001] such that fluctuations in wave climate can
lead to the formation of small-amplitude sand waves there. Recently, D. Idier and A. Falqués (How kilomet-
ric sandy shoreline undulations correlate with wave and morphology characteristics: Preliminary analysis on
the atlantic Coast of Africa, submitted to Advances in Geosciences, 2013) examined the validity of the esti-
mate given by equation (16) for the kilometer-scale shoreline sand waves along 4500 km of the west coast
of Africa. They used global data of shoreline shapes to obtain the sand wave wavelengths, global bathyme-
tries to obtain the mean shoreface slopes, and global wave climate for the water wave wavelength. Their
results showed a c = 𝛽LM∕𝜆0 ratio in the range 0.02–0.5, which is in the same order of magnitude of the
values obtained with the model. As shown in Figure 13, for large wave periods (as observed on the African
coast) c ∼ 0.1–0.4. A more precise prediction of the initial wavelength on a particular coast would require
the use of the specific bathymetry and wave conditions of that site. But even in this case, the model assumes
alongshore uniformity and this is hardly found in nature.

The validation of the processes behind wavelength selection could be done by measuring the distribution
of wave height and relative wave angle at breaking along an undulating shoreline with similar undulat-
ing bathymetric contours. This could be done directly in the field for different wave conditions. In this way,
the location of the maximum in wave angle, which should be close to the downdrift inflection point (see
Figure 4), could be checked. The matter is not so easy regarding the wave height. According to the model
the maximum in wave energy moves from downdrift of the crest to close to the updrift inflection point by
increasing the sand wave wavelength. This cannot be checked by looking just to a particular sand wave site
with a specific wavelength. However, the wavelength of real sand waves very often displays some along-
shore variability, and this can be used to examine how the relative position of the maximum in wave energy
depends on sand wave wavelength. Moreover, according to equation (16), the effect of increasing sand
wave wavelength should be equivalent to reducing water wave wavelength, which is achieved by the natu-
ral variability in wave conditions. In other words, on a sand wave train with L = 2 km switching from waves
with 𝜆0 =100 m to waves with 𝜆0 =50 m would correspond, regarding the relative position of the maximum
in wave height, to looking to L = 4 km for 𝜆0 = 100m. Notice however that the effective setup of the experi-
ments would not be straightforward at all since wave height and direction can vary locally at a smaller scale
than sand waves (sand bars, rip channels, etc.) and in time. So to get average patterns, several points and a
long period would be needed so that a large array of instruments in different alongshore locations would be
necessary. Thereby, to check the alongshore distributions of wave height and angle, the ideal experimental
setup would be a 2-D wave tank with nonerodible undulating bottoms with a number of different wave-
lengths. According to the scaling given by equation (16), for waves of T ≃ 1 s on a sloping shoreface with
𝛽=0.1, this is feasible because the relevant wavelengths for the tests would be roughly in the range 5–30 m.
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6. Conclusions

Several model studies show that self-organized shoreline sand waves triggered by very oblique wave inci-
dence initially develop with a preferred wavelength in the range 1–10 km, which is quite common for
observed sand waves in many coasts. The physical mechanisms that explain this wavelength selection have
been quantified. In agreement with previous studies, the onset of the instability is governed by an inter-
play of two physical effects: (a) largest relative (to the local shoreline) wave angle at the downdrift flank
of the sand wave and (b) wave energy concentration at the updrift flank due to less refractive energy dis-
persion. Effect (a) brings the maximum sediment transport rate Q downdrift of the crest thereby causing
divergence of flux at the crest and decay of the sand wave. In contrast, effect (b) brings the maximum in Q
at the updrift flank causing convergence of flux at the crest and growth of the sand wave. These processes
can be slightly modified by the curvature of the bathymetric contours, but they do not depend essentially
on it. They both are described by the diffusion equation of Ashton and Murray [2006a] where the curva-
ture is ignored. For high-angle waves (b) is dominant thereby the shoreline is unstable and the diffusivity is
negative. The growth rate is proportional to L−2, tending to 0 for large wavelengths and increasing without
bound for short wavelengths. The new important aspect analyzed here is a third physical effect, (c) wave
energy concentration slightly downdrift of the crest due to refractive focusing. It essentially depends on the
curvature of the shoreline and is crucial for wavelength selection. Indeed, for large wavelengths (b) is domi-
nant while for short sand waves (c) takes over, brings the maximum in Q at the downdrift flank and the sand
wave decays. Since for long sand waves the growth rates decrease to 0, there exists a maximum growth rate
for some intermediate LM. Our model investigation show that for large L the curvature becomes negligible
and the growth rate approximately follows the diffusive scaling, i.e., is roughly proportional to L−2.

A simple scaling of the equations governing the refraction and shoaling of waves shows that the basic
alongshore length scale of shoreline sand waves equals 𝜆0∕𝛽 , where 𝜆0 is the wavelength of the offshore
water waves and 𝛽 is the mean shoreface slope (from shore to the wave base). This scale 𝜆0∕𝛽 is twice the
distance from the wave base to the shore, and it gives an estimate of the order of magnitude of the distance
that the waves need to travel in order to undergo significant refraction and shoaling. Consistently, numerical
experiments confirm that the dominant wavelength, LM, is roughly proportional to 𝜆0∕𝛽 . In general, this pro-
portionality holds approximately except if the wave base is deeper than the depth of closure (𝜆0∕2 > Dc).
In the latter case the behavior of LM with 𝜆0 is more complex probably because the waves feel both the
unperturbed and the perturbed bathymetries in a different proportion depending on 𝜆0. The modeled pro-
portionality factor for the Dean-type bathymetry typically ranges on open ocean beaches from 0.1 to 0.4
(for very low wave periods it increases and can reach, e.g., 1.8 for T = 4 s), and it mainly depends on the
offshore angle of incident waves. The wave height only has an effect on LM in case of a nonplanar shoreface
and large wave periods. The width of the surf zone and the breaking index do not affect LM significantly.

The scaling law for LM obtained in this study explains why LM is so large for open ocean beaches, in com-
parison with the surf zone width or the wavelength of the waves. According to this scaling law, realistic
shoreface profiles with typical incoming ocean waves give wavelengths in the range 1–10 km.
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