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Energy dissipation in the presence of sub-harmonic excitation
in dynamic atomic force microscopy
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Abstract – Amplitude modulation atomic force microscopy allows quantifying energy dissipation
in the nanoscale with great accuracy with the use of analytical expressions that account for
the fundamental frequency and higher harmonics. Here, we focus on the effects of sub-harmonic
excitation on energy dissipation and its quantification. While there might be several mechanisms
inducing sub-harmonics, a general analytical expression to quantify energy dissipation whenever
sub-harmonics are excited is provided. The expression is a generalization of previous findings.
We validate the expression via numerical integration by considering capillary forces and provide
experimental evidence of sub-harmonic excitation for a range of operational parameters.
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Dynamic atomic force microscopy has been widely
employed to investigate energy dissipation in the
nanoscale [1–8]. In particular, the theory of amplitude
modulation (AM) AFM can be briefly summarized as the
study of the behavior of the phase ϕ of the fundamental
frequency relative to the phase of the driving force. The
study of energy dissipation is providing new insights into
the mechanisms responsible for a variety of phenomena
from the heterogeneity of viscoelasticity in metallic
glasses [9] to the implications of energy dissipation and
nanoscale heterogeneity in bones [10] and nanoscale
capillary interactions [3]. It is expected however that,
with further developments, the applications of these
methods will increase and broaden in scope.
It has been long established that ϕ varies depending

on 1) how much energy is being dissipated in the inter-
action (dissipative component) [4] and 2) the perturbed
amplitude A1 of oscillation of the fundamental frequency
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(conservative component) [4,11,12]. In ambient conditions,
where the Q factor is large, i.e., ∼102–103, the amplitudes
of the higher harmonics can be neglected since their contri-
bution to the mean energy dissipated per cycle 〈Edis〉 is
less than 1% [4,12]. Then, by applying the energy conser-
vation principle for one oscillation cycle, it is found from
the fundamental frequency f alone that [4]

〈Edis〉= πkA0A1
Q

[
sinϕ− A1

A0

]
, (1)

where A0 is the free amplitude of oscillation, k is the spring
constant and Q is the Q factor due to dissipation with the
medium. Note that while (1) is only valid when driving
at the natural frequency of oscillation ω= ω0, a simple
modification leads to the general solution for any drive
frequency ω [13]; ω and ω0 are the drive and natural angu-
lar frequencies, respectively. Equation (1) has been widely
used to identify [1] and quantify [3,11,14,15] energy dissi-
pation processes, and, in particular, dissipation processes
where capillary interactions are involved [3,14,15]. Still,
in one of the first studies of capillary interactions in
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dynamic AFM, Zitzler et al. already reported that (1)
might not predict 〈Edis〉 accurately in certain situations.
In their study, higher harmonics were thought to account
for the discrepancy between (1) and the expected 〈Edis〉
values [14]. For completeness, and for later comparison
of results, the expression accounting for the energy dissi-
pated via higher harmonics as derived by Tamayo [12] is
also given here,

〈Edis〉= πkA0A1
Q


sinϕ− 1

A0A1

∑
n�1
n2A2n


 . (2)

It should be noted that significant higher harmonic
amplitudes An are characteristic of liquid imaging where
the Q factor is 10 or less. Thus, it is not surprising that,
in ambient conditions, (1) alone is considered [1,3,12].
Here, we report that in ambient conditions, i.e., Q∼

