
ar
X

iv
:m

at
h/

06
11

23
1v

2 
 [

m
at

h.
Q

A
] 

 6
 A

ug
 2

00
8

HOMOTOPY GERSTENHABER STRUCTURES AND

VERTEX ALGEBRAS

I GÁLVEZ, V GORBOUNOV, AND A TONKS

Abstract. We provide a simple construction of a G∞-algebra

structure on an important class of vertex algebras V , which lifts

the Gerstenhaber algebra structure on BRST cohomology of V in-

troduced by Lian and Zuckerman. We outline two applications to

algebraic topology: the construction of a sheaf of G∞ algebras on

a Calabi–Yau manifold M , extending the operations of multipli-

cation and bracket of functions and vector fields on M , and of a

Lie∞ structure related to the bracket of Courant [5].

Introduction

The idea that algebraic structure present on the (co)homology of

certain objects may be the shadow of some richer ‘strong homotopy

algebra’ structure is a recurring theme in several areas of mathemat-

ics. The first example was the recognition theorem of Stasheff, which

says that a CW-complex is a loop space if and only if it has an A∞

structure. More recently Deligne conjectured that the Gerstenhaber

algebra structure on the Hochschild cohomology of an algebra could be

lifted to a G∞ structure on the Hochschild complex itself, and this was

demonstrated in a number of papers [3, 17, 20, 23].

In this paper we prove a similar conjecture inspired by mathematical

physics. The fact that the BRST cohomology of a topological confor-

mal field theory is a Gerstenhaber algebra was observed by Lian and

Zuckerman [18] in 1993. They defined product and bracket operations

on the corresponding chain complex which satisfy the Gerstenhaber
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2 I GÁLVEZ, V GORBOUNOV, AND A TONKS

axioms up to homotopy and suggested the existence of ‘higher homo-

topies’. In [16, Conjecture 2.3] the question was refined to what is now

known as the Lian–Zuckerman conjecture: the product and bracket

operations on a topological vertex operator algebra can be extended to

the structure of a G∞ algebra.

To motivate the conjecture further, recall that Z≥0-graded vertex

algebras carry a commutative algebra structure on the weight zero part,

see for example [9, p. 623]. In Lemma 4.3 we see that if a vertex algebra

has conformal weight bounded below, then the part of lowest weight in

fact carries a Gerstenhaber algebra structure. It is therefore natural to

ask what structure can be found on the components of higher weight.

We prove the Lian–Zuckerman conjecture in Theorem 4.4 below for

a wide class of vertex algebras, including positive definite lattice ver-

tex algebras and Kac–Moody algebras. Our motivating application is

to the vertex algebra structure on a manifold given by the chiral de

Rham complex, which was introduced in [19] and whose relation to

string theory is outlined in [15, 24]. Using methods analogous to those

developed by Stasheff et al. [1] we are able to construct a canonical G∞

algebra structure in these cases. We point out in Remark 2.10 that, in

all cases, the existence of such a structure is equivalent to the vanishing

of certain maps Γr+1 in cohomology.

A related problem was investigated by Huang and Zhao [13], where

it was shown that an appropriate topological completion of a topolog-

ical vertex operator algebra has a structure of a genus-zero topological

conformal field theory (TCFT). Together with the result that a TCFT

has a natural G∞ structure claimed in [16] this would settle the Lian–

Zuckerman conjecture, but the G∞ algebras as defined there do not

exist, due to an error in the highly influential preprint of Getzler and

Jones [8] pointed out by Tamarkin. For more details, and a proposed

correction to [16], we refer the reader to Voronov’s discussion in [23,

Section 4].

Tamarkin and Tsygan [22] proposed an explicit definition of G∞

algebras based on the minimal model of the Gerstenhaber operad given

by Koszul duality, and this is the definition we take here. They also

gave a very general definition of homotopy Batalin–Vilkovisky algebra,

to which we will return in a later paper.

We will say a few words about the applications of our construction

to geometry and topology. The construction of the chiral de Rham
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complex due to Malikov, Schechtman and Vaintrob [19] provided a

new algebraic structure, namely a topological vertex algebra, which is

associated to any manifold and extends the operations of multiplication

of functions and of the Lie bracket of vector fields. It is therefore natural

to consider the conjecture of Lian–Zuckerman in this mathematical

context. This is another task we address in this paper: to a manifold

we can associate a sheaf of G∞-algebras derived from the chiral de

Rham complex.

