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   Abstract— The Method-of-Moment (MoM) discretization of 
boundary integral equations in the scattering analysis of closed 
infinitely long (2D) objects, perfectly conducting or penetrable, is 
traditionally carried out with continuous piecewise linear basis 
functions, which embrace pairs of adjacent segments. This is 
numerically advantageous because the discretization of the 
transversal component of the scattered fields, electric (TE) or 
magnetic (TM), becomes free from hypersingular Kernel 
contributions. In the analysis of composite objects, though, the 
imposition of the continuity requirement around junction nodes, 
where the boundaries of several regions intersect, becomes 
especially awkward. In this paper, we present, for the scattering 
analysis of composite objects, a new combined discretization of 
the Poggio-Miller-Chang-Harrington-Wu-Tsai (PMCHWT) 
integral equation, for homogeneous dielectric regions, and the 
Electric-Field Integral Equation (EFIE), for perfectly conducting 
regions, such that the basis functions are defined strictly on each 
segment, with no continuity constraint between adjacent 
segments. We show the improved observed accuracy with the 
proposed TE-PMCHWT implementation on several dielectric 
objects with sharp edges and corners and moderate or high 
contrasts. Furthermore, we illustrate the versatility of these 
schemes in the analysis of 2D composite piecewise homogeneous 
objects without sacrificing accuracy with respect to the 
conventional implementations. 
 

Index Terms—Method of Moments, Integral equations, 
composite objects, Electric-Field Integral Equation, PMCHWT 
formulation 

I. INTRODUCTION 

The discretization by the Method of Moments (MoM) [1] 
and Galerkin testing of, respectively, the Electric-Field Integral 
Equation (EFIE) [2], for single perfectly conducting (PEC) 
objects, or the Poggio-Miller-Chang-Harrington-Wu-Tsai 
(PMCHWT) formulation [3]‒[5],  for single penetrable objects, 
is traditionally based on divergence-conforming functions, e.g. 
RWG  [2][6], so that normal continuity is preserved across 
edges. In the particular case of infinitely long (2D) bodies, 
these implementations are normally carried out with continuous 
piecewise linear basis functions [7][8]. These are edge-based 
strategies (node-based in 2D) because the basis functions 
embrace two adjacent cells in the meshed boundary. Moreover, 
these schemes are conforming, hence with converging 
solutions [9][10], because the finite dimensional subspace in 
the current expansion lies in the physical function space [11] 
and the testing functions span the dual of the range of the 
operators [12]‒[14]. The divergence-conforming choice is 
especially advantageous for the computation of the impedance 
matrix because of the cancellation of the hypersingular Kernel 

contributions. In practice, these schemes can be extended 
naturally to the scattering analysis of composite objects, made 
up of different homogeneous regions, PEC or penetrable, as 
long as there are no junctions, such as, for example, coated 
metallic objects or multilayered penetrable structures [15][16]. 
Junctions stand for boundary lines where more than two regions 
intersect [17]‒[19]. In general, for an arbitrary composite 
object, they are modeled with edges (nodes in 2D).  

However, the development of conforming schemes for 
composite objects with junctions becomes particularly 
cumbersome because continuity conditions need to be applied 
at junctions through specially tailored functions [18][19]. The 
conventional edge-based MoM-codes are then modified 
accordingly by inserting exceptions at junctions. This is a 
somewhat convoluted task that involves the search for 
junctions, the identification of the regions intersecting at each 
junction and the choice of the appropriate continuity condition 
(metallic-penetrable or penetrable). In practice, it is common to 
simplify such analysis by picturing the composite object as a set 
of disjoint objects, corresponding to each of the regions, 
immersed in a host medium, with separation distances tending 
to zero. Nevertheless, the amount of unknowns gets increased 
because redundant unknowns need to be defined [20].  

In this paper, we present a new, robust and accurate method 
for the scattering analysis of 2D piecewise homogeneous 
objects with junctions, based on the discretization of the EFIE, 
over boundaries enclosing PEC regions, and of the PMCHWT 
formulation, over interface boundaries between different 
penetrable regions. We propose the expansion of the electric 
and magnetic currents with piecewise linear basis functions, 
discontinuous at nodes. The resulting EFIE-PMCHWT 
implementation gives rise to hypersingular Kernel 
contributions, which we evaluate numerically by testing the 
electric – or magnetic – field equations, in the Transversal 
Electric (TE) – or Transversal Magnetic (TM) – 
implementations over domains off the boundary segmentation, 
inside the region where, in light of the surface equivalence 
theorem, the fields must be zero. Whereas the surface scheme 
[21] tests the fields over a set of trapezoids attached to the 
boundary, the tangential-normal scheme [22] makes use of a 
set of pairs of adjacent segments, such that one matches a 
boundary segment and the other one is normally oriented.  

These discretization strategies are nonconforming because 
the subspaces of electric and magnetic currents, with no 
imposed continuity transition between adjacent cells, do not 
belong to the function spaces of currents. In the scattering 
analysis of sharp-edged conductors, nonconforming 
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MoM-implementations of the (TE-)EFIE, based on the 
discontinuous cell-based expansion of the current − 
monopolar-RWG (3D) or discontinuous piecewise linear (2D) 
− exhibit faster converging solutions than the conventional 
conforming schemes [22]‒[25]. On the other hand, the 
point-based Locally Corrected Nyström (LCN) method, 
another nonconforming scheme with discontinuous current 
expansion [26]‒[29], shows for low-order expansions less 
accurate solutions than continuous implementations for 
sharp-edged conductors [27][30]. In any case, these schemes 
avoid the preliminary task of edge (or junction) search required 
for the conforming schemes and allow the management of 
nonconformal meshes, with some nonmatching edges between 
adjacent facets [31][32]. Although the edge-search effort is 
small when compared with the matrix generation and the 
solution of the system, this computational load becomes 
increasingly evident as the meshes involve more facets.  

In this paper, we show with Radar Cross Section (RCS) and 
near-field results that our nonconforming discretization of the 
TE-PMCHWT provides improved accuracy, versus the number 
of unknowns, in the analysis of single sharp-edged dielectric 
objects with moderate or high contrasts.  Furthermore, we show 
that these EFIE-PMCHWT implementations, with 
segment-based expansion and testing schemes, excel as flexible 
and versatile tools in the analysis of composite objects when 
compared with the conventional node-based implementations. 
Although our nonconforming EFIE-PMCHWT implementation 
relies on the elaborate generation of the impedance elements, 
the burdensome management of junctions of the conforming 
schemes is circumvented because only segment-to-segment 
interactions are considered. Especially, since the basis 
functions of our nonconforming schemes do not span multiple 
regions, they become well suited to enhance the Domain 
Decomposition Methods [33] for the agile analysis of big 
composite structures resulting from the juxtaposition of 
independent meshed subdomains.  