102–103, and, as already reported by Tamayo, (1) and
(2) are practically equivalent with predictions producing
differences of less than 1%. Furthermore, we report that
the main assumption in the derivation of (1) and (2),
namely, the application of the energy conservation prin-
ciple during one fundamental oscillation cycle, does not
apply when sub-harmonics are excited. In general, when
sub-harmonics are present, the energy conservation princi-
ple should be applied for p fundamental oscillation cycles,
where p is the ratio between the fundamental frequency
ω or f and the sub-harmonic fundamental frequency ωSH
or fSH. That is, p= f/fSH. Harmonics, i.e., nfSH, of fSH
might also be present in the signal. Sub-harmonic (SH)
excitation might occur, for example, in the presence of
hysteretic forces where the onset of the force occurs on tip
approach at a tip-sample distance don and the breakoff
occurs on tip retraction at a distance doff and where
doff >don [16,17]. A common example where this occurs
is when the capillary force is present [14–18]. An exam-
ple of the type of tip-sample force Fts dependencies on
tip-sample distance d which might arise in the presence
of capillary interactions is given in fig. 1(a). The long
range hysteresis shown in the figure leads to energy dissi-
pation (colored area in fig. 1(a)) where a doff/don mecha-
nism controls the interaction. The details on the forces are
given below. Recently, it has been shown that the stochas-
tic formation and rupture of atomic chains in the tip-
sample junction can lead to significant dissipation in the
interaction [6]. Since such processes occur with frequen-
cies lower than the fundamental and might involve a
doff/don hysteretic mechanism, these phenomena should
also excite sub-harmonics even though it is not intended
to pursue such study here. In summary, in this work a
general expression for the energy dissipated in the pres-
ence of SHs is derived from the energy conservation prin-
ciple. The conditions for which SHs are excited in the pres-
ence of hysteretic forces that have doff/don mechanisms, in
particular for the capillary force, are also elucidated. The
theory is validated via numerical methods and experimen-
tal evidence of SH excitation under standard conditions is

Fig. 1: (Color online) (a) Form for the net tip-sample Fts
force vs. tip-sample distance d used in this work for numerical
integration [17]; a0 is an intermolecular distance. A form of
hysteresis is present where energy is dissipated (colored area)
due to differences in the onset (don) and breakoff distance (doff)
of the capillary force [17]. (b) Scheme of a cantilever vibrating
over a surface where the instantaneous tip position z relative
to unperturbed equilibrium position of the cantilever, d, mean
cantilever deflection z0, the cantilever-sample separation zc and
minimum distance of approach dm are shown. Both d and z are
defined as positive in the upward direction.

provided. The expressions (1) and (2) are compared to the
more general expression derived in this work in both simu-
lations and experiment and shown to be valid provided
SHs are not excited.
Let us first consider an expression for the net tip-

sample force Fts where the capillary interaction is present
(fig. 1(a)). A scheme of the cantilever-sample geometry
is given in fig. 1(b). Note the geometrical relationship d=
zc+ z where d is the instantaneous tip-sample distance, zc
is the cantilever-sample separation and z is the tip posi-
tion. This relationship is typically used in the literature
when modeling AM AFM [19,20]. The minimum distance
of approach dm is also shown in the figure and might be
positive or negative. Both z and d are defined positive in
the upward vertical direction. The equation of motion in
ambient dynamic AFM can be approximated, to its first
mode [19], to

m
d2z

dt2
+
mω

Q

dz

dt
+ kz = Fts+F0 cosωt, (3)

where m= k/ω2 and F0 is the amplitude of the driving
force. A net tip-sample force Fts that closely reproduces
standard phenomena in ambient AM AFM in the presence
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of water films (fig. 1(a)) can be written in terms of
d [16,17]. Next, such model is described in order to
establish, with the use of simulations, whether (1) and
(2) hold when SHs are excited. In the long range, the
attractive London dispersion force Fa is

Fa(d) =−HwR
6d2w

,

d > doff (tip retraction) and d> don (tip approach), (4)

where Hw is the Hamaker constant corresponding to the
hydrated tip-hydrated surface interaction, R is the tip
radius and dw is an effective distance. Here, dw takes
into account that in the presence of adsorbed water films
[16,17,21] the effective distance is dw = d− 2h where h
is the height of the water films on the tip and sample’s
surfaces. In the metastable region, i.e., doff >d> don, the
capillary neck might be formed. In this case (4) can be
identified with the adhesion force FAD [17]

FAD(d) =
Fdoff−Fdon
doff−don (d−don)+Fdon , doff >d> don,

(5)
where

Fdon =−
R

6a20

[
Hw−H
doff − a0 (don− a0)+H

]
(6)

and

Fdoff =−Coff
RHw

6a20
, Coff � 0. (7)

H is the Hamaker constant for the tip and the sample
interaction, a0 is an intermolecular distance that implies
that matter interpenetration cannot occur and Coff
controls the decay in the adhesion force for d> don. Here
Coff = 0.3 has been used here throughout. In the region
a0 <d< don the adhesion force due to London dispersion
forces is written as [17,21]

FAD(d) =−H
∗R
6a20
, a0 <d< don, (8)

where

H∗ =
Hw−H
doff − a0 (d− a0)+H. (9)