The connection between algebras up-to-homotopy and structures re-

lated to vertex algebras has also been observed in a slightly different

guise by Roytenberg and Weinstein, who show in [21] that a Courant

algebroid structure leads naturally to that of a homotopy Lie algebra.

Our result is a generalisation of this observation, since according to

Bressler [4] a Courant algebroid is a quasi-classical limit of a vertex

algebroid.

A short outline of the paper is as follows. We first recall basic conven-

tions for graded and super algebra and the definition of Gerstenhaber

and G∞ algebra. We develop a notion of partial G∞ structure and an

abstract algebraic situation of which the Lian–Zuckerman situation is

the motivating example. We prove the existence of a G∞ structure in

this general context, and give an explicit formula for this structure.

In the next section we turn to vertex algebras, recalling the necessary

definitions and applying our results to prove the Lian–Zuckerman con-

jecture for vertex algebras with non-negative conformal weights. We

end by indicating some important examples of such vertex algebras

which arise from the chiral de Rham complex and chiral polyvector

fields.

We would like to acknowledge helpful conversations with Jim Stasheff

and Dmitri Tamarkin. The authors visited the Max-Planck-Institut

für Mathematik and the Universitat de Barcelona while working on

this project and are grateful to these institutions for excellent working

conditions.

1. Graded (or super) algebra

We begin by recalling some very basic notions of graded algebra and

superalgebra.
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All vector spaces are over a field of characteristic zero. If W =
⊕

n∈Z
Wn is a graded vector space then W [k] denotes the kth desus-

pension, defined by

(W [k])n = Wn+k.

The notation s−1W instead of W [1] is common, especially in algebraic

topology.

A graded linear map f : V → W of degree k between graded vector

spaces is a linear map f : V →W [k] with f(Vn) ⊆ W [k]n. The degree

of a homogeneous element or graded linear map a is denoted by |a|, and

we write ǫa,b for the sign (−1)|a| |b|. The natural symmetry isomorphism

of graded vector spaces is given by

V ⊗W → W ⊗ V

a⊗ b 7→ ǫa,b b⊗ a

for homogeneous elements a, b in V,W .

If the vector space W is not Z- but Z2-graded then W is termed a

superspace, and we denote by Wev and Wodd the subspaces of even and

odd vectors. The degree |a| of an element is often written p(a) and

termed parity in this situation.

The commutator with respect to a binary operation · on a graded

(or super) vector space W is defined by

[a, b] = a · b− ǫa,b b · a .

The operation · is

commutative if [a, b] = 0

skew-symmetric if a · b+ ǫa,b b · a = 0

for homogeneous elements a, b in W . A graded Lie algebra is a graded

vector space W with a degree zero skew-symmetric bilinear operation

[ , ] : W ⊗W → W which satisfies the graded Jacobi identity

[[a, b], c] + ǫa,b ǫa,c [[b, c], a] + ǫa,c ǫb,c [[c, a], b] = 0

for homogeneous elements a, b, c in W . A graded linear map f : W →

W is a derivation with respect to a binary operation · onW if it satisfies

f(a · b) = f(a) · b + ǫf,a a · f(b) .

for homogeneous elements a, b ∈W .

A Gerstenhaber algebra is a graded vector space W with bilinear

operations · of degree zero and [ , ] of degree −1 such that
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(1) (W, ·) is a graded commutative associative algebra

(2) (W [1], [ , ]) is a graded Lie algebra

(3) [ a,−] : W → W is a derivation with respect to the bilinear

operation ·, for each homogeneous a ∈W .

We note the following folklore result for the commutator with respect

to composition.

Lemma 1.1. Suppose that f, g : W → W are derivations with respect

to a bilinear operation · on a graded vector space W . Then

(1) the graded commutator [f, g] : W →W is a derivation,

(2) if f has odd degree then f ◦ f : W → W is a derivation.

