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Abstract --Permanent Magnet Synchronous Motors offer 
high efficiency and power density besides low assembly 
effort and hence have been established in a wide market 
over the past years. Especially buried magnets enable a 
superior field weakening ability but require an 
exceptional design effort. Costly Finite Elements 
computations are inevitable for consideration of the 
occurring non-linearity and non-trivial magnet shapes. 
The Response Surface Methodology can reduce the 
number of FE runs significantly by introducing an 
acceptably exact second order regression model based on 
a few carefully chosen design samples. Instead of 
commonly used, but time-consuming Evolutionary 
Strategy methods, the Monte Carlo approach is applied 
for optimization. Using simple filter algorithms, 
distinctive Pareto frontiers can be determined quickly 
and related to their causative motor designs. 

 
Index Terms: FE methods, IPM, Optimization and Pareto 

frontiers, Response Surface Methodology.	

I.INTRODUCTION  

NTERIOR permanent magnet synchronous motors 
(IPMSM) became established in a wide field of  

applications, especially in case compact designs with high 
power capability are required. Due to the absence of rotor 
and commutator losses they are characterized by an excellent 
efficiency. The additional reluctance torque provides a high 
torque over a wide speed range. Most likely inverter driven 
they provide a superior controllability and a high power 
density, when operated at the optimum torque-to-ampere 
trajectory. However despite all advantages high magnet costs 
hamper the entering into the mass market of electrical 
excited machines. In spite of the exploding world-market 
prices for rare earth materials and magnets [1], their benefits 
over ferrite magnets in terms of size, weight and 
performance are so conclusive, that they are still dominating 
the market. In contrary to surface mounted magnets, which 
are often bent and skewed and adapted for certain rotor 
designs, interior magnets get along with simple shapes, 
which even can be used in different layouts of different 
sizes. This way the wastage and therefore production costs 
can be minimized. The excitation through buried magnets 
enables a rugged rotor construction which allows high 
speeds and requires low maintenance, as the magnets are 
physically protected and fixed without the need of bandages 
at high speeds. This in turn allows small air gaps and a 
further increased efficiency. Technically, the introduced 
steel poles alter the magnetic circuit, weak the d-axis path 
and hence capacitate the complete cancellation of the 
excitation field. On the other hand they strengthen the q-axis 
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due to an dominating quadrature axis inductance, are leading 
to a high saliency of the magnetic circuit and introducing an 
additional reluctance torque component, which makes 
IPMSM superior for field weakening demanding 
applications, like pump/fan drives or machine tool servo 
drives. Because low flux linkages at high speeds not 
automatically cause decreased torques at low speeds, as the 
reluctance torque is independent of the permanent magnet 
flux. Cogging torque can be minimized by a deliberate rotor 
design, even without the otherwise commonly used skewing, 
which is only hardly feasible for IPMSM. Air barriers to 
prevent magnetic short circuits and the occasionally wide 
spread steel poles cause a non-trivial flux distribution 
regarding the rotor, which complicates the design procedure 
considerably. Analytic models relating rotor geometry and 
air gap field fail to describe satisfactory basic correlations. 
The use of the FE analysis is inevitable to determine the 
fundamental waves in the air gap, whose evaluation then can 
be applied on analytic models. The objective of this paper is 
to introduce the combined use of Finite Element Analysis, 
Response Surface Methodology and Monte Carlo Method 
for an effective reduction of computation time.  
 

II. ANALYTIC MODEL OF THE IPMSM 
 
The first attempts of analyzing the field weakening 

abilities using the linear lossless model of IPMSM date back 
to the 80’s. Inverter voltage and stator currents are related to 
torque and power output considering d- and q-axis 
inductance as constant motor parameters. The influence of 
the saturation of the magnetic circuit is neglected as well as 
stator and iron losses. However the model is sufficient to 
describe the drive characteristics and power capability of the 
motor over the entire operating range and allows a 
comparison of different motor designs, but is not capable of 
determining realistic motor characteristics and is therefore 
disqualified for optimization purposes. The development of 
the analytic model is highly shortened and just relevant 
correlations are shown. For an extensive derivation I refer to 
[3] for further reading, a comparison of analytic model and 
FE-analysis is shown in [4]. 