II. THEORETICAL BACKGROUND 

Field singularities arising in infinitely long dielectric or 
magnetic sharp wedges, with aperture angle α, are associated 
with the transverse component of, respectively, the electric or 
magnetic fields [34]. Singular field performance near 
penetrable wedges, sharp (α<180°) or reentrant (α>180°), 
occurs whenever the transverse field component of the 
impinging plane wave is, respectively, parallel or 
perpendicular, to the line bisecting the wedge [34]. In the TE 
(or TM) scattering analysis of dielectric (or magnetic) sharp 
wedges, the singularity of the magnetic (or electric) current and 
the electric (or magnetic) charge density near the wedge 
becomes more pronounced as the relative permittivity (or 
permeability) rises (see [Table 4.2, 34] and [Fig. 4.28, 34]).  

As we show in this paper, our nonconforming discretization 
of the TE-PMCHWT formulation for dielectric sharp wedges, 
or, similarly, of the TM-PMCHWT formulation for magnetic 
sharp wedges [35], must provide a better capture of the singular 
electric-field or magnetic-field performance, respectively, than 
the conventional piecewise continuous scheme because 

improved accuracy, versus the number of unknowns, is 
observed. Conversely, the analogous implementations of the 
TM-PMCHWT for dielectric wedges – or of TE-PMCHWT for 
magnetic wedges − do not provide improved accuracy, versus 
the number of unknowns, because, consistently, in these cases 
field singularities do not occur [34]. In any case, all these 
nonconforming PMCHWT implementations, segment-based, 
are very useful for the agile management of junctions in 
composite objects. 

Meixner and others characterized the specific behavior of 
electromagnetic fields near sharp edges [34]‒[38]. Several 
basis functions incorporate the Meixner subsets for the rigorous 
capture of the singular behavior of the current near edges in 
perfectly conducting sharp-wedges [39]‒[42], where the 
singular coefficients of the singular terms are obtained from the 
aperture angle of the wedge.  The definition of the subsets for 
dielectric wedges, though, requires the numerical solution of 
transcendental equations that depend on the aperture angle and 
the dielectric contrast [34][38]. The use of our discontinuous 
piecewise linear schemes in these cases appears as a robust 
option because, unlike the elaborate singular-field 
implementations with the Meixner subsets, our approach does 
not require the a priori knowledge of aperture angles or the 
dielectric contrasts of the body. In this paper, we introduce our 
nonconforming schemes in the context of the scattering 
analysis of 2D dielectric objects because the well-established 
emergence of the singular field-performance in the TE 
scattering of dielectric infinitely long sharp wedges with 
moderate or high dielectric contrasts [34] can be associated in a 
straightforward manner with the observed improved 
performance of our discontinuous piecewise linear 
TE-PMCHWT implementations.  

III. NONCONFORMING TE-EFIE FOR CONDUCTORS 

For a z-infinite perfectly conducting closed body illuminated 

by a TE plane wave, the expansion of the electric current J  

with a set of discontinuous piecewise linear basis functions 
gives rise to 

                               
2

1 1

Ns
p p

n n
p n

J
 
J f                                      (1) 

where Ns denotes the number of segments over the transversal 
boundary of the body. The sequences 1

nJ ,  2
nJ  denote the 

unknown coefficients in the expansion of the electric current. 

The sets of discontinuous basis functions  1 1 2 2
1 1... , ...Ns Nsf f f f   

are defined as  

            1
     1, 2p p

n n n
n

L p
h

     f                      (2)  

where nL stands for the nth segment arising from the boundary 

segmentation, with length hn , and 1
n , 2

n represent the 

position vectors of the endpoints of nL  (see Fig. 1). 

The approximation of the TE scattered electric field from the 

expansion of J  in (1), yields  
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   E A               (3) 

where k and   denote, respectively, the wavenumber and 

the impedance of the host medium,  where the object is 
immersed. The two source contributions (p=1,2) at the nth 

segment in the discretization of the potentials p
n  and p

nA yield 

[21][22] 

              , '
n

p p
n k n

L

k G dl  A f                               (4)             

     11
, ' ,      

n

p p
n k k n

n L

k j G dl G
k h

 
 

   
  

              (5) 

where the superscript in (5) assumes modulo two arithmetic. 

The Green’s function kG  of the host medium is defined as 

              2
0

1
, ,    

4kG H kR R
j

                              (6) 

where /k    ; /    and   denotes the angular 

frequency in the j te  time-harmonic dependence assumed for 

fields and currents. The constants ε, μ denote the permittivity 
and the permeability, respectively, of the host medium.  

 The Galerkin testing of the gradient of the electric scalar 

potential p
n in (3) cannot be evaluated numerically for self 

or node-adjacent interactions because of the hypersingular 

contributions in  1, p
k nG     , behaving as O(

11p
n

  ) 

when  the field point approaches the endpoints of the segment. 
In this paper, we present two non-Galerkin testing schemes 
that ensure a proper numerical evaluation of such 
contributions by testing the electric fields inside the body 
under analysis, off the boundary line. These testing functions 
are devised to have good coupling with the electric fields 
generated by the discontinuous piecewise linear basis 
functions. 

A. Surface testing 

The surface testing is carried out over a set of quadrilaterals 

 mS  attached to the set of segments over the boundary  mL , 

inside the region where the fields are zero (Fig. 1). The 
quadrilaterals can be defined either conformal or 
nonconformal to the boundary. Whereas the former 
establishes trapezoids with two sides parallel to the matching 
segments and with two sides bisecting the angles formed by 
the adjacent segments, the latter adopts rectangles. This 
definition appears more flexible because no a priori 
knowledge of the boundary shape is required. For segments 
with a node lying on an abrupt sharp edge, though, the testing 
rectangle may break out of the boundary interface and some 
numerical error may appear.  

We define the set of surface testing functions

 1 1 2 2
1 1... , ...Ns NsP P P P  as 

    

   

   

1 ˆ ˆ

1 ˆˆ             1 tan

    1    1,2  

q q
m m m m

m m

q q q
m m m m

m m

m

l l
H h

n l
H h

S m Ns q



    

      

   

P   

 

 

             (7) 

 where Hm denotes the height of the mth quadrilateral and ˆmn , 

ˆ
ml represent, respectively, the unit normal and tangential 

vectors to the mth segment. The parameters 1
m  , 2

m  denote 

the angles of the sides of the quadrilaterals meeting the 

endpoints of the mth segment, respectively, 1
m  , 2

m , with 

respect to the normal direction to the segment. For testing 
elements that are nonconformal to the boundary, these sides are 

perpendicular to the segment, whereby 1 2 0m m    and the 

second term in (7) gets cancelled. 