Proof. (1) Let a, b be homogeneous elements of W . Then

[f, g](a·b) = f(g(a·b)) − ǫf,g g(f(a·b))

= f (ga·b+ ǫg,a a·gb)− ǫf,g g (fa·b+ ǫf,a a·fb)

= fga·b+ ǫf,ga ga·fb+ ǫg,a fa·gb+ ǫg,a ǫf,a a·fgb

−ǫf,g

(

gfa·b+ ǫg,fa fa·gb+ ǫf,a ga·fb+ ǫf,a ǫg,a a·gfb
)

= [f, g]a·b + 0 + 0 + ǫ[f,g],a a·[f, g]b

since ǫf,ga = ǫf,g ǫf,a etc.

(2) This follows by a similar explicit calculation. Alternatively, since

we are working over a field of characteristic zero, we note that if f is

odd then f ◦ f = 1
2
[f, f ] is a derivation by part (1). �

2. G∞-algebras

We recall the definition of a G∞ algebra from [22]. Let Lie(A) be the

free graded Lie algebra generated by a graded vector space A,

Lie(A) =
⊕

p

LpA, LpA = [[[. . .[A,A], . . . A], A], A]

where LpA is spanned by all (p−1)-fold commutators of elements of A.

Then consider the free graded commutative algebra on the suspension

(Lie(A))[−1], which we can write as

GA =
⊕

t

∧

t
Lie(A) [−t].

The Lie bracket on Lie(A) extends to a degree −1 bilinear operation

[ , ] : GA⊗GA→ GA
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which is a derivation with respect to the ∧-product on GA.

There are several formulations of the notion of G∞ structure in the

literature. We follow that of Tamarkin and Tsygan in [22, Section 1].

Definition 2.1. A G∞ structure on a graded vector space V is a square

zero degree one linear map

γ : G(V [1]∗) → G(V [1]∗)

which is a derivation with respect to both ∧ and [ , ].

Remark 2.2. We have implicitly assumed V is finite dimensional; in

particular the grading on V is bounded so that the linear dual A =

V [1]∗ is also graded, with An = V1−n
∗. This is not really a restriction,

but just a side-effect of defining G∞ structures on V as derivations on

free algebras on V ∗. To avoid the finite dimensionality assumption we

could instead work with coderivations on free coalgebras on V ; compare

for example [7, Section 1.2.2].

Consider the components

Gp1,p2,...,ptA = Lp1A ∧ Lp2A ∧ · · · ∧ LptA [−t] ⊆ GA.

In fact it is slightly more manageable to consider

GmA =
⊕

p1+···+pt=m

Gp1,p2,...,ptA

so that G1A = A[−1] and G2A = [A,A][−1] ⊕ A ∧ A [−2], etc. An

element of GmA is said to have length m in GA.

Lemma 2.3. There are bijections between the set of degree 1 linear

maps γ : GA → GA which are derivations with respect to both ∧ and

[ , ], the set of degree 1 linear maps γ1 : G1A → GA, and the set of

sequences of degree 1 linear maps γm+1
1 : G1A→ Gm+1A, m ≥ 0.

Proof. Any such derivation γ is determined by its restriction γ1 =

γ|G1A, and γ1 is the sum of its components γm+1
1 : G1A→ Gm+1A. �

Derivations behave well with respect to the filtration by length. For

fixed m ≥ 0 the derivation laws allow us to extend the linear map

γm+1
1 : G1A→ Gm+1A

in the lemma to a family of linear maps γm+i
i , for i ≥ 1,

γm+i
i : GiA→ Gm+iA.
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The G∞-algebra condition that a derivation γ : GA → GA has square

zero is clearly equivalent to the following collection of quadratic rela-

tions on these components,

k
∑

j=i

γk
j γ

j
i = 0 : GiA→ GkA.(Rk

i )

For our purposes it will be useful to introduce a notion of a partial

G∞ structure.

Definition 2.5. Let V and A be as above and let 1 ≤ r ≤ ∞. A Gr

structure γ≤r on V is a sequence of degree 1 linear maps γk
1 : G1A →

GkA for k − 1 < r which, together with their extensions γj
i : GiA →

GjA, satisfy the relations R
k
1 for k − 1 < r.