Finally, when mechanical contact occurs, d� a0, the
adhesion force is

FAD =−HR
6a20
=−4πRγ, d� a0, (10)

where γ is the surface energy. When the capillary neck is
formed the capillary force is [17,22]

FCAP(d) =− 2πγwR
1+ πd3

Vmen

, provided capillary on and d> a0,

(11)
where γw is the surface energy of water and Vmen is the
volume of the meniscus or the volume of water forming

the water bridge. Note that Hw ≈ 24π(a0)2γw and H ≈
24π(a0)

2γ [23]. When d� a0, the distance d is replaced
by a0 in (11). In (11) Vmen is calculated using geometrical
considerations [14]

Vmen = 4πRh
2+
4

3
πh3. (12)

The distance don has been taken to be don = 3h [17].
Additionally doff can be calculated numerically by solving
the Laplace-Young equation to give [14,24]

doff ≈ V 1/3men−
1

5R
V 2/3men. (13)

Finally, when contact occurs, i.e., d� a0, the conser-
vative short range repulsive force is written, from the
Derjaguin-Muller-Toporov (DMT) model [25]

FDMT(d) =
4

3
E∗
√
Rδ

3/2

, d� a0, (14)

where E∗ is the effective elastic modulus of the contacting
bodies and δ is the sample deformation, i.e., δ= a0−
d [26]. The implementation of (4) to (14) results in a tip-
sample force Fts vs. distance d as shown in fig. 1(a). The
parameters are Et = 170GPa (Young modulus of the tip),
Es = 60GPa (Young modulus of the sample), R= 7nm,
h= 0.8 nm, γ = 7mJ, γw = 10mJ and a0 = 0.165 nm [17].
The colored area in fig. 1(a) coincides with the energy
dissipated due to capillary neck formation and rupture. In
the example in fig. 1(b) 〈Edis〉 ≈ 4.6 eV follows. Since no
other mechanism for energy dissipation is accounted for in
this model, the possibilities are: 1) the capillary neck forms
and ruptures during each cycle dissipating 〈Edis〉= 4.6 eV,
or 2) the capillary does not form nor rupture during one
cycle thus dissipating 〈Edis〉= 0 eV. Next, the equation of
motion (3) is solved numerically in order to establish the
validity of (1) and (2).
Here, (3) has been implemented both in Matlab and

C and standard Runge-Kutta and Adams-Bashforth algo-
rithms of the fourth order have been employed to check the
robustness of the methods. No difference in the outcome
has been observed (data not shown). The cantilever
parameters are k= 2N/m, Q= 120 and ω= 2πf0 (f0 =
70 kHz). In figs. 2(a), (b), A0 = 1nm and zc = 3.5 nm. This
produced a set-point amplitude A1 ≈ 0.9 nm. These condi-
tions, i.e., small values of A0 and high values of A1, are
known to lead to a pure non-contact mode of operation
[16,21]. This is in fact observed by looking at the wave
form in fig. 2(b) where the tip always oscillates above the
distance don (don = 3h= 2.4 nm). In fig. 2(a) an FFT of
the wave form shows that no SHs are excited. The ampli-
tudes of the higher harmonics here lie below 1 pm (data
not shown). From (1) and (2) (for N = 100 harmonics)
〈Edis〉 ≈ 0.0 eV is obtained in this case (figs. 2(a), (b))
agreeing with the expected dissipation.
Increasing the free amplitude A0 results in SH exci-

tation. This can be observed in figs. 2(c), (d) where
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Fig. 2: (Color online) Numerical integration of the equation of motion shows that (a) sub-harmonics are not excited (FFT
left column and wave form right column) if the tip oscillates high enough above the sample so that the minimum distance of
approach dm is always larger than don. Here A0 = 1nm. In (c) and (e) the capillary breaks and ruptures and the motion of the
tip becomes periodic with period τ this being larger than the fundamental period T, i.e., τ = pT where p is an integer. (g) If
the tip always oscillates below the distance doff , the capillary never ruptures and sub-harmonics are not excited due to capillary
interactions. From (c) to (h) A0 = 20nm.