 
Fig. 1. mth segment arising from the discretized section of an infinitely long 
perfectly conducting cylinder where the surface testing scheme is defined 
conformal to the boundary. 
 

The surface tested nonconforming discretization of the 
TE-EFIE results in the following matrix system 

 

  ,[ , ] ,[ , ] 1 ,[ , ] 2
[ ,1] [ ,2]

1 1

+   1,2   1
Ns Ns

m q m q m q
inc n n n n

n n

E Z J Z J q m Ns
 

    S S S     (8)     

           
where the excitation vector stands for  

          ,[ , ]

m

m q q
inc m inc

S

E dS S P E                                     (9) 

and  incE   denotes the TE-incident electric field. The 

definition of the impedance elements in (8) yields 

         
   

   

,[ , ]
[ , ] ,

             ,

m

m

m q q p
n p m n

S

q p
m n

S

Z jk k dS

k dS

 

 





S P A

P

 

 
                        (10)     

where, for self or  node-adjacent interactions, the second 
surface integral at the right-hand side can manage the singular 
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terms in p
n  because an extra degree of freedom is 

incorporated with respect to the Galerkin scheme. In our 
implementation, we compute (10), equivalently, as  

 
   

       

,[ , ]
[ , ]

´

,

ˆ   , ,

m

m m

m q q p
n p m n

S

p q q p
n m m m n

S S

Z jk k dS

k n dl k dS





 

      



 

S

S

P A

P P

 

   
    (11) 

where ˆmnS  stands for the unit vector normal to the boundary of 

the rectangular domain mS  and pointing outwards.  

B. Tangential-normal testing 

The tangential-normal testing is defined over pairs of 
segments sharing a node arising from the segmentation of the 
boundary line. Whereas one testing segment matches a cell 
arising from the boundary segmentation, the other segment is 
oriented towards the region where the fields, in light of the 
equivalence principle, are zero (Fig. 2). The tangential-normal 
testing scheme can also be defined conformal or 
nonconformal to the boundary depending whether the 
off-boundary segment is aligned over the direction bisecting 
the angle between adjacent segments or perpendicular to the 
matching segment. 

 
Fig. 2. mth segment arising from the discretized section of an infinitely long 
perfectly conducting cylinder where the tangential-normal testing scheme is 
defined conformal to the boundary. 

 

The definition, with modulo two arithmetic, of the 

tangential-normal testing functions,  1 1 2 2
1 1... , ...Ns Nst t t t yields  

        
 

 

 , 1 1
, 1

1
         

1
   

                   1,2      1      

q
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mq
m

N q q
m mN q

m

L
h

N
h

q m Ns

 


   
  


  

t

  


  
                   (12)  

where 1
mt and 2

mt represent the two tangential-normal functions 

sharing the mth segment mL  and 1
mN , 2

mN  denote two 

segments with lengths ,1N
mh  and ,2N

mh  evolving inwards from 

the endpoints of mL , respectively, 1
m  and 2

m  , to ,1N
m  , ,2N

m
, inside the null-field region (see Fig. 2).  

The discretization of the TE-EFIE with discontinuous 
piecewise linear basis functions and tangential-normal testing 
leads to the following matrix system  

,[ , ] ,[ , ] 1 ,[ , ] 2
[ ,1] [ ,2]

1 1

+   1,2   1
Ns Ns

m q m q m q
inc n n n n

n n

E Z J Z J q m Ns
 

    T T T    (13) 

where the excitation vector yields  

                 
1

,[ , ]  
q

m m

m q q
inc m inc

L N

E dl


 T



t E                             (14) 

and the impedance elements are defined as (see Fig. 2) 
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                             (15) 

In view of the continuity along 1
m mL N  and 2

m mL N of, 

respectively, 2
mt  and 1

mt ,  (15) can be simplified into  

        

   

   
1

1
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             ,

q
m m

q
m m

m q q p
n p m n

L N

q p
m n

L N

Z jk k dl
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T





t A

t

 

 
                      (16) 

where the second line integral can now handle the                  

log( 1p
n

  )-singular contributions in  1, p
k nG   . 

Interestingly, the generation of the impedance element in (16) 
demands less computational burden than in (11), for the surface 
tested approach.  

IV. NONCONFORMING PMCHWT FOR SINGLE DIELECTRICS  

In general, the scattering analysis of a homogeneous z-infinite 
penetrable body, with arbitrary section, illuminated by a TE 
plane wave is carried out, in light of the equivalence theorem, 

through the superposition of the scattered fields, S
iE , S

iH , 

associated with the homogeneous problems of, respectively, 
regions i=1 and i=2 (see Fig. 3). These fields are generated by 

the currents over the dielectric interface, iJ , iM  so that the 

total fields arising from the summation of incident and 
scattered fields, iE , iH  are zero outside respective regions 

(see Fig. 3).  
We assume that the incident electric and magnetic fields in 

the original problem are in region 1, whereby the total fields, 
electric or magnetic, generated in the homogeneous problems 

associated with region i, iC , become 

      1
1

 region 1

0  region 2

S
inc  

 


C C
C

  



             (17) 
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                           (18)                        

The electric and magnetic currents, iJ  and iM  are 

expanded with tangentially orientated  1 1 2 2
1 1... , ...Ns Nsf f f f (2), 

and z-oriented  1 1 2 2
1 1... , ...Ns Nsg g g g  discontinuous piecewise 

linear sets of basis functions, such that 
 

                            
2

,

1 1

      =1,2
Ns

p i p
i n n

p n

M i
 
M g                   (19) 

2
,

1 1

      =1,2
Ns

p i p
i n n

p n

J i
 
J f                     (20) 

 
where the sequences  1,i

nJ ,  2,i
nJ  and  1,i

nM ,  2,i
nM  denote 

the unknown coefficients in the expansion of the electric and 
magnetic current, respectively, and  

      1 ˆ ˆ          1, 2p p
n n n n

n

l z L p
h
        g               (21) 

 

 
Fig. 3. Application of the surface equivalence theorem to a z-infinite penetrable 
cylinder with arbitrary section under an impinging TE-polarized plane wave. 