The definition requires the relations R
k
i to hold only when i = 1;

to justify the name we note that corresponding ‘higher’ relations hold

automatically:

Lemma 2.6. A Gr-structure γ
≤r on V satisfies the relation R

k
i when-

ever k − i < r.

Proof. Extend each map γ
j
1 to a degree one derivation GA → GA,

j ≤ r, and let f be the sum of these derivations. Now consider the

map g = f 2 : GA → GA, which by Lemma 1.1(2) is a also derivation.

If 1 ≤ k ≤ r the relation R
k
1 says that the component gk

1 : G1A→ GkA

is zero. Hence its extensions gi+k−1
i : GiA→ Gi+k−1A are zero and the

relations R
i+k−1
i hold also. �

For r = ∞ the new notion of Gr structure is consistent with the

previous definition:

Corollary 2.7. A G∞ structure on a graded vector space V is specified

by a family of degree 1 linear maps

γk
1 : G1(V [1]∗) → Gk(V [1]∗), k ≥ 1,

which (together with their extensions γk
j ) satisfy the relations R

k
1, k ≥ 1.

In the case r = 1 a Gr-structure is just a degree one map

d1 := γ1
1 : G1A→ G1A

which has square zero, and the Lemma says the extensions

dm := γm
m : GmA→ GmA
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also have square zero.

For k ≥ 2 we can express the relation R
k
1 in the form

γk
1d1 + dkγ

k
1 = Γk(2.8)

where

Γk = −
k−1
∑

j=2

γk
j γ

j
1 : G1A→ GkA.

Note that, for any Gr structure γ≤r, the linear map Γr+1 is defined. The

following result, that it is always a chain map (G1A, d1) → (Gr+1, dr+1),

is a translation of [1, Lemma 6] from the Lie∞ to the G∞ context.

Proposition 2.9. Suppose γ≤r is a Gr structure. Then the linear map

Γr+1 satisfies

dr+1Γr+1 = Γr+1d1.

Proof. We have

dr+1Γr+1 = −
∑

1<i<r+1

γr+1
r+1γ

r+1
i γi

1 =
∑

1<i≤j<r+1

γr+1
j γ

j
i γ

i
1 by the relations R

r+1
i ,

Γr+1d1 = −
∑

1<j<r+1

γr+1
j γ

j
1γ

1
1 =

∑

1<i≤j<r+1

γr+1
j γ

j
i γ

i
1 by the relations R

j
1.

�

Remark 2.10. Now equation (2.8) can be read as saying that the ob-

struction to extending a Gr to a Gr+1 structure is the existence of

• a null-homotopy γr+1
1 for the chain map Γr+1,

• or an element γr+1
1 ∈ Hom(G1A,Gr+1A) whose coboundary is

the cocycle Γr+1.

3. Main theorem

We now set up an abstract situation where we can apply the above

results to define explicit G∞ structures. In the following section we

show how this applies to the Lian–Zuckerman conjecture.

Consider a bigraded vector space

(3.1) V =
⊕

s≥0

V s =
⊕

s≥0





⊕

N ′

s
≤n≤Ns

V s
n



 .
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We refer to the two gradings as the fermionic degree, written |v| = n,

and the conformal degree, written ‖v‖ = s. As in section 2 we define

GA =
∧

•((Lie(A))[−1]), A = V [1]∗ ,

where the (de)suspensions are with respect to the fermionic degree.

Let us assume for a moment that the conformal degree on V is also

bounded above. Then A is isomorphic to the (finite) direct sum of

As := V s[1]∗, and this conformal grading extends to GA by

‖v ∧ w‖ = ‖[v, w]‖ = ‖v‖ + ‖w‖ .

All linear maps we consider in this section will be of degree zero with

respect to the conformal degree; in particular only the fermionic degree

will contribute to the signs in derivation formulas. In the interests of

brevity, and consistency with section 2, the word “degree” will mean

fermionic degree unless otherwise stated.

Theorem 3.2. Suppose V is a bigraded vector space as above together

with linear maps

m1 : V → V, m2, m1,1 : V ⊗ V → V

whose duals define a G2 structure on V , and a square zero linear map

h : V → V

such that, for all elements v of conformal degree s in V ,

m1hv + hm1v = sv.