A0 = 20nm, zc = 3.6 nm and A1 = 1.2 nm. Under these
conditions (fig. 2(c)) fSH = 14 kHz. Thus, p= f/fSH = 5
(f = 70 kHz). Here, SH excitation follows from the loss
of energy caused by intermittent water impacts with SH
period τ [16]. More thoroughly, the period in fig. 2(d) is
τ = 1/fSH or τ = p1/f = pT where τ is the SH period, T
is the fundamental period, p= 5 and don is reached during
3 out of 5 fundamental cycles only, that is the capillary
forms and ruptures during 3 out of 5 fundamental cycles
or 3/5. In this case both (1) and (2) (N = 100) predict
〈Edis〉 ≈ 2.8 eV. That is, 4.6 eV is not recovered even when
considering the higher harmonics. By closer inspection,
however, (1) and (2) approximately recover the mean
energy dissipated during every p fundamental periods T or
single period τ instead. For example, 4.6 eV can be recov-
ered from (1) and (2) if one knows the number of cycles
for which, during a SH period τ , the capillary ruptures
and forms. Experimentally this is unknown. However, from
fig. 2(d) the reciprocal ratio is 5/3. Then 〈Edis〉 ≈ 2.8 eV×
5
3 ≈ 4.6 eV (for N = 1 and p= 5 in (1) and/or (2)). In

figs. 2(e), (f) the separation zc has been reduced to 2.6 nm.
This results in A1 = 1.1 nm and, again, the excitation of
SHs. The SH period here is τ = 10T. However, in this case
the tip oscillates inside the capillary neck during most
of the SH period τ. Note that during each fundamental
period T the condition dm <don is always satisfied. The
mechanism for SH excitation here is thus slightly different.
Now, both (1) and (2) (N = 100) predict 〈Edis〉= 0.9 eV.
Again, from the ratio 10/2 observed in fig. 2(f), 〈Edis〉=
0.9 eV× 102 ≈ 4.6 eV is recovered. According to our simu-
lations the cases illustrated in figs. 2(c), (d) and 2(e), (f)
are the two scenarios where SH excitation is induced by
forces presenting doff/don mechanisms. Another possibil-
ity is illustrated in figs. 2(g), (h) where d< doff through-
out and where zc = 2nm and A1 = 1.4 nm. This case has
been recently reported and consists of a perpetual water
contact mode. Note that even though zc is now smaller,
A1 is larger [16,17]. No SHs are excited (fig. 2(g)) and
the periodicity τ = T is recovered (fig. 2(h)). As expected,
both (1) and (2) (N = 100) predict 〈Edis〉= 0.0 eV.
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The derivations of (1) and (2) assumed [4,12] that
the energy entering the cantilever per cycle 〈Ein〉 is the
sum of the energy dissipated to the medium 〈Em〉 and
the energy dissipated in the tip-sample interaction 〈Edis〉
during a fundamental oscillation period T, i.e., 〈Ein〉=
〈Em〉+ 〈Edis〉 for t′ < t< t′+T where t stands for time
and t′ is just a reference. Since in the presence of SHs
this condition is not met, an alternative derivation should
be carried out. Let us assume that the SH period is
τ where τ = pT. Then, 〈Ein〉= 〈Em〉+ 〈Edis〉 applies for
t′ < t< t′+ τ. The position of the tip can be written as
(fig. 1(b))

z = z0+
∑
n�1
An cos(nωSHt−ϕn). (15)

Then, from (3) and for ω= ω0 = pωSH and integrating
over the SH period τ

〈Ein〉τ = F0
∫ t=t′+τ
t=t′

cos pωSHt


−∑

n�1
AnnωSH

× sin(nωSHt−ϕn)

dt= pkπA0A1

Q
sinϕp, (16)

where ϕp coincides with the phase lag of the fundamental
frequency, i.e., fp = f , relative to the drive. That is,
ϕp is simply ϕ, i.e., the phase given by standard lock-
in amplifiers in AFM. The energy dissipated with the
medium is

〈Em〉τ = k

Qω0

∫ t=t′+τ
t=t′

∑
n�1

∑
m�1
AnAmnmω

2
SH

× sin(nωSHt−ϕn) sin(mωSHt−ϕm)dt=
πk

Q

1

p

∑
n�1
n2A2n. (17)

Finally

〈Edis〉τ = πkA0A1
Q


p sinϕ− 1

A0A1

1

p

∑
n�1
n2A2n


 . (18)