 

The discretization of TE-PMCHWT relies on the approximated 
scattered electric and magnetic fields in the problems 

associated with region i, S
i
E , S

i
H  which yield 
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, ,

1 1 1 1

ˆ
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Ns Ns
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k
k l J j k M

i

   

   H R F                  (23) 

The quantities i and ik represent, respectively, the wave 

impedance and the wave number of the i-th region and the 

potentials p
nF   and p

nR  are defined as 

                      , '
i

n

p p
n i k n

L

k G dl  F g                         (24)             

     1 ˆ' , '    

                       1,2   1,2

i

n

p p
n i n n k

nL

k l G dl
h

p i

      

 

R                   (25) 

where 
ikG denotes the Green’s function corresponding to the 

homogeneous problem associated with the i-th region. 
The electric field in (22) exhibits hypersingular Kernel 

contributions over the boundary line, associated with the terms

 p
n ik   . In contrast, the magnetic field in (23) does not 

show such contributions because of the inherent zero magnetic 
charge density in the TE-scattering problems. In consequence, 
whereas the scattered magnetic fields can be Galerkin-tested 
over the boundary line, the testing of the scattered electric 
fields needs to be shifted off the boundary line, inside the 
region where, in light of the equivalence principle, the electric 
and magnetic fields must be null (see Fig. 3). We assume 

different values of relative permittivity ( ,1 ,2r r  ) and same 

relative permeability ( ,1 ,2 1r r   ) in both regions, whereby 

0 ,i r ik k    and 0 ,/i r i     (i=1,2), where 0k , 0  

denote, respectively, the free-space wavenumber and 
impedance. 

The Galerkin-testing of the magnetic-field boundary 
equation at the boundary line results in 

     
 2 1 =

                        1, 2  1
m m

q q S S
m inc m

L L

dl dl

q m Ns

  

  

   g H g H H
                  (26)  

where the limiting values of the singular Kernel contributions 
in (25), at both sides of the boundary line, are cancelled out so 
that such integrals can be taken as Cauchy principal values. 

In this paper, we present two nonconforming 
MoM-discretizations of the TE-PMCHWT. In both cases we 
apply the magnetic-field boundary equation in (26). As 
regards the electric-field boundary equation, we apply in one 
case the surface testing scheme, which we call 
TE-PMCHWT[surf], and in the other case the 
tangential-normal testing, TE-PMCHWT[tn]. In view of (9) 
and (10), the tested electric-field boundary equation in 
TE-PMCHWT[surf] yields 

 2 1 2

, , ,
2 1 =

                        1, 2  1
m m m

q q S q S
m inc m m

S S S

dS dS dS

q m Ns

   

  

  2 1 2 P E P E P E
                 (27) 

where the set of testing functions  ,1 ,1 ,2 ,2
1 1... , ...Ns Ns
1 1 1 1P P P P  and 

 ,1 ,1 ,2 ,2
1 1... , ...Ns Ns
2 2 2 2P P P P  adopt the definition in (7) over a set of 

quadrilaterals, respectively,  1
mS  and  2

mS , attached to the 

boundary segmentation, inside regions 1 and 2 (see Fig. 4). 

1 1 ,   

2 2 ,   



,inc incE H Region 2
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x

y



1 1 ,   

1 1 ,   

1J
1M

1 0E

1 1,E H

1 0H



2 2 ,   
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2J 2M

2 2,E H

2 0E 2 0H
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Similarly, in light of (14) and (15), the electric-field boundary 
equation in TE-PMCHWT[tn] becomes 

  
2, 1 1, 1 2, 1

, , ,
2 1 =

                        1,2  1

q q q
m m m m m m

q q S q S
m inc m m

L N L N L N

dl dl dl

q m Ns

  

   

  

  2 1 2

  

 t E t E t E             (28) 

where the set of testing functions  ,1 ,1 ,2 ,2
1 1... , ...Ns Ns
1 1 1 1t t t t  and 

 ,1 ,1 ,2 ,2
1 1... , ...Ns Ns
2 2 2 2t t t t  adopt the definition in (12) in such a 

manner that the sets of segments  ,1 ,1 ,2 ,2
1 1... , ...Ns NsN N N N1 1 1 1  and 

 ,1 ,1 ,2 ,2
1 1... , ...Ns NsN N N N2 2 2 2  are oriented from the endpoints of the 

boundary segments  1... NsL L  into, respectively, regions 1 and 

2 (see Fig. 4). Note that in both testing schemes, (27) and (28), 
the incident and scattered fields are tested in the regions where, 
in accordance with the equivalence theorem, the total fields 
must be zero. The performance of such implementations 
depends on the heights of the testing domains (H), which we 
set in terms of the length of the associated segments (h) (see 
Figs. 1, 2 and 4). In this paper, we impose the same value of H 
for each of the testing domains, in regions 1 or 2, attached to a 
particular boundary segment.  

 
Fig. 4. mth segment arising from the discretized section of an infinitely long 
penetrable cylinder where the testing schemes are defined conformal to the 
boundary. 
 

Our nonconforming implementation of the TM-PMCHWT 
can be readily obtained from the expressions above. Indeed, in 
the TM case, the electromagnetic wave is impinging on the 
object so that the magnetic field is oriented transversally and 
the electric field is z-oriented. In consequence, the sets of 
basis functions adopted for our nonconforming 
TM-expansions of the electric and magnetic currents arise 
from the sets of functions employed in the TE-expansions of, 
respectively, the magnetic and electric currents. Similarly, 
since in the TM case the electric charges are zero, the 
electric-field boundary equation is Galerkin-tested, whereas 
the surface or the tangential-normal testing needs to be 
applied to the magnetic-field boundary equation, giving thus 
rise to the implementations TM-PMCHWT[surf] or 
TM-PMCHWT[tn]. 

V. NONCONFORMING EFIE-PMCHWT FOR COMPOSITE PEC 

AND PENETRABLE STRUCTURES WITH JUNCTIONS 

Our nonconforming implementations for the TE-scattering  
analysis of composite infinitely long objects, with perfectly 
conducting or penetrable regions, TE-EFIE-PMCHWT, arise  

from: (a) the definition of the expansions in (20) for the 
electric currents and the imposition of the electric-field 
boundary conditions (27) or (28) over all the boundary 
interfaces ; (b) the  definition of the expansion (19) for the 
magnetic currents and the imposition of the Galerkin-tested 
magnetic-field boundary equation (26), exclusively, over 
interfaces shared by penetrable regions (see Fig. 5). The 
electric-field boundary conditions (27) and (28) when applied 
to boundary lines bordering on perfectly conducting regions 
need to consider only the scattered-field or incident-field 
contributions associated with the penetrable region. 