Then any extension of the G2 structure to a G∞ structure on V 0 has

an extension to a G∞ structure on V .

Proof. Extending the duals of the maps m1 and h to derivations on

GA we obtain square zero linear maps d and σ, of degrees 1 and −1

respectively, satisfying

dσa+ σda = sa(3.3)

if ‖a‖ = s. The map σ may be thought of as a chain homotopy.

Let s > 0 and suppose inductively we have: a Gr structure on V , a

Gr+1 structure on the subspace of elements of conformal degree < s,

and linear maps γr+1
1 : G1A→ Gr+1A defined on elements of conformal

degree s and fermionic degree ≤ n which satisfy

γr+1
1 da+ dγr+1

1 a = Γr+1a(3.4)
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if ‖a‖ = s and |a| < n. Now if ‖a‖ = s and |a| = n + 1, define

γr+1
1 a =

1

s
(Γr+1σa− dγr+1

1 σa)(3.5)

We must show the relation (3.4) holds if ‖a‖ = s and |a| = n. We have

γr+1
1 da =

1

s
(Γr+1 − dγr+1

1 )σ(da)

= (Γr+1 − dγr+1
1 )(1 −

1

s
dσ)(a)

by equations (3.3) and (3.5), so that

γr+1
1 da − Γr+1a + dγr+1

1 a = −
1

s
(Γr+1 − dγr+1

1 )dσa

= −
1

s
d(Γr+1 − γr+1

1 d)σa

= −
1

s
d(dγr+1

1 )σa = 0

using Proposition 2.9, the inductive hypothesis and d2 = 0. �

4. Vertex algebras and the structure of BRST

cohomology

There are a number of expositions of vertex algebra theory; we in-

clude the following for completeness from [10], which is also the source

of our examples to which we return in the final section.

A Z≥0-graded vertex superalgebra (over a field k) is a Z≥0-graded

superspace V =
⊕

i≥0 V
i, where the component in each conformal

degree i has a parity decomposition V i = V i
ev ⊕ V i

odd, equipped with a

distinguished vacuum vector 1 ∈ V 0
ev and a family of bilinear operations

(n) : V × V → V ,

for n ∈ Z, such that

p(a(n)b) = p(a) + p(b) , V i
(n)V

j ⊂ V i+j−n−1 .

The following properties must hold:

1(n)a = δn,−1a , a(−1)1 = a , a(n)1 = 0 for n ≥ 0
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and

∞
∑

j=0

(

m

j

)

(a(n+j)b)(m+l−j)c =

=
∞

∑

j=0

(−1)j

(

n

j

)

{

a(m+n−j)(b(l+j)c) − (−1)n+p(a)p(b)b(n+l−j)(a(m+j)c)
}

for all m,n, l ∈ Z.

A topological vertex algebra is a vertex superalgebra V with certain

extra structure. The full mathematical definition may be found in [14,

section 5.9]. For our purposes it is enough that there are distinguished

elements L ∈ V 2
ev, G ∈ V 2

odd, Q ∈ V 1
odd, J ∈ V 1

ev satisfying

Q(0)
2 = 0 = G(1)

2, [Q(0), G(i)] = L(i) .

Moreover L(1) and J(0) are commuting diagonalizable operators whose

eigenvalues coincide with the conformal and fermionic gradings. Mod-

ulo 2, the fermionic grading gives the parity. In the terminology of con-

formal field theory, the elements L, G, Q and J are known to physicists

as the Virasoro element, the superpartners and the current. They have

fermionic gradings 0, −1, 1 and 0 respectively.

Lian and Zuckerman in [18] observed the following

Theorem 4.1. On any topological vertex algebra V the operations

x • y = x(−1)y, {x, y} = (−1)p(x)(G(0)x)(0)y

are cochain maps with respect to the differential d = Q(0) and induce a

Gerstenhaber algebra structure on the cohomology H∗(V, d).

They posed the following conjecture of lifting the Gerstenhaber al-

gebra structure on the cohomology to a homotopy algebra structure on

V itself, compare [16, Conjecture 2.3] and [18].