 

A. Analytic model 

 
Based on the magnetic m and the d/q- inductances as well 

as currents the torque can be calculated by 
 

∙ ∙ ∙ ∙ ∙ ∙ ∙  

(1) 
In this equation becomes apparent why IPMSM are often 

denoted as a hybrid combination of the conventional 
synchronous-reluctance SM and surface mounted PMSM. 
[5] The first term is called field-alignment torque Tal, the 
second one reluctance torque Trel, which is highly dependent 
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on the saliency ratio  = Lq/Ld. Under saturation the flux 
linkages, especially the q-axis flux, are not proportional to 
the stator currents. The inductances decrease significantly in 
the most saturated driving regions for maximum q-axis 
current (β = 90º) Rather its use as parameter for torque 
optimization should be avoided completely(In the 
experiments the q-axis inductance was reduced about 24% 
for maximum q-axis current, equally the saliency ratio as the 
direct axis was just slightly influenced. Further analysis 
regarding saturation effects was made by Soong and Miller 
[6]) Instead all calculations are carried out using the flux 
linkages directly, computed by the FE-analysis. To contain 
the number of numeric computations the stator current is 
fixed at the rated current circle and therefore the variable 
parameters are reduced to a single one, the electric angle β. 
 

    ∙ ; 	 ∙       (2) 
 

Consequently the flux linkages for rated current Ir, and 
therefore the according voltages, are just functions of β, 
while it is sufficient to observe them in the range of β = [90º; 
180º] 
 

; 	    (3) 
∙ ; 	 ∙      (4) 

 
For the torque follows 

 

∙ ∙ ∙ ∙ sin	 ∙ cos	   (5) 

 
B. Drive operation limits 
 

Besides mechanical restrictions, the main limitations of 
the drive regions are the maximum output voltage of the 
inverter and the maximum acceptable stator current under 
thermal aspects. 

 
; 		 	     (6) 

 
Defining an ellipse 

∙ ∙ ⁄    (7) 
 
Which has its center in point [CVL; 0] (Fig. 1), with 
 
 

∙ 180º ∙   (8) 

 
The ratio ⁄ , respectively the difference   is 

a very suitable criterion to optimize the constant power 
speed range (CPSR) as it directly expresses the field 
weakening ability. It is described by the ratio 2/1 of 
maximum speed 2 to minimum speed 1 = r at which 
rated power can be achieved. Furthermore hyperbolas of 
constant torque can be defined using eq. 1: 

 
∙

∙ ∙
∙ 1 ∙     (9) 

 
Practically every specific value of torque (below Tmax) can 

be attained by a indefinite number of current vectors. To 
maximize efficiency Jahns [5] introduced a current trajectory 
for an optimal ’maximum torque per stator current ampere’ 

characteristic, in which the current vector follows the normal 
vectors of the torque hyperbolas, in other words it is to 
choose the point on every torque hyperbola as close as 
possible to the origin of the d/q-plane (Mode 0 in Fig. 1). By 
derivation of eq. 1 and transposition, the current angle βTmax 
for maximum torque can be determined [7]. For speeds 
below base speed b the voltage demand, which is necessary 
to maintain the maximum torque, reaches the limit of the 
inverter (Point A in Fig. 1). So torque and power are just 
limited by the current (Mode I). Above b the current vector 
is following the current limit circle (Mode II), where voltage 
limit ellipses and constant torque hyperbolas have 
intersections. This leads us to the fact, that a classification in 
two machine types is necessary. 
 

Class I — Finite speed IPMSM: Machines of class I are 
usually excited by rare earth magnets and have a high 
saliency. Even the maximum negative d-axis current is not 
able to completely cancel out the magnetic flux, which 
entails a finite maximum speed at point C. The current 
vector remains at the rated current circle and the machine is 
kept in Mode II for optimal field weakening performance. 
 

Class II — Infinite speed IPMSM These machines are 
excited by weaker magnets, e.g. ferrite, and/or have a 
relatively low saliency. Moving on the current limit circle 
the total d-axis flux would become negative at a certain 
angle β (point B) and decrease the torque rapidly. For an 
optimum torque/current trajectory (Mode III) the d-axis 
current needs to be reduced in such away that constant 
torque hyperbolas and voltage limit ellipses osculate 
tangential. As the latter is centered inside the current circle, 
the speed can theoretically rise to infinite. 

 
This differentiation was first made by Morimoto [7] and 

extended by Soong and Miller [8] by classifying and 
comparing these two types with other classes of brushless 
synchronous AC motor drives. Together with Jolly [4] they 
all refer to the optimal field weakening design at the 
changeover of these two classes. [8] The basic concept is to 
reduce q-axis as well as d-axis flux to zero to achieve the 
maximum field weakening ability. For the q-axis this is 
generally the case for β = 180_ as Iq is zero. So the points of 
neutralization of d-axis stator flux sd and magnetic flux m 
has to coincide with this electric angle. In this case the speed 
reaches its maximum or infinite for total neutralization. 
 

Ω
∙

      (10) 

 
For infinite speed IPMSM, this can be obtained by 

regulating the stator current. But in this manner the 
utilization of the machine is below capacity as the thermal 
limits allow higher currents. Hence the neutralization is 
desired for rated current. Thus the voltage limit ellipse is 
centered at the rated current circle. The essential design 
objectives for optimal field weakening performance, first 
stated by Schiferl [9], are: 

 

,
1      (11) 
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