 

 
 

Fig. 5. Surface equivalence theorem applied to a composite object with two 
penetrable regions and one PEC region. The black and blue dashed lines 
denote, respectively, line interfaces between penetrable regions or on PEC 
regions. The red nodes denote junctions. 

 
In general, the continuous piecewise linear implementation 

of the TE-EFIE-PMCHWT formulation is defined in an 
analogous manner as the nonconforming implementation for 
basis and testing functions out of junctions, except for the fact 
that the electric and magnetic field conditions are Galerkin 
tested. This scheme treats the interface between two different 
regions as single lines but the continuous piecewise linear 
implementations become somewhat laborious at junction 
nodes, where specially tailored basis and testing functions need 
to be defined, namely, oriented RWG [18] or multiplet [19]. In 
Fig. 5, we show a composite structure with one penetrable 
junction [A], where all the intersecting regions are penetrable, 
and three PEC-penetrable junctions [B], [C] and [D], where one 
of the intersecting regions is PEC. In both types of junctions, 
electric field and current continuity conditions around junctions 
need to be enforced; moreover, for the penetrable junction the 
magnetic continuity of the current and field conditions are also 
required.  Note that, unlike the single-object penetrable case, 
where each unknown (electric or magnetic) is invoked by the 
two homogeneous penetrable problems, the unknowns 
associated with the penetrable junction-node in Fig. 5 are 
invoked by the three associated homogeneous problems, one 
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for each intersecting region at the junction. Similarly, the 
(electric) unknowns at each PEC-penetrable junction-node [B], 
[C] or [D] are invoked by different pairs of associated 
homogeneous problems, respectively, regions 2,3 1,2 or 1,3. 
Clearly, the node-based single-line TE-EFIE-PMCHWT 
implementation involves a significant burden when handling 
junctions if compared with our segment-based discretization, 
which by definition ignores junctions. 

Interestingly, another conforming implementation of 
TE-EFIE-PMCHWT can be obtained by analyzing the 
composite structure as a set of disjoint objects, corresponding 
to each of the regions of the composite object, immersed in the 
free-space and with separation distances tending to zero (δ→0) 
(see Fig. 6) [20]. This scheme considers the interfaces as two 
contact lines and becomes easier to implement than the 
single-line approach since no continuity exceptions need to be 
considered at junction nodes. However, the amount of 
unknowns is increased because redundant currents are defined 
over the two contact surfaces. Also, in addition to the Cauchy 
principal value of the integrals, the residue term of (25) needs to 
be computed and for some particular examples the multi-body 
modelling may become complicated.  

 

 
Fig. 6. Analysis of composite objects: (a) single-line interfaces and conformal 
segmentations; (b) interfaces with two contact lines and conformal 
segmentations when δ→0; (c) single-line interfaces and nonconformal 
segmentations; (d) interfaces with two contact lines and nonconformal 
segmentations when δ→0 . 

VI. NUMERICAL RESULTS  

In subsection A, we show TE-scattering results, RCS and near 
field, for infinitely long homogeneous dielectric objects with 
sharp-edged sections immersed in the free space, with small or 
moderate electrical dimensions, and several dielectric contrasts. 
We show the improved accuracy versus the number of 
unknowns (N) and the height of the testing domains (H) of the 
corresponding nonconforming implementations, 
TE-PMCHWT[surf] and TE-PMCHWT[tn], with respect to the 

conventional continuous implementation, TE-PMCHWT[C]. 
Accuracy plots for our nonconforming TM-PMCHWT 
implementations and single dielectrics are omitted because no 
singular-field performance occurs at edges [34].  

In subsection B, we show RCS results for infinitely long 
composite objects inside the free space, with piecewise 
homogeneous regions, PEC or dielectric. We show how our 
nonconforming implementations of TE-EFIE-PMCHWT or 
TM-EFIE-PMCHWT for composite bodies, where the nodes 
are ignored in both the current expansion and field testing, 
allow an agile management of junction nodes while providing 
similar or improved accuracy. Furthermore, these 
implementations allow an easy management of composite 
objects arising from the juxtaposition of penetrable targets 
meshed with independent segmentations, which are typically 
nonconformal (i.e. with nonmatching nodes) (see Fig. 6.c). 
Although in theory the two-contact-line approach can handle 
such problems (see Fig. 6.d), in practice the required 
computation of the residue terms becomes bothersome when 
the field- and source- segmentations do not match. For such 
composite multi-penetrable structures, our nonconforming 
TE-PMCHWT or TM-PMCHWT implementations allow the 
definition of the electric current and the electric-field boundary 
condition at one nonmatching mesh and the magnetic current 
and the magnetic-field boundary condition over the other 
nonmatching mesh. This is still a single-line approach because 
the field equations and the currents are defined at one boundary 
line, but is meshed through two different, overlapped, 
segmentations.  

In all the test cases, we compute the inner line integrals in the 
generation of the impedance matrix through the singularity 
subtraction technique and 6-point quadrature rule. In 
EFIE-PMCHWT[surf], we compute the surface testing over 
each quadrilateral through surface integrals over two triangles 
with 3-point Gaussian evaluations. In EFIE-PMCHWT[C] and 
EFIE-PMCHWT[tn] the outer line integrals are computed with, 
respectively, 2 and 4-point  rules, for the potentials A , F  or 
  and with, respectively, 4 and 8-point rules for R . In all the 
testing objects, the scattered fields are computed under an 
impinging +y propagating plane wave and the free-space 
wavelength λ0 is set to 0.06π m.  

A. Single Objects 

We assess the relative performance of the TE-PMCHWT 
implementations by displaying the root-mean-square (rms) 
relative error of the near-field and RCS results. All the testing 
domains are defined conformal to the boundary.   We define the 

near-field relative error, neare , for a particular implementation 

by computing the approximated electric and magnetic fields, 

respectively, E and H , over a set of M  points  1 , ..., M 

such that  
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where the observation points are distributed uniformly around 
the object section at a very close distance (the mesh parameter 
adopted in our nonconforming implementations). Similarly, we 
define the far-field error, fare , in terms of the bistatic RCS 

computed with a particular implementation over a set of M 
observation angles  1 , ..., M  , uniformly distributed, so that   

       

 

1/2
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1

1/2
2

1

M

j REF j
j

far
M

REF j
j

RCS RCS

e

RCS

 







 
 

 
 
 
 





                   (30) 

where 1 0  and 2 2 /M M    . The near- and far-field 

errors provide relative measures with respect to reference 

near-field and RCS solutions, respectively, REFE , REFH , and 

REFRCS . With no analytical solutions available for the 

sharp-edged objects tested, the reference solutions in (29) and 
(30) are computed with the conventional implementation, 
TE-PMCHWT[C], and very fine degree of meshing of the 
boundary line (around 15000 or 20000 segments for the tested 
objects with, respectively, small or moderate electrical 
dimensions). The segmentations of the boundary line of the 
tested objects when computing the reference results employ 
geometrical mesh refinement near the sharp edges so that the 
ratio of the smallest segment to the biggest segment is set to 
0.05. The source integrals in the computed far and near fields in 
(29) and (30) are carried out with 2-point and 10-point 
numerical rules, respectively. In all the examples, we adopt 
M=1000.   