Conjecture 4.2. Let V be a topological vertex algebra. Then the

product and bracket

x · y = 1
2
(x(−1)y + (−1)p(x)p(y)y(−1)x)

(−1)p(x)[x, y] = 1
2
((G(0)x)(0)y + (−1)p(x)p(y)(G(0)y)(0)x)

extend to a G∞ structure on V .
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This product x · y is by definition graded commutative and of degree

zero. The bracket is a graded skew-symmetric operation of fermionic

degree 1,

[x, y] = 1
2
({x, y} − (−1)(p(x)−1)(p(y)−1){y, x}).

Both operations have conformal weight zero.

It is a well known result that the (−1) operation on a Z≥0-graded

topological vertex algebra V gives the structure of a graded commu-

tative algebra on V 0, see for example [9, p.623]. This result can be

extended as follows:

Lemma 4.3. Suppose V is a topological vertex algebra with conformal

weights bounded below, V = ⊕i≥kV
i. Then the product · and the

bracket [ , ] in Conjecture 4.2 above equip V k with the structure of a

differential Gerstenhaber algebra.

Proof. Lian and Zuckerman show that up to homotopy the operation

• is commutative and associative and the operation { , } is skew-

symmetric, satisfies the Jacobi identity, and is a derivation of •. Ex-

plicit chain homotopies of conformal weight zero are given for these

laws, in equations (2.14), (2.16), (2.23), (2.25), (2.28) of [18] respec-

tively. Applied to elements of conformal weight k, all of these homo-

topies factor through terms of weight k − 1; hence they are trivial and

the Gerstenhaber axioms hold on the nose in V k. In particular, the op-

erations • and { , } are respectively commutative and skew-symmetric

on V k and coincide with the operations · and [ , ] in Conjecture 4.2. �

We can now apply Theorem 3.2 to Conjecture 4.2. A topological

vertex algebra V is bigraded by the eigenvalues of L(1) and J(0), and

m1 = Q(0) : V → V, m2 = · , m1,1 = [ , ] : V ⊗ V → V

give a G2 structure on V and, if it is Z≥0-graded, a Gerstenhaber

structure on V 0. Also

h = G(1) : V → V

is a linear map which satisfies [Q(0), G(1)] = L(1) . Hence we have:

Theorem 4.4. Any Z≥0-graded topological vertex algebra, such that

for each conformal weight the fermionic grading is finite, has an ex-

plicit G∞ structure which extends the Gerstenhaber structure on V 0

and reduces to the Lian–Zuckerman structure in cohomology.
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There is a wealth of examples of such vertex algebras, including the

chiral de Rham and polyvector fields which we will discuss in the next

section.

5. Applications

As we observed in the introduction, the work of [19] allows us to

consider the Lian–Zuckerman conjecture in the context of algebraic

topology. We cannot attempt to give full details but we advise the

reader to consult the papers [9, 10].

In [9] a method of constructing vertex algebras was introduced, start-

ing with a so-called vertex algebroid L and applying to it the vertex

envelope construction, analogous to the universal envelope for Lie alge-

bras. Important examples of vertex algebras arise in this way. We will

describe here the vertex algebroids L whose vertex envelopes are the

vertex algebras of chiral de Rham differential forms and chiral polyvec-

tor fields. The construction of the vertex envelope is fairly straightfor-

ward; details may be found in [10].

An extended Lie superalgebroid is a quintuple T = (A, T,Ω, ∂, 〈, 〉)

where A is a supercommutative k-algebra, T is a Lie superalgebroid

over A, Ω is an A-module equipped with a structure of a module over

the Lie superalgebra T , ∂ : A→ Ω is an even A-derivation and a mor-

phism of T -modules, and 〈, 〉 : T ×Ω → A is an even A-bilinear pairing.

The following identities must hold, for a ∈ A, τ, ν ∈ T , ω ∈ Ω:

〈τ, ∂a〉 = τ(a),

τ(aω) = τ(a)ω + (−1)p(τ)p(a)aτ(ω),

(aτ)(ω) = aτ(ω) + (−1)p(a)(p(τ)+p(ω))〈τ, ω〉∂a,

τ(〈ν, ω〉) = 〈[τ, ν], ω〉 + (−1)p(τ)p(ν)〈ν, τ(ω)〉.