The above expression (18) is a more general form of (1)
and (2), takes into account the amplitude of the SHs and
implies that energy is conserved during the SH period τ. If
p= 1, (18) reduces to (2). For the conditions in figs. 2(c),
(d), (18) gives 〈Edis〉= 13.9 eV (N = 5) agreeing with the
fact that during the SH period τ = 5T (p= 5) the capillary
forms and ruptures 3 times. For the conditions in figs. 2(e),
(f), (18) gives 〈Edis〉= 9.3 eV (N = 10) again agreeing with
the fact that during the SH period τ = 10T (p= 10) and
the capillary forms and ruptures twice.
Experimental verification of SHs occurring in ambient

conditions is provided in fig. 3 on a freshly cleaved mica
sample at 50% relative humidity and with a cantilever

Fig. 3: (Color online) Experimental (FFT) observation of
sub-harmonic excitation on a freshly cleaved mica sample at
50% relative humidity. The set-point was set to A1 = 1nm
throughout and, as the free amplitude is varied from A0 =
1.5 nm to 45 nm (where the repulsive regime prevails, data
not shown), the minimum distance of approach decreases. Sub-
harmonics are excited mainly in the region 5<A0 < 30 nm.

(OLYMPUS AC240TS) with parameters k≈ 2N, Q≈ 120,
f = f0 ≈ 70 kHz and R≈ 10 nm. The tip radius has been
characterized by monitoring the transition from the
attractive to the repulsive regime in situ [27] and k, Q
and f0 have been calibrated using a standard thermal
analysis on a Cypher AFM from Asylum Research [28].
In the experiments, the drive frequency f is constant
and set equal to the natural resonant frequency f0. This
is in accordance with the derivations of (1), (2) and
(18). Furthermore, f0 is obtained for the free oscillating
cantilever, i.e., when the cantilever is oscillating far
enough from the surface zc�A0, and it is customary
in AM AFM [4,11]. The set-point amplitude was set to
A1 ≈ 1 nm in the experiment and an FFT was obtained
for A0 ≈ 1.5 nm (red lines), A0 ≈ 5 nm (purple lines),
A0 ≈ 15 nm (blue lines), A0 ≈ 30 nm (green lines) and
A0 ≈ 45 nm (purple lines). The FFTs were acquired
with the standard thermal analysis of the Cypher while
tapping. It is well known that for a given set-point A1
the minimum distance of approach dm decreases with
increases free amplitude A0 [1,13,16]. Thus, increasing A0
while maintaining A1 constant provides an experimental
method to explore the behavior of the cantilever with
decreasing dm. In the figure, for A0 = 30nm (green lines),
the amplitudes of the SHs can reach up to fractions
of an angstrom. Note that when A0 = 15nm, τ = 5T
and when A0 = 30nm, τ = 4T . For these two values
of A0 (1) gives 〈Edis〉= 1.2± 0.2 eV (ϕ= 162± 2◦)
and 〈Edis〉= 1.7± 0.3 eV (ϕ= 168± 2◦), respectively.
Taking the first p sub-harmonics into account (18)
gives 〈Edis〉τ = 6± 0.8 eV (p= 5) for ϕ= 162± 2◦ (blue
lines), and 〈Edis〉τ = 6.8± 1.2 eV (p= 4) for ϕ= 168± 2◦
(green lines). The excitation of sub-harmonics under the
conditions in fig. 3 could be due to capillary interactions
since the behavior agrees with recently reported expected
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conditions. Nevertheless, further experimentation and
modeling is required to establish the true source of
excitation. Finally, while an FFT will produce a single
DC value z0 (fig. 1(b)) and the corresponding frequency
contributions (see (15)), it could be argued that the
mean deflection z0 could significantly vary during a single
fundamental SH period. Such phenomena might be used
together with recent advances in dynamic AFM [29]
theory to directly calculate the force and frequency
shift produced by doff/don mechanisms involved with SH
excitation.
In summary, we have shown that sub-harmonic exci-

tation is predicted to occur in the presence of hysteretic
forces where the onset and breakoff of the force takes place
at different distances. When sub-harmonics are excited,
standard energy dissipation expressions provide the mean
value of the energy dissipated over the fundamental sub-
harmonic period. A general close form expression that
accounts for sub-harmonic excitation has been provided
and shown to agree with numerical results. The excitation
of sub-harmonics and the expression for energy dissipation
provided in this work could lead to rapid quantification
of the processes that cause them, such as possible capil-
lary neck formation and rupture [16] or other [6], with
nanoscale resolution.
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