1) Accuracy versus H: In Figs. 7−10 we plot the error 
performance of our nonconforming TE-PMCHWT 
implementations for two sharp-edged dielectric objects with 
several dielectric contrasts (with relative permittivities of 5, 15, 
50, 90) in terms of the height of the testing domains, H, defined 
as a fraction of the mesh parameter h. We analyze two infinitely 
long objects with equilateral triangular sections and sides of 
0.2λ0 (Figs. 7 and 8) and 1.9λ0 (Figs. 9 and 10). We display the 
normalized error e for each nonconforming implementation of 
TE-PMCHWT. The far-field normalized error, fare , is shown 

in Figs. 7 and 9, whereas we plot the near-field normalized 
error, neare , in Figs. 8 and 10. We define these normalized 

errors as 

    /tn tn C
near near neare e e   ,     /surf surf C

near near neare e e                (31) 

     /tn tn C
far far fare e e   ,     /surf surf C

far far fare e e                  (32) 

where tn
neare , surf

neare and tn
fare , surf

fare  arise from computing, 

respectively, (29) and (30), with the corresponding 
nonconforming implementations of TE-PMCHWT. Similarly, 

C
neare and C

fare are derived from the evaluation of (29) and (30), 

respectively, with the solution of TE-PMCHWT[C]. In order to 
build a fair comparison, our nonconforming and the piecewise 

continuous implementations handle the same number of 
unknowns. Hence, TE-PMCHWT[C] makes use of segments 
that are twice smaller than the segments adopted in our 
nonconforming implementations, where two unknowns are 
assigned to each boundary segment. Also, we establish uniform 
segmentations of the boundary line so that the mesh parameters 
are similar in all cases (h≈0.0033λ0 for TE-PMCHWT[C]).  
In view of Figs. 7−10, our nonconforming implementations 
TE-PMCHWT[surf] or TE-PMCHWT[tn] outperform 
TE-PMCHWT[C] for a wide range of H values in both far and 
near-field scenarios. In view of the definition of the normalized 
errors in (31) and (32), there is improvement of our 
nonconforming implementations as long as the normalized 
error is smaller than 1. As predicted by the theory [34], the 
well-performing H ranges in all the tests grow as the relative 
dielectric contrast rises. From the comparison of far-field errors 
in Figs. 7 and 9 with the near-field errors in Figs. 8 and 10, the 
H-ranges of improved far-field appear similar or slightly wider 
than the near-field H-ranges. Particularly, for the case of 
highest contrast, whereas the far-field tests show improved 
performance for H values between h/20 and h/1500, for the 
small section, or between h/20 and h/660 for the moderate 
section, the improved H-performance in the near-field tests lies, 
respectively, between h/10 and h/250 or between h/6 and h/260.   
Furthermore, we see that the impact on the overall accuracy of 
our nonconforming implementations of TE-PMCHWT due to 
the surface testing and the tangential-normal testing is quite 
similar. Interestingly, our nonconforming discretization of the 
magnetic current in (19) and the Galerkin-testing of the 
magnetic-field equation in (26) can be also implemented with 
a set of piecewise uniform basis functions. Our tests show that 
the general trend with regard to the observed improved 
performance for growing dielectric contrasts prevails. 

 
Fig. 7. Normalized RCS error (32) computed for several nonconforming 
PMCHWT implementations, relative to PMCHWT[C], and same number of 
unknowns (360) versus the height H of the testing domains for a dielectric 
cylinder with  equilateral triangular section, side 0.2λ0 (λ0=0.06πm) and several 
relative permittivities (5, 15, 50, 90). The reference results are computed with 
TE-PMCHWT[C] and very fine meshing (12000 segments).   
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Fig. 8. Normalized near-field error (31) computed for several nonconforming 
PMCHWT implementations, relative to PMCHWT[C], and same number of 
unknowns (360) versus the height H of the testing domains for a dielectric 
cylinder with equilateral triangular section, side 0.2λ0 (λ0=0.06πm) and several 
relative permittivities (5, 15, 50, 90). The reference results are computed with 
TE-PMCHWT[C] and very fine meshing (12000 segments).   
 
 
 
 

Fig. 9. Normalized RCS error (32) computed for several nonconforming 
PMCHWT implementations, relative to PMCHWT[C], and same number of 
unknowns (3480) versus the height H of the testing domains for a dielectric 
cylinder with equilateral triangular section, side 1.9λ0 (λ0=0.06πm) and several 
relative permittivities (5, 15, 50, 90). The reference results are computed with 
TE-PMCHWT[C] and very fine meshing (18000 segments).  

 
Fig. 10. Normalized near-field error (31) computed for several nonconforming 
PMCHWT implementations, relative to PMCHWT[C], and same number of 
unknowns (3480) versus the height H of the testing domains for a dielectric 
cylinder with equilateral triangular section, side 1.9λ0 (λ0=0.06πm) and several 
relative permittivities (5, 15, 50, 90). The reference results are computed with 
TE-PMCHWT[C] and very fine meshing (18000 segments).    
 