Now a vertex superalgebroid is a septuple (A, T,Ω, ∂, γ, 〈 , 〉, c) where

A is a supercommutative k-algebra, T is a Lie superalgebroid over A,

Ω is an A-module equipped with an action of the Lie superalgebra T ,

∂ : A→ Ω is an even derivation commuting with the T -action,

〈 , 〉 : (T ⊕ Ω) × (T ⊕ Ω) → A

is a supersymmetric even k-bilinear pairing equal to zero on Ω × Ω

and such that (A, T,Ω, ∂, 〈 , 〉|T×Ω) is an extended Lie superalgebroid,

c : T × T → Ω is a skew supersymmetric even k-bilinear pairing and
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γ : A × T → Ω is an even k-bilinear map. The maps c and γ, and the

pairing 〈 , 〉, satisfy a number of axioms which essentially express their

failure to be A-linear [10].

Let A be a smooth k-algebra of relative dimension n, such that the

A-module T = Derk(A) is free and admits a base {τ̄i} consisting of

commuting vector fields, and let E be a free A-module of rank m, with

a base {φα}. We shall call the set g = {τ̄i; φα} ⊂ T ⊕ E a frame of

(T,E). Consider the commutative A-superalgebra ΛE =
⊕m

i=0 Λi
A(E)

where the parity of Λi
A(E) is equal to the parity of i. Each frame g as

above gives rise to a vertex superalgebroid as follows.

Let TΛE = Derk(ΛE). We extend the fields τ̄i to derivations τi of

the whole superalgebra ΛE by the rule

τi(a) = τ̄i(a), τi(
∑

aαφα) =
∑

τ̄i(aα)φα.

(Note that this extension depends on a choice of a base {φα} of the

module E, though the whole construction will be independent of the

basis by the work of [10, 19].) The fields {τi} form a ΛE-base of the

even part T ev
ΛE .

We define the odd vector fields ψα ∈ T odd
ΛE by

ψα(
∑

aνφν) = aα, ψα(a) = 0.

These fields form a ΛE-base of T odd
ΛE .

Let {ωi; ρα} be the dual base of the module of 1-superforms ΩΛE =

Homev
ΛE(TΛE ,ΛE), defined by

〈τi, ωj〉 = δij , 〈ψα, ρβ〉 = δαβ , 〈τi, ρα〉 = 〈ψα, ωi〉 = 0.

Maps c and γ are completely determined by setting them to zero on the

elements of each frame. They extend uniquely to give a vertex super-

algebroid structure (see [10, section 3.4]). Thus we have constructed a

vertex superalgebroid (Λ(E), TΛE,ΩΛE, ∂, γ, 〈 , 〉, c).

Now we can construct the vertex superalgebroids whose vertex en-

velopes give our two main examples: the vertex algebras of polyvector

fields and chiral de Rham forms.

Let us work in the analytic category. Let k be the field of complex

numbers C and let A be the algebra of analytic functions on Cn. Let

E be the module of vector fields T or the module of 1-forms Ω1
A/k over

Cn; its exterior algebras are the algebra of polyvector fields and the de

Rham algebra of differential forms Ω•
A/k over C

n. These choices of E
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produce vertex algebroids according to the construction above. Their

vertex envelopes are the required topological vertex algebras called in

[10] the chiral de Rham complex and chiral vector field complex over

Cn. In [19] a sheafification construction was presented which produces

from the local objects we have just described a sheaf of topological

vertex algebras on a (smooth, analytic or algebraic) manifold.

By our main result, Theorem 4.4, the local objects have the struc-

ture of G∞-algebras. Therefore there is a natural task to investigate

whether they pass to a global structure on the manifold using the glue-

ing procedure of [19].

In conformal weight zero we have a global Gerstenhaber structure

in the polyvector field case; in the chiral de Rham complex there is no

bracket and the structure is just the associative algebra of differential

forms. We always have a global operations x(−1)y, x(0)y and G(0) giving

the Lian–Zuckerman product and bracket, and our inductive construc-

tion will give an extension to a global G∞-structure on the chiral de

Rham sheaf as long as the fields corresponding to L, G, Q and J extend

to global sections of the appropriate sheaf of vertex algebras. By [19,

Theorem 4.2] this will occur if the first Chern class c1 of the manifold

vanishes.

Corollary 5.1. Let M be a C∞ Calabi–Yau manifold. Then there is a

structure of a G∞-algebra on the vector space underlying the chiral de

Rham complex or the complex of chiral polyvector fields on M which is

locally the G∞ structure constructed above.

One can see that the above homotopy structure descends to the

cohomology of the chiral sheaves making it a homotopy Gerstenhaber

algebra too.

5.1. An L∞ algebra related to the Courant bracket. Recall that

Dorfman [6] and Courant [5] defined the following brackets on the space

of sections of the bundle TM + T ∗M on a manifold M :

[X + ψ, Y + ν]D = [X, Y ] + (LXν − ιY dψ)

[X + ψ, Y + ν]C = 1
2
([X + ψ, Y + ν]D − [Y + ν,X + ψ]D)

where we follow the notation of [11]: X, Y are vector fields and ψ

and ν are 1-forms. The Courant bracket is a key ingredient in recent

developments in generalized complex geometry [11, 12]. This bracket

is skewsymmetric, but the Jacobi identity holds only modulo the image
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of the de Rham differential. It poses a natural problem of finding an

L∞ algebra structure (l1, l2, l3, . . .) whose l1 is the de Rham differential,

and whose l2 is related to the Courant bracket. Such an algebra does

not have to be unique of course. A solution to the problem was given

in [21]; the L∞-algebra constructed there has lm = 0 for all m ≥ 4.

In the presence of supersymmetry in the language of conformal field

theories, the following refinement of the above problem makes sense.

Suppose the de Rham operator splits as a supercommutator of two

operators. Then either of these operators can be taken as l1 in the

above problem.

We address this new refined problem in the context of the chiral

de Rham complex, which posesses the required supersymmetry in the

case of manifolds whose first Chern class is zero. In this case, as ex-

plained above, the chiral de Rham complex is a (sheaf of) topologi-

cal vertex algebras whose operator L(0) splits as a supercommutator,

L(0) = [Q(0), G(0)]. On the other hand in the chiral de Rham complex

the operator L(0) restricted to the functions on the manifold is just the

classical de Rham differential.

To make the connection with the Courant bracket recall from [19,

Section 3.10] that the chiral de Rham complex posesses a filtration,

whose associated graded object Gr is identified. Gr is also called the

quasiclassical limit of the chiral de Rham complex. Now TM + T ∗M

is a summand in Gr of the component of conformal weight one, and a

beautiful observation by Bressler [4] states that the quasiclassical limit

of the operation x(0)y is the Courant bracket when restricted to this

summand.

This suggests that the graded piece Gr1 of conformal weight one

is an L∞ algebra which solves our problem. The only modification

necessary to the theory we have developed for the Lian–Zuckerman

conjecture is the following. The bracket, defined above by means of

the composite operation (G(0)x)(0)y, must be replaced by the operation

x(0)y alone. This is already a skewsymmetric operation on Gr1, and

trivially satisfies the Jacobi identity in cohomology since the complex

is exact in non-zero conformal weights. Our argument, or that of [1],

therefore produces an L∞ structure on Gr1 starting with l1x = Q(0)x

as before, and l2(x, y) = x(0)y. By [19, 4] we have:
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Proposition 5.2. (1) The piece of Gr1 of conformal weight one of

Gr is a module over ΠT ∗M generated by

TM, T ∗M, ΠTM, ΠT ∗M(−2)1

where 1 is the vacuum vector and Π is the change of parity

functor.

(2) The restriction of the operation x(0)y to the submodule generated

by TM ⊕ T ∗M is equal to the Courant bracket.

(3) The operation l2(x, y) = x(0)y satisfies the Jacobi identity in

cohomology (relative to boundary d = l1) and an inductive con-

struction as in Theorem 3.2 produces an L∞-algebra structure

on Gr1 which extends l2 and hence the Courant bracket.

This construction of an L∞-algebra related to the Courant bracket is

natural since it is derived from of the chiral de Rham complex, a part

of the geometric structure of a manifold.
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