 
 

2) Accuracy versus N: We show relative far- and near-field 
errors, respectively, in Figs. 11, 13 and Figs. 12, 14, as defined 
in (30) and (29), for TE-PMCHWT[surf], TE-PMCHWT[tn] 
and TE-PMCHWT[C] in terms of the number of unknowns (N) 
for infinitely long dielectric cylinders and a relative 
permittivity of 50 with square or equilateral triangular sections 
and sides of 0.2λ0 and 1.9λ0. Our nonconforming 
implementations of TE-PMCHWT employ H values that are 
inside the good performing H-ranges. As regards the far-field 
behavior, in all cases, in view of Figs. 11 and 13, 
TE-PMCHWT[C] exhibits around O(h1.3) decrease in the 
far-field error as the mesh parameter h is reduced. As shown in 
Fig. 11 for the electrically small cylinders, our nonconforming 
implementations exhibit improved convergence trends in the 
far-field error reduction, around O(h2) for the square section 
and O(h1.7) for the triangular section. Similarly, our 
nonconforming implementations of TE-PMCHWT for the 
electrically moderate cylinders in Fig. 13 exhibit decrease in 
the far-field error around O(h2.6) for the square section and  
O(h2.8) for the triangular section.  As for the near-field 
performance, in all cases, in view of Figs. 12 and 14, 
TE-PMCHWT[C] exhibits around O(h1.5) decrease in the 
near-field error. Our nonconforming implementations of 
TE-PMCHWT, when compared with TE-PMCHWT[C], 
provide faster reduction in the near-field error decrease as h 
diminishes.  Indeed, whereas the electrically small cylinders in 
Fig. 12 exhibit around O(h2) error reduction, the electrically 
moderate cylinders in Fig. 14 show a steeper reduction, around 
O(h2.4). 
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Fig. 11. RCS relative error computed for several nonconforming PMCHWT 
implementations versus the number of unknowns for dielectric cylinders with 
square and equilateral triangular sections, side 0.2λ0 and relative permittivity 50  
(λ0=0.06πm) for several values of testing heights H. The reference results are 
computed with TE-PMCHWT[C] and very fine meshing (16000 segments for 
the square and 12000 for the triangle).  

 

 
Fig. 12. Near-field relative error computed for several nonconforming 
PMCHWT implementations versus the number of unknowns for dielectric 
cylinders with square and equilateral triangular sections, side 0.2λ0 and relative 
permittivity 50  (λ0=0.06πm) for several values of testing heights H. The 
reference results are computed with TE-PMCHWT[C] and very fine meshing 
(16000 segments for the square and 12000 for the triangle).   

 
Fig. 13. RCS relative error computed for several nonconforming PMCHWT 
implementations versus the number of unknowns for dielectric cylinders with 
square and equilateral triangular sections, side 1.9λ0 and relative permittivity 50  
(λ0=0.06πm) for several values of testing heights H. The reference results are 
computed with TE-PMCHWT[C] and very fine meshing (24000 segments for 
the square and 18000 for the triangle).  

Fig. 14. Near-field relative error computed for several nonconforming 
PMCHWT implementations versus the number of unknowns for dielectric 
cylinders with square and equilateral triangular sections, side 1.9λ0 and relative 
permittivity 50 (λ0=0.06πm) for several values of testing heights H. The 
reference results are computed with TE-PMCHWT[C] and very fine meshing 
(24000 segments for the square and 18000 for the triangle).  

 

3) Hybrid PMCHWT: The hybrid implementation of 
TE-PMCHWT, TE-PMCHWT[hyb], in the analysis of 
sharp-edged infinitely long penetrable cylinders with 
polygonal section arises from the continuous expansion of the 
currents at nodes inside the sides of the polygon and the 
discontinuous expansion at corners [23]. This implementation 
is not segment-oriented and cannot hence benefit from the 
inherent flexibility associated with the fully discontinuous 
schemes. However, as shown in Fig. 15 for cylinder with 
equilateral triangular section and side 0.2λ0 and several relative 
permittivities, it exhibits huge improved accuracy with respect 
to the fully continuous scheme (and same number of 
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unknowns). Note that the hybrid and continuous PMCHWT 
implementations for the same boundary segmentation handle 
very similar amount of unknowns (the hybrid implementation 
accounts only for two additional unknowns at each corner 
node). When compared with Fig. 7 and the fully discontinuous 
PMCHWT implementation, it is clear that the H-range of 
improved performance for the hybrid implementation rises 
drastically. This illustrates that the observed trend in Fig. 7 is 
mainly due to the discontinuous modelling of the current 
transition at the corners of the sharp-nodes of the polygon, 
where the singular-field behavior occurs. 

 
Fig. 15. Normalized RCS error (32) computed for several hybrid PMCHWT 
implementations, relative to PMCHWT[C],  and same number of unknowns 
(360) versus the height H of the testing domains for a dielectric cylinder with 
equilateral triangular section, side 0.2λ0 (λ0=0.06πm) and several relative 
permittivities (5, 15, 50, 90). The reference results are computed with 
TE-PMCHWT[C] and very fine meshing (12000 segments).   

 
4) Condition numbers of the impedance matrices 

In Fig. 16, we show the condition numbers of our 
nonconforming and conforming PMCHWT implementations 
versus the height H of the testing domains for electrically small 
high-contrast dielectric cylinders and equilateral triangular or 
square sections.  The PMCHWT implementations in Fig. 16 are 
scaled in order to improve the condition numbers of the 
resulting matrices. The magnetic-field equations are then 

multiplied by the free-space impedance 0  and the 

magnetic-current density is expressed in terms of another 

unknown so that 0i i M M  [43]. In view of Fig. 16, the 

condition numbers resulting from surface and tangential normal 
testing strategies are almost the same. As the height of the 
testing elements H diminishes, the condition numbers of our 
nonconforming implementations rise in comparison with the 
continuous piecewise linear implementation. This trend is 
analogous to the observed performance of the nonconforming 
discretization of the EFIE, with monopolar-RWG basis 
functions, for 3D-conductors [23].  

 

 
Fig. 16. Condition numbers of the impedance matrices resulting from several 
scaled PMCHWT implementations, discontinuous or continuous piecewise 
linear, with the same number of unknowns for each object versus the height H 
of the testing elements for the dielectric cylinders with square and equilateral 
triangular sections, side 0.2λ0 (λ0=0.06πm) and relative permittivity 50. The 
number of unknowns is 360 for the cylinder with triangular section and 480 for 
the cylinder with square section. 

B. Composite Objects 

For the sake of the robust and flexible analysis of complex 
structures, we adopt testing domains nonconformal to the 
boundary line whereby no a priori knowledge on nodes is 
required. In Fig. 17, we compare the RCS-performance of our 
nonconforming TE-PMCHWT implementation with testing 
domains defined conformal [conf] or nonconformal [nonconf] 
to the boundary line. 

 

Fig. 17. Normalized RCS error (32) computed for several nonconforming 
PMCHWT implementations, relative to PMCHWT[C][Ns=180],  versus the 
height H of the testing domains (conformal or nonconformal to the boundary) 
for a dielectric cylinder with equilateral triangular section, side 0.2λ0 
(λ0=0.06πm) and εr=50. The reference results are computed with 
TE-PMCHWT[C] and very fine meshing (12000 segments). Ns denotes the 
number of segments.   
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Some loss of accuracy is observed for the nonconformal choice, 
which we attribute to the fact that the testing elements 
bordering on abruptly sharp corners cross the boundary line. 
We minimize such discrepancy in our nonconforming 
TE-EFIE-PMCHWT implementations with a testing 
nonconformal to the boundary by adopting very small H-values 
(H=h/1e5). When compared with the continuous 
implementation, the nonconforming implementations produce 
similar or better far-field results, if the same number of 
unknowns or the same mesh, respectively, are adopted (see Fig. 
17). In Figs. 18 and 19, we show RCS results for composite 
objects with perfectly conducting and dielectric regions and our 
nonconforming implementations of TE-EFIE-PCMHWT (Figs. 
18(a) and Fig. 19) or of TM-EFIE-PMCHWT implementation 
(Fig. 18(b)).  

 

(a)

  

(b) 

Fig. 18. Bistatic RCS of a composite object consisting of dielectric cylinder of 
square section and a PEC cylinder of equilateral triangle section under an 
impinging a) TE-polarized and b) TM-polarized +y propagating plane wave. 
The relative permittivity of the region with square section is 20. The number of 
unknowns is 360 for our nonconforming EFIE-PMCHWT implementations and 
440 for the continuous implementation, which is adopted as reference.  

Whereas our EFIE-PMCHWT implementations in Figs. 18 
and 19 adopt the single-line approach, the reference results are 
obtained with the continuous piecewise linear implementation 
and the two-contact-line approach. In Fig. 20, we provide 
TE-RCS results for a composite body with two dielectric 
regions arising from the juxtaposition of two independent 
nonconformal meshes (i.e. with nonmatching nodes). In view 
of Fig. 20, the single-line nonconforming TE-PMCHWT 
implementation provides similar accuracy as the continuous 
piecewise linear implementation with two contact lines. In 
order to reach a fair comparison, we generate the impedance 
matrices of our nonconforming and the piecewise linear 
implementations with similar sizes. In any case, the number of 
unknowns handled in the continuous implementations, with 
two contact lines, is somewhat bigger because additional 
unknowns are introduced where boundary lines are in contact. 

 

Fig. 19. Bistatic RCS of a composite object consisting of two dielectric 
cylinders of square section and a PEC cylinder of rectangular section under an 
impinging TE-polarized +y propagating plane wave. The relative permittivities 
of the two dielectric cylinders are 20 and 40. The number of unknowns is 640 
for our nonconforming EFIE-PMCHWT implementations and 800 for the 
continuous implementation, which is adopted as reference.  

Fig. 20. Bistatic RCS of a composite object consisting of two dielectric 

100 150 200 250 300 350 400 450
-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

TE-bistatic RCS for a section composed of a square and triangle

angle []


/ 

 [
dB

]

 

 
TE-[C]

TE-[tn]
TE-[surf]

100 150 200 250 300 350 400

-4

-3

-2

-1

0

1

2

3

angle []


/ 

 [
dB

]

TM-bistatic RCS for a section composed of a square and triangle

 

 
TM-[C]

TM-[tn]

TM-[surf]

50 100 150 200 250 300 350 400 450 500 550

-18

-16

-14

-12

-10

-8

-6

-4

-2

0

2

4
TE-bistatic RCS for a section composed of two squares and a rectangle


/ 

 [
dB

]

angle []

 

 

TE-[C]

TE-[tn]
TE-[surf]

100 150 200 250 300 350 400

-8

-6

-4

-2

0

2

TE-bistatic RCS for a section composed of two squares


/ 

 [
dB

]

angle []

 

 
TE-[C]

TE-[tn]
TE-[surf]



0018-926X (c) 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TAP.2017.2679064, IEEE
Transactions on Antennas and Propagation

TAP – manuscript: versatile 2D schemes composite objects by Ivan Sekulic et al. UPC  
 

13

cylinders of square section assembled after juxtaposing two independent closed 
line meshes under an impinging TE-polarized +y propagating plane wave. The 
relative permittivity of the two dielectric cylinders is 20 and 40. The number of 
unknowns is 700 for our nonconforming PMCHWT implementations and 960 
for the continuous implementation, which is adopted as reference.  

VII. CONCLUSION  

The discretization with discontinuous piecewise linear basis 
functions of the currents and the testing of the fields off the 
boundary interfaces, with surface or tangential-normal testing, 
gives rise to new nonconforming implementations of the 
PMCHWT formulation for infinitely long penetrable bodies, 
and of the EFIE-PMCHWT formulation for infinitely long 
piecewise homogeneous structures, with PEC or penetrable 
regions. Our tests with 2D dielectric objects, with triangular or 
square sections, suggest that the nonconforming TE-analysis of 
sharp-edged objects with moderate or high dielectric contrasts 
(above 10) shows improved accuracy, versus the number of 
unknowns, with respect to the conventional schemes. Indeed, 
while the continuous piecewise linear implementation exhibits 
for the objects tested around O(h1.5) decrease in RCS or 
near-field errors, our nonconforming implementations exhibit 
error decrease rates between O(h2) and O(h2.5) with an adequate 
choice of the height H of the testing elements. Our tests show, 
as a general trend, that the best performing H-ranges lie roughly 
between h/10 and h/100. The well-performing H-range rises 
with growing values of the relative permittivity and with the 
reduction of the electrical dimensions of the sections.  

We attribute the observed improved TE-performance for 
sharp-edged dielectrics to the better characterization of the 
singular-fields thanks to the discontinuous transition of the 
expanded currents at corner-nodes and the convenient field 
testing inside the null-field regions of the associated 
homogeneous problems, especially over domains attached to 
corners, so that the null-field conditions assumed in the surface 
equivalence theorem are better enforced. Consistently, the 
nonconforming TM-analysis of dielectric objects or the 
nonconforming TE-analysis of smooth dielectric sections, with 
no singular field behavior, do not exhibit improved accuracy 
versus the number of unknowns when compared with the 
continuous analysis.  

Our nonconforming EFIE-PMCHWT implementations are 
very useful in practice in the analysis of composite objects with 
piecewise homogeneous regions. The conventional node-based 
continuous schemes require an elaborate management of 
junction nodes, where several regions intersect. In contrast, the 
use of segment-based discontinuous basis functions in our 
nonconforming schemes, with no required knowledge about 
nodes over the boundary, circumvents the inconvenient 
management of junction nodes of the continuous schemes.   
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